OO0 OTJIMYMMOCTH COCTOAHUI penieTdaTbIX
aBTOMAaTOB”

I1.A. IlarTesnees

B pabore paccMmaTprBaeTcs KJacC aBTOMATOB CIIEIINAJIBLHOTO
BHU/IA, Ha3bIBAEMBIX pENIeTIaTHIMU aBToMaTamMu. MHOXKeCcTBOM CO-
CTOSTHU TAKUX aBTOMATOB CJIY2KUT TOJIMHO2KECTBO k-MEPHOIl 11eJ10-
YUCJIEHHON PEIeTKH, & Ha BBIXOJ mojaercd m, 1 < m < k, Bbize-
JIEHHBIX KOMITOHEHT TEKYIIEr0 COCTOSHIS, HA3bIBAEMBIX HAOJIIO/ae-
MBIMU TIapamMeTpaMu. JIBa cOCTOSHUST HA3BIBAIOTCS I-OTIHIUMBIMHI
BXO/IHBIM CJIOBOM, €CJIH TIOJ], €r0 JIeCTBUEM OHH IIEPEYT B COCTOSI-
HUs1, KOTOPBIE B OJTHOM 13 HAOJIIOIAEMbBIX [TaPAMETPOB OTJIMIAIOTCS
6ostee geMm Ha 7. JJIst 9TON OTIMYNMOCTH IOJIYY€H MIOPHAIOK COOT-
BercrByommeit ¢pyukiun [lennona.

BBenenue

Peanbuble pusmyeckne CHCTEMBI 9aCTO OIMUCHIBAIOTC HAOOPOM Helpe-
PBIBHBIX YHCJIOBBIX TIAPAMETPOB, YaCTh U3 KOTOPHIX HEIIOCPEJICTBEHHO Ha-
6onaeMbl. BO3MOXKHO Takzke BO3/efCTBOBATL Ha, CHCTEMY JIJIsI IIepe-
BOJIa €e B pas3/IMUHbIE PEKUMBI paboThl. JlIst onmmcanmss MOJOOHBIX CH-
CTeM U IIPOIECCOB, HCIIOJb3YeTCs TEOPHUsl JUHAMUYIECKUX cucreM. [Ipm
JUCKPETHOM MOJIEJINPOBAHUU TAKNX OOBHEKTOB YI00HO MCIIO/IH30BATEH TEO-
puio aBTOMAaTOB. MBI 3TH MapaMeTpbl OOBEKTOB CIMTAaEM O0Pa3yIOIMIMU
CBOMMM 3HAYECHUIMHU MHOTOMEDHYIO IEJIOUUC/IEHHYIO penteTKy. [loamuo-
2KECTBa PENIeTKA CUYUTAEM COCTOAHUSIMHU MOJEIUPYIONIEr0 aBTOMAaTa, a
JacTh COCTOSIHAM CUMTaeM HaOJI0IaeMBIMU BBIXOJAMH aBTOMaTa, W Ha-
3bIBAEM TaKHe aBTOMAThl peuwemyuyamsimi. OJHUM U3 0A30BBIX HOHATHIA

*PaboTa BBINOJHEHA TIPU YacTUYIHON mojepkke PODU, rpant Ne 02-01-00162.
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TEOPUN aBTOMATOB SIBJISETCS OTIMIUMOCTD COCTOSTHUH. DTO TOHSTHE ObI-
JIO BBEJIEHO 1 HcceoBano . Mypowu [1]. 3neck canraem, 4To napaMeTpsl
UMEIOT TTOTPEITHOCTD, TIOITOMY PACIIUPSIEM MYPOBCKYIO OTIUIUMOCTD JT0
r-OTJIMYUMOCTHU, CHUTad, 9ITO JBa COCTOAHUA OTJIMYINMbI BXO/IHBIM CJIO-
BOM, €CJTH TIOJT, €T0 BO3JIEHCTBIEM OHU TIEPEXOJISIT B COCTOSTHUSI, KOTOPHIE B
OJTHOM M3 HAOJIIOMAEeMBbIX ITapaMeTPOB OTINYAlOTCst Oosee deMm Ha r. Kak
U B CJIy4ae C MYPOBCKOW OTIMYNMOCTHIO, BO3HUKAET BOMPOC O 3HAYCHUN
dbyukiuu [{lernona st r-oTanaumoctu. Kaxk M3BeCTHO U3 Pe3yJ/IbTATOB
Mypa [1] mast 0OBIYHON OTIMYUMOCTH OHA paBHa M — 1, TJe n — YHUCIIOo
cocrosiunii apromara. B pabore [4] ncciemoBasach e-0TIIMYUMOCTh, KOTO-
past sTBJsIeTCsT 0600IIEHNEM T-OTIMYUMOCTH Ha CIydail MPOM3BOTHHBIX AB-
TOMATOB C MTPOU3BOJILHO 3aJAHHON METPHUKON 0 HA MHOXKECTBE BBIXOJIHBIX
CUMBOJIOB. BBIJIO TOKa3aHO, ITO €CJTH OTHOIIEHNE £-0/IM30CTH, OIIpeelisie-
MO€ METPUKOI p U IUCJIOM €, HE SIBJIIETCS OTHOIIIEHUEM SKBUBAJECHTHOCTH,
TO 3HadeHue coorBercrByionieir dpynknun IllenHona pasHO @ Kak
6yer mokazano Hrke, GyHrnus [lenHona st r-OTIHIMMOCTH 3aHUMa-
€T IPOMEKYTOTHOE 3HaYCHUE MEXK/TY dTUMU JIBYyM{ CJIydadMU, IPUHUMaA
n

o .o n(n—1
IEJIbI CIIEKTP 3Ha4YeHuit oT n— 1 10 ——5— B 3aBUCUMOCTH OT IlapaMeTpa
m — Yncia HabJII0IaeMbIX.

