O HeKOH(MINKTHBIX MHOOPMAITMOHHBIX
cucreMax

1. B. Armpees

[TocTpoena MojeIb pacipeesieHus PeCypcoB MeXKIy CyObek-
TaMH, JIOCTYIl KOTOPBIX K Pecypcam 3aJaeTcs C MOMOIIbIo rpada.
Paccmorpensl 3a1aun 0 HEKOH(MJIIUKTHOCTH M YCTONYUBOCTHU TIOJTY-
JeHHBIX NH(OPMAIMOHHBIX CUCTEM B CJIy4ae, KOrya 3ToT rpad aBy-
JI0bHBI. OTIEIEHO PACCMOTPEHBI CJIyYan, KOrJa 3TOT Tpad moJ-
HBII ABYJIOJIBHBIA WA JIEPEBO.

1. BBenenue

B pabote paccmarpuBaroTcst mHGOOPMAIIMOHHBIE CHUCTEMBI KaK COBO-
KYIHOCTH B3auMOIEHCTBYONNX CyOHLeKTOB 1 00beKkToB. [Ipu sTOM B po-
JIN CyObEKTOB MOI'YT BBICTYIIAThH, HAIIPUMED, IIPOI'PAMMbI, & B PO 00b-
€KTOB — MAaIlMHbI, HA KOTOPBIX OHU BBIIOJIHsAIOTCA. Ha KaxKnoit MaluHe
MOXKET BBIIIOIHSITHCST OJTHOBPEMEHHO HECKOJILKO ITPOIPAaMM U KaxKIast IIPOo-
rpamMMa, MOXKET BBIIOJHATHCS Cpa3y Ha HECKOJIbKMX MarmuHax. J[is BbI-
MTOJTHEHUsI ITpOrpaMMe TpebyeTcst 3a/1eiiCTBOBATh HEKOTOPYIO MAaITHHHYIO
MOIITHOCTh Ha OIpeJIeJIeHHOe BpeMsi (MOIHOCTh MOYKET BbIPAXKaThCsl, Ha-
[pUMeED, 9UCIOM SJIEMEHTAPHBIX OIEPAIil B CEKyHIy, HEOOXOIUMBIX JIJIsT
BBIIOJIHEHHsI [IPOIPAMMBI). DTa MOIIHOCTH MOXKeT ObITh 0becredeHa CoB-
MeCTHOI paboToil HecKoJbKUX MamuH. Ho, BooOIme rosopsi, mporpaMma
MOXKET UMETb JIOCTYII He KO BCeM MaIlluHaM. B cBa3u ¢ 3TUM BO3HHUKAET
BOIIPOC, MOXKHO JI MAIIUHHBIE PECYPCHI PACIPEIE/IUTh TAKUM 00Pa30M,
9TOOBI KazK/1asl IIporpaMMa MoJiydmia TpedyeMmyto eif MorrHocTh. Cucre-
Ma, B KOTOPOH TOCTaBJIeHHAs 3a/1a9a MMeeT perieHrne (Ha3blBaeMoe Ipa-
BUJIBHBIM JIOCTYTIOM ), Ha3biBaeTcsi HeKOHMDIMKTHOI. Takzke B pabore u3sy-
YaeTcsd BOIPOC YCTOWYMBOCTHU, TO €CTh COXPAaHEHUs HEKOH(MIUKTHOCTH,
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HEKOH(MIMKTHBIX UH(MOPMAIMOHHBIX CUCTEM K TAKUM COOsIM, KaK IOTeps
MOIIHOCTH MAIIIHOMN (TaK Ha3blBaeMasl p-yCTONYUBOCTD ), BBIXOJ MAITUHBI
u3 ¢Tposi (0-yCTOWIMBOCTD) WJIM MOTEPS IIPOIPAMMOIi JI0CTyTIa K MAIITHE
(e-ycroitanBocTh). B moCTpOeHHOI MOjIeM MOIIHOCTD, TpebyeMast po-
rpamMMe, Ha3bIBAETCS UUC/IOM TpebOoBaHuil CyObeKTa, COOTBETCTBYIOIIETO
9TO# IporpaMMe, a MOITHOCTh MAIIUHBI HA3BIBAETCS BECOM COOTBETCTBY-
forero Toit mammunue oobekTa. Ja onpenesnenus, uMeer Jin CyObLEKT S
JOCTYI K OOBEKTY 0, UCIOJIB3YeTCsl CIeNUuaIbHbIil Tpad (Ha3bIBaeMBbIil
rpadoM JIOCTYIIOB), B KOTOPOM JIJIsl 9TOTO JIOJIXKHO IIPUCYTCTBOBATH Peb-
po (s,0).

B ciyuae, korma 10T rpad JABYIOIbHBIN, MOIYYEHO, UTO CHUCTEMA
HEKOH(JINKTHA TOYHO TOTJA, KOIJIa CyMMapHOe YHCJIO TPeOOBAHUM JIIO-
6Oro MOJMHOXKECTBA, CYOBEKTOB He 0O0JIbIlIe CYMMApPHOrO Beca OOBEKTOB,
K KOTOPBIM 3TH CYO'bEeKTBI UMEIOT JIOCTyIl. Takke /st HHMOPMAIMOHHBIX
CUCTEM C JIBYJIOJBbHBIM I'PAdOM JOCTYIIOB OJIYI€HBI XaPaKTEPUCTUIECKOE
CBOYICTBO MPABUJIBHOTO JIOCTYIIA U ONEHKHU CBEPXY JJIs YUCJA BCEX IIpa-
BUJIbHBIX JIOCTYIIOB.

B ciygae, korna rpad J0CTYIIOB MOHBIH JBY/IOJIBHBIH, IOy 9€HO, 9TO
cucremMa HeKOH(MIUKTHA TOYHO TOIJIA, KOrJa CyMMapHOE YHCI0 TpeboBa-
HUIl Bcex CyObeKTOB HE MPEBBIIAET CYMMAapHBIi Bec Bcex 00bekToB. s
HEKOH(MJINKTHBIX MHMOPMAIITMOHHBIX CHUCTEM HaIEeHbI BCE INPaBUILHDBIE
JIOCTYIBI, MOJIyY€HA OIEHKA CBEPXY I WX YHUCJA, KOTOpas sBJISETCS
TOYHON TOJILKO JIjIsI CUCTEM, B KOTOPBIX KaKJblii CyObEeKT MMeeT eiH-
CTBEHHOE TpeOOBaHUE M BEC KayKJIOro 0ObeKTa paBeH 1 (Takue CHCTeMbl
HA3BIBAIOTCs TIpocTefinmmyn). JIjist mpocTedmux HeKOH(IIMKTHBIX CHCTEM
[IOJTyYeHBI JOCTATOYHBIE YCJIOBUA €- U O-YCTONIUBOCTH.

B cityuae, xorma rpad J10CTYIOB ABJIsI€TCs epPeBOM 0e3 BUCAINX CyOb-
€KTOB, JOKA3aHO, YTO JIJIsi ITPOCTEHIITUX CUCTEM YUCJIO BCEX NMPABUJILHBIX
JIOCTYIIOB HE MEHbIIIe MAaKCUMAaJbHOW CTeleHu cyObeKkTa B 3TOM TIpade
U 9Ta OIEHKA TOYHAsi, TOJbKO €CJIM CHCTeMa COJIEPXKUT €/IMHCTBEHHBIN
cyobekT. Takake moKazaHO, YTO JJIs MPOCTEUINNX CUCTEM C N CyObeKTaMu
YUCJIO BCEX MPABUJIBHBIX JOCTYIIOB HE MEHbINEe 1 + 1 U 9Ta OleHKa TOY-
Hasl, TOJIbKO €CJI CTelleHN BceX CyObeKTOB B rpade JOCTYIIOB paBHBI 2.
Haxomner, HalifeH Takoil KJIacC JIepeBbeB, UTO JJIsT IPOCTEHINNX CUCTEM
¢ n cyobekTamu, rpadoM JIOCTYIIOB KOTOPBIX SIBJISIETCS JIEPEBO U3 3TOrO
KJIACCA W MAKCHUMaJIbHas CTEleHb CyObeKTa B KOTOPOM paBHA d, THUCJIO
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BCEX [IPABUJIBHBIX JIOCTYIIOB aCUMITOTHYeCKH paBHO d' tpu d — oo (6o-
JIee TOro, JJIsi TAKUX CHCTEM HAailJeHO TOYHOE UMCJIO BCEX IIPaBHJILHBLIX
JIOCTYTIOB).

2. OcHoBHBIE IIOHATUS U PE3YyJ/IbTaThbl

O6o3naunm yepes N u Ny, coorBercrBeHHO, MHOXKecTBa {1,2,...} n
{0,1,2,...}.

Becosoti ¢pynxyuei, HazbiBaeTcss (DYHKIMsI, TIPUHUMAIONIAsT 3HAYEHUST
us3 N().

I'pagpom docmynos G Ha3BIBAETCS KOHEUHBIN JBY/IO0JIbHBIN Ipad 6e3
KPaTHBIX pebep, MHOXKECTBO BEpPIIMH KOTOPOro pasbuTo Ha JBa Helepe-
CeKaIoIUXCsl MOJMHOXKecTBa A U B, TaKuX, 9TO KaxKJ[0€e ero pebpo nmeer
Bug (u,v), e u € A, v € B, u Ha MHO)KecTBe B 3aj1aHa BecoBasi QyHK-
st p (cM. puc. 1). DeMeHTH MHOXKeCTBa B Ha3BIBAIOTCS 006EKMAMU,
sseMeHTbl A — cybsexmamu. ByeMm roBOpUTh, ITO 00BeKm 0 UMeEm e
a, e o € Ny, ecan p(0) = a.

IIycre @ # X C A, @ #Y C B. O6oznaunm uyepe3 G(X,Y) maxcn-
MaJIbHBIH 1oarpad G, MHOXKeCTBO BepinuH Kotoporo X UY.

Banpocom dan mmoorcecms X,Y naspiBaercst napa (g(X,Y), ), rue
9(X,Y) — momrpad G(X,Y), a A — dyukuus, HassiBaemas @yrrxyued
mpebosaruti, A : X — N. Bynem rosoputhb, uto cybsexm s € X umeem
B mpebosarui, tae B € N, eciin \(s) = f3.

Becoyio dyukimio p rpada mocrymnos u dyuknuio TpeboBaHuit 3a-
npoca (g(X,Y),\) okasbiBaercsi yJIOOHBIM PACIPOCTPAHUTH, COOTBET-
CTBEHHO, Ha MHOWKecTBa Y 1 X, rje X — MHOMKECTBO BCEX IOJMHO-
JKeCTB MHOKecTBa X, a Y — MHOYKECTBO BCEX [OJMHOMKECTB MHOMKECTBA
Y (coxpanus 3a HEUME Te ke 0603HaUeHus1). VIMeHHO, mojaraeM 1o orpe-

reemno A(2) = p(2) = 0, A(P) = 3 X6 p(@) = 3 plo), rae

seP
P e X\{@}, Q € Y\{@}. Byaem rosopurs, 4t0 HoAMHOKECTBO () € Y
umMeer Bec «, rje « € Ny, ecan p(Q) = «. ToBopum, 9T0 MOIMHOKECTBO
P € X umeer [ TpeboBanuii, tiae f € N, eciim A\(P) = f.
Banpoc (g(X,Y),\) HaseiBaercss npocmetiwum, ecau Jyis JIIOOBIX
s € X uo €Y somomnneno A(s) =1 u p(o) = 1. T'oBopst 0 npocreiiem
sanpoce (g(X,Y),\), mbr Oyjiem ynomuHaTh TobKO g(X,Y'), omyckas .
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Banpoc (g(X,Y),\) masweiBaercss noanvim, ecin g(X,Y) comepxur
XUY.

Paccmarpusaem nasee  mekoropsiii  3anpoc  (g(X,Y),A). Ilycrs
P CX.

a) O6ozuaaum uepe3 m(P) MOJIMHOXKECTBO BeeX 00BEKTOB 0 u3 Y Ta-
KIX, 9TO JIJIsl HeKOTOporo s € P BblnosHeHo (s,0) € g(X,Y).

6) O6osnaunm uepes R(P) muoxkecTBo Beex pebep g(X,Y), kaxioe
U3 KOTOPBLIX MHIIMJACHTHO HEKOTOPOii BepiiuHe u3 P.

Jlocmyn das mmoorcecmea P — sr1o napa (r(P),c), tae r(P) — moj-
muoxkectBo R(P), a ¢ — dyHkius, HasbiBaeMast gynryueld naznauenud,
c:r(P) — N. Byaem rosoputs, uto pebpo e € r(P) umeem vy nazHaue-
nutl, tae v € N, ecan ¢(e) = . ToBopum, uro cybsexm s € P noayuaem
docmyn x obsexmy o € Y, ecan (s,0) € r(P).

[Tapa (r(P), ¢) nHaseiBaeTcst docmynom 6e3 usbvimika, eCiu Jjist JJ060ro

> cle) = A(s).

eer(P),

€ UHIIUJIEHTHO S

s € P BBIIOJIHCHO

Hocryn (r(P),c) HasbBaeTcss HEKOHPAUKMHbIM, €CTH IS BCAKOTO

S ele) < plo).

ecr(P),
€ VHIUJIEHTHO O

0 € Y BBIIIOJIHEHO

Byaem caurarh, 9TO €CiM B JAHHBIX BBIIIE ONPEJICJICHUAX /IS HEKO-
Toporo cyobekra s € P (mwimm obbekra o € Y) B mHOXKecTBe 7(P) He
nmeercs pebep, MHIUJACHTHLIX €My, TO COOTBETCTBYIONIAs CyMMa paBHA
HYJTIO.

HexkoudmmkTubiit mocTymn 6e3 n30bITKA HA3BIBACTCI NPGGUALHBIM.

[Tox docmynom das sanpoca (g(X,Y ), \) Mbl 6yjieM IOHUMATH JIOCTYII
JIJIsT MHOXKECTBa, X .

Byjem HasbiBaTh 3aIpOC pA3pewuMbLM, €CIIA JJIi HErO CYIIEeCTBYET
IPaBUJIBHBIA JIOCTYII.

IIpumep 1. Banpoc (g(X,Y),A), e X = {s1, 52,83}, Y = {01,02,03},
A(si) =1, plo;)) = 1,i=1,2,3, a rpad g(X,Y) usobpazken Ha puc. 2,
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A ~B
.
»4
Puc. 1.
umeer npasuibHblil gocryn (r(X),c), tme r(X) = {(s1,01),(s2,02),

(53303)}7 C((Sivoi)) =1,1=123.

BaMeTuM, 9TO 3TOT JOCTYI €IUHCTBEHEH.

Hanporus, sanpoc (¢'(X,Y),)), owmmuarmomuiicas or 3ampoca
(9(X,Y),A) Tonbko orcyrcrBEeM pebpa (s2,02) (rpad ¢ (X,Y) cm. nHa
puc. 3), OUeBHHO, BOOOIIEe HE MMeeT NPABUIBHBIX JOCTYIIOB.

S 9,

S, 0,

S5 0,
Puc. 2.

S 9,

S, 0,

S5 0,
Puc. 3.

Y joboro npasmiibHOro gocryna (r(X),c) s npocreiiniero 3ampo-
ca (9(X,Y),A) ¢ = 1. Ilosromy, T0BOpsi O HPABUIBHOM JIOCTYIIE JIJIsi
npocreiintero 3amnpoca (g(X,Y ), A), Mbt 6yjem ynomuHath ToabK0 7 (X)),
OILyCKasl C.

Paszpermmmerit 3anpoc (g(X,Y'), \) Ha3bBaeTcs n-cuavho e-ycmotuu-
6biM (WIH N-CUAbHO Yyemoluusuim K yoasenuto pebep), n € N, eciu 3a-
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upoc (¢'(X,Y),\), B koropom ¢'(X,Y) nomyqaercsa uz g(X,Y) ynase-
HEeM 1A Kaxkaoro s € X He Gosee n pebep, MHIMIEHTHBIX S, TaKyKe
SIBJISIETCS PA3PENIAMbBIM.

Paspemumerit 3anpoc (g(X,Y), \) HasbiBaercs n-caabo e-ycmotivu-
evLm (1 n-caabo yemotnuevim K ydarenuro pebep), n € N, eciu 3ampoc
(¢'(X,Y),\), B xoropom ¢'(X,Y) nonyuaercs uz g(X,Y) yaanenuem nHe
6ostee n pedep, TaKKe ABJISETCS PA3PEITIMBIM.

