OO0 OTJIMYNMOCTH IIJIOCKUX IIaXMaTHBIX
JIaODMPUHTOB

B.N. I'pynckas

1. BBenenue

PaccmarpuBaercst 3aj1a4a 06 OTIMYNMOCTH BEPIIHH KOHEYHBIX I1JIOC-
KHX [IaXMATHBIX J1a0upuHTOB. OHA TECHO CBfA3aHA C HPUKJIAJHBIME 32~
JladaMi aBTOMATHYECKOr0 Paclo3HaBaHust n orobpazkeHusi cpeipl [1, 2,
U MHTEepeCcHa C TOYKHU 3PEHUs] TEOPUU ABTOMATOB, IIOCKOJIbKY HU3ydaeMble
JAOUPUHTBI IPEJICTABISIIOT coOOfi JarpaMMbl II€PeX0j0B KOHEIHBIX va-
CTUYHBIX aBroMaToB Mypa.

Uccnemyrorcst 3aadu, aHAJTOMHIHBIE KJIACCHIECKIM 3a/1a9aM T€OPHU
ABTOMATOB: OTJIMIUMOCTH BepiinH 1 Jabupunrtos. [lokazano, 4ro s
H3y9aeMOoro Kjacca OHM paspemmMbl. Haifnena orenka ymuH cJoB, J0-
CTATOYHBIX JIJIs Pa3/InvIeHns BepinH 1abupunToB. Ilokaszano coBnaienne
oTHOIIeHHi n3oMopdusMa, caboii IKBUBAJIEHTHOCTH U SKBUBAJIEHTHOCTH
TSI ICCJIE/TyeMBIX JIAOMPHHTOB.

Bce neonpenensiemble nousiTHst B3ATH U3 [3]-[5].

2. OcHoBHBIE orpeaesJieHmnAa

PaccMOTpHM JIByMepHOE eBK/INIOBO HpocTpancTBo R? u nesodncien-
Hylo pemerky Z2 B mem. DyemMents! (z,y) MHOXecTBa Z2 GyaeM Ha3bl-
BaTh BepIIMHAMK U 0603Ha4daTh v. st jr060it napsl Bepumt v = (z,y) u
v = (2/,y) paccrosnuem mMex 1y HuME GyieM Ha3bIBATL YUCIIO p(v, V') =
|z — /| + |y — /|- /lBe BepIIMHBI HA30BEM COCEHUMHU, €CJIU PACCTOSHHE

MeEXK/1y HUMU PaBHO €JIMHUILE.
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Jlabupunrom L = (V, X1) Ha30BEM OpUEHTUPOBAHHBIN TOMEYCHHbIIT
koHeuHbli rpad [1], MHOXKecTBO BepimH V7, KOTOPOrO €CTh MOJMHOMKE-
crBo Z2, a MHOMeCTBO jyr X7 06JIajiaeT CJICIyIONUM CBOHCTBOM: JIBE
JIOObIE BEPITUHBI COCIMHEHBI JyTroil TOTJa M TOJBLKO TOIJIA, KOTJa pPac-
CTOsIHME MEKJIy HUME DPABHO ejumuHuIe, npudeM, ecau (v,u) € X, To
u (u,v) € Xp. Kaxmoit Bepmunae v = (z,y) jgabupunra L upunuca-
Ha OTMETKa (V) = (Qp—1,y; Qut1,ys Qay—1, Qay+1); THE Ot oy = 1, ecim
sepuma (2, y') npunaiexxur gabupunty L, u 0 B IPOTUBHOM CJiydae.
Kaxmoit ayre (v, u) nabupunra L npunucana ormerka (v, u) = (51, 52),
rie

+1, ecau gyra ujer B HanpasieHuu ocu OX,
B1 =< —1, ecim qyra wier npotus Hampasienus: ocu OX,
0, ecim nmyra oproronasibHa ocu OX;

+1, ecau gyra uier B HanpasieHuu ocu OY),
Bo =< —1, ecim jqyra wier npotus Hampasienus: ocu OY,
0, ecim nmyra oproronasibHa ocu OY.