IlorsaTusa n pe3yiabTaThl

Mo abempakmuvim Koneuwnvim asmomamom (B JajbHeiiieM — aB-
TomaroM) mnoHuMaercs oowekT A = (A, Q,B,p,¥), tne A, Q, B
KOHEYHDbIE HEIMyCThIe MHOXKECTBA, HA3BIBAEMBIE, COOTBETCTBEHHO, 6X00-
HOM  aAPasUMoOM, arPasumom cocmoanuti U BuTOOHIM aAPABUMOM;
w:QxA—Q ¢Yv:QxA— B — dynkyuu neperodos u 6uro-
dos. MuozxkectBo Bcex cioB B andasure A obosmaanm A*. Ilycrs |af
os3Hauaer jymHY cjoBa « € A*. llpyw ¢ € A u n € N nomaraem
a™ = ga...a. Aunamormuno, ecm o € A*, 1o [a]" = aa...a. . Pac-

HpOCTpaH:IM GyHKIMKI @ U 1P Ha MHOXKECTBO () X A* rTak: n(q,A) = q,
¢(g,a) = ¢(p(g,a),a) n P(g,A) = A, ¥(g,aa) = P(p(g,a),a), q €
Q,a € A,a € A*. 3aeco A — mycroe cioso. Ilycrs (g, a(1)a(2) ... a(l)) =
¥(g,a(1)Y(q,a(l)a(2))...¢¥(q,a(l)a(2) ... a(l)). Pacupocrpanum dyHK-

U0 TIepexo/ioB ¢ Ha MuOzkecTBo 29 X A* e 29 = {Q' | Q' C Q} Tax:
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p(Qa) ={p(¢.a) g€ Q'}.
Hazosem k-meproti yeaovucsennot ny X ... X ng-pewemxoti ¢ Hada-

noM B Touke 0 = (20, ... ,xg) € ZF mmoxectso

zk k:{(xl,...,:ck)EZk|$?<xi<:p?+ni,i:1,—k}.

n1,...,M

Bynem ucronb3zoBarh 00brunble anarebpantdeckne 0003HAMEHUsT 110 OT-
HOIIIEHWIO K BEKTOPaM I, Y, TaKne KaK I + ¢ U aZ, JIsT CyMMBI BEKTOPOB,

W yMHOMKEHHS! BEKTOpa Ha 4ucio a € Z. Beenem na Z% - merpuxy
Z,Y) = max |x; — Y;
p(Z,9) = nax |z; —yil,
= (21, .., 2k), = (Y1, Yk)-
[Iycrp Takke e; = (1,0,...,0),...,e, = (0,0,...,1). Pac-
k .
cmorpuMm  knace  Ap).. n,, ABTOMATOB C MHOXKECTBOM COCTOSTHHIL
Zh---,nk’ dbyHKIMS BBIXOOB KOTOPBIX uMeer B ((Z1,...,Tk),a) =
(Z1,...yTm), 2 < m < k. CkaxeM, 49TO COCTOSIHUSI ¢1,(2 aBTOMa-
k

ta A € A" . T-omauvumvr crosom o = a(l)a(2)...a(l), ecin

p((q1,a(1)a(2)...a(l")),¥(ge,a(1)a(2)...a(l’))) > r aus HEKOTOPOrO

" < 1. O6osnauum gepes 15 (q1, ¢2) MEHUMAJIBHYIO JUIAHY T-OTJIMYAIONIErO

q1,q2 ciosa. Ilycrs L"(RA) = max [5(q1,q2), r/e MakcuMyM GepeTcst 110
q1,92

BCEM IapaMm 7-OTIMYUMBIX cocTrosguuii aBromara 2. Paccmorpum dyHk-

nuio [llenHona st JAHHOTO BUJA OTIMIUMOCTH

Li'(ny,...,ng,r) = max L"(2A),
ACA"

mer<n;,t=1n m2=2
Teopema 1. Hmeem mecmo coommnouwserue
Lm - ,m 2 2
i, ngr) <™ eng o gy n g g

npu Ny, ...,Ng, T — 00.