Paszpemmmbrit 3ampoc (g(X,Y), ) massiBaercs (k,l)-e-ycmotiuusvim
(mmm (k,1)-yemotivuswm x ydanenuro pebep), k,I € N, ecau 3ampoc
(¢'(X,Y),\), B koropom ¢'(X,Y') nonygaercs us g(X,Y') ynaneanem jyist
ue 6ojiee, dem k cyObEeKTOB, Jjist KaxKJI0r0, He 60jee, dem [ pedbep, WHITH-
JICHTHBIX UM, TaKKe ABJISETCS PA3PEITUMbIM.

Paspenumeriit 3anpoc (¢(X,Y),\) HasbBaercst n-cuavro p-ycmot-
wusbM (A M-CUABHO YCMOTHUBHM K YMEHLWEHUIO 6eca 00BEKMO8),
n € N, ec/in OH OCTaeTCd Pa3pelINMbIM U B Caydae 3ajanusd s rpada
JIOCTYTIOB JTI000# JIpyroii Becosoil dynkuuu p’, Takoii, 4To s J1o60oro
o € Y somonseno p(0) —n < p'(0) < p(o0) (To ecTb B ciyuae yMeHbIIEHUs
Beca KaxkJioro oobekra u3 Y He Gojiee, 4eM Ha n).

Paszpemmmerit 3anpoc (g(X,Y),\) HasbiBaercs n-caabo p-yemotuu-
6uLM (M N-CAA00 YCMOTHUBHM K YMEHbUEHUI 6eca 06Bexmos), n € N,
€C/I OH OCTAeTCs Pa3pelImMbIM U B CIydae 3aJaHns g rpada J1ocTy-
1oB J106oi JIpyroii BecoBoit pynkuuu p’, Takoit, uro jId J060ro o € Y

seimosineno p'(0) < plo) u Y, p'(0) = > plo) — n (1o ectb B ciyvae
oeY o€Y

YMEHBIIIEHUS Beca 00bEKTOB U3 Y, TAKOI'0, YTO UX CyMMAaPHBIIl BEC YMEHb-
maercst He 6ojiee, YeM Ha ).

Paszpemmmbrit 3anpoc (g(X,Y),\) waswiBaercs (k,1)-p-ycmotiuusoim
(mmm (k,1)-yemotivusom x ymenvwernuto eeca 0bsexmos), k,l € N, ec-
JI OH OCTAETCsl Pa3pElIMMbIM U B CJIydae 3aJaHus Jiis rpada JoCcTynos
moboit pyroit Becopoil dynKumM p’, Takoil, uyTo i He Gosee, yeMm k
00BEKTOB, JIJIsi KaxKJI0ro Takoro oobekra o € Y p(o) — 1 < p’(0) < p(o),
JyUIst BCeX ocTaslbHBIX 00bekToB 0’ € Y p/(0) = p(0’) (1o ectb B ciyuae
yMeHbIIIeHus1 Beca He Goiiee, ueM k obbekToB u3 Y, He Gosiee, yeM Ha [).

Paspemumeiit  3anpoc (g(X,Y),\) HasbBaercs n-o-ycmoiuusvuim
(mmu n-yemotuuswm x ydasernuro obsexmos), n € N, ecau 3ampoc
(¢'(X,Y), ), B koropom ¢'(X,Y) nonyuaercs u3 g(X,Y) yaanenuem nHe
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bostee, YeM n 0OBEKTOB, U BeeX pebep, MHINIEHTHBIX UM, TAKKe sIBJISIETCS
pa3pemmMbIM.

B nanbueitiiiem #Hac OyayT UHTEPECOBATDH JBE IPYIIILI IPOOIEM: NpPo-
OAEMA ONUCAHUA NPABUALHBLT JOCTRYNOE U NPOOAEMDL €~, P~ U O-YCTNOTHU-
gocmu. DT PODLJIEMBI JIONYCKAT pa3bueHne Ha 3aja4u. Tak, mpobjema
ONHMCAHNS TPABUIBHBIX JOCTYIIOB BKJIIOYAET B cebsI CJICIYIONIe 38, axm:

a) (3adaua o paspewumocmu) sIBJISIETCS JIM JIAHHBII 3a11POC pa3peIi-
MBIM;

6) (8adaua o noucke) HAWTH NPABUIILHBII JIOCTYII JIJIsI JJAHHOTO paspe-
IIMMOTO 3aIIPOCa;

B) (3adaua o nepevucaeruu) HARTH JJTsT JAHHOTO PA3PENUMOr0 3aIpo-
Ca BCe IIpaBUJIbHBIE JJOCTYIIbI;

r) (8adauwa o Koauuecmee) HAfTH JYIs JAHHOIO 3AIPOCA YUCIO BCEX
[PABUIILHBIX JIOCTYIIOB.

[Ipobaema e-ycToiianBoCTH BKJIIOYAET B Ce0s CJIEIYIONINE 33 1aNU:

a) (3adawa o cusvhol e-ycmotivueocmu) sIBJISIeTCs JIM JIAHHBIN paspe-
IIUMBII 321POC N-CUIIBHO €-YCTORIUBBIM Jist 3aaHHoro 1 € N

6) (sadaua o caaboli e-ycmotuusocmuy) SIBISIETCS JIM JAHHDIA paspe-
IIUMBIN 3aIIpOC N-c1abo e-yCTORIUBBIM IS 3aaHHOro n € N

B) (8adaua o (k,l)-e-ycmotinusocmu) sijsiercst Jiv JaHHbLH pasperiy-
Mblit 3anpoc (k, )-e-ycToitunBbiM Jijisi 3a1aHHbIX k, [ € N.

Amnayorngmo, mpobiiemMa p-yCTONIMBOCTH BKJIIOYAET B cebsl CJIETYIONTHE
3aJa¢u:

a) (3adawa o cuavhol p-yemotuusocmu) SIBISIETCS JIM JIAHHBINH paspe-
MBI 32IPOC N-CUJIBHO P-yCTONYUBBIM JIJIst 3aJJAHHOTO N € N';

6) (3adava o caaboti p-ycmotivueocmu) sIBASETCS JIM JTAHHBIA pa3pe-
IIAMBIH 3aIIPOC N-CJIA00 P-YCTONIUBBIM Jjis 33IaHHOTO N € N

B) (8adaua o (k,1)-p-ycmotivueocmu) siBasieTcs: Jin JAHHBL Pa3peri-
Mblit 3anpoc (k, 1)-p-ycroitauBbiM jiist 3a1aHHbIX k, [ € N.

Haxkomner, mpobjieMa 0-yCTORYNBOCTU BKJIIOYAET B ceds eIMHCTBEHHYIO 30~
dany 06 o-ycmotivusocmu: SIBJISIETCS JIU JIAHHBIA pa3perninMblil 3a1poc
N-0-yCTONYUBBIM JIJIsI 3aJAHHOTO 1 € N

CdopmynupyeMm Jiajiee OCHOBHBIE OJIYIEHHBIE PE3YJIBTATHI.
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Teopema 1. 3anpoc (g(X,Y),\) paspewum mowno mozda, xoeda das
mobozo P C X evinoaneno A(P) < p(m(P)).

C ydqeToM TeOopeMbl 1 moxkaswbiBaeTcst CIIPAaBEJINBOCTL CJICAYIOIIETrO
YTBEP2KIACHNA.

IIpennoxenune 1. /laa noanozo dsydoavrozo epaga g(X,Y) noanod
aanpoc (9(X,Y), ) paspewum mowno mozda, xo2da A(X) < p(Y).

[Iycrs (g(X,Y),\) — 3ampoc, X = {s1,52,...,8,}, ¥ = {o01,092,...,
om}, nym € N. OueBuyHo, uro Kaxblil pocryn (r(X),c) mis sToro

L \i=T,m

3aIpoca OZHO3HAYHO 3a1aeTcs Marpuiein X = (x;)iilyc” C 1 CTPOKAMU 1
-

m crosbriamu (31ech x;, 1=1,2,...,n,7=1,2,...,m, — 3JIeMeHT dTOi

MATPHIILI U3 §-0if CTPOKH ¥ j-I'O CTOJIONA), TJe

; { 0, ecstt pebpo (s;,05) € 1(X);

- p € N, ecau pebpo (s,0;) € r(X) u ¢((s4,05)) =p.

B stom cayuae X sasercs mampuyeti docmyna (r(X), c).
Ouesnyao, uro ecan (¢(X,Y'), A) — nosnstit 3anpoc u rpad g(X,Y) —

i\J=Lm
;)izl,n

9TO xz € No, i+ = 1,2,...,n, 3 = 1,2,...,m, CyIIECTByeT JIOCTYII

(r(X), ¢) ans sanpoca (g(X,Y), A), marpuneit kotoporo susercs X . Ta-
kuM obpaszom, ecan (g(X,Y),\) — mosmsiii 3amnpoc, a rpad g(X,Y) —
TNOJIHBI JIBY/IONIBHBI, TO MEKJIy MHOXKECTBOM BCEX JIOCTYIOB JIJIsl 3a-

Jj=1im
i=1n "’ Lj € No,

1=1,2,...,n,7=1,2,..., m, yCTAHOBJIEHO B3aWMHO OJITHO3HAYHOE COOT-

MIOJTHBIN JIBYIO/IBHBINA, TO A JIIOOOH MaTpumbl X = (:U , TaKOM,

npoca (g(X,Y),\) u MHOXKECTBOM BCEX MaTpUIL (93;)

BETCTBUE.

B cienytorieit Teopeme popMyIUpyeTCs XapaKTEPUCTUYECKOE CBO¥-
CTBO MPABUJIBHOTO JOCTYIIA JIJIsT IPOM3BOJIBHOIO 3aIpoca. 3aMEeTUM, 9TO
B CTaTbe, €CJIM JJIsi HEKOTOPOIl CyMMBI BEPXHMIl IIpeJiesl CyMMUPOBaHUA
MEHBIIe HUKHEr0, Mbl CUMTAaEM, UTO 3Ta CyMMa paBHa HYJIO.

Teopema 2. FEcau (g(X,Y),\) — sanpoc, X = {s1,82,...,8,}, ¥ =
{o1,00,...,0m}, n,m € N, \j = A(si), ¢ = 1,2,...,n, p;j = p(oj),
m

j=12,....,m, P, = > pi, k= 2,3,...,m, mo docmyn ¢ mampuuet
i=k
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X = (93;)?:117’7 das 3anpoca (g(X,Y ), \) Asasemcs npasusvbHvmM MouHo

moeada, xoeda mampuua X YJosaemeopAem CACOYOUUM YCAOBUAM.:

m k-1 k—1 -1
. 3 k
A — E af — P+ E E z) \x < min(p; — E Ty, A\p — E xy),
i=l+1 j=1 i=1 i=1

k=12,...,n, 1=1,2,...,m—1.

CaencrBue 1. Ecau (g(X,Y), ) — sanpoc, X = {31,82, ceySnt, Y =
{o1,00,...,0m}, ny,m € N, \i = Asi), @ = 1,2,...,n, p; = p(oj),

j=12,....m, pj, = max p;, mo 0ia “ucaa Nna 8CET NPABUADLHBLT
1<i<m

docmynos das sanpoca (g(X,Y),\) ewnoaneno:

a) Npo. < IT (N+1)™ L

1<i<n
6) ecaum =2, moNpo < [ (pi+1)"
1710,
1<i<m

Cremyromuye gBa C/I€ICTBUs JAIOT PEIIeHHsI, COOTBETCTBEHHO, 33 1a91
O TIOWCKE U 33Ja4U O IMEPEUUCICHUH JIjIsI TOJTHOTO Pa3PEIInMOro 3aIpoca,
rpad KOTOpOro siBJISIeTCS MOJIHBIM JIBY/IOIbHBIM.

CaencrBue 2. Ecau g(X,Y) — noanwd deydoavnud epapp, X = {s1,
S92y ySnt, Y ={01,09,...,0n}, nym € N, \; = A(s;), i = 1,2,...,n,

m
pj:p(oj)7j:]‘72""7m7 Pk: Zpi’k:2’37”’7m7u(g(X’Y)7A) 7

i=k
j=1m
oA paspewumouti 3anpoc, mo docmyn ¢ mampuuet (x )z_1 X0 2de
m k-1
:pl—max())\kfg :L"fPH_lJr E E :1:
i=l+1 j=1

ABAACINCA NPAEUNSOHDIM 8ocmynom OAA 9020 aanpoca.
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CaencrBue 3. Ecau g(X,Y) — noanwt deydoavnodi epap, X =
{s1,82,...,sn}, ¥ = {o01,02,...,0m}, nnm € N, \; = As;), i =
m

1,2,...,n, pj = ploj), 5 =1,2,....m, Py = > pi, k=2,3,....,m, u
i=k

(9(X,Y), \) — noanwiid paspewumovili 3anpoc, mo 6ce npagu.abHvie 00Cmy-

j=Lm

i=1n

noL AL IMO20 3aNPOCA U MOABKO OHU 3G0AI0MCA MAMPUUAMU (:c;) ,

zi€ No,i=1,2,...,n, j=1,2,...,m, maxumu, wmo

m  k—1

-1 k—1 -1
Ne= Dt = Punt Doy @) <af Smin(p =Y aj M = Y ),
i=1 i=1 i=1

i=l+1 j=1

m—1
:Ufn:)\kuxf, k=1,2,....n, 1=1,2,...,m—1.
=1

Teopema 3. Ecau g(X,Y) — noanwd dsydosvnoii epad u (g(X,Y),\) —
NOANBLT Paspewumvill 3anpoc, mo wucao Ny, g, 6C€T NpasuibHuly docmy-
no6 0 9M020 3aNPOCE YOOBAEMBOPALT HEPAGEHCMBY

p(Y)!
N S @) AT0)

U MO HEPABEHCTNBO 0OPAUAEMCA 6 PABEHCNGO MOWHO M020a, K020a 3a-
npoc (9(X,Y), \) npocmetiwud.

Teopema 4. Ecau g(X,Y) — noanwii dsydosvnwi epapp, n = |X|,
m = 1Y| u (g(X,Y),\) — noanwii npocmetiwuti paspewumuii 3anpoc,
MO BLINOAHENO CACOYIOUIEE:
a) ecau m > n, mo sanpoc (9(X,Y),\) (m — n)-cusvno-e-ycmotivus
u (m — n)-o-ycmotivus;
6) ecau m > 1, mo sanpoc (g(X,Y),\) (m — 1)-caabo-e-ycmotinus;
8) ecauk € N, k<n, k<m—1, mo sanpoc (9(X,Y),\) (k,m —k)-
e-ycmotinus.

Teopema 5. Fcau ¢g(X,Y) — Jdepeso 6es esucauur cybsexmos,
(9(X,Y),\) — noanwii npocmetwuts sanpoc, s € X u deg(s) — cme-
nenv cybsexma s 6 epagde g(X,Y), mo das wucaa Ny, 5. 6cex npasusvHvir
docmynos das sanpoca (g(X,Y),\) evinoaneno nepasencmeo
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Nn.o. > max(deg(s))
seX

U OHO 00PAUWAEMCA 6 PABEHCME0 MouHo moezda, kozda | X| = 1.

Caencreue 4. Ecau g(X,Y) — depeso 6e3 sucauwur cybsexmos u
7

(9(X,Y),\) — noanwii npocmetiwud 3anpoc, mo s mo20 3anpoca Cy-

wecmeyem He menee 2 npasusbHbiL 0CTYNoG.

Teopema 6. Fcau ¢g(X,Y) — depeso 6e3 eucauwuxr cybsexkmos u
(9(X,Y),\) — noanwi npocmetiwuts 3anpoc, mo wucao Ny, 9. 6cex npa-
GUALHBLT DOCTNYNOE OAS IMO20 3aNPOCA YOOCACMEOPALT. HEPAGEHCTNEY

U OHO 0OPAWAETNCA 6 PABEHCTNGO MOYHO MO20a, K020a CMENEHD KarHcA020
cybsexma g(X,Y) pasna 2.

ITycrs (g(X,Y),\) — monnsiit npocreiimmuii 3anpoc u g(X,Y) — ne-
peBo. Byzem rosoputh, uro jaepeso g(X,Y) maxcumarvroe, eciu B HEM
KaXKJIOMY CYObEKTy CMEXKHO He 0oJiee JIByX OODBLEKTOB CTEIeHU 2 U HU
OJTHOTO 00BLEKTa DOJILINIEH CTElleHMN.

