O6 onTMMaJILHOM IIOBEJIEHUN aBTOMATHOM
Moaean PupMbI*

A H. Caduymmun

B pabore paccmarpuBaeTcs aBTOMATHAS MOJIEIb (DUPMBI U 3a-
a9 HAXOXKIEHUS ONTUMAJIBHBIX C PA3INIHBIX TOYEK 3PEHUsT CTPaA-
Teruii ee MOBEIEHNUsI, PEAJMIYIONINXCS B BUJI€ OECKOHETHBIX BXOJI-
HBIX CBEPXCJIOB PACCMaTPUBAEMOI'0 KOHEYHOro aBromara. lIpesio-
JKEHHbIE 33J1a91 000DIIAIOTCS B BHJIE 3a/1ad IIOMCKA SKCTPEMAJIb-
HOTO B HEKOTOPOM CMBICJIE IIYTH CPEIH BCEX OECKOHEYHBIX ITyTeil
KOHEYHOTO OpHeHTHpOBaHHOrO rpada. Jljms paccMOTpeHHbIX 3a-
J1a9 TOKA3bIBAETCS CYIIECTBOBAHNE AJTOPUTMOB HAXOXKICHUS KOH-
CTPYKTUBHBIX DEIeHMIA.

BBenenue

Ecin ynporienso paccMarpuBaTh (pUPMy Kak HEKHHA KOHEYHDIH aB-
romar (cMm. [1]), BXomHBIM asaBUTOM KOTOPOIO SIBJISIETCSI MHOXKECTBO
BOB/IEHCTBU, OKA3bIBAEMbIX Ha (DUPMY CpEJIOil, B KOTOPO oHa (DYHKIIU-
OHUPYET, a BBIXOJHBIM aJ(aBUTOM — MHOXKECTBO BO3JEHCTBUIl, OKa3bIBa~
eMbIX (bUPMOii Ha Cpejly, TO IPOIECC IPEeOOPA3OBAHUS TAKUM aBTOMATOM
BXOJIHOI'O CJIOB& B BBIXOJHOE MOYKHO MHTEPIPETUPOBATH KAK IMOBEJEHUE
dbupmsr B cpeje. [losesienne (1, COOTBETCTBEHHO, TIOBJIEKINIEE €T0 BO3Ieli-
CTBHE CO CTOPOHBI CPEJIbI) MOYKHO CUUTATH ONTUMAJBHBIM, €CJIH [TOJIY YeH-
HOE BBIXOHOE CJIOBO 9KCTPEMAJILHO ¢ TOUKHU 3PEHUsT HEKOTOPOTO BBEJICH-
HOI'O TMOpsiJIKa Ha MHOYKECTBE BBIXOJIHBIX CJIOB. AHAJOMMYHBIM 00pa3oM
MOYKHO OIIPEJICJIUThL ONTUMAILHOCTD TOBEJICHUS B CJIydae pPacCMOTPEHUST
BO3JIEHCTBUIA, ONPEJIEISIONIXCST CBEPXCIOBAMU.

*PaboTa BBINOJHEHA TIPU YacTUYIHON mojepkke PODU, rpant Ne 02-01-00162.
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B pabore paccMmarpuBaercs 3aa4a HaXOXKIEHUS BCEX BXONHBIX CBEPX-
CJIOB, 3aJIAIOIIMX ONTUMAJIBHOE IOBEJIeHNe HEKOTOPOI'O0 KOHEIHOI'O aBTO-
MaTa, P Pa3JINIHBIX CIoco0axX 3aIaHus IMOPSIKA Ha MHOYKECTBE BBIXO/I-
HBIX CBEPXCJIOB JIAHHOTO aBTOMAaTa. PaccMoTpeHHasT 3a1a1a 0000IaeTcst B
TepPMUHAX TEOPHUH I'PadOB U JIJIs IOy YEHHOIO OO0OIIEHNS JOKA3LIBAETCS
CyH_[eCTBOBaHI/Ie AJITOPUTMOB HaXOXKJ/ICHU A KOHCprKTI/IBHOFO perieHund.

1. Onpenenenust 1 0603HAYEHUA

Pacemorpum konewnwviti opuenmuposannoti epagp S = (V, E), tne V
— MHOXkecTBO BeprmuH rpada, a E C V2 — mmoxkectso ero pebep. (Ko-
HEYHBLM OPUEHMUPOSANHBLM) MADULPYMOM HAZOBEM KOHEIHYIO MOCJIEIO0-
BaTE/JILHOCTL BepIInuH rpada:

a=ag...an, a; €V, (a;,a;41) € E, n=0,

rJIe 9UCII0 N — KOJMYECTBO pebep B MapmpyTe — OyIeM Ha3bIBaTh JAUHOT
MapIipyTa o 1 0603HauaTh ||cr||. Bepuny ap HazsoBeM Ha4a.AvHOT BEPIIH-
HOI MapmpyTa (BEPUIMHOl, U3 KOTOPOi BBIXOAUT MAPIIPYT), & BEPITHHY
an, — KoHewnol. Ecim n=0, To Oy/1eM Ha3BIBATH MapIIPYT 6vPONHCICH-
Howm. EcIn B HEBBIDOXKIGHHOM MapIIpyTe HadaJbHas U KOHETHasl Bep-
IIUHBI COBIAIAIOT, TO TAKON MapiipyT Oy/ieM Ha3bIBaTh yuk.aom. FKciau B
MapIIPyTE a . . . Ay, BCE BEPIIMHBI @; PA3JIUTHBI, TO TAKOI MapmpyT Oy 1em
HA3LIBATDL NPOCTNBLM NYMEM.

J71s1 HEBBIPOK IEHHOTO MapIIPyTa (¢ = g . . . Gy, Yepe3 «(i) Oyem 060~
3HAYATD BEPIIUHY A mod n, ¢ € Zy. Ecin o — ki, To yepes la, | € N,
0GO3HAMUM TIUKJI, COCTOSAIIMN U3 MOBTOPEHHOTO | pa3 IMUKJa (r, IPUIEM
(la)(i) = a(i). ObosnaduM it JBYX MApIIpyTOB (v U (3, YIOBJIETBOPSIIO-
mux yciosuio o||al]) = B(0) uepes ux xonkamenayuro «ff mapmpyr 7y,
ONPEJIECHHBIA CIIEAYIOIUM 0Opa3OM:

a(i), ecmn i < |||,

(i) = i = {0, [l + 11B][}-

Bi = lal])  unaue,

CrazkeMm, 9TO MapHIPyT 7y codepoicum MAPIIPYT &, €CIU CyIIEeCTBYIOT
(BO3MOZKHO BBIPOXKJIEHHBIE) MAapIIPYTh (1 U [Fo Takue, 9ro vy = [F1as.
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HazoBem 6eckoneurvim (0puenmuposanivim) mMapupymonm Ha oprpa-
de S = (V, E), dyuximo
[y =V,

takyto, 1to (f(k), f(k+1)) € E ana moboro k. Cumsost Z4 3/1eCh 03Ha-
JaeT MHOYKECTBO I1€JIbIX HEOTPHUIATEbHBIX TUCEL.

BergenM Bo MHOXKECTBE BCEX OECKOHEUHBIX MAapIIPYTOB IIOMHOKE-
CTBO, 3JIEMEHTBI KOTOPOIO MOT'YT OBITh 3a/IaHbl KOHEUHBIM CJIOBOM U3
andasnra V. lnade rosopsi, HazoBeM GecKOHeUHbIH MapiipyT f payu-
ONAADHBIM, €CITU CYIIIECTBYIOT IHUC/IA HATYPAJIbHBIE 1M M N TAKNe, ITO JIJIs
J11060r0 k U3 Z 4 BBIIOJIHEHO:

fm+k)=fm+k+n). (1)

NubiMu csioBaMU, PAIMOHAJIBLHBI MapIIPYT COCTOMT M3 HEKOTOPOI'O
MAapIIPyTa JUIMHBL M ¥ OECKOHETHO ITOBTOPSIONIErOCs IMKJIA JITHHBL 7.
HazoseMm MuHHMAaJIbHOE M, JjIsi KOTOPOIO CYIIECTBYeT Takoe m(n), 9ro
BBIIIOJIHSIETCsT cOoOTHOIIEeHNe (1), JUIMHON NepuouyecKoil 4acTi paryo-
HAJILHOTO IIYTH, WK Nepuodom, a MEHIMAJIbHOE U3 M = m(n) — JIIHHOl
HEIIePUO/INIECKO YaCTH PAIMOHAJILHOrO 1yTH. Hauano numHbl m, coor-
BETCTBEHHO, Oy/IeM Ha3bIBATH HENEPUOOUMECKOT, 4aACTDI0 PAIIOHALHOTO
nyTH, a ks f(m)... f(m + n) HazoBeM nepuoduveckoli wacmvio pary-
oHasbHOTO TyTU. OBO3HAYMUM JIJIsi PAIMOHAJIBHOTO IyTH f 4depe3 f.. ero
HEIIEPUOJINIECKYIO YaCTh, Yepe3 fry ero MepUOJINIecKyI0 YacTh, a Yepes3
| fllo cymmy m+n = || fu||+ || fo]| 1 HAsoBeM a1y cymmy payuonanvroi
0AUNOY Ty TH.

JIro6oit pannoHaabHbIH MapIIpyT f MOXKeT OBITH 3a/aH Iapoil KOHed-
HbIX nyreit (fo,, foy), yaosaerBopsionieit cBoiictBy fos (|| fs]]) = fry(0) =
follfoll), caemyronmm obpasom:

() cca & < |||,
folk —||fw]]) wnnage.

CunraeMm, uTo Ha pebpax rpada ompeeseHa BEIIECTBEHHO3ZHATHAST
Ppyrxuus cmoumocmu ¢ : ' — R, KOTOpyO pacrpocTpaHuM Ha ITPOU3-
BOJIBHBII OpMEHTHPOBAHHBIN MapIIpyT & = dg . . . G, I'pada S, mosaras

fk) =

n

cla) = Z clai—1,a;).

=1
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O6o3naunm 4depe3 M u m, COOTBETCTBEHHO, MAKCUMYM M MHHUMYM
GYHKIINU CTOMMOCTH, OIPeJIeIeHHO Ha pedbpax JaHHoro rpada, a uepe3
p(a) — dbyHKIUIO cpefHeil crouMocT pedpa IMyTH, ONPEeIEIeHHYIO Ha
MHOXKECTBE BCeX KOHEUHBLIX IyTeil rpada:

_ca)
) = Tl

Torma B JaHHBIX O0DO3HAUEHMSIX OUYEBHIHO, UTO JIJIsSI JIFOOOTO KOHETHOTO
nyTH « BbnosHeHo m < (o) < M.