Paccmorpum k-mepubiii 6ysies ky6 By, = {0,1}* u nasosem jse ero
BEPIIUHBI COCEHUMU, €CJIU OHU OTIMYAIOTCS POBHO B OJHON KOMIIOHEH-
Te. Kodom I'pes nyist Bj HasbiBaeTcsl HIPOU3BOJILHAS IIOCJIEI0BATEhb-
HOCTDb BCEX €r0 BEPIIUH g, Y1, - - - , yon—1 TaKasd, ITO BEPIIUHBI Y; U Yit1,
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1 =10,2" — 2, a TakxKe Yon_1 U Y9 — cocequue. Takum obpazom, eciu pac-
cMaTpuBaTh OyJieB KyO Kak rpady, cuuTas JIBe €ro BePIITUHBI CMEXKHBIMH,
ecJId OHHM COCeJHMEe, TO KOI I'pesd ecTb HM 9TO WMHOE, KaK I'aMUJIBTOHOB
K i #Hero. M mostomy B masbHeiiem OyzeMm oOpaliarhbCsd ¢ HUM
KaK C ITUKJIOM U MPUMEHSTH COOTBETCTBYIONLYIO TEPMUHOJIOTHIO TEOPUU
rpacdos. Jlerko mokazars, uTo Mg Jiroboro Harypajbnoro k > 2 B By
cymecTByer Ko ['pes.

Hac 6ynyT nnrepecoBath crnenumasibubie Koibl ['pes Cp, B KOTOPBIX
o = (0,...,0) u Agr—1 = (1,...,1) npn wernom k, Yor-1,7 = (1,...,1)
npu HederHoM, TO ecTh BepumHbl (0,...,0) u (1,...,1) HaxomsTCa Ha
MaKCHMAJIbHO BO3MOYXKHOM PaCCTOSTHHH.

Omnpenenum koupl ['pest Cp nHayKImeit o mapamerpy k. B kagecTse
Cs u C3 BO3bMEM II0CJIEIOBATEILHOCTH:

(07 0)7 (07 1)7 (17 1)7 (170)7
(0,0,0),(0,1,0), (1,1,0),(1,0,0), (1,0,1), (1,1,1), (0, 1,1), (0,0, 1).

Ecim k > 3 u &g, &y, ..., Gigk_q — T0OJIydeHa U3 rocieoBaTeabHocT Cy
MPUIICBLIBAHTEM K KayKJIOMYy HaOOpPy cripasa Hysd, a (o, 81, ..., 0ok_1 —
enuauipl. Torga Ckiq 910 nociaenoBareabHOCTD (puc. 1):

d07 0717 “ee ,d3,2k—2,53,2k—2,ﬁ3,2k—271, “ e ,BO,
52’“717 cee 7/83-2’“—2+17 &S-Qk—2+17 &S-Qk—Qv coy Qg
JIemma 1. B yukae Cy sepwunw (0,...,0) u (1,...,1) naxodamca na
pacemosanuu 2571 npu wemnom k u na pacemoanuu 2871 — 1 npu nevem-
Hom k.

JokazaTeabcTBO. YcraHoBuM uHIAyKImeir 1o k, uro kom Cp =

'?ék), . ,iél,:)_l obnamaer tpedyembiMu cBoiicrBamu. st Co u C3 310

oueBuiHO. lomycTuMm, 9To yTBEpKIeHUEe cripaBeymBo g k > 3. Hoka-

xkeMm ero mig k + 1. B xome Cp 110 1pe/InoioKeHnio UHITy KK ﬁék) =
~(k ~(k

(0,...,0) u ’yék)_l = (1,...,1) upu uernom k, ’yék)_lﬂ = (1,...,1)

npu HederHoM. Torma, Kak BujHO u3 moctpoenusi kKoja Cpiq (pue. 1):

~(k+1 ~(k+1 ~(k+1

’Y(g ) = (07 e 70) n ’Yék_’_l) = 7§.2k7)2+1+2k72 = (17 N ]-) Ipn 9€THOM ka

~(k+1) < (k+1) — (1 1

Vb = Vaoh2qqqok2q = (1,...,1) upu HEUYETHOM.
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Praza Pogs
ﬂzk,l - h :Bp+1
B, By=(...1])
B A By
Gaon| (B
dzk -1 / h dp+1
a, a,=(@...,1,0)
(4 o

Puc. 1. UnnykrusHoe nocrpoenue koja Cpqq

Takum o6pazoM, Tmar WHAYKIINA 3aBEPIIeH U JeMMa, JIOKA3aHa.

Jasee OymeT onpeiesieH HEKOTOPBIi Kjace rpadoB, HA3BIBAEMBIX 2P0~
pamu Cepnunckozo. I'padp G 3 3roro Kiracca obJAAET CJIEAYIONUMA
CBOICTBAMMU:

1) OH siBiIsIeTCSI IIUKIIOM.

2) MHOMKECTBO €ro BepIIMH — MOJIMHOMKECTBO PerneTKn ZF Ly C HA-
qasom B Touke 70 = (z9,...,29).

3) Y Hero BBIIEISETCS ok 1Y2.4068bLC BEPIINH, CPEN KOTOPBIX OJIHA Ha-
3BIBAETCS HAYAADHOU U eIe OJTHA KOHEUHOT.

4) Jlrobble jiBe cMeXKHbIe BepIIHHBI B rpade G SBISIOTCS CMEXKHBIME
Ha PEIeTKe, TO €CTh OTJNYAIOTCS Ha €JIMHUIY POBHO B OJHON KOM-
ITOHEHTE.