Teopema 7. Ecau g(X,Y) — maxcumanrvhoe depeso, cmenens kascdozo
cybsexma komopozo pasra d = 3, n = |X| u (¢9(X,Y),A) — noanwi
npocmediwuts 3anpoc, mo 0aa wucaa Ny g 6CET NPAsUALHBLL JOCTYNOG
O0AA IMO20 3aNPOCE BHINOAHENO

n—1
PrdVd—4—-2(d++Vd®—4 N
2W/d2 — 4 2

n—1
+d\/d2—4—d2+2 d—+d2—4
2/d2 — 4 2 ’

CaencrBue 5. Ecau g(X,Y) — maxcumarvroe depeso, cmenens kastc-
dozo cybsexma xkomopozo pasna d = 3, n = |X| u (g(X,Y),\) — noanwi
npocmetiwut 3anpoc, mo das wucaa Ny 5 6CET NPABUALHBT JOCMYNO6
0AA 9M0O20 3GNPOCA BHINONHEHO

Nn.d =

N, o ~ d" npu d— oo.
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Ouesnao, uro ecom (g(X,Y),\) — mouHbIii mpocTeiinmii 3ampoc,
n=|X|und= ng)é(deg(s)), rie deg(s), s € X, — 910 creneHs cyob-
s€

exkta s B rpade ¢g(X,Y'), To uncio Beex nNpaBUIIbHBIX JOCTYIOB JIJIS 9TOTO
3arpoca He 6osbine d”. VI3 TeopeMbl 7 ciielyer, 9To U yBeJIuYIeHUU d B
KJIacCe JIePEBbEB MOXKHO HAUTHU JEPEBO, UNUCJIO BCEX MPABMIBHBIX JOCTY-
[IOB B KOTOPOM CKOJIb yrojiHO 6sin3K0 K d" (11071 IPAaBUIIBHBIM JIOCTYIIOM
B JIEpEBE MbI IOHUMAEM MPABUJIBHBIN JOCTYII JJIsI IOJTHOTO [IPOCTEHIIEro
3arpoca, rpagoM KOTOPOIo 9TO JIEPEBO SIBJISIETCS ).

3. Cayuaii A1By10JbHBIX TpadoB

PaCCMOTpI/IM 3a/la9y O Pa3pemmMOCTHU JIJIdd ITIPOU3BOJIBHOT'O 3allpoca.

dokazareabcTBO TeopeMbl 1

Heobxodumocms. Ilpennonoxkum, aro 3anpoc (g(X,Y ), ) pasperinm,
u cymiecrByer Takoe nojmuoxectso P C X, aro p(m(P)) < A(P). Oue-
BUJIHO, UTO B 9TOM CJIydae JijIs IIOJIMHOXKeCTBa P He cyIecTByeT paBuiib-
HOTO JIOCTYTIA, CJIJIOBATEJILHO, MPABUJILHOTO JIOCTYIIA HE CYNIECTBYET U
qyist 3anpoca (g(X,Y), A), Ho oH pasperuM, U Mbl IPHUILIA K IPOTUBOPE-
qHIO.

JLlocmamournocmuw. Tlpeanomoxkum, aro Bcerma npu P C X BBITOJ-
HeHo A(P) < p(m(P)). Byaem n0kaspiBaTh paspenimMocThb 3apoca
(9(X,Y), \) unykuueit no unciy Tpebosanuii Maoxkecrsa X . IIpenoso-

xkuM, 910 A(X) = 1. Tak kak A(X) = > A(s) u dyHKIMA \ npuHAMaeT
seX
HaTypaJsbHble 3Hadenus, To | X| = 1. O6o3nadum sjiemenT MHoxkectBa X

gepes s. Ilo yemosuio A(X) < p(m(X)), caenosarensno, p(m({s})) > 1.
[onoxkum e = (s,0), tne o € m({s}), p(o) # 0, r(X) = {e}, c(e) = L.
BosbMeM B KauecTBe NPaBUIILHOIO JOCTYIA JIIs MHOXKeCTBa X JI0CTYII
(r(X), ¢), cenoBarensno, 3ampoc (g(X,Y), \) paspermmm.

IIpeinosioXKum Ternepb, 4To yTBEPK/IeHHe BepHO i 06oro A(X) <
n, n €{2,3,...}. Jokaxkem ero mist A(X) = n. s sToro paccMorpum
JIBa, CJIydasl.

1) st so6oro memycroro P C X A(P) < p(m(P)). Toraa Bospmem
aoboit cybvekr s € X. Ilo yemosuo p(m({s})) > A({s}) = 1. Iouo-
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KuM e = (s,0), e o € m({s}), p(o) # 0. Paccmorpum HOBYIO BeCOBYIO
dbyuxmmio p' mia rpada gocTynos, Takyio, 9To p’ coBHaIaeT ¢ p BCIOLY,
Kpome oObekTa 0, mpuieMm p'(0) = p(o) — 1. Tpeanonoxum, aro A(s) # 1
(cyqait A(s) = 1 paccMarpuBaeTcss aHAJIOIHYHO). PaccMorpum HOBbII
sanpoc (g(X,Y),\), 3nece N coBmamgaer ¢ A\ BCioIy, Kpome cyObekTa s,
npudeM X (s) = A(s) — 1 (B ciyuae, korjga A(s) = 1, Hy>KHO paccMOTpeThb
sarpoc (¢'(X',Y),N), tne X' = X\{s}, rpad ¢g(X',Y) nonyuaercsa us
9(X,Y) yuanenueMm BepIIMHBI § U BCEX UHIMJIEHTHLIX eii pebep, dyHK-
mmst N sBigiercst cyxkenneM GyHKImu A Ha MHOKecTBO X'). OueBmiHO,
aro gis 3anpoca (g(X,Y), ') upu HoBoii BecoBoit dbyukuuu p’ st rpa-
da gocrynos BeimosnreHo ycaosue: ecit P C X, to X (P) < p/(m(P)).
ITpu srom N (X) = A(X) — 1 =n — 1 < n. CieoBaresibHO, 110 TIPEIIIO-
noxkennto uuayknun 3anpoc (g(X,Y),\') B ciyuae samanust s rpada
JIOCTYIIOB BecoBoil (byHKIMK p’ pa3penyM, TO ecTh MMeeT IpaBUJIbHbII
nocryn (r(X),c). Ecim e € r(X), To onpenenmm GyHKINIO HA3HAYTEHHI
¢’ rak, 9TOOBI OHA COBIAJIAJIA C ¢ BCIOMLY, KpoMe e, ipuieM ¢’ (e) = c(e)+1.
B arom ciayuae (r(X), ), 04eBuIHO, — NPABUIILHBII JIOCTYII JJIsT 3a1IpOCa
(9(X,Y), \) upu crapoii BecoBoit dyukuun p. Ecim xe e € r(X), To mosio-
xum 1 (X) = r(X)U{e} n nycrs dyuknus ¢ coBuagaer ¢ ¢ Ha MHOXKeCTBe
r(X) u d(e) = 1. Torma (r'(X), ') — nyHblii npaBuibHbli gocrym. Ta-
KM 06pa30M, TOCTPOEH HpaBUIbHBIH mocTym st 3anpoca (g(X,Y), \),
a 3HAYUT OH PA3PEInM.

2) CymectByer Hemycroe moamuoxkectBo Py C X @ A(Py) = p(m(F)).
Bynem cunrars, uro Py # X (eciun A(Py) = p(m(Fp)) Tombko npu Py =
X, TO JIOKA3aTeNHCTBO AHAJIOTUYHO [IEPBOMY IIYHKTY ).

Puc. 4.
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[Tycrs P C X\ Py (cM. puc. 4). Pacemorpum nogmuoxkectso PyUP. Tlo
yesosuio p(m(PyUP)) = AN(PyUP). Ho p(m(Py)) = MNPy) u A(PyUP) =
A(Py) + A(P). Cuneposaressuo, p(m(P) N (Y\m(Py))) > A(P). 3uaunr,
110 peosoxKennto nHykun Jyist 3anpoca (g’ (X \Po, Y\m(FPp)), \'), tue
rpad ¢ (X \ Py, Y\m(F)) noayuaercs us rpada g(X,Y") yaanennem sep-
e 13 MEOXKeCTB Py u m(FPy) 1 MHImIeHTHBIX UM pebep, a dyHkust A’
sIBJIsIeTCsI cy KeHreM (DyHKImu A Ha MHOXkecTBO X \ Py, cyriecTtByer npa-
suibnbLl goctyn (1(X\FPp), ¢). Kpome Toro, 1o npe/osiokeHnio nHyK-
mmu s sanpoca (" (Py, m(FPy)), A"), e rpad ¢” (P, m(Py)) moiyuaer-
cst m3 rpada g(X,Y') ynanenumem Beprimu n3 muoxkects X \ Py n Y\m/(Fp)
U MHIJICHTHBIX UM pebep, a dynkima N apisercs cykeHneM (OyHKIITH
A Ha MHOXKeCTBO P, Takzke cyrmecTByeT npasuibhbii mocryn (r'(FPy), ).
Onpenesmnm Ha muozkecTBe 1( X \ Py )Ur!(FPy) dyukimio ¢ takum ob6paszom,
4ro6el Ha MHOKecTBe (X \Pp) ona coBnagana ¢ dyHKuueil ¢, a Ha MHO-
xkecrse 1 (Py) — ¢ dynknumeit ¢’. Ogesuno, uro (r(X\Py) Ur'(Fy),c”) —
npaBuwiIbHBL jtocTyn s 3anpoca (g(X,Y),\), cienoBaresbHo, 3a11poc
(9(X,Y), \) paspemum. Teopema mokazana.

Bameuanne. Ecin 3anpoc (g(X,Y),\) siBistercst MOJIHBIM M TIpOCTEii-
IIFM, TO BOIIPOC O Pa3PEIIMMOCTH STOrO 3allPOCa CBOAUTCS K BOIPOCY O
cymecreoBanun B rpade ¢g(X,Y) napocoueranusi, orobpazkaomero X B
Y, u reopema 1 copurest K Teopeme Kennra-Xosuia (em. [1]). Takzxke mpo
napocoderanusi cM. [2| u [4].

C ydueroM TeopeMmbl 1 TOKa3bIBAETCsl CIPABEIUBOCTD IPEJJIONKE-
Huit 2, 3 u 4.

IIpennoxenune 2. Ecau (g(X,Y),\) — sanpoc, dan aobwxr s € X u
0 €Y swnoaneno A(s) =i u p(o) = j # 0, mo on paspewsum mouro
moeda, xoeda dasn mobozo P C X cnpasedauso

i
im(P)| > E‘P"

Hoka3zaresbcrBo. [lo Teopeme 1 3anpoc (g(X,Y'), A) paspemmm Toryia

U TOJIBKO TOI/ia, Korja st jioboro P C X seinosreno A(P) < p(m(P)).

Tax kak A(P) = 32 A(s) =i|P[, a p(m(P)) = > plo) = jlm(P)|, o0
sepP oem(P)

9TO yCJIOBUE MOXKHO Tiepenucarsb B Bujge: ecin P C X, 1o i|P| < j|lm(P)|.
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Wrak, yuurbiBasi, uro j # 0, OKOHYATEJHHO MOJYUIAEM, UYTO 3aIPOC
(9(X,Y), \) paspernm Torjia, n TOJBKO TOIJA, Korja jis jgoboro P C X
soinosmeno [m(P)| 2 5| P|. Ilpeanoxenne jokasaHo.

Ilpennoxkenue 3. Cnpagediusvl NOAOHCEHUA:

a) ecau sanpoc (g(X,Y),\) paspewum, mo dan aobozo P C X 6vi-

NONHEHO
max(p(0))

1P| < %wm\,

6) ecau (g(X,Y),\) — sanpoc, u dasn aobozo P C X evinoarero
min(p(0))

cY
|P| < ==————=|m(P)|,

Mo O PA3PEULUM.

HoxkaszaresberBo. Ecin 3anpoc (¢(X,Y),\) paspemuM, To 10 Teope-
me 1 st o6oro P C X eoinosirero A(P) < p(m(P)). Torma juist siro6oro
noamuokectBa P C X crpaseiuBa IENnovYKa HEPABEHCTE

)| P A(s P)) <
mgENIPI < 3 A6) < AP) < plm(P)

oem(P) oY
Uroro, Mbl mo/IydIuan
max(p(0))
mpOCDIP| < BP0 ccms [P < S50
se

1 IIOJIOZKEHHE a) JOKa3aHO.

Eciu, reneps, mis 3anpoca (¢(X,Y),\) BBIIOJIHEHO yCJIOBHE I10JIO-
»keHust 0), To mepenwmieM ero B Buje: ecau P C X To me};(c()\(s))\P| <
s€

mip(p(o))m(P)). Tax s ma ()Pl > L A6) = AP)
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min(p(o))m(P)] < > plo) = p(m(P)), o mua moboro P C X
o€y oem(P)
BeinosiieHo A(P) < p(m(P)), ciemoBaresbHo, 10 TeopeMe 1 3ampoc
(9(X,Y), \) paspemtum. IIpemioxkenne qokazaHo.

ITycrs B rpade ¢g(X,Y) sanpoca (¢(X,Y),\) HeT m301mpoBaHHBIX
cyOberToB. Tor/a HA30BEM TaPAKMEPUCTNUNECKUM HUCAOM ITOTO 3AIIPOCA,

= max ‘P‘
P#£o

IIpensnoxxenune 4. Ecau das mobvr s € X, o €Y svnoanerno \(s) =i
u plo) = j, 6 epage ¢(X,Y) mem wusoauposanmvir cybsexmos u
(9(X,Y),\) — zanpoc, mo on paspewum mowno moeda, ko2da

SRR

x(g(X,Y)) < = (%)

HoxkazareabctBo. [lpenosnoxum, aro j # 0. Torma 1o npejyioykeHnto 2
zanpoc (¢g(X,Y),\) paspemum touno Torma, korga ecau P C X, To
|m(P)| > %|P |. YKazaHnHoe ycjIoBHE SKBHBAJIEHTHO YCJIOBHIO

1P|

ectu PC X uP #3, T0

KOTOpO€, O9€BU/IHO, IKBUBAJICHTHO YCJIOBHUIO

X(g(X,Y)) = max (ﬂ) <4

PCX, im/(P)| ¢
P&
ITpeamonoxkum, uyro 7 = 0. Ho B 3TOM ciiy4yae, OYeBHUJIHO, 3aIpOC

(9(X,Y),\) He mMeeT HPABHJIBLHOIO JOCTYIA, & 3HAYUT HEPA3PEIIHM.
BameTnM, 4YTO ycJoBHE (%) B 9TOM cJiydae HE BBIIOJHSETCS, TaK Kak
Xx(9(X,Y)) Bcerna Gosprne mysst. IIpegroxkenne pokasaHo.

O4eBUIHO, YTO BBIOJHEHO CJIEYIONIEe yTBEPKICHUE.

Ilpennoxkenue 5. Cnpagediusvl noAOHCEHUA:

a) ecau 6 epagde 3anpoca €cmb UOAUPOSAHHLIT CYOBEKM, MO IMOMm
3anpoc Hepaspeutum;
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6) ecau 6 epagpe zanpoca ecmv u30AUPOSAHHBIT 06BEKM UM 006BEKM,
6ec KOMOPo20 PaseH HYA0, MO HUKAKOMY NPABUALHOMY JoCmyny
OAA 9020 3anpoca He nNpuHadaedcum pebpo, unyudenmmoe darmo-
MY 00BEKMY.

dokazareabCcTBO TeopeMbl 2

Mycrs (r(X),c) — pocryn ¢ marpuneit X = (xﬁ)f:f—’:

Heobwodumocmo. Ilpennonoxum, aro pocryi (r(X), ¢) saBisercs mpa-

JIJIsT 3AIPOCa

BUJIBHBIM, M IOKayKeM, YTO B 3TOM CJIydae MaTpuna X yJIOBJIETBODSET
ycsioBusim TeopeMbl. Jleficturesbho, ecau A1 > Py, To MuOXKecTBY 7(X)
[PUHAJJIEXKUT pebpo e = (s1,01), npudeM c(e) = A1 — P5 (B npoTuBHOM
cllydae cyMMapHOe 9YHCJIO0 HasHadeHuii no pebpam uz r(X), MHIUIEHT-
HBIM CyObeKTy S1, OyJier Menbine P + (A — Po) = A1, 9TO HEBO3MOXKHO,
tak Kak (r(X),c) — npasusbaelit goctyn). [Ipumenurensno Kk Marpure
X 510 O3HAYAET, ITO ecau A1 — Py > 0, To x% > M —P,. Ecm A\ — P, <0,
T0 2} > A\ — P, Tak Kak 1 > 0 10 Onpe/ieIeHmio MATPHIIBI X. Takum
obpazom, x% > A\ — P». Kpome Toro, oueBuaHO, 9TO x% <pLu x% < A1

MT&K, MbI ITOJIYyYINJIN, 9YTO BBIIIOJTHAIOTCA YCJIOBUA JIJIA CC%

)\1 — P2 < l‘% < min(pl,)\l).