2. IlocranoBka 3ama4dn

Pacemorpum koneunwiit aBromar A = (A, Q, B, ¢, ). Ilycrs orHO-
meHne < pgoc — HEKOTOPBINA MOPSIIOK HAa MHOXKECTBE BCEX CBEPXCJIOB U3
andasura B. HazoBeMm cBepxciioBO 3 MUHUMAALHBIM OTHOCUTEILHO II0-
panKa <pgeo, €CaIM I JI000ro ceepxciosa (3 u3 andasura B BBIIOJ-
neno (3 <pe (3. IlocTaBum 3aj1a4y OTBHICKATDL JJIsl 3aJAHHOIO IIOPSIKA
< oo TaKWe BXOJHBIE CBEPXCJIOBA aBTOMaTa 2, 9TO COOTBETCTBYIOIINE UM
BBIXOJ[HBIE CBEPXCJIOBA SIBJISIFOTCSI MUHMMAJIbHBIMA OTHOCHUTEJIBHO 3TOTO
OpsAIKA.

[Iycrs opuenTupoBannbiii rpad Do — muarpamma Mypa aBromara 2.
Badukcupyem cocrosinue gy € (), KoTopoe Oy/ileM CIUTATh HAYATBHBIM.
Ecnu nmomaBaTh BXOAHOE CBEPXCJIOBO (v HA BXOJ MHUIINAJILHOMY aBTOMATY
24, TO B IIpoIecce 3TOro aBTOMAT IPOMJIeT Yepe3 OECKOHEYHYIO II0CIe-
JI0BATEJIbHOCTD COCTOSTHUM o, 1, - -+, (4, - .. KaxKI0e U3 9TUX COCTOSTHU
aBjsieTcs Bepuuoil rpada Dy

PaccmorpuM ceMeiicTBO 3KCTpeMaJIbHBIX 3a/a9 Ha MHOXKECTBe Oec-
kKoHeunbrx mmyTeit rpada. [lox skcTpemasnbHOl 3a/1adeit OyaeM MOHUMATH
3aJa4qy Ha HAXOXKJIEeHHEe OECKOHEYHOTO IIyTH, SKCTPEMAaJbHOIO C TOYKU
3peHUsI CTOUMOCTHO MEeTPUKY, WH/IYIMPOBAHHON HA KOHETHBIX ITyTSIX I10-
CPEJICTBOM 3aJIaHusi CTOMMOCTH pebep.

Kak 6yzer nmokasano HEuKe, I JIOOO0M M3 PACCMOTPEHHBIX IKCTPE-
MaJIbHBIX 3aJ1a9 CYIIeCTBOBAHUE PEIIeHNs] BjiedeT CyIeCTBOBaHUE Palld-
OHAJILHOT'O PEIIeHHs, & IT03TOMY Oy/eM MCKATh JINIIb PAIlMOHAJIbLHBIE pe-
ImeHusi, Kak 0oJiee yJ00HBIE C TOYKHU 3PEHUs] UX INpeJicTaBjieHns (mpeji-
CTABJISIIOTCS] KOHEYHBIM CJI0BOM u3 ajidasura V).
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[epeitem Tenepsb K HOPMYIUPOBKE 3aJ1ad HA IKCTPEMYM, KOTOPBII
MTOJIOYKUM MUHUMYMOM, 9UTO, OJTHAKO, HE CKA3bIBAETCS HA OOIIHOCTH Pac-
CY2KJICHUA.

2.1. OnTuMaJBbHOCTL B CJIAOOM CMBICJIE

HazoBem OeckoHeYHBIN IyTh ONTHMAaJIbHBIM B CJIa0OM CMbBICJIE, €CJIN
Jrobasi ero KOHEYHas YacTh (v IPUHAJJIEZKUT MHOXKECTBY VLIE)E)l)lO‘(HO‘H)' "
[IEePBOI dKCTPEMAaJIbHON 3ajadeil 0003HAYNM 3a/1a9y HAXOXKICHUS OIITHU-
MaJIbHOTO B CJIa00M CMBICJIE PAIHOHAJBLHOTO IIYTH, BBIXOJAIIETO U3 JaH-
Hoit Bepiunbl. Wiu, B popMabHON TOCTAHOBKE, YIUTBIBAasI TO, UTO JIIO-
60l 1yTb, COJEPXKAIMUNCT B MUHUMAJBHOM IIyTH, TAKXK€ MUHUMAJEH,
MeeM:

Hatimu na pacemampusaemom epage S = (V, E) ewxodauwsut us dan-
HOUT BEPUIUHDL G PAYUUOHAALHDIT nYymMmb [ makot, 4mo

c(f(0)...f(k) = C’;‘(O)f(k)v ona noboezo k € N.

WNubiMu cioBaM#, ONITUMAJILHBIA B CJIaA00M CMBICJIE ITYTh O3HAYAET, ITO
HaM He BayKHO «Ky/a» MBI UJEM, BayKHO JIMIIb, YTO Ky/1a ObI MbI HE TN
o rpady, MbI HIEM TYJa 10 MEHIMaJbHOMY myTH. OJJHAKO, OBIBAET, UTO
IIyTHU, BEJyIAE B pa3Hble BEPIIUHBI, MOTYT CYIIECTBEHHO OTJINYATHCS I10
CTOUMOCTH, XOTsI 008 OYIyT ABIATHCA JACTAMHU ONTUMAJILHLIX B CJIAO0M
cMbIc/Ie OeCKOHEUHBIX IyTeitl. V B ciemyrormeil 3ajade Ha S9KCTPEMYM MbI
3aTPOHEM JIAHHBIA ACIIEKT.

2.2. OnTuMaJIbHOCTHL B CUJILHOM CMBICJIE

HaszoBeM GeckoHeubli IyTb OHNTHMAaJIbHBIM B CHJ/IBHOM CMBICJIE WJIN
abCcoJIIOTHO onruMaJibHbIM, €CJIN CTOMMOCTD JIIOOOI0 ero HadaJia He ape-
BOCXO/UT CTOMMOCTHU Ha4daJla TaKON 2Ke JJINHDBI JII0OOTO Apyroro IiyTu,
BBIXO/JIAIIIETO U3 rZ[aHHOI'/JI BEPIINHDBI.

SaﬂaﬂI/IMCH EJIbIO OTBICKATL IIYTU ABJIAIONIUECH abCoOJIIOTHO OIITH-
MaJIBHBIMHA IIO CTOMMOCTH CpP€/I BCeX nyTeﬁ, BbIXOIAIINX N3 HeKOTOpOfI
Ha4aJIbHONI BEPHINHDBI:
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Hattmu na pacemampusaemom epage S = (V) E) evrodawut us dan-
HOT 8EPUWUHDL A PAUUOHAALHBLT nymb [ makotl, 4mo

c(f(0)... f(k)) < (f(0)... f(K)),
oasa mobozo k u aobozo nymu f maKxo20, 4Mmo f(O) =a.

O‘IGBI/I,ILHO, 4710 abCOJIIOTHO OITUMAJILHBII IIYThb CyIIeCTBYET HE BCEr/1a

(cm., HampuMep, puc. 1 — He cymecTByeT abCoTIOTHO MUHUMATBHOTO Iy TH
JUIST TIyTH W3 BEPIIUHBI Q).

Puc. 1.

BosMoxKHO jrazke, 9TO Jiist JI000# BEpIIMHBI HEKOTOPOro rpada He
CYIIECTBYET abCOJIIOTHO ONTUMAJIBHOTO GECKOHEYHOTO My TH, BBIXOJISIIIETO
u3 Hee (CM., HAIpUMED, pUC. 2).

3

Puc. 2.

2.3. AcuMmnrornyeckas ONTHMAJIBHOCTD

Kak 6pL10 1TOKa3aHO B MPEABLIYINEM IIYHKTE, OBIBAIOT CJIyYaHd, KOIIa
JIJIsT HEKOTOPOI BepiuHbl rpada He CyIecTByeT aOCOJIIOTHO ONTUMAJIb-
HBIX 110 CTOMMOCTHU IIyTel, BBIXOJSAINX M3 Hee, a TaKyKe KOT/Ia TaKOTro
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IIyTH HEe CYIIECTBYeT JJIs JII0O0H BEpIIUHLI HEKOTOPOro rpada. B cessu
C 9TUM B JaHHOM IIYHKTE Hepeﬁ,ueM K paCcCMOTPEHUIO 6eCKOHeLIHbIX Iy-
Teil, He SIBJIAIOMMXCS abCOTIOTHO ONTUMAJIbHBIMHU, OJHAKO 00JIaIal0NInX
criennuaJIbHBIM CBOI/UICTBOM7 HpI/I6.HI/I}KaIOH_H/IM X K TAaKOBBIM.

HazoBem OecKOHEYHBIN IIyTh ACHMITOTHYECKH OINTHMAJIBHBIM, €CJIN
JJist JII000r0 JAPYyroro ImyTH JII000e ero Havajo JJUHLI OOJIbINE HEKOTO-
poil 3aJ1aHHOIl, MEHBIIE IO CTOMMOCTH HadaJia TaKOW »Ke JJIUHBI JII000T0
JPYTOr'o IIyTH, BBIXOJISAIIETIO U3 JaAHHONW BEPIIMHBIL.

PukcupyeM HEKOTOPYIO BEPIINHY U 3aJIaINMCs IEJIbI0 HANTH palimo-
HaJIBHBIN IIyTh, BEIXOAAIINN U3 NJAHHONU BEPIINHBI U ABJISIONIUICA aCUMII-
TOTUYIECKU ONTUMAJILHBIM, WK B (POPMAIBLHON ITOCTAHOBKE MMEEM:

Hatimu na pacemampusaemom epage S = (V, E) ewxodauwsut us dan-
HOUT BEPUIUHDL G PAUUOHAALHDIT nymb [ U wucao kg makue, 4¥mo

c(f(0)... f(k)) < e(f(0)... f(K)),

das a0bozo k > ko u wmobozo nymu f , BBIXOJSIIIETO U3 GEPULUNDL G.

N reneps, chopMysmpoBaB 3aa9i HA S9KCTPEMYM Ha MHOYXKECTBe Oec-
KOHEUHBIX TyTell rpada, mepeiijieM K OMUCAHWIO TIOIYYeHHBIX PE3Y/IbTa-
TOB 110 UX PEIIEeHUIO.

3. MuHuMaJabHBbIE MUKJIBI

[TocBaTrM JIaHHBIN TyHKT OIMUCAHUIO UKJIOB Ipada, Ha3BaHHBIX MU-
HUMAaJIbHBIMY (B PA3JIMYHBIX CMBICJIAaX ) U 0018 IAI0NUX HEOE3bIHTEPECHbI-
MU B IIJIAHE PENIeHNsd MOCTaBJICHHBIX 33,189 CBOHCTBAMU.