Ha muoxkectBe ZF GyiyT MpEMEHATHCS PA3IHYHbIE T€OMETPHUECKIIE
peobpasoBaHus (JIBUXKEHNE, TOMOTETHSI ), T10J] PE3YJIBTATOM JIEHCTBUS KO-
Topbix K Tpady G Oymer nonnmaThes nzoMopdubiii ncxomnomy rpad G,
[IOJTy YaeMblii IPUMEHEHUEM JIAHHOTO [Tpeodpa30BaHusi K MHOXKECTBY Bep-
muH rpada G.
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Ckaxxem, uro rpad Ceprunckoro G obiaaer $-c8oUCMEoM, €CIU Y
€ro HaJYaJIbHON BEPIIUHBI €CTh CMeXKHasl BEPIIMHA, OTJINIAIOIIAsICS B S-i
KOMITOHEHTE.

Ompenemmam n*-zpagp Cepnumnckozo G ¢ nagamom B (29, ... ,m%) 1H-
JYKTHBHO 0 7 M HA30BEM yTJIOBBLIMH BEpITHHAMM BepITHHbI Bua (19 +
an, ..., 2 + egn), ¢ € {0,1}, i = 1, k, npudem (z9,...,2Y) — maso-
BEM HaYaJIbHOH, a (:13? +n,... ,x% +n) — KOHEYHOIA. lk—rpa(b €CTb JII000it
rpad, mosryuaeMblii mapasIenbHbIM meperocoM n3 rpada Cp; 2F-rpad
TIOJIy9aeTCs 13 pon3BoabHOro 1F-rpada romorerneii ¢ KoaddurmenTom
2 ¥ C IEHTPOM B €r0 HA4YaJIbHON BEpINWHE, W IOCJIEIYIONNUM mojpa3one-
HUEM KaXKJIOro ero pebpa HOBOil BEPIIUHON HA JIBe PABHBIE YaCTU. TaKuM
obpasom, B 1*-rpade Gymer 2F Bepmmm, a B 2F-rpade 251 Bepmmsr,
npudeM o0a OHU MUKJBL. JIOmycTrM MbI ONPEIE/ NN TOHITHAE n*-rpada
Ceprunckoro s Beex n < n', Torga (n')F-rpadom Ceprumckoro ¢ Ha-

qanom B 70 = (29,...,2Y) Gysem nasbiars rpad G, nomyuaemsrii Tax.
Iycrs G — nF-rpad Ceprmuckoro ¢ magamom B Z°, e n/ = 2n + 1,
eciu n' — HeudetHo, u n' = 2n + 2, ecam yerHo. Pacemorpum rpad Gy,
a = (ay,...,ax) € By, nonyuaempiii u3 rpada G orpaxkeHueM OTHOCH-

TEJIbHO TUIEPILIIOCKOCTEH Xx; = x?—&—n—&—% 1IpK HeveTHOM n' 1 ; = J:?—l—n—i—l
IpY Y9ETHOM JIJI BCEX ¢ TaKMX, 9TO a; = 1.

~1

HyCTb I — KoHeuHast BepminHa rpada G, Toraa 0603HaINM Yepes Tg

u 7% sepmmnbl rpada Gi B KoTOpbIe TlepeityT Bepmmnbl I n 1 — e
coorBercTBenHo. Ilycts Cy = &g, &, ..., Qg — OIMCAHHBINA BBIIIE KO
I'pes. HazoBeMm Bepmmuny g, rpada Gg, — BBIXOJIHON JIJIS YETHOTO I U
BXOJTHOW JIJIsi HEYETHOTO, & BEPIITUHY 5:’5[1 TOro ke rpada BXOJHON IpH
YEeTHOM ¢ M BBIXOJHON Jyia HeueTHoro. I'pad G monyuaercss obbepuHe-
nueM rpados Gag, Ga, ;- - -, Ga,, |, yAareHneM 2k pebep (Ta,,T5,) 1 j10-
6aserem 28 peGep, coepumsomux BLIXOMHNYIO Bepmuny Ga, ¢ BXOIHOI
BepmmHoft cyejytomero 3a nuM rpacda Ga,,, (3a Gay, | crenyer Gg).
B ciyuae, ecim n’ — werHo, nojpaszbuBaeM Kazkjioe JT00aBIEHHOE Peb-
PO HOBOI BEpINUHON Ha JIBEe paBHBIE YACTH. JIErKOo MpPOBEPUTH, UTO G’
VJIOBJIETBOPSIET MTEPEUUCTUHHBIM BbIle yeaousim 1-3. Jlroboit rpad, mo-
ayuaeMblit u3 G 1BurKenueM, Takrke HasbiaeTcs rpadgpoM CepIrHCKOro.
O6oznauum uepes3 pg(T,7y) paccrosinue Ha rpade G MexKy JAByMsl €ro

BEPIIUHAMHA T U ).

2 k
JIlemma 2. Yucao sepwun 6 nk—epaﬁe HE MEHDBULE —(n;rk) .
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Puc. 2.

JokazaTeabcTBO. YCcTaHOBUM yTBepXKeHue nuaykiuei mo n. [lpu n =
1,2 ono ouermuano. ITycTh OHO JIOKA3aHO I BCEX 3HAYEHUIT MeHbIIuX 1/,
e n' = 2n + 1, eciim n’ — nederno u n’ = 2n + 2 unade. JJokaxkeMm ero

s n'. VI3 mocrpoenust (n’)k—rpa(ba U IIPEJIIIOJIOKEHU ST MHIYKIIMA BUJHO,

(n+2)F _ (2n+2+2)F S (2n+1+2)"
2k - 2k = 2k 9

YTO YHC/IO €r0 BEPIINH He MeHbIIe den 2F
4TO U TpeboBasiock. JleMMa goKa3aHa.