Jasee, 3abUKCHPOBAB T1, AHAJOIMYHO TOJMyHYaeM, HTO B CIydae
A1 — x1 > P3 6yzer somosnmaTeest x5 > A\ — o1 — Py, YuuTesas, 4ro
3 >0, 23 < powaxl < A\ — 2}, B nomywaem, uro BLmMONHAIOTCH

1
ycaoBusA JJIA Ty

A\ — 21 — P3 < 22 < min(pg, \; — z1).

Taxum ke 06pa30M HOJIYIAIOTCsT YCIOBUS J1IsT x%, T ,x%n_l. Haxomerr,

110 OIIPEJCJICHUIO IIPaBUJIBHOI'O JOCTYIIa

m—1
1 _ 1
Ty = A1 — E x;.
i=1

3aMeTHM, UTO «JIOCTYIHEI» BeC KaxKJI0ro 00beKTa, 0 Teleph yMeHbITHI-

cs Ha le-, j=1,2,...,m. YIuTbIBas 9T0, AHAJOTHYIHO YCIOBHSIM IS X

J )
j=1,2,...,m, TIOJy4arOTCs U BCE OCTAJIbHBIE YCJIOBUSI.
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ZLlocmamounocmo. Tpenmnonokum Terepb, 4To0 MaTpuia X JI0CTyIa

1

(r(X), ¢) ynosierBopsier ycioBusiM TeopeMbl. Tora n3 ycioBus Jyis &,

m m
HOJTyUaeM, 94To Y ) =1, U3 yCJIOBHS JUIst T2, MOJIYHaeM, 4To . T2 =\g
i=1 =1
m

¥ T. JI., U3 YCJIOBUS JYIs Ty, HOJIy9aeM, 9To » | i = \,. asee, u3 yciosust

=1
n
JUIst T MBI [IOJIy9aeM, 910 | .%‘Zl < p1, U3 yCJIoBUdA IJIA Té MBI IIOJIy4a-
" =1
eM, 4To Y x’Q < p2 U T.JN., U3 YCJIOBUSA JJIS X, _; MBI IIOJydaeM, 9TO
i=1

Yo, 1 < pm—1. Hakonen, u3 ycsoBuit Jyist ), U ), CIEIYeET, ITO
i=1

m m—2 n—1
n n j n
E in—E in—Pm‘i‘E Ty < Ty,
i=1 i=1 j=1

TO €CTb
n

i
> Th < P
i=1
Taxum obpazom, gocryn (r(X),c) siBisieTcd npaBUIbHBIM. Teopema Jio-
Y 9y
Ka3aHa.

B npemioxkenusix 6, 7, 8 u 9, KOTOpble HEIOCPEICTBEHHO CJIEIYIOT
u3 onpejesieHnit, GOPMYyJIUPYETCs CBA3b MEXKJY Pa3JIMIHBIMUA BHUIAMU
ycroitunBocTu. Tak, B CJIEIYIONIEM IPEII0KEeHUN (DOPMYJIUPYETCSI CBA3D
MEeXK/y Pa3INIHLIMUA BUJIAMU €-yCTOWIIBOCTH.

IIpengoxkenne 6. Ecau (g(X,Y),\) — sanpoc, n = |X| u k,l,p € N,
MO CNPABECAUBDL CACOYIOULUE YMBEPAHCIEHUA:

a) sanpoc (9(X,Y),\) k-cuavro e-ycmotivue mouno mozda, xozda on
(n, k)-e-yemotinus;

6) ecau sanpoc (g(X,Y),\) k-cuavno e-ycmotuus, mo on k-caabo
e-ycmotvus;

6) ecau 3anpoc (g(X,Y),A) l-cuavno e-ycmotuus, mo on (k,l)-e-
yemotivus;
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2) ecau sanpoc (g(X,Y),\) nk-caabo e-yemotuus, mo on k-cusvho
e-ycmotivus;

d) ecau sanpoc (9(X,Y),A) p-caabo e-ycmotuue u kl < p, mo o
(k,1)-e-ycmotivus.

AHAIOTUYHO, B TPEITOKEHUN 7 (POPMYIUPYETCsT CBSI3b MEXKJIY pas/Ind-
HBIMU BUJIAMHU p-yCTONUYMBOCTH.

IIpennoxenune 7. Ecau (9(X,Y),\) — sanpoc, m = |Y| u k,l,p € N,
MO CNPABEDAUBHL CACIYIOULUE YMBEPHCOEHUA:
a) sanpoc (9(X,Y ), \) k-cuavro p-ycmotivue mouno moezda, xo2da on
(m, k)-p-yemotivus;
6) ecau zanpoc (9(X,Y),A) k-cusvno p-yemotiuus, mo on k-caabo p-
Yycmouuus;
8) ecau 3anpoc (g(X,Y),\) l-cusvno p-yemotuus, mo ow (k,l)-p-
Ycmouuus;
2) ecau sanpoc (g(X,Y),\) mk-caabo p-ycmotivus, mo on k-cusvho
p-ycmotuus;
d) ecau 3anpoc (g(X,Y),\) p-caabo p-ycmotuus u kl < p, mo on
(k,1)-p-ycmotivue.

B npemoxenusx 8 u 9 dopmynmupyercs, COOTBETCTBEHHO, CBA3b MEXKLY
0-yCTONYIUBOCTBIO U CJIaDO0H €-yCTONIMBOCTHIO U CBSA3b MEXKJLY O-YCTONIH-
BOCTBIO U Pa3JIMYHBIMU BUJIAMU p-yCTONINBOCTH.

IIpennoxenune 8. Ecau sanpoc (g(X,Y ), \) k-o-ycmotivus, 2de k € N,
mo on k-caabo e-ycmotluus.

IIpennoxenune 9. Ecau (g(X,Y),\) — sanpoc u k,l € N, mo cnpaseo-
AUBVL CACIYIOUWUE YMBEPHCOEHUA:
a) ecau pmax = rglg;(p(o)) # 0, mo sanpoc (9(X,Y ), \) k-o-ycmotivue
mouno moeda, x02da on (k, pmax )-P-ycmotinus;
6) ecau sanpoc (9(X,Y),A) k-o-ycmotivue, mo on k-caabo p-ycmot-
wus;

6) ecau sanpoc (g(X,Y ), \) k-o-ycmotivus, mo on (k,l)-p-ycmotiuus.
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4. Cayd4aii IOJHBIX JABY/I0JbHBIX TpadoB

Paccmorpum 3aady 0 pa3pemmnMocTu s 3anpoca, rpad KOTOporo
SABJIETCS TIOJTHBIM JIBY/IOJTBHBIM.
HdokazareabcTBO npeajoxKenus 1

ITo reopeme 1 3anpoc (g(X,Y '), A) paspemum Torja, u TOJIBKO TOr/A,
KOIJIa

ecin P C X, 1o A(P) < p(m(P)). (%)
IIpennomnoxknm, wro 3ampoc (g(X,Y),A) paspemmm. Torma, wuc-
noJsib3yst yeaosue (), mosydaeM, uro A(X) < p(m(X)). Ho sampoc

(9(X,Y), \) siBsiercst mostabM, a rpad g(X,Y) — MOTHBIM IBY0/IBHBIM,
nosromy m(X) =Y n AM(X) < p(Y).

IIpennonoxknm renepsb, ato A(X) < p(Y). Bosemem mponssosibHOe
Herycroe nogmuoxkectso P C X (3amernm, uro 0 = \(@) < p(m(9)) =
p(@) = 0). OueBuno, uro A(P) < A(X). Haznee, ucrnonssyst To, 410
(9(X,Y),\) — nonnsrii 3ampoc, a rpad ¢g(X,Y) aBisiercs: MOJHBIM JIBY-
JOJIbHBIM, nostydaeM, uto m(P) =Y, caenosaresnsno, p(m(P)) = p(Y)
u A(P) < p(m(P)). Mbl mosy<man, 9T0 BBLINOJHSETCS YCIOBHE (%), a
saaunt 3anpoc (¢(X,Y),\) paspemmm. [Tpeioxenne okasaHo.

Caencrue 6. Ecau (g(X,Y),\) — noanvid paspewumvid 3anpoc, epagh
9(X,Y) xomopozo asasemes noanvim deydosvnvim, a AN(X) < p(Y), mo
on (p(Y) — AM(X))-caabo-p-ycmotiuus.

Hajtee MBI OyZIeM JIOKa3bIBATH TEOPEMY 3.

JIemma 1. Ecau (9(X,Y ), \) — noanwid npocmetiwut paspewumvii 3a-
npoc u g(X,Y) — noanwd dsydoavrvti epag, mo daa wucaa N, o, 6cex
NPABUALHHLL JOCMYNOG AL IMO20 3ANPOCA BHINOAHEHO

p(Y)!
(p(Y) = MX))!
HokazaresnbcrBo. Tak kak 3anpoc (¢(X,Y),\) siBisiercst mpocreimmm,

TO B KaXKJOM IIPaBUILHOM jocryme 7(X) ajsi 9Toro 3ampoca JUIst JIO-
6oro cyobekra s € X wmuoxkectBy r(X) IPHHAJIEKUT €AUHCTBEHHOE

Nn.@. =
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pebpo, munmaeHTHOe S. Kpome Toro, mjst aoboro obbekTa o € Y MHO-
kecrBy 1(X) npunajiexkur He Gosiee OHOTO PebpPa, MHIMIECHTHOIO O.
Takum obpazom, yuursiBast, aro 3anpoc (¢(X,Y),\) nomnsii, a rpad
g(X,Y') nosublii ABYIOABHBII, TTOLyIaeM, 9T0 9uCI0 Ny, BCEX IPABUIIb-
HBIX JOCTYIIOB JIJIS 3TOTO 3aIlIpOca PABHO YUCIY BCEX HHHEKTUBHBIX OTOO-
paxkennit u3 X B Y. Tak kak 3anpoc (g(X,Y),A) paspemntum, To Haiijger-
csl KAaK MUHHMYM OJIHO Takoe oTobpakeHue, ciejgosaresbho, |X| < |Y|

X !
n Nuy = Ay = qoitey Ho p(Y) = S plo) = £ 1 = [V n
ocY oeY
AMX) = Z;(/\(s) = Z;(l = |X|. Takum obpasom, Ny, = 7([)(1,[;(7};)(!)())!.
ElS se

JlemMma, jloKa3aHa.

Hnst zanpoca (g(X,Y),A), Takoro, uro jyist jiroboro o € Y BbI-
nosreno p(o) # 0, onpenennm Hobiit 3anpoc (¢'(X',Y’),\), naseisa-
eMblit pazeepmrot 3amnpoca (g(X,Y),A). Ilycre X = {s1,82,...,8n},

Y ={o01,09,...,0m}, n,m € N. Iomoxum
! 1 .1 1 2 2 2 n .n n
X —{81,82,...,S/\(Sl),sl,SQ,...,SA(SQ),...,Sl,SQ,...,SA(sn)},
!/ _ 1 1 1 2 2 2 m .m m
Y _{017027"'70/)(01)7017027"'70{)(02)7"'701 702 ,...,Op(om)},

, v
At gmoboro s; € X' N'(s)) = 1.

MuoxecrBom Beprins rpada ¢’ (X', Y’) asnserca muoxkecrso X' UY/,
k.l

n pebpo (s7,0;) npunayrexnr ¢'(X',Y'), tne k € {1,2,...,n}, | €
{1,2,...,m}, © € {1,2,...,\(s)}, 7 € {1,2,...,p(01)}, eciau peb-
po (s, 0;) npunamexur rpady ¢(X,Y). Ilpu onpenesnennn passepr-
ku (¢'(X',Y’),N) mbl cumraem, uto Bce pebpa u BepmmHbI rpada
¢ (X', Y") npunanyexar rpady J0CTynoB, KpoMe TOrO, TOBOPsSI O 3aIPO-
ce (¢'(X',Y"), N) Mbr cumraem, uto j1si rpada JIOCTYTIOB 3a/1aHa BECOBAsT
dbynkuus p’, npuHEMalOImas eMHNIHbIE 3HAYeHUs Ha MHOKecTBe Y. Ba-
METHM, UTO Pa3BEPTKA SIBJISIETCS MOJHBIM U IIPOCTEHIIINM 3aIIPOCOM.
Hanee, mus 3anpoca (g(X,Y),\), passeprka (¢'(X’,Y’),\) koro-
poro siBjisiercst paspemuMbiM 3anpocoM u X = {s1,82,...,8,}, ¥ =
{o1,02,...,0m}, n,m € N, obosmauum [epes Fly(x,y) ) OTOOpaze-
HEE, OIPEJEJICHHOE Ha MHOMKECTBE BCEX IPABUJILHBIX JIOCTYIIOB JIJIst
sanpoca (¢'(X',Y’),\'), orobpaxaromee KaxKplii IIPABUIBHBII JOCTYII
(r'(X"), ") mast sroro 3anpoca B npasuwibHblit gocryi (1(X),c) s 3a-
npoca (g(X,Y),\) caexyromum obpasom: muOkecTBO 7(X) comepxKuT
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pebpo e = (sg,01) s k € {1,2,...,n}, 1 € {1,2,...,m} Torga, u TOIbKO
Tora, Korya Maoxkectso ' (X') comepwur pebpo (s¥, 02-) JIJTST HEKOTOPBIX
ie{1,2,...,M(sx)}, 7 € {1,2,...,p(0))}, npuuem c(e) paBHO UmciIy Ta-
KX pebep (sf,oé) B mMuoxkectse ' (X'). Ogesugno, uro (r(X),c) sis-
ercsi IpaBUIIbHBIM JocTyioM jyist 3anpoca (g(X,Y), ). U3 oupeenenust
orobpaxenus Fy(x y)x) C/IeIyeT, 4To 3anpoc, pa3BepTKa KOTOPOTro sb-

JISIETCS Pa3PENIUMBIM 3aIPOCOM, PA3PEITIM.

JIemma 2. Ecau (¢'(X',Y'),N) — paspewumwniti sanpoc, ssamouwudics
passepmxoti sanpoca (g(X,Y),A), mo omobpasicenue Fy(x vy n) A6aaem-
CA CIOPLEKMUBHBIM OMOOPANCEHUEM MHOHCECTNEA BCEXT NPABUALHBIL J0-
emynos das sanpoca (§' (X', Y"), N') 6 mnooicecmeso scex npasuavroiz do-
emynos das sanpoca (9(X,Y ), A).