3.1. MuHnMaabHOCTH B CJIaOOM CMBICJIE

[Iycth 7151 HEKOTOPOIt BEPITUHBI ¢ PACCMATPUBAEMOTO Tpada ompeie-
JIEHHas BBIIIE Bean4unHa ¢, < oo. HazoBem J000il IUKJI U3 MHOXKECTBA
VI MHHHMAaJIBHBIM B CJIa0OM CMBbICJIe, €CJIN JIJIsl BCEX HaTypPaJIbHBIX | Bep-
HO PaBEHCTBO

dn =1 (2)

aa aa”

O6o3HauyuM 4depes a¢y OJIMH U3 MUHUMAJILHBIX B CJIA00OM CMBIC/IE [TUK-
JIOB JJIMHBI 7, TPOXOJISIINX Yepe3 BepIInHy a. JloKazkeM cieryrolee
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Yreepxkaenue 1. [Tycmv yuka af, nporodum uepes 6epuiunsl a, ay, . . .
ap—1,a, mozda das aobozo © € {1,...,n — 1} umeem

In _ _In
Caq = Caya; 018 6cex | € N.

HokazarenbcTBo. Ilycts 310 He Tak. [Ipemnosokum BHauage, aro Ji
TaKoe, 4TO Jjif HekoToporo | ¢l > cl” BozbMeM 1pOU3BOJIBHBIHN UK
o u3 V(ll?ai. N3 cnenantoro npe;:gnonoyKeHI/Iﬂ BBITEKAET, UTO OH OTJIMIAETCS
oT nuKIa [af, (BBUIY pasImdHOil cTromMocTH: ey, = cn £ cfl’jal) IIycTo
(3 myTh, KOTOPBIil HAUMHAETCS B BEPIIMHE @ U COBIIAJACT C IUKJIOM ag) 110
BEPIIUHBI @; BKIIOYNTEIbHO. Jlajiee mycTh myTh (3 COBIAJIAET € IIUKJIOM (v
1 3aBEPINAETCS TMyTeM MEXKIy a; U a, COBIAIAIONINM Ha 9TOM OTPE3KE C
nukiioM apy. Taxum obpasom nocrpoennsiit myTs 3 umeer gy (I +1)n
Onnako

c(B) = + (@) = iy + Cila, < iy + g = (L4 1)y = ",

+1)n
Y9TO IIPOTUBOPECYUT MUHUMaJIbHOCTU BEJIMYINHDBI C((uj_ )

Terepsb JOIYCTHM, YTO [/TsT HEKOTOPBIX 4 U | BBITOJTHEHO Y < cfﬁal

OuesuHoO (MOCKOMBKY Ci, = c(af,) 1 a; € afy), 9To ¢, ,. < Cjy, @ TTOITOMY

nMeeM:

n
a; A

n _ In

< lcaa - Caa?

<c <le

a;a;

TO €CTb IIOoJIydJa€eM IPOTUBOpPEYNE, KOTOPOE B ITape C IOJIYyY€HHbIM DaHee
JOKa3bIBa€T YTBEP2KJICHUE.

Caencreue 1. Ilonamue MUNUMANLHOCTU 6 CAGOOM CMBICAE OAA UUKAQ
He 3a6UCUM OM GEPUUHDL, OMNOCUMENHO KOMOPOT NPOGEPAECMCA YCAO-
BUE €20 MUHUMANLHOCTIU (2).

HokazarenbcTBo. B camoMm jiesie, mycTh NUKIT a7y TPOXOJUT Ye€pes3 Bep-
IIAHBL Adq . . . Gp_10, BCISJICTBUE JIOKA3AHHOIO YTBEPXKICHUSI W 10 OIpe-
JleJIeHUIO TIUKJIa a¢y [IJIsl HEeKOTOPOTrO 4 U IPOM3BOJILHOTO [ BEepHO cl” =
cn —=len, = lcy,q, (mOCTEIHEE PABEHCTBO €CTh IPUMEHEHHe ;LOKa?,aHHoro
YTBPEXKJICHUS /:mﬂ I=1).

HaSOBeM IINKJIbI ¢ "1 /8 IMUKJINYHO-CBA3aHHBIMH, €CJIN CyH_LeCTByeT

IIUKJT 7Y, UX COJIEPYKAIITNIA.
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Yreepxkaeuue 2. [uka o — MUNUMAALHOITE 6 CAABOM CMBICAE UUKA,
mozada u moavko mozda, Ko2da 0as 106020 UUKAG 3, UUKAUNHO-CEA3AH-
noezo ¢ a, eepro p(a) < u(f).

JlokazaTeabCTBO HEOOXOAMMOCTM. IIpeanosoKuM IIPOTUBHOE, TO
€CTh CYIIECTBOBAHME IUKJA 3, IMUKJINIHO-CBI3aHHOTO C (¥, TAKOIO, 9TO
n(B) < pla).

Paccmorpum 1ukir 7y, cojepskamuii ksl « u (3. Bes orpanudenus
OBIIHOCTH TMKJI Y MOYKHO MPEJCTABUTD KaK CJIEYIONIYI0 KOHKATEHAIUIO:
v = a1 882, npudem myTh § = 19 ABasieTcs muKIoM. O603HATNM N 1=
|||, na :=[|B]] u n3 :=||d|| u penmm auodanToBO ypasueHue

niky — noks = n3C, (3)

riae C' = (ny1,n2), T0o ecTb HANGOJIBIIHI OOIMI JIeJUTeIb YUCET N U Ng.
Ero pemenue nmeer Bug k;(k) = Cilk + Cg, ke, Cil >0.1!

O6oznaunm Bepuny «(0) depes a. Pacemorpum npoxojsiimuii depes
sepmuny a muka €, = (C0)(k2(k)B), k € N. dnuna ganxoro ruxia
ekl = C|[0]| 4 k2(E)[|8]| = Cnz + ka(k)ng = niki(k), B cuy coorser-
cTByIOIIElt 3aBUCUMOCTHU k1 U ko OT k, nenatommeil X KOpHSMU ypaBHEHUS
(3). OneHUM CTOMMOCTD THKJIA €f:

c(er) = Ce(6) + ka(k)c(B) = Ce(d) + ka(k)nou(B) =
= Cc(0) + (mk1(k) — Cng)p(B) = nap(B)k1 (k) + C(c(8) — n3p(B)).
Ucxona n3 upennonoxkenusi, aro u(3) < p(wo), n BBHAY JnHEHHOI

saBucuMocTu c(€) or k, mosydaem, 4TO HaUMHAsI C HEKOTOPOrO kg BbI-
nosteno c(ex) < nipu(a)ki(k), Yk > k.

! Tounee,
72

(n1,n2)’

Cr =

2 i1 .
C; =(-1)" "ens(ni,ne), i=12,
r7e KOHCTAHTEI ¢; YIOBIETBOPSIOT COOTHOIIEHUIO
ni n2
C1 + c2
(n1,n2) (n1,n2)

¥ CYIIECTBYIOT BBU/Iy MU3BECTHOI'O YTBEPXKIEHUS O CYIIECTBOBAHWU IEJIBIX YHCEJ U U
v, YAOBJIETBOPSAIOIIUX COOTHONIEHUIO au + bv = 1, npu ycaosuu toro, uro (a,b) = 1.
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Takmv obpasom, jyis Hekotoporo k mveem, 1to c(e€;) < nip(a)ki (k).
Ternepb, M0JIB3YSCH yCIOBUEM MUHUMAJBLHOCTH IUKJIA (v U CJIEJICTBHEM 1,
HOJIydaeM, ITO

ey (B)cllll = cka®llell,

U, mponomkasa HEPABEHCTBO JIJIsT C(e,;) HOJIyYaeM:
el(e;) < mp(a)ka(k) = ky(R)els! = @l

= niki (k) = ki (k)|||], npu-

Benommmas, 4ro JumaHa UKJIa €, ecTh ||e;

k1 (k)||a
XOIUM K IIPOTUBOPECYINIO C MUHUMAaJIbHOCTHIO BE€JIMIYMHDBI Cacll( )II ||, KOTOpoe
U 3aBEPIIAET JAHHOE JOKA3aTeJIbCTBO OT IIPOTHBHOIO.
Hoxka3zaresbcTBo gocrarodHocTu. Ilycrs ||al| = n u muka npoxomur

Jepe3 HEKOTOPYIO BepinuHy a. Jlokaxkem, aTo

1) a eV,
U3 ycnoBus yTBep:KIeHns CTOUMOCTD ITUKJIa (v He TPEBOCXOJUT CTO-
MMOCTH JIFOOOTO ITUKJIA, MUKITIHO-CBA3AHHOIO C (v I NMEIOIIETO Ta-
KYIO 7K€ JUINHY, TO €CTb 1, & 3HAYUT He IIPEBOCXOIUT OHa CTOMMOCTH
JIIO0OTO IUKJIa JJIMHBI 7, IPOXOJAAINero depes Bepmuny a. Mexonsa
U3 9TOrO W U3 TOro, 4to ¢(() He MOXKeT OBITh MEHBIIE Cf,

aa’
Kjo49aeM, 4ro c(a) = cll,, 1o ectb o € V7.

MBI 3a-

2) CZ}I = lc)}, A1 1000r0 HATYPATIBHOTO (.

[IpemmosioxkuM TPOTUBHOE, IYCTh JJIsi HEKOTOPOro | BEPHO, UTO
In n In
cor < lcp,. Ilycrs Besmmumna ¢, TOCTUTAETCA Ha HEKOTOPOM IIMKJIE

B € Vn. Nmeew,

B il cla)
M(ﬁ)—w—m T - n = p(a),

TO €CTb WPHUXOJUM K IPOTHBOPEUNIO, TaK KaK IHUKJIbI « U [
[UKJINIHO-CBA3aHbI, N0O MPOXOJISAT Yepe3 OHY BEPIIUHY.

CrnencrBue 2. [ — MUHUMAAOHOLT 8 CAGOOM CMBICAE UUKA, HE AGAA-
rowutica npocmoim. Toeda das a0bozo yuxaa «, codepoicawezocs 6 (3,
MOIHCHO YMBEPHCAAMD, YMO X ABAALNCA MUHUMAADHBIM 6 CAGOOM CMBILC-
AE.
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Hoka3zarenbcrBo. CunraeM, 4To MK « He coBragaer co BceM 3. To-
kazkeM, 4T0 () = p(f). ITockoabKy MK o NUKJINYHO-CBSA3aH C [ U
IUKJT § MEHEMaJIeH B ciaaboM cmbicse, To pu(3) < p(a).

[Ipennosnoxum reneps, aro p(a) > p(B). LHuka f comepxKur mukiI «,
a MO09TOMY TIpeJicTaBisgercst B Bujie 5 = avy. VIcnosb3yst Ipe/iosioKeHue,

HMeeM:
o8) _ clo) +e(r) _ ela)
1811 el + [y el
Homuoxkum obe gacru na ||5]|:

cla)+c(y) < c(a)—&—c(a)% = () < c(a)% = %0(7) < c(a).