0 1

Jemma 3. Ecau i° u &' — navasvnas u xoneuwnas sepwunse nF-zpaga

G coomeemcmeeHHo, Mo
2k71

N —1 k — uemmnoe,

pa(E,8) = -7 (n+2)", 2de Ny =

4k ok—1

— 2 k — neuemnoe.

JokazaTeabCcTBO. YCTaHOBUM yTBepkKJeHUe wuHiaykiueir mo n. [lpu
n = 1,2, ucnomssys nemmy 1, nomyqaem pg (2%, 21) > Ny > %(n +2)k,
[Tycth yTBep:KJeHue J0OKa3aHO JId 3HadeHHil MeHpmmx n/, rje n' =
2n + 1, ecrm n' — mewerno, u n' = 2n + 2 unave. Jlokaxkem ero s
n'. JleiicrBurensio, us nocrpoenns (n')f-rpada G u memmbr 1 BujmO,
9TO
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(n+2)* Ny

N,

~0 ~1 k k
pa(Z°, %) = Ny o 4k(2 n+2+2)% > E(2n+1+2),
9TO U TPeOOBAJIOCH JI0KA3aTh.

JIemma 4. Ecau & — npouseosvhan, a &' — konewnas eepuiuno, nk-

epaga G, mo
L N, .
pG(CL‘,SEI) > 8_k(p($7$1) +2)k

JlokazaTeqbCTBO. YCTaHOBUM yTBepyKIenue nuayKnuei no n. Ipn n =
1,2 oo cieyer u3 HepasencTsa p(F, ') < 2. IlycTb OHO cHpaBeIBO
115t 3Hadennit Menbmmx n', rae n' = 2n + 1, ecom n' — nmewerno, u n' =
2n + 2 unade. Toria BO3MOXKHBI JIBa CJIydas.

1) p(Z,7') < n, To ectb BepumHa Tt

naxoymures B rpade Gg,, ap =
(1,...,1), Torma yTBEpIK/EHHE CIPABEJINBO 10 IIPEIIIOTIOKEHUIO
WH/Ty KIHH.

2) p(&,2') > n. B srom cayuae pg (%, ') = p(29,7'), tae ) — na-
JaJjbHast BepmnHa rpada Gg,. [To temme 3 nomyaaem pg(xo ) >
—(n + 2)F = (2n +2+ 2) Hockombky p(#,7!) < 2n + 2, T0

HOJTydaeM pg(az i) > ];[k (p(z, ") +2)F.

JlemmMma, JOKa3aHa.

JlemMa 5. Ecau T, § — NpoudsosbHble 8EPULUHDL nk-e aga G, mo
’ i

16*
JdokazaTeabcTBO. YCTaHOBUM yTBEpKIAeHHE HHAyKnueir mo n. llpwm
n = 1,2 oHo cieayer u3 HepasencTBa p(Z,y) < 2. Jomycrum, 9to yTBep-
JKJIeHUe CIIpaBe IInBO JId 3HadeHuil MeHbmumx n', e n’ = 2n + 1, ecan
n' — nederno, u n' = 2n + 2 unaue.

Tor,ua BO3MO2KHBI TPpU CJIy4dad.

1) Bepmunel Z u § naxongarcst B oguoM rpade Gg,. Torma yrsepxie-
HEE CIPAaBEJIIUBO I10 MPEITOJI0KEHUIO WHTYKITHH.
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Y,
G,
.
{ G |
Ny 2 ST o
é Colw
/////// 6 a
G, *- |
xq Xj+1 Gl .)Z -
[ x
Puc. 3.

Bepmuubl & n § Haxongarcs B rpadax Gs, u G5, COOTBETCTBEH-
HO, TJe (g U Gy HE SIBISIOTCS coceqHnMmu Habopamu B mukie Cy.
Torma kpardaiimuit myTh, COCAUHSIONUN T U ¢, IPOXOJUT {epe3
BCE BEPIIUHBI HeKOTOpOI‘O rpada Gg, u mo jemme 1 mosmydaem

pe(E,§) > T > N (95 19 4 2). Hockonsxy p(Z,§) < 20 +2,

nojtydaemM TpebyemMoe HepaBeHCTBO.

Bepmunsl T u § Haxonarcesa B rpadax Gg, nu G5, COOTBETCTBEHHO U

"abopul & u Gy coceane B mukje Cy. [lycts nabopor & u &y oTIIn-

qaloTcs B ¢-if KommonenTe. Ecimm max |:1:z y;| mocruraercs Ha i # q,
i<k

I

To o p(z,9) < p(z,%4), mbo p(&,9) < p(gf, ), tae &i, G —
KOHeuHble BepmuHbl rpadoB Gs, u (Gg, coorBercTBenHO. Torna

pa(T,7) = pas, (1’ Tl + PGat (yt, 7). Tlo npeoIoKeHnio HH Ly K-
I PG4 (I 1.1) > 16k (p(~ )+ 2) I PGs, (gt175) > i\é’i (p(gtl75) +

2). OTCIO;La [0JIy4aeM HepaBeHCTBO pg (T, 7) = 16k b (p(Z,79) + 2)F.
IIycrs Temeps @ = ¢ nu Az = p(Z,%,), Ay = p(¥;,9), A =
max{Az, Ay}, Torna

. N
PG 9) > poy, (&, 8) + pas, (3.9) > g (Az + 2 + (Ay +2)9),

N, N,
pe(T,9) > oo (A +2)F > —E(Ar + Ay + 2+ 2)F.