Obozuatanm yepe3 A u By, MHOXKECTBa OTMETOK BCEX BEPIIUH 1 pebep
srabupunTa L coorBercTBerHHO. O003HAYNM Uepe3 A MHOXKECTBO OTMETOK
BEPINIMH BCEBO3MOXKHBIX JAOUPUHTOB, Yepe3 B — MHOXKeCTBO OTMETOK
pebep BCEeBO3MOXKHBIX JTaOUPUHTOB.

JlabupuHTY paccMaTpuBaeMoro BUa MOXKHO COTIOCTABUTD YACTUIHBIH
asromar Mypa [4] ¢ BxoaubiM asndasurom B n BbixogabIM A.

Caoso w = (a1,b1) ... (ar,b,) nu3 (A x B)* HazoBeM mpoTOKOJIOM 11U~
ubl 7. OB03HAYNM JUIMHY IIPOTOKOJIA W Yepe3 0(w).

Byzaem roopurs, uro nporokosa w = (aq,b1) ... (ar,b,) coorBercTByeT
uytu 3] v1,21,v2,...,v, B nabupunare L, ecau jist Beex © € {1,...7r} a;
ecTb OTMETKa BEepIIUHbI v;, s Beex @ € {1,...7 —1,} b; ectb ormeTKa
JIyTH X;, ¥ U3 BEPIIUHBI U BBIXOJNT JIyTa C MOMETKOMH b,

Kazxmoit Beprmne v nabupuaTa L MOCTABUM B COOTBETCTBUE MHOYKE-
CTBO TIPOTOKOJIOB A,, COOTBETCTBYIONINX BCEBO3MOYKHBIM ITyTsIM, HAUMHA-
IOIUMCSI B BEPIITUHE .

Bepmmnbr v tabupunTa L u v’ nabupunrta L' HazoBeM HEOTTMIMMBIMH,
€CJIN MHOXKECTBA A, U A, COBIAIAIOT. B MPOTUBHOM CJiydae BEPIIUHDLI U
1 v’ HA30BEM OTJIMYMMBIMU, & MIPOTOKOJI W € Ay \ Ay — Pa3INUAIONTIM.
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Jlabupunr L Ha30BeM NPUBEIEHHBIM, €CJIM Ji0Das Iapa ero BepIInH
OTININMA.

JlabupunTer L n L' HazoBeM SKBUBAJCHTHLIMU, €CIU JJId OO0 Bep-
IMAHBI JTabupuHTa L HaiieTcs HeOTIMYINMAasl OT Hee BepINnHA JaOupPUHTa,
L' u nia mo6oit BepmuHbl 1abupunTa L' Hajierca HeOTIUYUMas OT Hee
BepmHa jabupuaTta L.

JlabupunTer L u L' naszosem cnabo S5KBUBAJIEHTHBIMU, €CJIHA

1) nst mo6oit Bepmmubl v JgabupunTa L U i JH060r0 IIPOTOKOJIA
w € \, HaiijeTca Takas BepiiuHa v’ jabupunTa L', 9TO W € Ay,

2) jst JIEOBOTO TIPOTOKOJIA W € Ay JIE0OOI Bepmmabl v/ nabupunra L/
HaiifieTcsl BepIuHa v JabupuHTa L, 1J1 KOTOPOil w € A,.

Jlabupunter L n L' HasoBeM n30MOPQHBIMU, €CJIM CyIIECTBYeT Ta-
KOe B3aMMOOJHO3HAYHOE COOTBeTcTBHE ¢ : Vi — Vi dro mjsa jio-
6bix BepmH v, u € Vi ayra (v,u) npuHaJiekuT X7 TOIJa U TOJLKO
rorna, Koraa (p(v), ¢(u)) € Xp, n a(v) = a(e(v)), alu) = alp(u)),
B, u) = B(e(v), (u)).