HokazaresnbcrBo. [lycrs (r(X),¢) — HEKOTODBIN HPABUJIBHBLI JIOCTYII
nuist 3anpoca (g(X,Y'), A). Iocrpoum npasuiabasit gocryi (r/(X'), ¢) mius
sanpoca (¢'(X',Y"),X), xoropwrit F(4x v\ oroGpaxaer B (r(X),c).
[Mycrs X = {s1, s2,...,8p}, Y = {01,09,...,0m}, n,m € N. Byuem
obosnagaTh pebpa (s;,05) rpada g(X,Y) wepes e;;, i € {1,2,...,n},
j € {1,2,...,m}. Crpoum wmuoxecrso r'(X’) cremyomum obpasom.
[Ipemmosoxkum, 910

€13} €1yids -0 €Ll

ny€{1,2,...,m}, i; €{1,2,...,m}, j=1,2,...,n,

— Bce pebpa u3 mMuoxkectBa (X ), HHIMIEHTHBIE cyObeKTy S1. JlobaBum
ko MHO)KecTBY 7/ (X'), KOTOpOE M3HAUAILHO CUMTAEM IyCTHIM, pebpa

-1 -1 -1
1 Y 1 1 19
(s1:01'); (82,09), -+, (80(611.1)’06(61 il))7
V7 V7
-1 -1 1
1 15 1 15 1 15
(Sc(elﬂ.% )+10 01 )7 (Sc(elﬂ.% )+20 %) )7 Tt (Sc(elﬂ.% )+C(617i%)’ Oc(elﬂ.%))’
)
-1 -1
1 an 1 7’77,1
(Sn1—1 Y )7 (S'nl—l 702 )7 ’
cle, .1)+1 c(e +2
= ( 17,}17) = ( 1 1217)
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Hamee, mycThb

€2,i3) €235+ + 5 €2,i2

ng €{1,2,...,m}, i € {1,2,...,m}, j=1,2,...,no,

— Bce pebpa u3 MHOxkecrBa (X ), HHIMIEHTHbIE CyObeKTy So. Jloompe-
nesiuM QYHKIMIO ¢ Ha MHOXKeCTBO Bcex pebep rpada g(X,Y) takum 06-
pa3oM, 4ToOBI OHAa ObLIa paBHA HYJIO Ha BceX pebpax sToro rpada, He
npunayiexanux Maoxkectsy 1(X). Hobasum ko muoxectsy ' (X') pe6-
pa

;2

(32 Oi% ) (32 Oi% ) (s o'l )

1» C(el,i%)+1 ) 25 C(el,i%)+2 ) ey 6(62,1‘%), C(el,i%)+c(62,i%) )

2 5
2 12 2 15
(50(3271.%)4»17 OC(El,i%)J’_l)’ (56(62,i%)+27 00(5171'%)""2)7 RN
2 i2
(50(62 2)teley ;2) 00(61 ;2)+c(e, i2))’
1 2 51 5]
)
2 9

2 Z"Q 2 an
(5n2,1 (51 9 )+1)7 (5n271 ,OC(el 5 )_'_2)7 ,

2 cleg 2)+1 g > cley 2)+2 g

p= p=1 p

2
2 iy
(Sn -1 (]
2 c(e1 2 )+¢( 9.2 )
. 'y stng
p2:21 6(62”120)_'_ (6271%2)

Amnanornuno paccmarpuBaeM Bce pebpa u3 muoxkectBa r(X), uHIp-
JIEHTHBIE CYOBEKTaM 83, 84, . . ., Sp. Llomoxum g soboro € € r/(X')
d(e') = 1. OueBuno, uro (r'(X’), ) — npaBusbHbLi gocTyI st 3a1po-
ca (¢"(X',Y"),X'), a Taroke To, 4TO 3TOT HPABHIIBHBIH J0CTYT Fig(x v 2)
orobpazkaer B npasuwibHblii gocryn (r(X),c) s 3anpoca (g(X,Y), \).
JlemMma joKazama.

U3 nokasaresnncrsa Jemmbl 2 caegyer, uro ecm (g' (X', Y'),\) —
passeprka 3ampoca (¢(X,Y ), A) u mus 3anpoca (g(X,Y),\) cymecrByer
NPABUJILHBII JIOCTYII, TO TPABUILHBI JIOCTYII CYIIECTBYET U JIJIS 3aI1poca
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(¢"(X',Y"), ). Nubimu cyioBamMu, pasBepTKa PaspenmMOro 3ampoca sibB-
JISIETCSl PAa3PEIIUMBIM 3aIIPOCOM. TaKiM 06pa30M, BBITOJTHEHO CJIELYIOIee
CJIC/ICTBHE.

CaencrBue 7. Pazsepmxa 3anpoca padpewsuma mowno mozda, Koz20a
2MOM 3aNPOC PA3PEULUM.

Caencreue 8. Ecau (¢'(X',Y'),N') — passepmexa sanpoca (9(X,Y), \),
mo wucao ecex npasusvhuir docmynos das sanpoca (g' (X', Y, N) ne
MEHDUIE YUCAG BCET NPasUsHbE docmynos das 3anpoca (g(X,Y), ).

3amMernM, 9TO Tpad pasBepTKU IOJHOTO 3aIpoca, rpad KOTOporo
[OJIHBIN JIBYJ/IOJIbHBIMN, SIBJISIETCS MTOJTHBIM JIBY/IOJIHHBIM.

JIemma 3. Ecau  (¢'(X',Y'),N) — passepmra paspewumozo sanpo-
ca (9(X,Y),N), me asamowezocs npocmetiwum, mo omobpadicerue
F, He AGAACMCA UHBEKMUCHDLM.

(9(X,Y),A)

HoxkaszaresberBo. Tak kak 3amnpoc (¢(X,Y ), \) paspemum, To 110 ciieji-
creuro 7 3anpoc (¢'(X’,Y’), ') rakxke sBjsieTcsi paspelmMbiM, a 3Ha-
unr orobpaxenne Fy(xy) ) onpeneneno. ITycrs X = {s1,892,...,8n},
Y = {o01,09,...,0n}, n,m € N. Tak kax zanpoc (g(X,Y),\) ne sB-
JISIETCsL TIPOCTERINIM, TO B HEM HaiiJIeTcst 0ObEeKT, BeC KOTOPOro GoJIbIIe
€JINHUIILI, U CYObEKT, YUCJI0 TPeOOBAHUN KOTOPOro OOJIbIIE €IUHUIIDI.
PaccmoTpum oTj1€15HO 9TH JiBa CITydast.

1. Hyst mekoroporo [ € {1,2,...,m} p(o;) > 1. Torma, o mocrpo-
eHUI0, MHOXKecTBY Y' IpuHajieskaT 00beKTbl ol1 u 012. BosbMmem mpons-
BosIbHBI npaBuwibHbli goctyn (r'(X'),d) s sanpoca (¢ (X', Y7), N).
Bo3MOXKHBI Cr1e/IyIommue crydan.

a) Mnoxecrsy r'(X’) npunajeskut pebpo (s¥,0!) mis mexoropbix

kEe{1,2,...,n}, i € {1,2,...,A(Sk)} u He UpUHA/JIEKUT HU OJI-
HOTO pebpa, MHIMIEHTHOrO 06bekTy o). Torma momoxum 7 (X') =
(' (X\{(sf,00)}) U{(s7, 0))}-

6) Muoxecrsy r'(X’) npunamiexar pebpa (sfll,oll) u (sf;,olz) JUIST
HEKOTOPBIX ki,ko € {1, 2,... ,n}, 11 € {1, 2,... 7/\(3k1)}; 19 €
{1,2,..., M(sx,)}. Torma monoxum " (X') = (r'(X")\({(s¥ i Lo u

{(s

{(s57,05)1)) U{(s5, 0h)} U {(s2, 01}
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B) Muoxecrsy 1’ (X ') He npuHAsIE)KAT pEOpPA, MHIMJIEHTHBIE OObHEK-
Tam o) mim 02 Tak kak (r'(X'),) — npaBuwibHBIN gocTyIn JUIst
sanpoca (¢'(X’,Y"), ), To nusa wekoropwix ¢ € {1,2,...,m}, j €

{1,2,...,p(0;)} vmoxkectsy 7/(X’) mpunajyexur pebpo (si,o ;)

Tyers r(X') = (X (X\{(s}, 6}) U (s}, 0b)} m ompencammt dpyr-
o ¢’ Tak, 9To0bI OHA IPUHUMAJA € JMHUIHBbIE 3HAYEHNsT HA MHO-
xkecrse 7 (X'). OueBupno, aro (r”(X’), ") — upaBunbublil gocryn
quist 3anpoca (¢ (X', Y’), N), upudem jjist HETO MMEET MECTO CJIy-
Jaii a).

r) Muoxecrsy 7/ (X') npunasie:kur pebpo, HHIUIEHTHOE OOBEKTY 0l2,
U He TPUHAJIEXKUT HU OJHOrO pebpa, MHIUJICHTHOTO OOBEKTY oll.
DroT CiIydail aHAJIOMMYEH CIIyYalo a).

Bo Bcex ciyuaax onpenenum dynkimio ¢’ Tak, 4ToOB OHa MPUHUMA-
na 3Hadennme 1 wa mHOoxkectBe r”(X'). Ouwesmumo, uro (r’(X'),d”) —
npaBwiIbHBL goctyn guist 3anpoca (¢' (X', Y'), '), ommmanstii or mocty-
a (r'(X'),c). Tipuuem Fg(x yy,n) orobpazaer jocrymst (r'(X'),c') n
(r"(X"), ") B onuu npaBusbHbLi gocryn juist 3anpoca (¢(X,Y), \).

2. st mekoroporo k € {1,2,...,n} A(sg) > 1. Tow:pa 110 IIOCTPO-
enmo, MuOKecTBy X' mpumHajieskar cyonexTh s¥ u sk, Bosbmenm mpo-
U3BOJIBbHBIH npaBmibHelil jocryi (1 (X'), /) st 3anpoca (¢' (X', Y7), V).
Torna muoxkectsy 1'(X') HpI/IHa,ZLJIe}KI/IT pebpo, MHIUICHTHOE CyObEeKTY
s’f , 1 pebpo, I/IHLLI/I):LeHTHoe CyOBEKTY 52 ITycTh 9T0, COOTBETCTBEHHO, peb-

pa (s’f,oéll) u (s5,0 ]2) li,ls € {1,2,...,m}, j1 € {1, 2 ..,p(oll)} J2 €
{1,2,..., plo1,)}. Tonoammm r"(X') = (T"(X')\({(Sp o )YU{(s5, 072) 1)U

{(s,0 ]2)} U{(sk,0 31)} u onpejennm GyHkuio ¢’ Tak, 9To0bI OHA HPH-
HUMaJIa eJMHWYHbIe 3HadeHust Ha MmuHOkectBe 1”(X'). OueBmmno, 4TO
(r"(X"), ") — upaBwibnbli gocryn gus zampoca (¢'(X',Y'),N), or-
muanbii ot gocryna (r'(X'), ¢'). Tpuaem Fg(x y),\) oToOpazkaet jocty-
ust (r'(X’),d) u (r"(X’),c") B oquH npaBUIBHBLA JOCTYI JJIs 3a1poca
(9(X,Y), \). Urak, Bo Bcex cirydasix HaiI€HbBI JBa PA3INIHBIX IPABH/Ib-
upix goctyna jia sanpoca (g'(X',Y'), N'), xoropeie Fy(x vy ) oTobpa-
JKaeT B OJIMH HPaBIIIBLHBIA gocTyn g 3amnpoca (g(X,Y),A). Buasunt,
orobpazxenue F(,(x y) x) He sIB/IS€TC MHbEKTUBHBIM. JlemMMa j0KasaHa.
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JlokazaTesibcTBO TeopeMbI 3

Eciu zanpoc (g(X,Y), A) siBasiercst mpocTeifimM, To 1o jgemme 1 jyist
9UC/Ia BCEX HPABIIBHBIX JOCTYIIOB Ny ;i JIJIsl 9TOIO 3alIPOCa BBIIOJIHSIETCS

p(Y)!

(p(Y) = A
[Ipennomnoxum, aro 3anpoc (g(X,Y ), \) He siBisiercst npocreitmum. Bes
OrpaHUvIeHnst OOIMIHOCTH MOYKHO CIUTATD, UTO JIJIs JII060ro 00beKTa 0 €Y
p(o) # 0, Tak Kak HUKAKOMY MPABUJILHOMY JIOCTYILy Jisl 3alpoca
(9(X,Y),\) He npuHaIe:KUT PeOPO, MHIMIECHTHOE OOBEKTY, BEC KOTO-
poro pasen Hyso (cM. npeminoxkenne 5). ITo ciegcrsuio 8 umcio Beex
IPaBIIIBHBIX J0CTYHOB [T 3amnpoca (g(X,Y), \) He Gosblne wqucia Beex
IpaBUIbHBIX gocTynoB jist 3anpoca (¢' (X', Y'), N, tne (¢' (X', Y'), \) —
passeprka 3anpoca (g(X,Y), \). Tak kak 3ampoc (¢g(X,Y), A) paspermm,
To 1o caencrsuio 7 3anpoc (¢' (X', Y'), \') rakske siBjisiercst paspenmmbim,
kpome Toro, rpad ¢’ (X', Y’) saBisiercss OJMHBIM JBYI0JBHBIM H3-3a MOJI-
Hoii nByosbHOcTH rpada g(X,Y'). Hakonerr, 110 onpeiesienuio passepTka
SBJISIETCST TIOJTHBIM U TIPOCTEAIIINM 3a11pocoM. TakuM 00pas3oM, IJIst 3aIpo-
ca (¢'(X’,Y’), \') BblIOIHEHB! yCIIOBHUS JIEMMBI 1 M 9HCJIO BCEX MIPABUIIb-
HBIX JIOCTYIIOB JIJIsl 9TOTO 3a1poca PaBHO

P! (1)

(' (Y') = N(X)F
[ycre X = {s1,82,...,8n}, Y = {01,09,...,0m}, n,m € N. Bamernm,
w0 p(Y) = 3 p(o) = 5 1=V = p(on) + p(os) T .. + plom) =
o'eY’ o'ey’
p(Y), N(X') = 2 N(s) = > 1 =1X"] = Als1) + Als2) + ... +
s'eX’ s'eX’

A(sr) = A(X) n Boipaxxenue (1) pasuo %. Wrax, MbI 1OTyqnIn,

Ny =

YTO JUIA YHCJIa BCEX HPABIIIBHBIX JocTynoB Jyist 3ampoca (g(X,Y), )
BBIIIOJIHSIETCS] HEPABEHCTBO

p(Y)!
(o)~ A @

Hakonern, Tak kak 3anpoc (¢'(X’,Y"’), ') paspemmmm, To onpeeneno oro6-

Nn.,a. <

paxcenne Fy(x y) \) MHOXKECTBA BCEX MPABHIILHBIX JOCTYTIOB JTs 3aIIPO-
ca (¢'(X',Y"), ) B MHOXKeCTBO BCEX IIPABUJIBHBIX JOCTYIIOB ISl 3aIpOCa
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(9(X,Y), \), koropoe, 110 jeMMaM 2 U 3, SIBJISETCS CIOPbEKTUBHBIM U He
SABJIAETCA MHBEKTHBHBIM. A 3HAYUT, YMCIO BCEX IPABUIBHBIX JIOCTYIIOB
nyist 3anipoca (g(X,Y'), A) crporo MenblIiie 4ucsia BCexX NpaBUIbHbIX JIOCTY-
nos Jyist 3anpoca (¢'(X',Y’), \') u mepasencrso (2) siBisiercst CTpOruM.
Teopema mokazaHa.

dokazaresabcTBO TeopeMbl 4

Bamernm, yro 3anpoc ¢(X,Y') yJaoBIeTBOPSIET YCIOBUSIM IIPEJIOKE-
uust 1, caepobaresnbHo, A(X) < p(Y). Tak xak 3anpoc (g(X,Y),\) sB-
Jstercst npocreiimmm, To A\(X) = Z A(s) = Z 1 = | X, anamoruyHo,

€x
p(Y) = > plo)= > 1=]Y] TaKI/IM o6pa30M | X| < |Y], cremosa-
ocY o€Y

TeIbHO, N < M.

ITokaxkem, wuro 3zampoc g¢(X,Y) saBmsiercs (m — n)-CHIbHO-€-
YCTOWYUBBLIM, ecjii m > n. Jljist 3T0ro j1ocTarodno jloka3aTh, YTO 3a-
npoc ¢’ (X,Y), nonyqaromuiicss 3 sanpoca g(X,Y') ynanenuem B rpade
9(X,Y) st kazkoro cyobekTa n3 X Mpou3BOJIBHBIX (1M — ) pebep, uH-
[IUJICHTHBIX €MY, TAKXKe sIBISETCA Pa3peImnMbIM. JlelicTBUTEIBHO, B Ipa-
de ¢ (X,Y) xaxaomy cyobekry u3z X unimaentao m — (m —n) = n
pebep. Bozbmem mpowmsBosibHOe HemycToe noamuoxkectBo P C X. Torma
AMP)=|P| <|X|=n<|m(P)| = p(m(P)) (31ech u nanee obo3HaUCHKE
m(P) ornocurcs xk Hoomy 3anpocy g'(X,Y)). Takum obpasom, 1o Teo-
peme 1 3anpoc ¢'(X,Y) paspemnm, a 3uauut 3anpoc g(X,Y) asiasercs
(m — n)-CUIIbHO-€-yCTOWIMBBIM.