>
8 ~ 16k
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JlemMma mokazaHa.

OunpegenuM  Tenepb HOHATHE N7 X ... X ng-rpada CeprHuHCKOro,
rage np < ng < ... < Ng, HHAYKOAEH [0 COBOKYIHOCTH IAapaMeTPOB
(n1,...,ng) U JIOKAXKEM, UTO Jyisl JAHHBIX M1, ...,MN U JJIs JIOOOrO S,
1 < s < k Haiiiercst COOTBETCTBYIONINN 11 X ... X Ng-rpad obamaonmii
S-CBOICTBOM.

Eciu ny = ng = ... = ng, To ny X ... X ni-rpadoM Ha30BEM n’f—
rpad, orpeie/IeHHbBIH BBIIIE, €0 YIJIOBBIMU, HAYAJILHON 1 KOHEIHON Bep-
MUHAMKA OyIeM CUYUTATh COOTBETCTBYIOIINE BEPIIMHDI nlf—rpa(ba. [Ipu-
geM i Jiioboro s, 1 < s < k, cymrecTByer n’f—rpa(b, obJta Aot S-
CBOCTBOM (€ro MOXKHO HOJIyIUThb U3 JIIOOOT0 nlf—rpad)a [IPUMEHEHUEM CO-
OTBETCTBYIOIIEr0 OPTOrOHAJILHOIO IPEe0bpa30BaHmsl, H3MEHSIIOIIEr0 [T0Ps-
1ok koopiuHar). Ilycrs Temeps ny = ... =nj, nji1 =n;+ An, An >0,
u i Beex HABopoB (n1',...,ng'"), tae ny’ < nq,...,ny" < ng yxe omnpe-
JlesieHo monsaTHe N1’ X ... X ng/-rpada u JoKazaHbl BCe ero HeoOXOMMbIe
cBoiicTBa. Torma BO3MOXKHBI JBa CJIydasl.

1) An < ni;+1, Torga ny X ... X njqi1 X ... X ng-rpad G monaraem
PaBHBIM N1 X ... X (nj41—An) x...xng-rpady G'. Ecim G obmaman
s-cBoiicTBoM, TO G’ Toxke UM 061a1aeT. YIJIOBbIe, HAYATBHYIO U KO-
HEUYHYI0 BepImuHbl rpada G moJIoraeM paBHBIMU COOTBETCTBYIOIIAM
Bepmmnam rpada G

2) An > ni+1, Torga ny X. . .Xnj41X. .. Xng-rpadom G, 0b1agaommm
s-cBoticTBoM, 1 < s < k, mosraraeM Tpad MOy daionuiics: Tax:

a) ObbenunenneM nq X ... X (nj41 — An) X ... X ni-rpada Gy
¢ navasom B 2° = (29,...,2Y), obuasaiomero s-cBoiicTBOM
un X ...x (An — 1) x ... X ngrpaba Gy c Hava-
gomsa = (z9,... ,:C?Jrl +njp1+1,.. :Uk) 0bJ1a1a5011ero s'-
cBoiictBoM, rie s’ # j + 1 — HOMED KOMIIOHEHTBI B KOTO-
poit @’ oTaMuYaeTca OT HEKOTOPOIl CMEXKHOH ¢ Heil BepIIMHBI
V =d +ey B Go. [TOCKOIBKY, 110 IIPEJIIOIOKEHNIO NHTy KL,
(G — UKJI, TO CMEXKHBIX BEPINUH JIBE U XOTs ObI OJTHA U3 HUX
HOJIONJIET.

6) BuiGpacssanuem pebep (a,b) n (@,

B) obGasiennem HOBBIX pebep (a,a’), (l; l~))
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Bnech @ = @’ —ejq1, b =b—ejq1. Yruossivu Bepumuamu rpada G

2k—1 yriiosble BepinHbl rpada G, y KOTopbix (j + 1)-s
2k—1

HA3bIBEM
0

KOMIIOHEHTa PaBHA Zj 1, & TaK 7Ke YIJIOBBIE BEPIUHBI rpada

G2 ¢ (j + 1)-it komnonenToit GosrbIeit x?H +njy1 + 1. Hauanbnoit

BepiiuHoil rpada (G HazoBeM HavdaJbHYIO BepiiuHy rpada Gi, a

KOHEYHOII - KOHeUHYI0 BepiiuHy rpada Gs.

3ameuanwue. U3 ompeesienus ny X ... X ng-rpada G JIerko BUJIETh, YTO

€CJIA Npin = min n;, £ — ero ymioBas, a § — IPOU3BOJIbHAs BEPIINHA
1<k

rakast, 910 P(Z,¥) < Nmin, 70 pe(Z,9) = per(Z,7), e G' — HeKOTODDIIt
(Nmin)F-rpad, spasmommiics moxrpadom G.