[Tpubasum K obenm acTsiM ¢(7y):

HEEH]
[iedl
YTO MPOTUBOPEYUT MUHUMAJILHOCTU B CJaOOM cMblcie mukiaa (3. Takum
obpaszom, 3akiodaeM, 9ro () = (), 9T0 maer JOKa3aTeIbCTBO JIaH-
HOT'O CJIEJICTBUSL, NOO IUKJI (v MUKJINIHO-CBSI3aH C TEMU M TOJIBLKO C T€MU
MUKJIaMMU, C KOTOPbIMU IMUKJ/JINIHO-CBA3aH ITUKJI ﬁ

() <cla) te(y)=cB) = uly) <upB),

3.2. MuHUMaJIbLHOCTh B CUJBHOM CMBbICJIE

HazoBem 1k o« MEHHMAJIBHBIM (B CHJIBHOM CMBICJIE), €CJIU IS JTIO-
6oro 1ukia [ BbinosHeHo HepaBeHCTBO (o) < (). B cuity yrBepx/ie-
HUS 2 MUHUMAJIBHBIA B CUJILHOM CMBIC/IE [UKJI SIBJISETCA MAHUMAJIbLHBIM
B CJ1aDOM CMBICIE. A TIOCEMY M B CHJIY CJIeICTBUs 2, B JiF0O0M Tpade cy-
[IECTBYET MUHUMAJILHBIN UKL, ¥ JIJIs €10 HAXOXKJIEHUsT JIOCTATOYHO CpaB-
HUTH 3HaUeHus! GYHKIMH (1(() HA BCEX NPOCTHIX IUKJIaX rpada, KOTOPbIX
B KOHEYHOM Tpade KOHETHOE THCJIO.

A 3HauwuT, B JIOOOM rpade, B KOTOPOM CYIIECTBYIOT IUKJIBI, CyIIe-
CTBYET U MUHUMAJILHBIA B CJIAOOM CMBIC/IE TIUKJI, HOO TAKOBBIM SIBJISIETCSI
CYIIECTBYIONIMIT B 3TOM I'pade MUHUMAJIbHBIH UKL

Cy3uM NOHATHE MUHUMAJILHOCTH B CHJIBHOM CMBICJIE OTHOCHTEIHLHO
HEKOTOpO# 3ajiaHHoi BepimuHbl. [lycth a € V' — Bepmmna rpada. Ha-
30BEM IMKJ ( -MHUHUMAJILHBIM, €CJIM ( JOCTUXKUM U3 BEPHIMHBLI @, U
p(a) < p(B) mast moboro JOCTHAKUMONO U3 a muKIa 3.
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OueBuIHO, YTO ecyid JijIsi HEKOTOPOH BEPIIMHBI @ CYIIECTByeT Oec-
KOHEYHDBIN MyTh, BBIXOMSAIMINN U3 Hee, TO CYIECTBYET U G-MUHUMAJILHBII
ITUKJIL.

[Tycrs f — GeckoHeuHBIl yTh (HEOOSI3aTEJILHO DAIMOHAJBHBII),
BBIXOJAIIMI n3 BepmuHbl a. Ckaxem, 4TOo UyTh f 3aBepriaercs
G-MHHUMaJIbHBIM I[HKJIOM, €CJIH CYIIECTBYeT HATypaJibHas I0CJIe[0Ba-
TeabHOCTD ki, ko, ..., ki, ... Taxas, uro f(k;) = f(k;) n

c(f(ki)... fkiy1))
ki1 — ki

= p(a), ms Beex i, € N,

rie o« — a-MUHUMAJIbHBIN ITHNKJI.

Yreepxkaenue 3. [lycmv nymos [ 3a6epuaemcs a-MUuHUMAALHOLM UUK-
aom. Tozda das moboti nocaedosamenvrocmu ly,ly ... 1, ... maxot, wmo
dna ecex ee waenoe evinoaneno pasencmeo f(l;) = f(l;), cywecmeyem
maxoe iy, WMo cnpasediuso

c(f(li) ... fliy1))

liy1 =1

= u(a), dan ecex i > iy,

2de a0 — A-MUHUMAALHOLT YUKA.

HokazareabcTBo. Pas nyTs f 3aBepuiaercst a-MUHIMAIBHBIM IIUKJIOM,
TO IO OIPEJEJIEHUIO CYIIECTBYET IIOC/IeI0BATE/bHOCTD ki, ko, ... k;. ..
C COOTBETCTBYOIMMH cBoiicTBamu. Eciu nociegoBareasnocts Iy, la, . . .,
l; ... copmagaer ¢ ki, ks, ..., k; ... HAUNHAsT C KAKOT'O-TO WI€HA C HOMEPOM
ip, TO BCE JIOKa3aHO. B MpOTHBHOM Cilyuae IIyCTb i) PABHSAETCS IIEPBOMY
i, Jysi KoToporo Boinosreno ki < l;. Torma mis soboro j cymecTByioT
Takue ji u jo, 4ro kj < lj m ljpy < kj,. Suauwmr, maka f(15) ... f(lj41)
conepzurca B 1ukie f(kj) ... f(kj,), KOTOPBIil ABJISETCS MEHIMATILHBIM
B cJ1ab0M CMBICTIE, & 3HAYHT 110 cireacTuio 1, ki f(1;) ... f(lj41) Takxe
MHUHIMAJIBHBIA B CJIa00OM CMBICIIE, TO €CTh

c(f{lj)- - fj+1)) .

Li+1 =1

pla) =p(f(ly). .. fj1) =
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4. OnTuMaJIbHOCTh B CJIaDOM CMBbICJIE

Ilepeiimem K perieHuio 3a/a49u O HAXOXKJIEHUHM ONTHUMAJIBHBIX B CJla-
60M cMBbICIe Ty Tell, BBIXOIANINX U3 JAHHOM BepIuHbL a. Vu, BcrioMuHas
dopMaIbHYIO IOCTAHOBKY 3aja4u, nepedpa3upyeM B CJICIYIOMEM BH/IE:

Hatimu na pacemampusaemom epage S = (V, E) ewxodauwsut us dan-
HOU sepuwuHb, @ beckoneunvli nymo f maxot, 4mo

c(f(0)... f(k) = c’}(o)f(k), das ecex k € N.

[TpoBemem ¢ paccMaTpuBaeMbIiM rpadoM CIEIYIONINE OTEPAITAN:

e yiasmM u3 rpada Kaxjgoe pedbpo, 10 KOTOPOMY HE IPOXOJIUT XOTs
OBbI OTUH ITUKJT;

® y/aJiuM KaK/IyI0 BEPINIUHY, C KOTOPOH HE WHIUHJIEHTHO XOTd ObI
OJIHO U3 OCTABIIHUXCH pebep.

[Momyunm woBblit rpad Sry = (Viy, Ery), M0 MOCTPOEHUIO COCTOSIIIHAN 13
HellePeCEeKAIOINXCs KOMIIOHEHT CBA3aHHOCTU St

q q
Si=(Vi,E), Vo=||Vii Eo=||E:
=1 =1

OueBuiHO, YTO JTFO00I U3 IUKJIOB MCXOJIHOTO rpada S COXPAHUJICT B
rpade Sy U NEIUKOM JIEKUT B OJIHON M3 KOMIIOHEHT CBSA3AHHOCTH IO-
craennero. [lycrs o — mekoropsriit muksa rpada S. @axT TOTO, UTO OH
COJIEPXKUTCsT B KOMIIOHEHTe S;, OyeM ob6o3HadaTh Kak a € §;. IIposmoi-
JKUM (DYHKIUIO cpejHeil cronmocTn fi(+) Ha KOMIOHEHTBI CBSI3aHHOCTH S;.
IIycts A — onHA U3 KOMIIOHEHT S;, TOTJIA MTOJIOKUM

p(A) == min p(a).
acA
BBujty Toro, 94To BCe IUKJIBL OO0 U3 PACCMATPUBAECMBIX KOMIIOHEHT
CBSI3AHHOCTH IIUKJINYHO-CBS3AHBI, U BCJEJCTBUN yTBEPIKJICHUS 2 U CIIeJI-
CTBHsI U3 HErO JIAHHBIH MUHUMYM CYIIECTBYET H JIOCTUIAeTCsl B YaCTHOCTH
Ha IPOCTHIX IUKJIAX JAHHOM KOMIOHEHTHI CBsi3aHHOCTH. Takmm obpasoM,
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B KasKJOil KOMIIOHEHTE CBA3aHHOCTH S; CYMIECTBYET HEKOTODBLIA MUHU-
MaJibHBI B ciaboMm cmbiciae muka 3 € S;, u u(B) = p(S;). A cpenusis
CTOMMOCTh MUHHMAJIBLHOIO IMKJIA ¥ Ipada S, eCTh 09eBUIHO

ply) = min pu(S;).
Ho BepreMcst K TI0CTaBJICHHOM 3ajade. BBejleM dacTuaHblil MOpsiI0K
Ha MHOKECTBE KOMIIOHEHT CBsizaHHOCTH rpada Spy. CkaxkeM, 4T0 KOMIIO-
uenTsl A u B cocroaT B oTHOIEHNN <4, ecan (A) < p(B) u cymecrByer
IyTh U3 BEPIIMHBI @, OKAHYMBAIONMIICA B KOMIIOHeHTe I3, mpoxosiumii
Tepe3 KOMIOHEHTyY A.

YrBepxkaenue 4. Payuonasvroti nyms f = (v, Q) Aeasemca pewe-
HUeM pacemampueaemoti 3adavu, Ko20a o — MUHUMAAGHBT 6 CAGOOM
cmuieae yuxa, codeparcausutica 6 docmusicumoti u3 GEPUWUHDL A KOMNO-
newme ceasarrnocmu A epaga Spy, daa Komopot ne cyuecmeyem 0py2ot
xomnonenmaur B maxot, umo B <, A. a 9 — mouxa docmusicenus mu-
Humyma svpasrcernus c(y) — ||v||u(a) no ecem npocmoim nymasam 7y, évizo-
OAWUM U3 GEPULUNDL A U OKAHUUCAIOWUMCA 6 00HOTE U3 GEPULUH UUKAL (L.

Hoxkaszarenscrso. Ilycrs [ := ||y]], a n := ||a|. Paccmorpum nyts (3
— HaYaJIO JJIUHBI | 4+ pn, p € Z GeCKOHEYHOr'o IyTH f W MIPOU3BOJILHBIII
KOHEYHBIN IIyTh ,é TaKOH »Ke JJIMHBI, COeTMHSIONINI BEPITUHBL f (O) =au
f(I 4 pn). doxazxkem, uro ¢(3) — ¢(f) < 0 ast moboro p.