ITokaxkem Teneps, uro 3ampoc ¢(X,Y) sasaserca (m — 1)-ciaabo-e-
ycroituuBbiM, eciiu m > 1. /Iy 9TOro mocTraTrovyHO J0Ka3aTh, UTO 3a-
npoc ¢'(X,Y), nonyvaromuiics uz 3anpoca g(X,Y) ynasennem B rpa-
de g(X,Y) npoussosbHOro MuoxKecTBa R u3 (m — 1) pebpa, Takxke siB-
JIIETCS Pa3penmMbIM. Bo3bMeM IPOM3BOJIBHOE HEIYCTOE MOJIMHOMKECTBO
P C X. Eciu cybbekrtam u3 P He WHIIUIAECHTHO HU OAHO pebpo m3 R,
o A(P) = |P] < |X] = n < m = |m(P)] = p(m(P)). Ecin xe
BO MHOXkKecTBe R Haiijercst pebpo, MHIMJIEHTHOE HEKOTOPOMY CYOLEKTY
u3 P, 1o 6e3 orpaHudeHus: OOITHOCTH MOYKHO IPEJIIOJIOKUTh, ITO BCE
pebpa u3 R MHIMJIEHTHBI HEKOTOpPBIM cyObekTam n3 P. Ecim Bce pebpa
u3 R uHImaeHTHB OfiHOMY CyObekTy s € P 1o B rpade ¢'(X,Y) ectb
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m — |R| = m — (m — 1) = 1 pebpo, unnuaeHTHoe s. BeeMm ocrasbHbIM
cyobekram u3 P B rpade ¢'(X,Y) unnunentao m pebep. Ecau |P| = 1,
to [m(P)| =1 u, rak xak A\(P) = |P|, a p(m(P)) = |m(P)|, Ml mosy4a-
eM A(P) < p(m(P)). Ecim ke |P| > 1, To /m(P)| = m u MbI HoIydaeM
AP) = |P| < |X] =n <m = |m(P)| = p(m(P)). B cayuae, xorna
BO MHOXKecTBe P TOJIbKO JIByM CyObeKTaM S$1 M S WHIIMJIEHTHBI pedpa
u3 R, MBI ojIy4aeM, 4TO CyObEKTY §1 MOKET ObITh MHITUIEHTHO TOJBKO
He Gosee m — 2 pebep u3 R, a sumauur B rpade ¢'(X,Y) ectb ne me-
Hee m — (m — 2) = 2 pebep, UHIMJIEHTHBIX S1. Beem cyObekram u3 P,
OTIMYHBIM OT $§1 U S2, B rpade ¢ (X,Y) unnumentoo m pebep. Eciau
|P| = 2, To |[m(P)| > 2 n, rak xax A(P) = |P|, a p(m(P)) = |m(P)|,
mbl nosrydaeM A(P) < p(m(P)). Ecin xe |P| > 2, To [m(P)| = m u Mbl
nosydaeM A\(P) = |P| < |X| = n < m = |m(P)| = p(m(P)). Anao-
IUYHBI PACCYKJIEHUS U B CIy4asiX, KOIJIa BO MHOXKeCTBe P TOJIbKO TpeM,
TOJIBKO YeThIPEM U T.J., TOJbKO |P| cyObekraM WHIMIEHTHBI pebpa u3
R. Bo Bcex ciydasix Mbl nosygaem, 9o A(P) < p(m(P)), ciaegosareiib-
Ho, 1o Teopeme 1 zanpoc ¢'(X,Y) paspemnm, a 3nauur zamnpoc g(X,Y)
sysiercst (m — 1)-ciiabo-e-yCTONIHBBIM.

Tenepr mokaxkem, uro 3anpoc ¢(X,Y) sasasierca (k,m — k)-e-
ycroituuBeiM, eciiu k € N,k < n,k < m — 1. g sToro gocraTodHo
nokazarh, uto 3anpoc ¢’ (X,Y'), nomyuaromuiics u3 3anpoca g(X,Y) yna-
aenreMm B rpade ¢g(X,Y) s kaxkaoro cyGbekTa § M3 MOJMHOKECTBA
M C X, |M| = k, npousBosbHbIx m — k pebep, MHIUJIEHTHBIX S, TaK-
JKe sABJIseTcs paspemnMbiM. leiicrBurensho, B rpade ¢’ (X,Y) kaxgomy
cybobekTy u3 M unipnentao m—(m—k) = k pebep. Bosbmem nponssosib-
Hoe Hemycroe nojmuoxkectso P C M. Torna A(P) = |P| < |[M| =k <
|m(P)| = p(m(P)). osromy no Teopeme 1 zanpoc ¢’ (M,Y') paspemnmm
(3mecs rpad zanpoca ¢”(M,Y') nonygaercs us rpada s3anpoca g'(X,Y)
yaasenneM Bcex BepuH u3 X \M u mHImpeHtHeix um pebep). [Tycrb
r(M) — mexoropslii npasuibhbiii gocry just g” (M,Y), a Q — MHOXKe-
CTBO BCeX 00'bEKTOB, HHIMIEHTHBIX pebpam u3 r(M ). Paccmorpum 3arpoc
g"(X\M,Y\Q), rpad xoroporo nonyuaercs us rpacda ¢'(X,Y) yramre-
HueM Beex sepimi u3 M U @ u mHI@IeHTHBIX uM pebep. OueBuHo, 910
rpad ¢"”(X\M,Y\Q) nonnsii asymosnsuelii, a 3aupoc ¢” (X\M,Y\Q)
nosubii, npuiem | X\M| = n — k, |[Y\Q| = m — k, ciegosaresbho,

[XAM| < [YAQ|, no A(X\M) = [X\M] u p(Y\Q) = [Y\Q|, a 3ua-
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ant A(X\M) < p(Y\Q) u no npeoxkenuto 1 sanpoc g” (X\M,Y\Q)
paspelnM 1 MMeeT HeKOTOPbIH npasuibhbiii goctyn ' (X \M). Ouesu-
Ho, uro torpa (M) U r'(X\M) — upaBuibHBI JOCTYII JyIsi 3a1poca
¢ (X,Y), cienoBarenbro, on paspenm, a 3aaant 3anpoc g(X,Y') ssisi-
ercst (k, m — k)-e-ycToiiauBbIM.

Ocramocy mnokazarb, uro 3sampoc ¢(X,Y) sasiaserca (m — n)-o-
yCTOHUUBBIM, eci m > m. Jljist 3TOro J0CTaTOYHO JIOKA3aTh, UTO 3a-
npoc ¢'(X,Y), nonyuaomuiicst u3 3anpoca g(X,Y') ynanenuem B rpade
9(X,Y) npousBoJIbHBIX M — n 00BEKTOB U BCEX MHIMJIEHTHBIX UM pebep,
TaKzKe sBJIAETCS pa3pemuMbiM. 1lycth Y/ — MHOMKECTBO BeeX OOBLEKTOB,
npunaiexamux rpady ¢’ (X,Y). Bamernm, uro |Y'| = Y| — (m —n) =
m — (m —mn) =mn. [ycrs X = {s1,52,...,8.}, Y ={01,09,...,0,}. To-
riaa {(s1,01),(82,02),...,(Sn,0n)} — TPABUIIBHBINA JIOCTYI JJIsi 3aIPOCa
¢ (X,Y), cnenoBaresibHo, OH paspenmm, a 3aadnT 3anpoc ¢(X,Y) saBis-
ercst (m — n)-o-ycroituuseiM. Teopema Jokazana.

5. Caydaii nepeBbeB

CHpaBe,ZLJH/IBO CJIeyroniee yrBepKacHue.

ITpengoxkenne 10. Ecau g(X,Y) — depeso bes sucawux cybsexmos u
(9(X,Y), A) — noanwii npocmetiwuts 3anpoc, mo 6binoAHEHO CAedYIOULee:

a) ecau s € X, 0 €Y u g(X,Y) codeporcum pebpo (s,0), mo dan
sanpoca (9(X,Y ), \) cywecmsyem npasusvhots docmyn (r(X),c),
maxkot, wmo (s,0) € r(X);

6) sanpoc (9(X,Y),\) I-o0-ycmotiuus.

Hoxka3zaresbcrBo. [Iycts s € X, 0 € Y u g(X,Y) comepxur pebpo
(s,0). Iocrpoum mpasusbaeiit jpocryn 7(X) st 3anpoca (g(X,Y), ),
takoii, 1ro (s,0) € r(X). Ilycts R = {(s,0)} u G = g(X,Y). Ilpexnno-
JioxkuM, 4To B rpade G HeT cyObEKTOB, OTJIMYHBIX OT § ¥ CMEXKHBIX C O.
Torma nooxkum G = G —s—o (Takum 06pazom 0603HaueH rpad, moTyda-
ronuiica u3 rpadga G ynajaeHreM BEPUIMH S U 0 CO BCEMH MHIMIAEHTHLIMU
uM pebpamn). Kaxkias KOMIIOHEHTa CBA3HOCTU HOBOTO rpada siBJISIeTCst
JINOO U30JTMPOBAHHBIM O0OBEKTOM, JITOO JepeBOM 6€3 BUCAINX CyOHEKTOB.
Ou4eBnHO, 9TO OOBEINHEHNE TPABUIBHBIX JOCTYIOB JJIS BCEX IMOJIHBIX
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IPOCTEHINNX 3aIPOCOB, rpadaMu KOTOPBIX ABJIAIOTCS MOCISIHIE KOMIIO-
HEHTBI CBSI3HOCTH, SIBJISIETCS MPABUILHBIM JOCTYIIOM JIJIsl TIOJTHOTO IIPO-
crejimero 3anpoca ¢ rpadom G (cumraercsi, uto G CONEPKUT XOTsI ObI
onuH cyObekT, B mporuBHOM ciaydae 7(X) = R — HCKOMBIil MpaBuIib-
HBIA JIOCTYI), KOTOPBI, B CBOIO OYEPE/ib, O0bEIMHEHHBIN ¢ R, sBJIsIeTCst
HCKOMBIM IPaBUJILHBIM jtocTynom 7(X).

Bynem teneps cautaTh, 9T0 00HEKT 0, KPOME CyOBEKTa S, CMEXKEH eI11e
¢ cyO'beKTaMu S1, So, . . ., Sk, k € N. Tak kak B G HeT BucAInx cyObeKTOB,
1o msg ¢ = 1,2,..., k cymecTByer oObeKT 0;, OTJIUYIHBIA OT 0 U CMEXKHBIHI
¢ s;. Taxk xax B G HEeT IUKJIOB, TO 0; # 0; IpH © # j, 4,j = 1,2,..., k. Ilo-
noxuM G = G—s—o. Kaxkiast KOMIIOHEHTa, CBA3HOCTH HOBOTO rpadda siB-
JIseTcst b0 M30JUPOBAHHBIM 00BEKTOM, JINOO0 AepeBoM T, COMepKaIIM
cyObeKT $; Jiist HeKoroporo i € {1,2,...,k}, smbo nepeBom 6e3 BUCIINX
cyObeKTOB, OTJIMYHbIM OT JiepeBbeB Tj, @ = 1,2,..., k (MHOXKecTBO Bcex
TAKUX JIEPEBbEB, KOTOPOE MOMKET OBITH IyCTHIM, Mbl O0O3HAYUM dYepe3
M). OueBuyHO, 4TO OOBEMHEHNE R U IPaBUIBHBIX JOCTYIOB JIJIs BCEX
HOJTHBIX [IPOCTEHIINX 3aIIPOCOB, IrpadaMu KOTOPBIX ABJISIIOTCSI JIEPEBbs U3
muoxkecTBa MU{T} }U...U{T}}, sBiIsIeTCSI MICKOMBIM [IPABUIIBHBIM JIOCTY-
nom 7(X ). BameruM, 9To NPABUIBHBI JOCTYII JIJIs TIOJTHOTO [IPOCTEIIero
3amnpoca ¢ rpadom T, ¢ = 1,2,...,k, CTPOUTCA C UCIOJb30BAHUEM yKa-
3aHHOI BBIIIE TPOIEYPHI, P ITOM B KadecTBe R HEOOXOIMMO B3SITh
MHO)KeCTBO {(8;,0;)}. Takum obpaszom, yaursisas, uaro rpad g(X,Y') ko-
HEYHBIN, MBI 38 KOHEYHOE YHCJIO IAroB MOCTPOMIN IIPABUJIBHBIN JOCTYII
r(X) aus 3ampoca (g(X,Y ), A), Takoit, aro (s,0) € r(X).

[Tokaxkem Tenepsb, 4aro 3amnpoc (¢(X,Y),\) 1-o-ycroitaus. st sToro
J0CTATOUHO NoKa3arh, uro 3anpoc (¢'(X,Y),A), tue rpad ¢'(X,Y) no-
aygaercst u3 g(X,Y) yaasenuem npousBosibHOTO o6bekTa 0 € Y u Beex
UHIMJIEHTHBIX eMy pebep, sABJISieTCs pa3peruMbiM. PacCMOTPUM [TOJIHBIH
npocreiimmii 3anpoc, rpad koroporo noiyvaercst u3 g(X,Y') nobasienu-
eM HOBOro cyObekTa s, 00bekTa o' u pebep (s,0), (s,0’) (Mbl cauraem, 4To
yKasaHHbIe BEPIIUHBI U peOpa MpuHaLIekar rpady J0CTYIOB, KPOME TO-
ro, canraeM, 9to p(o’) = 1). OdeBuHO, 9TO 3TOT rpad SABJIAETCS JEPEBOM
6e3 Bucsiaux cyobekToB. [To JokazaHHOMY JIJIsl pACCMATPUBAEMOIO 3aIPO-
ca CyIecTByeT NPaBUWIbHBIA JocTyn R, Takoii, uro (s,0) € R. Jlerko Bu-
nerb, aro R\{(s,0)} — npasmwibubiii gocryn s 3amnpoca (¢'(X,Y), \),
a snaunt 3anpoc (¢'(X,Y), \) paspenmm. IIpemiozkenne mokazaHo.
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CaencrBue 9. Ecau g(X,Y) — depeso 6es eucauwux cybsexmos u
(9(X,Y),\) — noanwd npocmetwut 3anpoc, mo 0H Pa3PEULUM.

[Tycrs (g(X,Y),\) — moasslit npocreiimmii 3anpoc u g(X,Y) — ae-
peBo. Jlajiee MIpUBOIUTCS AJTOPUTM, PEITAIONIHH 33/1a1y O PA3PEITUMOCTH
9TOIO 3aIPOCa, ONPEIE/ISIIONINii, eIMHCTBEHHBIN JIN y HEero MpaBUIbHBINH
JIOCTYTI, ¥ HAXOJAIIMI [Iepecedenne BCeX ero MpaBUIbHBIX JIOCTYIIOB.

AnropurMm 1 (ymajieHusi BUCIINX CyOBEKTOB).

1) Ecau |X| > |Y|, mo sanpoc g(X,Y) mepaspewum. Anzopumm
0CMANABAUBAEMNCA.

2) Iyemv G = g(X,Y), r(X) = 2.
3) Hwem 6 G sucavuil cybsexm.

4) Ecau makoeo cybsexma nem, mo 3anpoc g(X,Y) paspewum,
r(X) — nepeceuenue 6cex €20 NPaBUALHHIT JOCMYNOS U OH UME-
em edurcmeenHvitl NPasuUALHYLT docyn mouno moezda, xozda ons
kaotcdozo s € X 6 r(X) natidemcsa pebpo, unyudenmmoe s. Anzo-
PUMM OCTAHABAUBAEMCA.

5) Ecau maxotl cybsexm s natiden u on cmedcer ¢ 006eKmom o, mo
ydarum u3 epaga G sepuunsv, S U 0 €O BCEMU UNUUIEHMHBLMU UM
pebpamu, corpanus 3a HosuM 2pagdom cmapoe obosnavenue G. Ilo-
aootcum (X)) =r(X)U{(s,0)}.

6) Ecau 6 G ecmv udosuposanmviti cybsexm, mo sanpoc g(X,Y)
HEPA3PEUWUM. AN20PUMM OCMAHABAUBLEMCA.

7) Bosepawaemca K wazy 2.