Jlemma 6. Ecau T u 3 npousgosvHvie Gepuiutv, N1 X ... X nig-zpaga G,
mo

N. .
pa(3,9) = oop (p(3,9) + 2)".

Jloka3zaTeabCTBO. YCTaHOBUM YTBEP:KJCHWE HWHIYKIIHEH M0 TOCTpoe-
mmio rpada G. Ecm ny = ... =ng wm ny = ... = nj, njy1 = nj + An,
An < n1 + 1, To yTBepXKIeHNE CIEIYET U3 JIEMMBI 5.

B cny4gae, eciu An > n1+1 u rpad G nostyuaercst o0beTMHEHREM 7] X
oo X (njp1—An)x...xng-rpada Gy ung x...x (An—1)x...xny-rpada
G, Torna, ecii & W {j HaXOISITCSI BHYTPH OJIHOIO U3 3TUX rpadoB, TO
yTBEpKJIeHNe 6YIET CIIPABEJINBO O MPEIOIOKEHII0 HHIyKinn. [IycTn
rerepb & Haxoxuress B Gi, a § B Gy (puc. 3) u Az = p(Z,a), Ay =
p(@ d/), A= maX{AI, Ay}' Hockoneky pa (i'v Zj) Z PGy ('ﬁ &) +PGy (:‘L d/),
UCTIOJIB3Ysl 3aMeUaHne W JIEMMY 5, TIOJTyIrM, ITO

L Ni, N
pal(3,9) > or(Ar + 2)k ¢ Tor By + 2)F >
> LA+ > E(Ax+ Ay + 2+ 2)F.
16,ﬂ( +2) 32,ﬂ( x4+ Ay+2+2)

Jlemma nokazana.

Paccmorpum aBromar 24 6e3 Bhixoja Juarpamma Mypa koToporo
nzobparkena Ha puc. 1.

W3 pucynka BUIHO, 9TO JguarpaMMma umeer (Gopmy nukia. Hazoem
PACCMOANUEM MEKIY TBYMSI COCTOSTHUSIME aBTOMATA HAMMEHBINIEE PaC-
CTOsIHUE MEXKJy HAUMH HA 9TOM IUKJIE.
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Jlemma 7. Jlaa mobozo 1 <1 < [5] cywecmesyem caoso o, nepecodauee
{¢°, "1} 6 napy na paccmosnuu 1, npunem, xpamuatiwee maxoe cA060

umeem dauny In.

JokazaTebCcTBO. YCTaHOBUM YTBEpKJIEHUE MHIYKIHEH 1Mo [, 94To ec-
m 1 <1< [§], To cymecTByeT BXOIHOE CIOBO (v, IIEPEBOJAIICE Napy
{¢°,¢"'} B mapy cocrosHmil, HAXOMAMUXCA Ha PACCTOSHUM [, TIPHYEM
KpaTJaiiniee Takoe cioso nepeseger {¢Y,¢" '} B {¢°, ¢" !}, upoiing we-
pe3 Bee Mmapbl Ha PACCTOSTHUU, MEHbIIeM /.

1 0,1
1 1
0 0
1 1
\\ y
/
N
~ P
T 1
0
Puc. 4.
HeiticrBurenbio, npu | = 2 s TOro, 9rTo0Obl U3 {qo,q”_l}

nonacts B {q",¢" "%}, HeobGXOmEMO HPOHTH IMOCTEOBATEBHO MaPhI
{°, '}, {q', ¢}, ..., {¢"2,¢"'}. Haxongace B mape {¢"2,¢" 1}, Mox-
Ho mozjaTh 6o 1 u onars momacts B {q°,¢" '}, mbo 0 u oxazaThes B
{¢°, ¢"2}. Taxum o6pasoM, KpaTdaiiiliee BXOJHOE CJIOBO MEPEBOJISIIee B
napy Ha paccrosuun 2 umeer sug 0711, JlomycTum, 4To yTBEpIKICHHE
BepHo, 11 [. Hokaxkem ero jyist [+ 1. Tlo mpeanoioykeHuio HHIyKIUN Cy-
mecTByer cioBo «, nepesoxsamee {¢°, ¢} B {¢°, ¢"~'}. Ho Torna cioso
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ad" 11 IePEeBOJUT ITY Ilapy B {qo,q”_l_l}. C apyroit cTOpOHBI, ecjin
[ — xpaTuaifimee cioBo, nepesossmmee {¢°, ¢" '} B mapy ma paccrosHuR
[+1, 1o, KaKk BUJIHO U3 puc. 4, st 3TOT0 CHAYAJIA HAJIO TONACTh B HEKOTO-
pyio napy Ha paccrosuuu [. [To mpeanooKeHnio HHIyKIUNA 3TO O3HAYAET,
4TO y (3 CymecTByeT HadasbHbIi oTpe3ok (3, mepesomammit {¢°,¢" 1} B
{q°, ¢"!}, mpoiiyia wepes Bce MApBI COCTOSHUIT HA PACCTOAHNM, MEHBITIEM
I. VI3 amarpaMMbl BUIHO, 9TO KpaTdaiimee cioBo, nepesomsamee {¢°, ¢" 1}
B HEKOTOPYIO napy Ha paccrosaum | 4+ 1, ecrs 0" '1. Taxum obpazom,
B = A'0"" 1 u mar unpykiuu 3asepiren. Jlemma jokazana.