OrennM ciiaraemMble 110 OT/I€IBHOCTH:

c(B) = c(vo) + pnu(a).

A st oneHKHN C(B) BBIJIEJIMM B HEM HEIUKJIMYECKYIO YacTb Bw, KOTO-
pyIo 0603HAYNM 3a 7y, U IMUKJINIECKYIO 9acTh BO- Ycnosue, HaJIOXKEHHOE
HA COJIEPXKAIILYIO IIUKJI (v KOMIIOHEHTY CBsI3aHHOCTH A BJI€UET, ITO Cpe/I-
Hsisl CTOMMOCTD IMKJIMYECKON YaCTH JII0OOro IyTH, npuxoisiiero B A, He
MOZKET ObITH MeHbIIe (i), HOITOMY JIIsT BO IIOJIy 9aeM:

c(Be) = ul@)l|Boll.

A suauur st o) numeem:

c(B) = pa)l|Bol| + ().
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Taxum obpazom, umeeMm:

e(B) = e(B) < e(0) + pru(er) — p(a)l|Bol| — e(v) =
= c(v0) — e(7) + pl@)(pn — |50 )-

U3 ycnosust pasencTsa Iy 1UK/I0B (3 1 3 umeem coorromenue: | +
np = ||Boll + |B<I| = |80l + ||7]], Bbipaxkas u3 koroporo BeamdauHy
pn— || BOH kak —(||[70]| = ||v||) n nomcraBmsisi mostyuennoe B uccsegyemoe
HEPABEHCTBO, UMEEM:

c(B) — e(B) < e(0) — c(v) — u(@) ([l = [71]) =
c(y0) — (el = (e(y) = w(a)ll]]) <0

B CIJIy BBIOOpA IIyTH 7.
[TonyuenHOe CcOOTHOIIEHNE BKYIIE C ITPOM3BOJIBHOCTHIO BBIOOpA IIYTH
(£ maer HaM TO, YTO

c(B) = e(f(0) ... FL+pn)) = 8% 1 smy

JiTs JTI0O0T0 HEOTPUIATEILHOTO Tiesioro p. Hy a BBy TOTro, 4TO JTiobas
YACTh MUHMMAJILHOTO IIYTH TAKXKE SABJISETCS MUHUMAJIBHBIM IIyTEM, IO-
JiyqaeM TpebyeMmoe, TO eCTb

c(f(0)... f(k) = Foyray VR EN

CaenctBue 3. PauyuonasvHoe pewerue paccmampueaemoti 3a0auy ece-
2da cywecmeyem u mootcem 6oims HAUIEHO 306 KOHEYHOE YUCAO WA208.

HokazareabcTBo. LUkl «, yA0oBIETBODPSIONHIT YCIOBUSM yTBEPK/Ie-
HUsI, BCEIJIa CYIECTBYET 1 MOYKET ObITh Haii/IeH 38 KOHEUHOE YHCJIO I1aroB
B CHJIy CBOEi pOCTOTHI. [IjIs1 HaliIeHHOrO IMKJIa (v 38 KOHEYHOE UHCIIO
IIArOB BCE IIPOCTHIE IIyTH 7, BeJyIHe B HEro, OIIEHUBAIOTCS HA IIPEe/IMeT
JIOCTHKEHHsI HA HUX MUHUMYyMa Bbipazkenus c(7y) — p(a)||v]|-
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5. AOcoJiroTHad ONTUMAJILHOCTH

[IpucTynuM K HaXOXKIEHUIO PEIIeHUs 3a1a9u Ha aOCOJIOTHYIO OITH-
MaJIbHOCTh, COCTOSIINEN 6 HATOMHCICHUU PAUUOHAALHO20 nymu [ maKozo,
Ymo

c(f(0)... f(k)) < e(f(0)... f(K)),

das ecex k € N u mobozo nymu f, wmo f(0) = £(0).

Kak 6b110 mokazano B IyHKTe 2, pelenne JaHHOW 3a/1a9u CYIIeCTBY-
eT He BCerja, a Mo3TOMY Oy/IleM HCKaTh aJI'OPUTM, KOTOPBIA IO 3aIaH-
Homy rpady u PpukCHpoBaHHON HAYAJIBHON BepIIuHe ¢ OyIeT BLIIaBaTh
abCO/TIIOTHO ONTHMAJIbHBIE IIYTH, U3 Hee BBIXOIAAIINE, WX cOObImaTh 00
ux orcyrcrBun. CyIecTBOBaHME MOJ00HOIO aJropuTMa He 0UeBUIHO, 0~
CKOJIBKY OH JIOJI?KEH 3a KOHEYHOE YHCJIO IMATOB BBISCHATD, SIBJIAETCA JIU
HEKOTOPBI OECKOHEUHBIN ITyTh abCOIOTHO onTuMajbHbIM. OJIHAKO HU-
e Oymer copMyIMpoBaHa W JO0Ka3aHa TeopeMa, TapaHTUPYIONIast, ITO
IIPOBEPUTD, ABJISIETCSI JIN PAIMOHABHBIA Iy Th aOCOJIOTHO OINTHMAJIBLHBIM,
MOXKHO 33 YMCJIO IIaroB, OrpaHUYeHHOEe KOHCTAHTOH, 3aBUCAIICl OT pac-
cMaTpUBaEeMoro rpada.

Curadaja JI0KaykKeM HECKOJIBKO BCIIOMOTIaTeIbHBIX YTBEPIKICHUIA.

YrBepxkaenue 5. [lycmov payuonarvhol nymo f asasemcsa abcoaroms-
HO ONMUMaALHLM, Mo20a fry — f(0)-MunuMarbHol yuKa.

HokazarenbcTBo. [Ipemgnonoxkum obpatmoe. Torma cyrmecTByeT UK
(3, JMOCTH:KUMBII W3 BepmuHbl a, Takoil, aro u(B) < wp(a). Beaen-
CTBUE JOCTUZKHNMOCTU CYIIECTBYET IIYTH 7, COe,ZLI/IHHIOH_[I/II‘/'I BEepUIMHY a C

koM 3. Pacemorpum panmonasnbubiii nyts f = (v, ). Iycrs [ =
max{||f-|], |7}, a ¢ := ||a]|||3]|. Torma as npousBoIBLHOrO HATYpAJb-
HOTO K

c(f(0)... fF(L+qk)) —c(F(0)... f(I +qk)) =
= (elf(0) .. F0) — e(F(0) .. @) +

c
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k
+3 (e(f+a=1)- . fU+a) ~e(F1+aG=1)... fl+05)) ) =

k
= C+ Y alute) ~ u(B) = C + kalpu(a) ~ u(B) >0, (1)

HAYMHAs C HEKOTOPOro k. A 9TO MPOTHBOPEYUT aOCOJIOTHON ONTUMATH-
HOCTH TIyTH f.

YrBepxkaenue 6. Ecau payuonarvhuit nymo f = (y,a) abcoarommo
ONMUMANHOIT U NYMB 7Y HE ABAAEMCA NPOCTBIM, TO ECTMb NPEICTNABAA-
emcesa 6 gude ¥ = 01302, 2de 3 — HeKOMOPHIT YUKA, MO NYMb f= (01, 3)
ABNAELNCA AOCOMOMHO ONMUMANLHBLM.

HoxkazarenbcrBo. O6osnaunM depe3 ey peopo  f(||01]| + 1 +
ABIDF(I1 |+ 1+ 1+ plIBI), 0 < 1 < 18Il p € Zy. Howamess o
aykimn, 9To c(eqr) = c(ep) ana moboro 0 < I < ||B|| u smoboro p € Z .
IIycts yrBep)Ienue nokazano s Bcex [, mpu 0 < p < pou g l < n
upu p = po. Jokaxem ero st | = n, p = pg. Ilycrs nnaue, 10 ecrhb
IIPEIIIOJIOZKIM, HAIIPUMeEp, ITO ¢(€pyn) > ¢(€po—1,n) = c(eon). IIpoBepum
ycjioBre abCOJIFOTHON ONTUMAJBHOCTH IyTH f, CPABHUB CTOMMOCTH €I'0
Havdanta JuymHasl k = pol|B]| + n + 1 co crommocThio Hadama Takoi rKe

JJIMHDL IIyTHA ¢ = <51(25)527 a).
c(£(0)... f(k)) — c((0) ... p(k)) =

c(61)—c(d1) po—11|8[|-1

= c(£0) . £([611D) = c(2(0) .- (lIar ) + D > elep)+
p=0 [=0

1811-1 po—2I8]1-1 n

+ > elen) =2 D clea) = D D cle) Zcepo 1)- (5)
=0 =0 p=1 1=0

=

HOﬂb3yHCb IpeaAnnoJiozKeHneM UH/IYKIUN, 10Ty YUM

c(f(0)... f(k)) — c((0) ... (k) = clepyn) — clepy-1,n) > 0,

B CUJIy NPEIIOJIOXKEHUS, TO €CTh IPUXOIUM K IIPOTUBOPEUUIO C aDCOJIIOT-
HOM ONTUMAJIBLHOCTBIO TyTH f. A 3HAYNT, HAIle TPEJITOIOKEHNE HEBEPHO,
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1 c(epon) < c(€py—1,n). OLHAKO IPEAIIONIOKUB, ITO C(€p;pn) < c(€py—1n), 1
PaccMOTPEB Pa3HOCTh CTOMMOCTEN Hadas JuHsl k = (po — 1)||8]| +n+1
oyt f u nyt (9102, ), AHATOTUIHO IPUJEM K IPOTHBOPEUNIO, O3HAYA-
FOIIEMY BKYyIIE C IIOJTy9eHHBIM HEPABEHCTBOM, ITO C(€pyn) = C(€pg—1,n)-

Taxum 06pa3oM, MBI JJOKa3a/IH, 910 ¢(eq;) = c(€p) st oboro p € Z
u sro6oro 0 < I < ||5]]. A BBUILY JJOKA3aHHOTO U B CUJLy CTPYKTYDBI IIyTeii
fn f , IMEEeM, 4TO Il JIioboro k mojydaem, 9To

c(f(0)... f(k)) = c(f(0)... f(k)),

a BHAYHUT MyTh f SABJISIETCS aDCOJIIOTHO ONMTHUMAJIBHBIM.
3ameuyanue 1. TeMm caMbIM, MBI TIOKA3aJIM, 9TO PAIMOHAIbHBIE IIYTH BHU-
Ja (7, @), TJie Iy Th 7y He SIBJISIETCSI IPOCTBIM, MOYKHO HE PacCMaTpPUBATh Ha
peaMeT abCOMIOTHON ONTUMAJILHOCTH, TaK KaK €CJIN IIyTh TAKOI'O BHJIA
SABJISIETCS AOCOJIIOTHO ONTUMAJILHBIM, TO 00g3aTeIbHO HaiIeTcs paiuo-
HAJILHBINA IIYTh C MIPOCTOH HENEPUOINIECKON JaCThIO, TAKYKE sABJISTIONTANACS
abCOTFOTHO ONTUMAJIBHBIM.
3ameuanwue 2. TpeboBaHne IPOCTOTHI, HAKJIAIBIBAEMOE Ha IUKJI (v B T€O-
peMe 1, 00bsIcHsIETCH CleIyomuMu coobparkeHusaMu. B ciydae Henpocro-
THI IUKJIa ¢ U3 abCOJIIOTHON ONTHMAJIBLHOCTH IIYTH f IPOBOIS PACCYZK-
JIeHUsI, CXOMHBIE C PAaCCYKICHUSIMHA W3 JIOKA3aTEIbCTBA yTBEPXKIACHUS 6
(oTMYMe NpPaKTUYeCKU JIMIIb B BBIPOXKJIEHHOCTH IyTH J2) JIETKO BbIBe-
CTH, 9TO abCOJIIOTHO ONITUMAJIbHBIM OyJIeT JIIo0oil myTh (Y7, &), Tae & —
IIPOCTOM TWKJI, COJIEPKAITUNCS B (v, & Y — IIPOCTOM IMYTh, COJEPKAIIIICS
B o n coequusiionuit Beprimust Y (||v||) n &(0).