[Ipu moncke BUCSYIErO W M30JIMPOBAHHOTO CYOHEKTA, COOTBETCTBEHHO,
Ha Imare 3 W Ha 1are 6 IPUBEICHHOTO AJIOPUTMA I KAXKIOH Hapbl
s € X m o €Y Bepmun paccmarpuBaeMoro rpada GG mpoBepsieTcs, Mpu-
HaUIeKUT 1 pebpo (s,0) sromy rpady (ecam jyisi cyobekra s uz G
TOJIBKO JIIsI OJlHOTO obbekTa 0 u3 G pebpo (s,0) npunajiexkur G, 1o
§ — BUcAYNN CyObEKT, eC/iu YKe HU I OJHOro o0bekTa 0 u3 G pebpo
(s,0) e npunayiexur G, To § — U30MPOBaHHbIi cyObekT). Hucso Beex
TaKUX TPOBEPOK 38 BPeMsT paboThI aaropuTMa MbI OyJieM MOHUMATD ITO/T
CJIOXKHOCTBIO 3TOT'O ajITOPUTMA.
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Teopema 8. Ecau ¢g(X,Y) — depeso, n = |X|, m = |Y| u
(9(X,Y),\) — noanwii npocmetiwui 3anpoc, mo aszopumm 1 co caootc-
nocmuwto O(nm) onpedeasem paspewumocms 2mozo sanpoca, omeeuaem
na 60Npoc, eOUNCMEENHOIT AU Y HE20 NPABUALHLLT JoCYn, a4 MaKdice
HATOOUM NEPeceente 6CeT €20 NPAGUALHBIT JOCTNYNOG.

HoxkaszarennscrBo. Ouesnano, uro ecan |X| > |Y], To 3anpoc g(X,Y)
He UMeeT IPABUJILHOIO JocTyla. JloKa3aTebeTBO TOTO, YTO €CIM B I'pa-
de g(X,Y) Her Bucauux cybbekTos, To 3anpoc g(X,Y') paspemnm, Gyer
nano nozxe (cM. caezpcrsue 9). Ecim xke B (X, Y) ecrb Bucsunii cybbexr
S, CMEXKHBII ¢ 00BEKTOM 0 (3aMETHM, YTO CJIOXKHOCTH IIOUCKA BUCSIETO
cyobekra B g(X,Y) pasaa O(nm), eciu 110CJI€I0BATEILHO [IPOCMATDH-
BaTh BCe mapel (s,0), § € X, 0 € Y), TO OH MOXKET MOJIYYUTh JIOCTYII
TOJIBKO K 0. Takum obpasom, it KazxK10ro npasuibHoro jgocryna 1’ (X)
nannoro 3ampoca (s,0) € r'(X). Tocne ynanenust u3 rpada G Beprun
S W 0 CO BCEMU UHIIMJICHTHBIMUA UM pedpamu y cyObeKTOB HOBOTO rpada,
KOTOPbIE OBbLIN CMEXKHBI C 0, CTEelleHb YMEHBIIUTCS Ha 1, y OCTAJbHBIX
BEPIINH CTEIIeHb HEe M3MEHHUTCA. [Ipy 9TOM MOIYT HMOSIBUTBHCS H30JIUPO-
BaHHbIE CyOHEKTHI (OUEBUJIHO, YTO B 9TOM ciydae 3anpoc g(X,Y') nepas-
PeIlnM) U HOBbIe BHCAYHME CyObEKTHI (3aMETUM, UTO CJIOKHOCTH HOMCKA
U30JIMpOBaHHOIO cyObekTa B HOBOM rpade pasHa O((n — 1)(m — 1)),
ecJIM TI0CJIeIOBATENIHO TIpocMaTpuBaTh Bee mapel (s',0), s’ € X\{s},
o € Y\{o}). Eciiu B HOBOM rpade HeT M30JMPOBAHHBIX CyO'HEKTOB, TO,
Tak Kak B 3TOM rpadpe, Kak B nojarpade jepesa, HeT IUKJIOB, 6e3 orpa-
HUYeHHsI OOIIHOCTH MOXKHO CUUTATh, YTO 3TOT rpad — sepeBo (BoobIIe
rOBOPsi, B HOBOM I'pade MOXKeT ObITh HECKOJIBKO KOMIIOHEHT CBSI3HOCTH).
AsropurMm ocranosutes, tak kak rpad g(X,Y) — xoneunsiii. Bo Bpe-
Mst pabOThl AJIMOPUTMAa, OJIHOZHAYHO ONPEIE/IsSieTCs TPaBUIbHDBIA JIOCTYII
JUIST psijia CyObeKTOB, SBISIONMXCSA BUCSIAMUA HA HEKOTOPBIX MIATax 9TO-
ro aaropur™a. Heo[HOBHAIHOCTh HAYMHAETCS TOJIHBKO Ha CTAJUHU OIPEe/Ie-
JICHHsI TIPABUJIBHBIX JOCTYIIOB JjIs TosrydenHoro rpadga G 6e3 Bucsaanx
cybobekToB. B ciydae, korma 9ToT rpad He myCT, B HEM KaXXIbIil CyOb-
eKT § MOXKET TOJIyYUTh JOCTYIl He MeHee, 4eM K 2 OObeKkTaMm, IpudeM
HalIeTCs JUIs KaXKJI0ro Takoro o0bekTa o mpaBuiibHbI goctyr 1/ (X)
nuist 3anpoca g(X,Y'), B koropoM (s,0) € r'(X) (6yaer mokazaHo mosxe,
cM. npeiozkerne 10). Takum obpasom, 3amnpoc g(X,Y') umeer Gosee oji-
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HOTO TIPaBHJILHOTO JocTyna 1 (X ) — mnepecevyenne BeeX ero npaBUIbHBIX
nocrynoB. Ecin ke G mycroii, 1o 7(X) — eJIMHCTBEHHBIN NPABUIbHBIIH
nocryn st g(X,Y). Jlerko npoBepuTh, UTO CJIOXKHOCTH IIPUBEJIEHHOTO
anroputMma pasua O(n?m). Teopema nokazana.

IIpengoxkenne 11. Ecau (g(X,Y),\) — npocmetwui sanpoc, u &
epage g(X,Y) ecmv eucauuti obsexm o, cmescnwili ¢ cybsexmom s,
mo (g(X,Y),A) paspewum mouno mozda, kozda paspewsum 3anpoc
(¢ (X,Y),\N), ede X'=X\{s}, npu ecex s'€ X' svnoanerno N'(s')=A(s)
u epad ¢'(X',Y) noayuwaemes uz epagpa g(X,Y) ydarenuem sepwun s u
0 CO 6CEMU UHUUIEHMHBLMU UM DEOPAMU.

HoxkaszaresberBo. Tak kak npu 3amnpoce (¢(X,Y),\) kK 06bekTy 0 Mo-
JKET TMOJIYIUTh JOCTYII TOJBKO CyOBEKT S, TO OYEBUHO, UTO €CJIM Ipa-
BUJILHOTO JocTyma Het s 3anpoca (¢'(X',Y),\), To ero mer u s
sanpoca (¢(X,Y),\). Ecin xe s (¢'(X',Y), ') ecrb npaBuibHbLil j10-
CTYII, TO, JIOTIOJIHUB €r0 PeOPOM (S, 0), MOy UM MPABHJILHBIN JOCTYII JJIsi
(9(X,Y), ). Ilpennozkenne JoKa3aHO.

[Tycre remepnp (g(X,Y),\) — mnosHblil mpocreifmuii 3ampoc u
9(X,Y) — nepeso 6e3 Bucsunx cyobekToB. Cile/lyOnuil aJropuT™ Ha-
XOJIUT HEKOTOPBIN PABUJIbHBIN JOCTYII JIJIsi TOIO 3aIpoca.

AnropurMm 2 (yaajieHus BUCIYINX OObEKTOB).

1) Hyemv G = g(X,Y), r(X) = 2.
2) Hwem 6 G sucauuil obsexm.

3) Ecau maxoeo obsexma nem, mo r(X) — npasusvhod docmyn 0as
sanpoca g(X,Y). Aneopumm ocmanasiusaemcs.

4) Ecau maxot obsexm o natiden u on cmedrcen ¢ cybsexmom S, mo
ydarum u3 epaga G sepuursvL S U 0 €O BCEMU UHUUIEHMHBLMU UM
pebpamu, CoOTpanue 3a Hoeovim epagdom cmapoe oboznavenue G. Ilo-
aootcum (X)) =r(X)U{(s,0)}.

5) Bosepawaemca k wazy 2.
ITpu moncke BHUCsTIero 0ObLEKTa Ha Iare 2 MPUBEIEHHOTO AJTOPUTMAa,

IUIsT KasKJoil mapel 0 € Y u s € X BepIIuH pacCMaTpuBaeMoro rpada
G poBepsieTcsi, IIPUHAJIEKUT Ji pebpo (s,0) sromy rpady (eciam jyist
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obbekTa 0 u3 G TOJIBKO JiIsd OjiHOTO cybbekTa s u3 G pebpo (s,0) upu-
uaiexkut G, 10 0 — Bucsunii 06bekT). TucsI0 Beex TaKUX MPOBEPOK 34
BpeMs pabOThl aJropuTMa Mbl Oy/IeM MOHUMATDH IO/ CJIOXKHOCTBIO TOI'O
aJIropuTMA.

Teopema 9. Fcau g(X,Y) — depeso 6es sucawuz cybsexmos, n = | X|,
m=1Y|u(g9(X,Y),\) — noanwiii npocmetwuii 3anpoc, mo arzopumm 2
co caoorcrocmvio O(n?m) naxodum nexomopwidi npasusbhwii docmyn oas
aMmo20 3anpoca.

HokazaresnbcrBo. Tak kak ¢(X,Y) — mepeBo, T0 B HEM ecTb BHUCH-
vasi Beprmaa (¢(X,Y) — mosHbIi 3a1poc, TO €CTh MHOXKECTBOM BEPIITHH
rpada ¢(X,Y) asasgercs X UY, o X # @ uY # & mo omnpejeie-
HUIO 3aI1poca, cJieJloBaTesibHo, JiepeBo ¢(X,Y) conep:Kur Kak MUHHMYM
2 BepIIUHBI), U 3T0 00beKT, Tak Kak B ¢(X,Y) Her Bucsadnx cyObeKTOB.
ITpemmosiokum, ITO 0 — HEKOTOPLIN TAKO! 0OBEKT U § — CYObEKT, CMEXK-
ublil ¢ HuM. OueBngno, aro ecam r'(X'), rne X' = X\{s}, — npaBusbubrii
JTIOCTYTI JIJIsT TTOJTHOTO TIPOCTERIIIEro 3ampoca, rpad G KOTOPOTO MOy IaeT-
cst w3 rpada g(X,Y) yaaneruem BepIuH S M 0 CO BCEME MHIMICHTHBIMU
um peGpamu, To (X)) U {(s,0)} — npaBuibHbI gocTyn Uit 3anpoca
9(X,Y). Bamernm, uro eciim rpad G He CONEPKUT CyOBLEKTOB, TO MHO-
skectBO {(s,0)} siBisiercst npaBuiabHbIM Jgoctynom Juist g(X,Y). Iocie
yaasenusi u3 rpada g(X,Y) BepuH s 1 0 CO BCEMU UHIUJIEHTHBIMU WM
pebpaMu y 0ObEKTOB HOBOTO I'pada, KOTopble OBLIN CMEXKHBI C S, CTe-
[eHb YMEHBITUTCA Ha 1, y OCTAJbHBIX BEPIIMH CTEIEHL HE U3MEHHUTCS U
B TMoJiydeHHOM rpade He OyIeT BUCIINX CyOBeKTOB. Tak Kak B HOBOM
rpade, Kax B noarpade Jepesa, HeT IUKJIOB, TO 63 orpaHuydeHus OOII-
HOCTU MOYKHO CYHTATb, 9TO 3TOT Ipad — JiepeBo (BoobIIe roBopsi, B HEM
MOYKeT ObITh HECKOJIBKO KOMIIOHEHT CBSI3HOCTH ). AJITOPUTM OCTAHOBUTCS,
tak Kak rpad g(X,Y') koneunsiii. JIerko npoBepuTh, YTO CIOKHOCTD TIPHU-
BeJleHHOro asiropurMa pasHa O(nm min(n, m)). Ocranock 3aMeTUTb, UTO,
TaK Kak aJropuT™M HaxoauT juis 3amnpoca ¢g(X,Y') npaBuiabHbI gocTy,
TO YUCJIO OOBEKTOB TOrO 3alpoca He MEHbBIIe YHC/Ia ero CyObeKTOB, TO
ecTh n < M, U cIoxKHOCTH anroputma pasaa O(n?m). Teopema jokazaHa.

3aMeTnM, ITO, UCTIOB3YsT AJITOPUTMBI 1 U 2, MOXKHO OIPEJIETUTD pas-
PEIIMOCTb [TOJIHOTO TIPOCTEIIEro 3ampoca, rpad KOToporo siBJisiercs Jie-
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peBoM, U, B Cjlydae ero pas3pellnMOCTH, HaITH HEKOTOPLI ero IpaBujib-
HbIA gocryir. AsropurM 1 omnpenesser pa3peluMOCcTh 3TOr0 3aIIpoca, Ha-
XOJUT IIepeceYeHre BCEX €ro IIPaBUJIBHBLIX JOCTYIIOB M CBOJUT 3aJa4y
K 33/1a4e HaXOXKJICHUA HEKOTOPOr'o IIPAaBUJILHOIO JIOCTYINa JJIS IIOJIHOI'O
MIPOCTEHRIIEro 3aIpoca, rpad KOTOPOro MoIydaeTcs B pe3ysbrare paboTh
9TOr0 aJTOPUTMA. DTOT rpad COCTOUT U3 HECKOJbKHUX JIE€PEBHEB O€3 BU-
caInxX cyobekToB. [ljIsi KarX0ro mOJIHOrO MPOCTEInero 3ampoca, rpad
KOTOPOT'O SIBJISIETCST OJTHUM U3 ITUX JIEPEBBEB, AJTOPUTM 2 HAXOJIUT HEKO-
TOPBIA paBUIbHBIH jtocTy. OObeINHEHNE STUX JIOCTYIIOB, JOIMOJHEHHOE
HalJIeHHBIM aJTOPUTMOM 1 TepecedeHWeM BcCeX MPAaBUIbHBIX JOCTYIIOB
JJISI ICXOJTHOIO 3aIIPOCa, OYEBUIHO, SIBJIACTCS IIPABUJIBHBIM JTOCTYIIOM JIJI
3TOr0 3aIIpoca.

Bameuanwne. B kuure [3| npuBoasTCs AaropuTMbl JIJIs HAXOXKJICHUS T1a-
pocoueTaHus ¢ HAMOOJIBIINUM KOJIMIECTBOM pedep B IBYIOJLHOM rpade.
OueBnIHO, 9TO 3TU AJTOPUTMBI MOYKHO JIEI'KO HCIIOJIB30BATDH JIJIsI OIpe-
JIeJIEHUS] Pa3PENIMMOCTH TIOJIHOTO IIPOCTEHIIero 3ampoca, rpad KoToporo
ABJISIETCS ABYAOJIBLHBIM, U, B CJIydae ero Pa3pentnMOCTH, I HaXOXKIEeHUs
HEKOTOPOI'O MPABUJIBLHOIO JOCTYIA JIJIsI 3TOIO 3aI1poca.

Jloka3aTeJIbCTBO TeopeMbI 5

Ouesnano, uro ecam |X| = 1, to Ny, = m%ﬁc(deg(s)). [Toka-
s€
keM, aro ecan |X| > 1, ro Ny, > mz}%{(deg(s)). [Mycrs jst sp € X
s€
deg(sg) = m.’:}?{(deg(s)). Tak kax |X| > 1 u rpad ¢(X,Y) casuslii, T0 B
s€

9(X,Y) st HekoTOpOro o6bekTa o', CMEKHOTO ¢ Sg, HaleTcsi CyObeKT
s', emexnbrii ¢ 0. Tlo npemnoxkennto 10 nst 3anpoca g(X,Y) cymecrsy-
er npaswiIbHbI gocryn r(X), Takoil, uro pebpo (sg,0) € r(X). Obo-
sHaunM 4depes P MHOXecTBO Beex s € X, takux, uro B rpade g(X,Y)
CYIIECTBYET IyTh 6e3 MOBTOPSIONIMXCsT pebep U3 S B S, HPOXOJAIIIA de-
pe3 o'. Ilyers r1(X) — moammozxectso 7(X), cocrodnee TOMLKO U3 Tex
ero pebep, KaxkJi0e u3 KOTOPhIX MHIIMJIEHTHO HEKOTOPOii Bepriune u3 P, a
r2(X) = (r'(X)\{(s', 0" HU{(s',0")}, tre 0" — obmbexr, Takoit, a0 pe6poO
(s',0") € r}(X). Tak xak g(X,Y) — nepeBo 6e3 BHCSINX CyOHEKTOB, TO
naiinercs oobext 0", o # o, cmexuwiii ¢ sg. ITo npeanoxkennio 10 mis
sanpoca g(X,Y) cymecrsyer npasuwibabit goctyi /' (X), Takoit, 4To pe6-



114 1. B. Angpees

po (sg,0") € r"(X). Hycrs 7" (X) — nomuuozkectso 1’ (X), cocrosimee
TOJILKO U3 TeX ero pebep, KayKJoe U3 KOTOPLIX He HMHIUICHTHO HUKAKOI
sepmnne u3 P. Torma ouesmmno, uro v (X) Url(X) u v (X)Ur?(X) —
paz/IMyuHble NpaBUIbHBIE JOCTYNbI Jyist 3amnpoca ¢(X,Y), comepkarmue
pebpo (g, 0™”). s KazKI0ro 06beKTa 0, CMEXKHOIO € S U OTIUIHOTO OT
0", mo npeoxennto 10 gs zanpoca g(X,Y') cymecTByer npaBuIbHbI
JOCTYTL, cogiepzKamuii pebpo (sg, 0). Utak, Haiigero r;rgzc(deg(s)) +1 mpa-

BI/IBHBIX JlocTynoB st ¢(X,Y'), cuenoBarensno, Ny > m%?(deg(s)).
se

TeopeMa JOKa3aHa.