okazarenbcTBo Teopemsl. [lycrs Qo = {q1, g2} — HeyopsioueHHast
napa r-omImIuMbIx cocrostauii u « = a(1l)a(2)...a(l) — kparuaitiee
CJIOBO, OTJIMYAONIee MX. PacCMOTPHUM MOC/IEI0BATENLHOCTD TIap COCTOSI-
uit Qo, Q1,...Q, tiae Q; = ¢(Qo,a(l)a(2)...a(i)),i = 1,1. OueBuHO,
9TO B TOIl HOC/e0BaTeIbHOCTH Q; # Qj 1pn i < j, IOCKOJBbKY HHA-
e cioso o = a(1)a(2)...a(i)a(j + 1)...a(l) r-ormuaano 6l q1,q2 n
|o/| < |a|. CremoBarenbho, | He npeBocxoauT yucia N, pasaMIHbIX Hap

{(x1,.. . 2k), (Y1, ..., yk)} makux, aro p((z1,...,Tm), (Y1, Ym)) < T
IIycTb

B”‘(q) = {(ylv s 7yk) € Zﬁl,...,nk ‘ 1< p(($17 s ,1‘m), (ylv s 7ym)) < 71}7

rie ¢ = (z1,...,%), TOrIA

2r4+1)™m

CES)

nockobKy |Br(q)] < (2r + 1)™(npmg1 + 1) - ... - (ng + 1), s moboro

2r+1)™

q€ Z’fn’.“’nk. Takum obpasom, | < N, < %(nl +1)-...-(np+1)-

(Nma1 +1)% ... (ng + 1)? u cenoarensro L(ng,...,ng,r) = O™ -
nlnmnfnﬂni) Ipa 1n1,...,NE, T — OO.

JIj1s1 1oKa3aTesbecTBa TEOPEMbl OCTAJIOCH IPUBECTH IIPUMEP aBTOMATa

k,m . .
A€ Ay .. ng, Y KOTOPOIO €CTh JIBA COCTOSHHSA C MHHUMAJIBHOM JIJTMHOIX

7-OTJIMYAIONIErO CJIOBA 10 TTOPSIJIKY PABHOM 77 1 - ...+ Ty + n?n R nz

(mi+1 .- (m+1) (1 + D2 (g + 1),

JL1st 9TOr0 paccMOTPUM MPOU3BOJIBHBIN Ny X ... X Ni-rpad G u mycThb
V' — MHOXKecTBO ero BepiiuH. Torjga MHOXKECTBOM COCTOSHMIT aBTO-
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k—m u —
ot 1,omgs & Bxommoit andasur A = {0,1}.

[Iyctb 21,22,...,2p, TAE D = Nypi1 " Nm42 * - .. - N, — HEKOTOPBIM 00pa-

30M YIIOpAJOYEHHAS TTOCJIEIOBATE/IBHOCTD BCEX 3JIEMEHTOB U3 Zﬁ;ﬁ -
EARES]

a v, ...,V — UK/, IPOXO/LIUil Yepe3 Bce BepIINHEL I'pada G, rie v1 —

Ha4daJIbHasd BEpHINHa G. PaCCMOTpI/IM CJIEAYIONIYIO II0CJIEIOBATE/IbHOCTD

mara A oymer V X Z

(v1,21)s -+, (V1,2p), (V2, 21), ..., (V2, 2p), - - -, (Vg, 2q)

O6oznaunm ee snementsl ¢, ql, ... ¢" !

, e n = pq. Oupeneynm
bYHKINIO epexooB aBToMaTa 2 Tak, Kak [MOKa3aHo Ha puc. 4
13 nocrpoenusi apromara 2 BHJIHO, UTO, €CJU (¢ I'-OTJIUIAET COCTO-
amnsa ¢ u ¢" L 1o o({¢° ¢" 1}, a) = {(v,2), (¥, 2)} u uz TEemmBI 6
caenyer, ato pg(v,v') > :,])VT’;(T +2)k. Torna B mukJie Ha puc. 4 onn GyayT
HAXOIUTHCs HA PACCTOSIHUN HE MEHBIIIEM, YeM éVT’;(r+2)kp, U U3 JIeMMbI 7
HOJTy 9aeM
Ni

la] > 3?(7’+ 2)%pn

_ N

—32k(r+2)kn1-...'nm-nfn+1'...---ni.

Takum o6pazom, TeopeMa MOJTHOCTHIO JOKA3aHA.

[Tonw3ysich ciaydaem, aBTOp XOTeJ OBl BEIPA3UTH [TPU3HATETLHOCTE 38
[OMOITb BO BpeMsi pabOThI HAJI CTaTheil CBOEMY HaydIHOMY PYKOBOIHUTE-
g0 mpodeccopy Kadenapsr MaTUC A.C. Ilogkonsuny u 3aB. Kadeapoit
MaTUC akanemuky B.B. KympsiBuesy.
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