ITpexk e 1em TPUCTYIIUTD K JTOKA3ATEILCTBY TEOPEMBI 1 JIOKayKeM CJie-
JIYIONIY IO JIEMMY.

JIemma 1. /Jlaa mobozo namypaavhozo n < |V| natidemesa wucao k, 3a-
sucaujee om n, makxoe wmo 060G nymv y daunse e menvwel k co-
deporcum m npocmulT YuKA06 00UHAKOBOT OAUHDL U CTNOUMOCTNU MAKUL,
wmo npu yoarenuy pebep IMUT YUKA08 U3 NOCAeJO8AMEALHOCU DebeD
{(v(@i)v(i + 1)) } ocmaswanca wacmv nocaedosamenvrocmu marsice 6y-
dem, mymess u3 7(0) 6 7(|[])).

okazareabcTBo. Boszbmem

kE=|V|+Cs|V]n,
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rjae Cs — 9MCJI0 NPOCTHIX IUKJIOB JAHHOTO rpada, W JIOKazKeM [ JIaH-
HOTO k yTBEpKJICHUE JIEMMBI.

[Tycrs v — Hekoropblii myTh B rpade u ||y|| = k. [lockoabky k > |V,
TO My Th 7 HE ABJIAETCS IIPOCTBIM, TO €CTh COAEPIKUT IMUKJINICCKYIO 9aCTh,
JUTMHA KOTOPOI BCJIEICTBHIE TOTO, YTO JJIMHA HEIMKJINIECKON JacTh orpa-
HUYeHa cBepxy Besmdaunoit |V|, 6ymer 6osbiie yem k — |V, To ecrnb

Iholl > Cs[Vn. (6)

KommuecTBo MpOCThIX UKJIOB, U3 KOTOPBIX COCTOMT IUKJI ¢y, HE Ipe-
BOCXOJUT YMCJIa MPOCTHIX IUKJIOB BO BeeM rpade, To ecth Cy. Jnuma
KazKJIOr0 IIPOCTOro IuKJa He Gosibiie e |V |, a tak Kax ||| > Cs|Vn,
TO IUKJI 7Y It KazKJI0IO MMPOCTOrO IMKJIa (r B HEM COJEPZKAINEroCs, COJep-
JKUT ero 110 KpaiHeil Mepe n pa3 IPONUICHHBIM, TO €CTh COICPXKUT IIUKJI
na. A u3 dakra crporoctu HepaseHcTBa (6) cileyeT TO, UTO CyIIECTBY-
er npoctoit nmuka (3, npoiigennsiii n + 1 pa3. Takum obpasom, 3 n ecTb
UCKOMBINA ITUKJI.

JlokazKeM KpUTepHii TOro, YTO PaIMOHAIBHBII IIyTh SABIAETCS abCco-
JIIOTHO ONITHMAJIHHDBIM.

JIemma 2. Payuonanvnoiii nymo f = (77, a) asasemes abcoaommo on-
MUMAALHDLM MOYHO Mo2da, Ko20a

1) 6eckoneunvidi nymov f onmumasen 6 caabom cmuicae,

2) yuka o f(0)-munumanen,

3) eeaununa clf(o) (1) ABAAEMCA MUNUMAALHOT 6 CINPOKE C HOMEPOM
£(0) dan moboti mampuuw, My, | < ko, 2de kg = max{||y||+|V|?, k},

a k — seauvurna u3 semmot 1.

HokazarenbcTtBo. Heobxomumocts. IlyukTer 1, 3 04eBUHBI, MyHKT 2
cJieJiyeT U3 yTBEPKJICHUs 5.

Joxaxkem jroctaToaHOCTh. 151 jroboro | < kg ¥ TPOU3BOJILHOTO Iy TU
f , BeIXOJIsAIero u3 Bepimuel f(0), BeaeAcTBIE MyHKTA 3 BBIIOJTHEHO

e(F(0) - F) = oy < gy < FO) - FO), (7)

9TO JaeT HaM 6a3y WHIyKIIUU [IPU JI0KA3aTe/IbCTBE 3TOr0 (baKTa, JIIst JIF0-
ooro |.
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[ar unpyknuu. [lycrs HepasencTBo (7) BBIIOJHEHO st 106010 | <
lp, mokaxkem ero BeinosiHenue s | = lg + 1. Ilycts v — BoIxXOmgmnuit u3
sepmunbl f(0) nmyrs gyunst [, n = ||a||. Beaeaersne memmsr 1, Tak Kak
l|7]| =1 > ko = k B myTu 7y cymecTByeT n IpOCTHIX IUKJIOB OJNHAKOBOI
cronMocT ¥ JitnHbL. OBO3HAYUM STY CTOUMOCTH 3a ¢, a JUIMHY 32 71, a
Iy Th, [IOJIyY€HHBI y/IaJeHneM STUX [[MKJIOB U3 My TH 7, Kak 7. Torma st

c(y) — e(7) umeem:
c(v) = e(¥) = né = nip(a),
TaK KaK ¢ [0 YCJIOBUIO — MUHUMAJBHBIH OTHOCHTEJNHLHO hyHKImH fi(+)
kI, ocrmkumbii 13 f(0).
Bermauna ni < |V|?, a smaaur nyts f(I — ni)... f(I) ects 7 pas

[IOBTOPEHHBIIl IUKJI (, & 3HAYUT ero CToMMOoCcThb paBHa nnu(a). Takum
00pa3oM, I0JIyIaeM:

c(F0) .- F1) —e() < e(f(0) .. F1—ni))+iinpi(a) —c(7)—nitpu(a) =
— c(f(0)... f(I — ni)) — e(3) < 0
BCJIC/ICTBUE IIPEJIIOJIOXKEHNsT UHAYKIMU, TaKk Kak | — nn < lp. Taxkum
00pa30oM, MBI JOKa3a/d yCJIOBHE abCOJIIOTHON ONTHUMAJILHOCTHA IyTH [ U
nst [ > kg, 9TO M 3aBepIIaeT J0Ka3aTeIbCTBO JAHHON JIEMMBI.

Jlerko 3amMeTnTbh, YTO yCJIOBHE ONTUMAJbHOCTH B cjaaboM nytu f B
JI0Ka3aTe/IbCTBE JIEMMbI 2 HCIOJIB30BAJIOCh JIUIb KaK CIPABeJIMBOCTh
pasencrea c(f(0) ... f(1)) = C?(O)f(l) Jutst Beex | < ko, & 3HAUNT, JJOKA3aHO
CJIEJIyIOIee YTBEPIKICHHE.

JIemma 2. Jlemma 2 ocmanemes eepha, ecau ycaosue 1 samenums na
Goaee caaboe ycaosue mozo, wmo c(f(0)... f(1)) = Ci‘(o)f(l) ons ecex | <
ko.

Nmest ganublil pe3ysibTar, Mbl MOXKeM C(hHOPMYJIHPOBATE CJIE/LYIONLYIO
TeopeMy.

Teopema 1. Ecau f = (y,q) — payuonasvrodi nymo, 6urodauyull
U3 BEPUWUHDL G U UUKA O A-MUHUMAADHOIT, To2da cyu,ecmeyem yuc-
10 k, 3asucsuiee om OAUMbBL YUKAG O, MaKoe, wmo no nabopy Mampuy,

2HOMIMO 3TOTO, MMEETCST 3aBUCHMOCTD OT CTPYKTYPBI PACCMaTPUBAeMOro rpada, a
TOYHEE OT BEJIMYHUH, €10 XapaKTePU3YIOIINXCs, HAITPUMED KOJHUYIECTBO BepIuH rpada
WJIM MOITHOCTb MHOXKECTBa IMPOCTBIX IIUKJIOB
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{Mi,... My} 3a Koneuroe UCAO Wa208 BOZMONCHO ONPEICAUND, ABNA-
emea au nymos [ abcosrommo onmumMasbHbIM.

okazaTenbcTBo TeopeMbl 1. YTOOBI MPOBEPUTDH, ABJSAETCS JU IIYTh
f = (7,a) abcoaroTHO ONTUMAJIBHBIM, HYYKHO MPOBEPUTH BbIOJHEHIE
yeaoBuit 1-3 jlemMbl 2. YeoBus 2, 3 MPOBEPSIOTCS 38 KOHEUHOE HHCJIO
IaroB, a ycjoBue 1 MOXKHO B COOTBETCTBUM C JieMMOil 2/ 3aMeHHTL Ha
yCII0BIe c( fO)...f (l)) = clf(o) f(1)» KOTOPOE TAaKZKe IPOBEPACTCS 38 KO-
HEYHOE YHUCJIO I1aroB.

Teopema 2. Ecau 0as dannot sepuunst a cyulecmsyem abcostomHo on-
MUMAALHBIG OECKOHEYHBIT NYMDb, SVLO0AUUT U3 HEE, MO CYWECMEBYEM
MaKIHce ACAAOUUTCA AOCONOMHO ONMUMAALHHM, BBTOOAWULT U3 6ep-
wurst a nymo 6uda {7y, ), 20e nYmMv Y U YUKA O AGAAIOMCA NPOCTNHLMU.

Jannas Teopema OyJieT J0Ka3aHA B CJIEIYIONIEM ITyHKTE.