JIemma 4. Ecau g(X,Y) — depeso, cmenensv kastcdozo cybsexma komo-
pozo pasra 2, u (9(X,Y),A) — noanwi npocmetwutd sanpoc, mo wucio
6CET NPABUALHHIT docmYynos das 3mozo sanpoca pasho | X| + 1.

HokazaresnbcrBo. Ilycrs n = |X|. Byuem 1okasbpiBaTh 10 WHJLYKIUHL.
Ecimm n = 1, To semma Bepua. [TpeanonokuMm, 9To JieMMa BepHa HPH
n ==k ke€{23,...}. [Tokaxem, uro ona BepHa u npu n = k + 1. eii-
crBuTeIbHO, B JepeBe ¢(X,Y) nHaiijercs Bucsidas BepiinHa. D10 OyjeT
00BEKT 0, TAK KaK CTEIleHb KaXKJIoro cyobekra paBHa 2. [IycTb o0bekT 0
CMEKEH ¢ CyObeKTOM S. YHC/I0 Beex IMpaBUIbHBIX JIOCTYIIOB JIJIS 3aIIpoca,
9(X,Y), conepxkamux pebpo (s,0), paBHO YHCIIy BCEX MPABUJIBHBIX JI0-
crynos Jyisi nosiHoro 3anpoca g(X,Y) — s — o, To ectb pasHo k + 1 110
PE/IIOIOKEHUIO NHAYKIUA. KpoMe 00bekTa 0, CyObeKT § CMEXKeH elrle ¢
onuuM o06bekToM o . CylecTByeT TOJIBLKO OJMH NPABUJILHBIN JIOCTYI JI/Is
9(X,Y), comepxaimuii pebpo (s,0') (B aToMm ciyuae Jpyrue CyObeKTHI,
CMeXKHBIE ¢ 0/, MOI'YT HOJIy49HUThb JIOCTYI TOJLKO K €MHCTBEHHOMY OObEeK-
Ty, KpoMe 0', ¢ KOTOPBIM OHH CMEKHBI, & CyObEKTBI, CMEXKHBIE ¢ HOBBIMU
00BEKTaMU, TOXKE MOTYT IIOJIy9UTh JIOCTYIl TOJBKO K OJHOMY OOBEKTY 1
7. 71.) Takum o6paszom, 4mcsio Bcex MpaBUILHBIX JocTynoB st g(X,Y)
paBro (k + 1) 4+ 1. Jlemma jiokazana.

dokazaresabcTBO TeopeMbl 6

Eciu crenens kaxjoro cyobekra ¢(X,Y') paBHa 2, To 10 jemme 4
Ny = |X| + 1. Ipeanonoxum, aro B g(X,Y) ectb cyObeKTHI, Cre-
eHb KOTOpbIX Ooubite 2. [Tokaxkem, uro B sToM ciaydae Ny > [ X| + 1.
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JleficTBUTE/ILHO, JJIsT KAXKJIOT0 TAKOTO CyObeKkTa OyIeM yIaisaTh U3 rpa-
da ¢g(X,Y) pebpa, MHIMIEHTHBIE STOMY CYyOBEKTY, JO TEX IOp, IOKa
ero crerneHb He craHer papHa 2. OUeBUJIHO, YTO B HWTOTe MbI IIOJIY-
qyuM rpad G, Kaxjas KOMIIOHEHTa CBSI3HOCTH KOTOPOTO SIBJISIETCS JIe-
PEBOM, CTelleHb KaxKJoro CyObeKTa KOTOPOro paBHa 2 (3aMeTHM, 4YTO
HEKOTOPbIE KOMIIOHEHTBI CBSI3HOCTU MOTYT COCTOSITh U3 €JIMHCTBEHHON
BEPIINUHBI, IPUYEM 3Ta BEPIIMHA MOXKeT ObITh TOJIBLKO 00bekToM). Ta-
KM 00pa30M, YHCIO BCEX MPABIJIBHBIX J0CTynoB B rpade G (roBops
PO MPABUJILHBIN JIOCTYII B rpade, Mbl UMeeM B BUJIY PABUIbHBIN J10-
CTYI JIJIsi TIOJIHOTO IIPOCTEHINero 3ampoca ¢ 9TUM rpadoM) paBHO HPO-
u3BecHUI0 P uces BCeX MPABUJIBHBIX JOCTYIIOB BO BCEX KOMIIOHEH-
Tax CBS3HOCTH 3TOrO rpada, OTJIIMIHBIX OT U30JIMPOBAHHON BEPIIUHEI,

u o gemme 4 P = (n; + 1)(ne +1) - ... - (ng + 1), tme k — «mciio
BCEX TAKUX KOMIIOHEHT CBSI3HOCTH, & T; — 9HCIO BCEX CYyOBHEKTOB i-it
KOMITOHEHTBI cBsizHOcTH, ¢ = 1,2,..., k. Tak kak rpad G nonyden us

9(X,Y) ynanenuem pebep, ro, ouesnnno, P < Ny . Ho ecim k > 1, To
P >ning-...onp+ni+no+...+ng+1 =ning-...onp+|X|[+1 > | X|+1,
ciaegosaresibio, Ny > |X| 4+ 1. Ecim ke k = 1, 1o rpad G nouy-
gen u3 g(X,Y') Tonbko yuasenneM KOHIEBBLIX pebep. Ipenonoxum, 9To
nepebiM 13 ¢(X,Y) 6buto yuaseno pebpo (s,0), s € X, o € Y. Ilycrb
7(X) — HEKOTOPBIi PABUJILHBIE JIOCTYII B TIOJIy YEHHOM IIOCJIE 3TOrO I'Pa-
de u (s,0) € r(X), o € Y, — pebpo 3Toro jocryna, MHIUJEHTHOE .
Torma (r(X)\{(s,0")}) U {(s,0)} — upasunbnsii gocryn ausa g(X,Y),
OTJIMYHBIA OT BCeX NMpaBWIbHBIX socTynoB B rpade g(X,Y) Ge3 pebpa
(s,0). Buauur nocie yjanenus (s,0) u3 g(X,Y') uncio Beex npaBuIbHBIX
JIOCTYIIOB B HOJIy4eHHOM Tpade craso MeHbine Ny, HO 9T0 YUCIO HEe
menble P, ciaegosaresnsio, Ny, > P = n; + 1 = |X| + 1. Teopema
JIOKa3aHa.
Bynem nanee JokasblBaTh TeopeMmy 7.

JIemma 5. Ecau g(X,Y) — wmakcumanvhoe depeso, n = |X| wu
(9(X,Y), \) — noanwid npocmediwut 3anpoc, mo g(X,Y') asasemes npo-
cmot yensvlo

s1,(81,01),01, (01, 82), 52, (52,02), 02, (02, 53), 53, . . - ,

Sn—1, (Sn—b On—l); On—1, (On—h Sn): Sn,
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si € X,0, €Y,4=12...,n, 5 = 12,...,n—1, ¥ xomopot,
B03MOIHCHO, O HEKOMOPO20 MHONHCECMBA cYOBekmos {Si,, Siy, - -, Siy },
ke{l,2,...,n}, si; € X, j=1,2,...,k, dobasaenwvi xonyecvie pebpa
i1 i1 i1
(8i1,07")s (841,05 ), ..., (sil,oli1 ),
72 72 72
(Sizv 01 )v (51'2702 )v ) (51'270512)7
)
(Sikvol )7 (SikaOQ )7 (RS (Sikaolik)v
i .
li; €N, 0 €Y,7=12,...k,p=1,2,...,1;.
HoxkazaresiberBo. Eciim n = 1, To oueBnno, uro rpad g(X,Y) umeer
yKa3aHHBII B jemMme Buj. lIpemmosioxkum, aro n > 1. Paccmorpum mpo-
U3BOMBHLIT cyobekT st € X. Dromy cyomekty B g(X,Y) cMexken Kak
! crenenn 2 (tak xak jepeso g(X,Y) mMakcumalh-

a

Hoe, TO CY6’b6KTy Sl HEe CME>KHO HH OJHOI'O 00beKTa OOoJIbIIEH CTeHeHI/I).
1

MUHUMYM 1 0O'bEKT O

B nporusmoM ciiyuae u3z cyObekTa S

or Hero cyobekT MHOKecTBa, X (KOTODBIii CyIecTByeT, Tak Kak 1 > 1),
1 1
2, KpoMe s,
cMesken ¢ cyobekToM s2. Tak kax zepeso ¢g(X,Y) MakcmMaibHOe, TO
2 1

a’ a’
HUM O6'b6KTOM crerrenn 2. Eciam rakoii O6’beKT €CTb, TO O603H3HI/IM €ero
2 2 3

uepes oy, 2, gepes so (3ame-
TIM, 9TO 85 # s, Tax xak B g(X,Y) HeT MUKJIOB). AHATOTHYHO, CyOhEKT
3 Kpome 06heKTa 02, MOXKET GBITH CMEYKeH eIlle TOTHKO C OJHIM 00beK-
ToMm cremnenn 2. [Ipomosmkast mporerypy, KOTopasi OCTAHOBUTCS, TaK KaK
rpad g(X,Y) KOHEUHBI, MBI TIOJIyYaeM POCTYIO TIEIb

817 (817 0(11)7 O(%,’ (O(%J 83)7 837 (837 03)7 037 (037 82)7 827

He CyIIECTBYeT IIyTH B OTJUIHDIA
9TO HEBO3MOXKHO, Tak Kak rpad ¢(X,Y) casusrii. Ilycrs o

cyObeKT S5, KpoMe O0bEKTa 0,, MOXKET ObITh CMEYXKEH eIle TOJbKO C Of-

a CMEXKHBII ¢ HUM CyObeKT, OTJIMYHBIN OT S

S

*

k1—1 ki—1 _ki1—1 k1—1 k1—1 _k1 k1
Sa 7(SCL 70(1 )7011 7(0(1 78(1 )7511 9

ki €{2,3,...} (ecin ky = 2, 0 cunraem, uro st = s'), si € X, o} € Y,
i =23,....k,j = 1,2,...,ky — 1. Jdanee, cyobekr s'

E€KTa 0(11, MOXKET OBITH CMEXKEH enie TOJIBLKO € OJHHMM 00BEKTOM CTelle-

1

, Kpome 00b-

HHE 2. Ecsm Takoro o6beKkTa HET, TO, YUUTHIBAd, UTO CyObEKTaM S H S,
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i =2,3,...,k1, He CMeKHO HE OJIHOIO 00beKTa crereHn GoJbire 2 (Tak
kak JjiepeBo ¢g(X,Y) makcumasibHoe), Mbl moydaeM, uro rpad g(X,Y)
nMeeT yKa3aHHbI B jgeMMe Bujl. Eciam »ke Takoil 06beKT eCTh, TO aHaJo-
IMYHO OIMKMCAHHOMY BBIIIE MOJIYYaeM MPOCTYIO Telb

817 (5170;)7 Ol%’ (0;7 Sz)’ Sl%’ (557 05)7027 (Ol%’ 82)7 827

.
81832—17 (57662—17 01832—1)7 07b€2—17 (01832—17 81832)7 5752’

ko € {2,3,...} (ecim ko = 2, TO cumraem, 4To sé = s1), sé € X, oi €Y,
i=2,3,...,ky,j=1,2,...,ky—1. Tak kax B rpace g(X,Y’) ner rukios,
TO 9Ta Lellb He UMeeT, KPOMe BEepIIMHEL §', 0OIUX BEPIIIH ¢ IpebLIyIIei
nenpio. O6be U sl STU JBe el U yIUTbIBasl, 4T0 cyObekTaM ', b 1 s,
1=2,3,...,k1,7=2,3,..., ko, HE CMEXKHO HU OJIHOT'O OOBEKTA CTEIIEHU
6outbine 2, Mbl mostydaeM, 9to rpad g(X,Y) umeer ykasaHHBIA B jieMMe

Bua. JlemMma mokasaHa.

Jloka3aTeysibCTBO TeopeMbI 7

[To nemme 5 rpad ¢g(X,Y) umeer Buju, ykasanubiii Ha puc. 5. 3ech

si€ X,0,€Y,1=12,...,n, 7 =12,...,n — 1, HeOTMEUEHHLIMH
BEPINIMHAMY SIBJISIIOTCST BUCSYNE OOBEKTHI, MPUYEM CYOBLEKTaM S§1 U Sy
cmexxuo d — 1, a cydbekTaM s;, ¢ = 2,3,...,n — 1, cMexKHO d — 2 BUCAIUX
00'BEKTOB.

Puc. 5.

[Tycts Nj — 4nciIo BeeX NPaBHIBLHBIX JOCTYIOB JJIs IIOJIHOTO IIPO-
crejimero 3anpoca ¢ rpadom ¢g(X,Y) — s, — Sp—1 — ... — Ski1, kK =
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1,2,...,n — 1 (3mecp 4epes ¢g(X,Y) — s, — Sp—1 — ... — Sg41 000-
sHaven rpad, moayuatommiics u3 rpada g(X,Y) yaasenuem BepuiuH
Sy Sn—1y -+, Skt1 U BCEX HMHIMJEHTHBIX MM pebep), N,fC — YHUCJIO BCEX
NPaBWILHBIX JOCTYIOB JJIsI TIOJIHOI'O IIPOCTEHINEro 3ampoca ¢ rpadgom
9 X,)Y)—sp—Sp—1—...—Sgy1— 0k, k=1,2,...,n—1, a N, — gucio
BCEX MPABUIBHBIX J0cTynoB jyist 3anpoca g(X,Y'). Torna

Ny =d,
N =d—1,

Ny = (d — 1)N1 + N{,
Né =(d—2)N; + N{,

N3 = (d — 1)N2 + Né,
Né = (d — 2)N2 + Né,

N, =(d—1)N,_1+ N} _;.
BameTnm, 9TO

Ny — N = Ny,
N3 — Nj = No,

/
Np—1 — n—1— Np_o.

Taxum o6pasom, Nj = Ny — Niy_1, k=2,3,...,n — 1. Cienosaresbno,
Ni =d,
Ny =d?—1,
N3 = dN3y — Ny,
N4 = dN3 — No,

Ny =dNp—1 — Np_a.
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MpbI noJryan/in JInHEHOe peKypPPEeHTHOE COOTHOIIEHNE BTOPOIO MOPSIKA
C TIOCTOSTHHBIMU KO3hpuImeHTaMu

Ny =dNy_1 — Ni_o, k=3,4,....n, "
*
Ny =d, No=d*—1.

XapaKTepUCTUIECKOE yPABHEHUE [IJIsT 9TOIO0 COOTHOIIEHUST UMEeT B/
r? =dr — 1.

Ero xopuu

d++d?—4
5 .

Tak Kak 3T KOpHHU pa3JInNdHbI, TO O6Hl66 penreHue moJiy9eHHoro COOTHO-

1,2 =

meHuda nMeeT BUJT

k—1 k—1
N =cir{” +cary .

KoncranTsl ¢ u ¢ Haiiziem u3 ycsosuii (). Teopema jokazaHa.
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