CaenctBue 4. Cywecmsyem anrzopumm, HATO0AWUT GOCOMOMHO ON-
MUMANLHOIT NYMb, GUL00AWUT U3 Jannol Sepwunvl, AUOO ONPedes-
0UWUTL, YIMO MaK020 NYMU HE CYULLCTNEYEM.

dokazaTenbcTBo. BBUny Teopems! 2 1 3aMedannil 1 n 2 MOXKHO ITPOBe-
PSITh JIAIIb CYIIIECTBOBAHME abCOIOTHO ONTUMAJILHOIO Iy TH BUIA (7, (),
rjie MyTh Y U MUKJ (¢ SIBJISAIOTCS TPOCThIME. OYeBUJIHO, 9TO 3a KOHEU-
HOE YHCJIO IMAroB BO3MOXKHO HAMTU BCE IIyTHU TAKOTO BUJA U OTOPOCHUTH
(MCcxo/ist U3 yTBEPXKCHNUS 5) U3 X MHOYKECTBA Te, Y KOTOPBIX [EePUOINIe-
CKasl YaCTh (¢ HE SABJISIETCSI MUHUMAJIbHBIM, JIOCTUKUMBIM U3 BEPIIUHBI G
MUIKJIOM. A BCJIEJICTBUU TeOpeMbl 1, /IS KayKJ0ro OCTABIIETrOCs MyTH, 34
KOHEYHOE YHUCJIO IAroB MOXKHO HPOBEPUTH, SBJIAETCHA JIX OH abDCOJIIOTHO
OITUMAJIbHBIM.

6. AcuMnToTrm4deckKasi OIITUMAaJILHOCTD

ITepeiinem K 3amatde 00 OTBICKAHUM ACUMITOTUYIECKH ONTUMAJIBLHBIX
OECKOHEUHBIX Iy Tel, BBIXOIAINX U3 38 IaHHOM HAYAILHON BepInHbL. UTO
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B (OpMAaJILHOI IIOCTAHOBKE 3BYYHUT, KaK 3adaa 0 HATLONHCOEHUU HA Pac-
emampusaemom epage S = (V, E) evixodawezo uz dannol eepuuns. a
payuonasvrozo nymu | u wucaa kg maxuz, wmo

c(f£(0)... f(k)) < e(f(0)... f(K)),

das a06020 k > ko u mo0bo20 nymu f, ebxo00awee2o u3 6epusutbl a.

JlokazkeM OCHOBHYIO JIEMMY JIAHHOT'O IIyHKTA.

Jlemma 3. Ilycmo nepuoduneckasn wacmov fry HEKOMOP020, 8LIL00AULE20
U3 BEPWUNDL G, PAUUOHANDHO20 NYMU [ ABAAEMCA A-MUHUMAADHHIM YUK~
AOM, 0200 0as A106020 IpYy2020 NYMU f, BYITO0AWE20 U3 BEPUUHDL A U HE
OKONYUBAIOUYEL0CA Q- MUHUMAALHOLM YUKAOM, CYUECTBYEIM MAKOE “UC-
a0 k= k:(f), Ymo cyuiecmeyem nocaedosamenvrocmo ki, ko, ... ki ..,
sasucawan om nymu f, yooGACMEOPAIOUaA CACOYIOUUM CEOTCMEaM:

1) ki >k dan ecex i,
2) ki —k; =0 mod n dasa scex i, ],
3) e(f(0)... f(k:) < e(f(0)... f(k:)),

4) npuC >0 cyugecmsyem% IMaKoe, WMo 0 6CET i = 1 GuNOANACTNCA
c(f(0)... f(ks)) = e(f(0)... f(ks)) > C.

JokazareabcTBo. O603HAYNM 38 M JJTHHY HEMEPUOIMICCKOH TaCcTH Iy-
™ f, T0 ectb m := [|f..[|, u paccMoTPUM TIPOUSBOLHBI, yIOBIETBOPS-
foIuil HaIeMy yCJIOBHIO IyTh f. B mociesoarensaoctn { f(m4+kn)}eo ey
CYIIECTBYET 3JIEMEHT, MOBTOPSANIMiica Geckoneunoe umuciao pa3. O6osna-
anM ero 3a v. M3 nocienoarensuocr {m + kn}ge , BeOepem mosmociie-
JI0BaTEJILHOCTD l1,l2,...,l; ... Takymo, 9TO f(ll) = v. Obo3Haunm 3a ¢;
CJIEIYIOIILYIO JIPOOb:

ne(f) . fllisn))

“= Lot — i



006 onTUMaIHLHOM TIOBEJEHUN aBTOMATHON MoJe i (hUpMbI 565

PaccmorpuM pazmocTh:

Co
e(F(0)... F(1) —e(£(0)... (1) = e(F(0) ... F(11)) — e(£(0) ... f(1n)) +
1—1
3 (F W) 1) = e(F L) - fE4))) =
j=1
i—1 ) 7.
= 0+ 3 (e F) el 21

i—1 ) 7.
o+ Y (Bl ). ®
j=1

BerencrBue a-MuHIMAIBHOCTH THKITA fry nMeeM, 410 ¢; — ¢ fry) = 0 muas
110600 j. Ye/I0BIE TOTO, UTO IMyTh f He 3aKAHINBAETCS (-MHHHMAJIbHBIM
[UKJIOM BKYTIE C YTBEPXKJICHUEM 3 U G-MUHUMAJIbHOCTBIO IUKJIA fry O3HA-
9aeT, YTO CPeJIU WIEHOB MOCJIeI0BaTeIbHOCTH {¢;} Halijgercst 6eCKOHETHO
MHOT'O 3JIEMEHTOB, TIpeBocxodamux semanny ¢ fry). U3 mannoro daxra
BLITEKAET, YTO CYIIECTBYEeT HEKOTOPOE HATypPasbHOE iy TaKOe, 9TO BeJIU-
YIHA

Co + i (ljﬂin_lj(cj - C(fo))) 2 0.
j=1

Ncxona us sroro, momoxkuM k 1= l;y — 1, kj = li—jo41,1=1,2,... X
Jlokarkem BBITIOSIHEHNUE CBOUCTB 1—4 /151 MOJIy9e€HHOrO Yuciia k U 1o-
caemoBarenbHocTd ki, ko, ..., k.. .:

1) mo mocrpoenuto ki, ko, ... ki...;
2) mocsenoBarebHOCTb ki, ka,..., k... €CTb IOJIIOCIIEI0BATE b
HOCTB IocjemoBareabHoctn lq,lo,...,1l;..., KOTOpas B CBOIO OdYe-

pedb SBJSETCs  IIO0JIIOC/IeJ0BATeIbHOCTRIO  110CJIE/[0BATEIbHOCTI
{m + nk}}2,, 9T0 1 JOKa3bIBAECT BBLIIOJHEHHE JAHHOIO CBOHCTBA;

3) ciellyer U3 IENOUKH PaBeHCTB (8) u BbIOOpa BeJMUIUHBI k;

4) npueMoM, IO0CPEICTBOM KOTOPOIo ObLIO HAfiJIEHO YHCIIO i, MBI MO-
JKeM JI0Ka3aTh, YTO JJI BCeX j, HaUYWHasl ¢ HEKOTOPOILO jg MOXKHO
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JJIA HeKOTOpOfI Halepezn 3&,ZLaHHOIL/'I koucrauTsl C' JOCTHUYDb BBITIOJI-
HEHHA HEPABCHCTBA

e(f(0)... f(1j)) = e(f(0)... f(I;)) > C,

KOTOpO€E MPUBOJIAT K JOKA3aTeILCTBY BBIIIOJHEHUS JTAHHOTO CBOM-
CTBa, €CJIA IOJIOKUTh UCKOMOE % PaBHBIM jo — ig.

JlokakeM HeJIOKa3aHHYIO B HMPEIBIIYIIEM IIYHKTE TeopeMy 2.
HokazareabcTBo Teopembl 2. Ilycrs f — abcosioTHO OonTUMABHBII
IIyTh, BBIXO/SAINNN U3 BEPIIUHBI ¢. TOTJIa B CHJIY TOJIBKO YTO JIOKA3aHHOI
JIEMMBI, OH JIOJIKEH 3aBEPIIATHCA A-MUHUMAJIbHBIM [IUKJIOM, & 3HAYUAT Cy-
IIECTBYET CKOJIb yrojHo Gosbiioe I, uro mukia « = f(I)... f(I +||«a|]) a8-
JISIETCS a-MUHUMAJILHBIM. Bo3bMeM [, OoJibliiee deM k U3 JIeMMBbI 2, TOL/Ia
sty f = (f(0) ... f(1), @) 6yayT, 04eBHIHO, BBIIOIHEHBI yeuous 1
(u3 jtemMbr 2') 1 2-3 U3 JIeMMBI 2, & 3HAYAT B CUJLY KpUTEpUs: abCOJIIOTHOI
OITHMAIBHOCTH PAIMOHAIBHOIO IyTH — JeMMbl 2 i1 2/ — 1yTs f Gyaer
a0COJIIOTHO OITHMAJIbHBIM.

YrBepxkaenue 7. [lycmov nepuoduveckas 4acmsv pauuoHasbHO20 NYMU
f — munumanvrod yuka, mozda cywecmeyem xoncmanma C, 3a6uca-
was om f, wmo das a06020 nymu f, soirodswezo uz sepwunv, f(0) u
ons A106020 Hamypasbhozo k, 6epHO HEPABEHCTNEO

c(f(0)... f(K)) = e(f(0)... f(k)) < C.

HoxkaszarenscrBo. PukcupyeMm HekoTopoe HarypasbHoe k. OGo3HauNM
3a | JymHYy Helepuoudeckoii yactu mytu f, 1o ectb | := || f]], 3a n —
JUIMHY €ero HepHondeckoii dact: n = ||af|, a 3a p — Besmauny u( fr)).
Onennm csepxy Besmuanny c(f(0)... f(k)). Ecmu | < k, umeem:

(F0)- 1) = (0) o FO) 4 e 0 £+ |24

+e(f(l+n [%} ). f(k)) < Ml+np [%] +M((k—1) mod n).

9)
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O6o3naunM depes k.., pnny Henukandeckoit yactu nytu f(0). .. f(k),
a 3a ke JUIMHY €ro IUK/JIUYECKOH YacTH M ONEHUM CHU3Y BEJUIUHY

c(f(0) ... f(k)):
c(F(0)... f(K)) = mke, 4 phkey = mke, + p(k — k).

Brorurem gBa mosryueHHBIX HEPABEHCTBA JAPYT U3 JApyra:

c(f(0).. c(f(0 (k) <
< M1+ np [—] mod n) — mk., — u(k — k) =

n

— M+ ((k—1) mod n))+ a(n [%} R k(- m) <.

Buast, uro p—m > 0 u aro k., < |V|, OpoIo/KuM HEpaBeHCTBO:
S (M = p)l+ Mn + (n—m)|V],

TO €CThb B KOHII€ KOHIIOB ITOJIyYUM, 9TO

c(f(0)... f(K) = c(F(0) ... f(K)) < (M = p)l| fll+ M| fol |+ (n—m)|V],

TakuM o6pazom, obozraums 3a C(f) = (M — p)||fw|| + M||fol] + (u —
m)|V|, mosy4aum tpebyemoe.
B ciyuae ke, korga k < [, nmeeM OIEHKY

c(f(0)... f(k)) < MI,

U aHAJIOTMYHO IIOJIyvYaeM, 4TO
c(f(0).. f(K) = e(f(0) ... f(k)) < (M = p)l|ful| + (1 = m)|V] < C(f).

YrBepxkaenue 8. Ecau nepuoduueckas 4acmo fry HEKOMOPO20 6olT00A-
WE20 U3 GEPULUHDL 6 PAUUOHAABHO20 NYMU | ACAACTCA MUHUMGALHBIM
YUKAOM, M0206 0AA 1100020 OpYy2020 NYMU f BHILO0AWE20 U3 GEPULU-
HOL G U HE OKONNUBAIOUSCR0CA MUNUMAALHBLM YUKAOM, CYUECTNEYEm ma-

Koe wucao ko = ko(f), uwmo c(f(0)... f(k)) < ¢(f(0)... f(k)) dan ecex
k> ko.
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HokazarenbcTBo. IlyTh f yaoBaeTBopsieT yCJIOBUSIM JOKA3aHHON BBIIIIE
JIEMMBI, TIO9TOMY JIJIsi HErO CYIECTBYeT YUCIO0 k U MOCJIeI0BATEIHHOCTh
ki,ko,...,k;... c coorBercTBytonuMu cBoiicrBamu. Oupenenum kg, Kax
nepBoe u3 k;, Ha KOTOPOM BBIIIOJTHEHO

c(f(0).. f(ks)) = e(f(0)... f(k:) > C, (11)

rne C — KOHCTaHTa W3 yTBep:KjaeHus 7. Torma Ajsl MpoOU3BOJLHOIO k,
MIPEBOCXOJISIIIETO ko MMeeM:

c(f(0)... f(k) = e(f(0)... f(k)) =
= (c(f(0)... (ko)) = e(f(0) ... f(ko))+

+ (c(f (ko) - - - f(K)) = e(f (ko) - - f(K)))- (12)

Myre f(ko)... f(k) ynoBrerBopsieT ycJIOBUIO YyTBEPXKIEHUS 7, & MOCEMY
JIUIST HETO MIMEEM:

c(f(ko) ... f(k)) — c(f(ko)... f(k)) < C, (13)

9TO BKyIle ¢ cooTHomenneM (11) mo3BosisteT HaM IPOJO/IKHUTL HEPABEH-
crso (12):

~ ~ ~

eo(f(0)... f(k)) = e(f(0)... f(k) > C —C =0,

9TO U JIOKA3BIBAET JAHHOE yTBEDIK/ICHUE.

MozKHO 3aMeTUTh, YTO JOKA3aHHOE YTBEPXKICHIE FADAHTUPYET CyIIe-
cTBoBanme uncaa kg, 3apucsamiero ot mytu f. Boamoxna curyarus, 9ITo
IS JIAHHOTO Iy TU f MOKET CYIIEeCTBOBATD MY Th f, 4TO COOTBETCTBYIOIIEE
eMy kg MOXKeT OBbITH CKOJIb YT'OJIHO OOJIBIITUM.

[Tycrs jyist rpada, n306pazkeHHOro Ha pPHC. 3, TUKJI (v MUHAMAJIEH, &
UK/ 3 He sIBJISIETCsl TAKOBBIM, a JJIsd IyTeil 7 1 § IIpU OJIMHAKOBON MX
JUTMHE BBIMOJHEHO cooTHOoIenue c(7y) > ¢(d).

PacemoTrpum BBIXOJISIIME W3 BEPIIUHBI @ PAIMOHAJBHBIA yTh f, 3a-
JAHHbIHA apoit (7, ), u nytu f; = (d(ia)e, ). Kaxapiii u3 f; ne okam4dn-
BAETCsl MUHUMAJIBHBIM IIUKJIOM (IUKJI (3 HE MUHUMAJIBHBIN), & 3HAYUT B
CUJTy yTBep:KJeHus Jisi Hero cyinecrByeT ko(f;) Takoe, uro jyisi Beex k,

naunnast ¢ ko(f;), somomasiercss ¢(f(0)... f(k)) < ¢(fi(0)... fi(k)). Tak
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Puc. 3.

BOT, UCXO/Isi U3 CTPYKTYpPBI I'pada, HETPYJIHO 3aMETUTh, UTO B JAHHOM
cayuae ko(f;) — oo pu i — 0o.

OniHaKo, ecjii pacCMaTPUBATH IIYTH f, parnuonajbHas JJIMHA KOTO-
PBIX OrpaHudeHa Halepes 33JaHHON KOHCTAHTOHN, TO MOJI00HON CUTYAIIH
MOXKHO M30e2KaTh. VIHBIME CJIOBAMU, BEPHO CJIEJIYIOIIEE yTBEPK/ICHUE.

YrBepxkaenue 9. Ecau nepuoduneckas 4acmov payuorasoHo20 nymu f
— MUHUMAALHOI YUKA, MO OAA NPOUSEOALHO20 HAMYPANLHO20 K Cyue-
cmeyem ko = ko(f, k) maxoe, wmo das ecex payuonarvHvir nymed f,
NEPUOIUYECKAA HACTND KOMOPHIT HE ABAAEMNCA MUHUMAAGHBM UUKAOM,
U YIOBAEMBOPANOUUL YCAOBUAM.

1) £(0) = £(0),
2) |Iflle <k,

6blNOAHEHO

ons ecex Kk > k.

JokazarenberBo. PUKCHPyeM IPOM3BONIBLHBIN IIyTh [, YAOBIETBOPSIO-
il yeJoBusiM yTBeprkiernst. Haifijiem BoipazkeHue jijist BeJmauHbl ko ( f )
a Jla1ee BO3bMEM MAKCHMYM 110 BCEM f, CyIIECTBOBAHIE KOTOPOTO, KAK
Oy/eT moKa3aHo HUKe, 00YCIOB/IEHO 3aTPEOOBAHHBIM B YTBEPKIEHUN CIIe-
IIMAJIBHBIM BHIOM IyTeH f.
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O6o3HaunM 4epe3 « muKI fry, a depe3 [ — HepI/IO,H,I/I‘{eCKyIO JaCTh

nyru f. Hyers n = max{||fo||, If-]1}, p == HOK(||all,||B]]), a p ==

plal
Bennunna r := =D (Tl(gl? |C|(O(‘X|)|>7 BbIpazKaroliad PpasHUILy B CTOUMOCTHU

MeXKJ1y IUKJIAMU OJIMHAKOBON JIJIMHBI P — IIUKJIOM H%H [ 1 uKJI0M H%HOJ’
SIBJISIETCS TTOJIOZKUTEILHON BCJIEJICTBHE TOI'O, YTO IUKJI (3 HE MUHHMAJIb-
HBIA 110 YCJIOBHUIO.

Honowum k = /%( fl=n+p [T], Tor/a JJIs 10CJIe0BaTe/LHOCTI

k1, ka,... ki .., qIeHbl KOTOPOil MONOKUM paBHbIMU k; = k; (f) = l%(f)+

pi, Gyaer somoseno ¢(f(0)... f(k;)) —e(f(0)... f(ks)) > (i — 1)r.

B camowm nierte,

c(f(0) ... f(k:) = e(f(0)... f(ki)) =
= (c(f(0)... f(k1)) = e(f(0)... f(k1)))+

1—1

+ Flkjn)) — c(f(ky) ... fkj1))). (14)

]:

—_

Bcemomunast onpesiesieHre BeJIMUNHBL T, 3aKII0YAEM, ITO

i—1 i—1

Z(C(f(kj) o fRi) = e(f () - ki) =Y r=(i— D),

Jj=1 j=1

a noceMy ocrasock gokazars, 9o (¢(f(0)...f(k1))—c(f(0)...f(k1))) > 0.
¢

Ucnonb3ys o, uto k1 =n+p L ,

IIOJLY UMM

(e(f(0) ... f(k1)) = e(f(0) ... f(k1))) =
7]
=(c(f(0)... f(n))—c(£(0) Z f(ntpj). .. flntp(j+1)))~

- (f(n+m)---f(n+p(3 +1))) =... (15)

Temepnb, ucno/b3yst ompeeeHNe BeJIUINHBI T U BOCIIOJIb30BaBIINCH TEM,
9TO 1IyTh f yJIOBJIETBOPSIET YCJIOBUIO YTBEPXKJEHUS 7, & 3HAUUT JIJIsT HETO
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smonusiercst ¢(f(0) ... f(n)) — e(f(0)... f(n)) < C, upomomknm Hepa-
BercTBo (15):

—
S
[

()9

Takum obpazom, mMmeeMm, UTO JJjis HOCaeIoBaTesbHOCTH ki, Ko, ...,
k; ..., BepHO

c(f(0)... (ki) = e(f(0)... f(k)) > (i = L)r. (16)

[Tosnoxkum tenepb ky = ko(f) = k[qul U JOKAsKeM BBIIIOTHEHHST
T

HEpaBEHCTBa

c(f(0)... f(K)) — e(f(0)... f(k)) = 0 nust Beex & > ky.

Nmeem,

c(f(0)... f(K)) = e(f(0)... f(K)) =
= (c(f(0)... (ko)) = e(f(0) ... f(ko))+

+(c(f (ko) .. () = e(f(Ko) ... f(K))) < ...

OrernM mepBOE CiIaraeMoe, MoJb3YsICh ONPEJICICHNEM BETUINHBI kg 1 CO-

orHomerneM (16), a Bropoe ciaraeMoe — T0JIb3YsICh YTBEPKICHUEM 7

<o) -

Urak, Mbl namum semauny ko(f) = n + p [C] + p( [%1 +1). dnst

T

y,ILO6CTBa HaX02KJIeHNA MaKCUMYyMa JJaHHOI'O BbIpazK€HUA 110 BCEM f one-
HUM €r0 CBEpXYy:

" C C C
ko(f) <n+p—+2p+p— =n+2—+2p,
pro pro To
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ro = ro(f) = (55t = fisp)
OIleHIM UCKOMBIIT MAKCUMYM

A~

C |1
max (n + 2— + 2p) < max{k, || f..[[} + 20—+ 2k[[ ol
1 fllo<k o 7o

To = min c(p)

)-

ﬁ HE MUHHUMAaJIbHO ’ ‘/8’ ‘

U renepb, ocraercs TOabKO 0603HAUUTH 3a ko(f, k) moaydennyio Be-

JIMINHY:

1]
2l
3]
4]
[5]

6]
17l

1
ko(f, k) = max{k, || f-[} + 20% + 2K | fol-
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