3. OcHoBHBIE pPeE3yJIbTaThbl

B nmanbueitiiem Oyjier HnaiijieHn KpuTepuil HEOTIMIUMOCTHU MAPBI BEp-
IIIUH PacCMaTPUBAEMbIX JTAOUPUHTOB.

Bresiem nomoHUTEIBHBIE ONIPEIeICHUS.

HazoBeM J1abupuHT OJIHOCBSI3HBIM, €CJIM JIJIst JIIOOOH TIAphI €r0 BEPIITHH
v u v cymecrByer mapmipyT [3] u3 v B v/. B nporusHOM ciiyvae HazoBeM
€r0 MHOTOCBSI3HBIM.

Bepmuny v = (x,y) oauocesisHOrO Jsabupunra L 6GyjieM Ha3blBaTh
JIeBOIi KpaifHeil BepIuHoOii 9Toro labupunTa, ecyan BepimHa (r — 1,y) He
NPUHAJIEZKUAT JIAOUPHUHTY. ByIeM roBOPUTH, YTO BEPIITUHA ITPUHAICIKUT
JIEBOI T'paHuUIle JabUPUHTA OJIHOCBSI3HOIO L, e€ciiu OHa SIBJISETCH JIEBOi
Kpaiineii Bepimunoii Toro jabupunra n x < =’ s seex v = (2,y)
u3 jgabupunta L. Hanpumep, #Ha puc. 1, Bepuinaa v NpUHAJIEKUAT JICBOH
rpanune gabupunta L, a sepmmna v’ — ne npunamiexur. Obe 3T Bep-
IIIAHBI SIBJISTIOTCS JIEBBIMU KpaitHumu. JleBoit rpanuiieit JabupuHTa HA30-
BEM MHOYKECTBO BCEX €T'0 JIEBBIX IPAHUIHBIX BEPITHH. AHAJOTMIHO MOKHO
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Puc. 1.

OIIPEJIETUTH PAaBYI0, BEPXHIOI, HIUXKHIOI KpajiHue BePIIMHbBI JaOUPUHTA
1 €ro IpaBylo, BEPXHIOI, HUKHIOK TPaHUIBL. 15 1abupuHTOB, COCTOS-
[IUX U3 HECKOJBKUX KOMIIOHEHT CBSI3HOCTHU, IPAHUIIBI OIIPEIEIAIOTCS JIJIsT
KayKJIO KOMIIOHEHTBI CBA3HOCTH OTJIEILHO. BepIuHbl, He SBJIAIONINecs
KpailHUMU, HA30BEM BHYTPEHHUME BEPIIUHAME JaOUPUHTA.

IIycts mporokonr w = (a1,b1)...(ar,by) coorBercrBYeT IyTH
v1, (v1,v2),v2, ..., (Vp_1,0,), v, B JaOUPUHTE L, OGPATHBIM K W HA30BEM
[POTOKOJI W, COOTBETCTBY IO Iy TH Uy, (Up, Vp—1), Up—1, . .., (V2,01), V1.

Iycrs 3aana Bepmuna v gabupunta L. O6osnauum uepes PP muo-
JKECTBO BCEX MPOCTHIX 3] myTeit u3 v B KpaiiHue BepunHbl JabupuaTa L,

a Jepes )\Z MHO>KECTBO BCEX ITPOTOKOJIOB, COOTBETCTBYIONIUX BCEM ITYTIM
b
P

Teopema 1. Jlas 00HOCBAZHBIT AAOUPUHITIOE CACOYIOULUE YMBEPHCOCHUS,
IKBUBANEHITHDL.

1) Bepwumnwt v aabupurma L u v’ aabupurma L' neomauuumo.

2) Mnoosicecmsa N2 u /\Z, DABHbL.

3) Jlabupurwmu, L u L' sxeusasermuoL.

HokazareabcTBo. [lokakeM SKBUBAJEHTHOCTb yTBepKIeHUE 1 u 2.
OueBnIHO, UTO, €CIM MHOXKecTBa \) # /\Z,, TO BepHIMHBI v ¥ v/ OTJIU-
YUMBI.
ITpe/10/102KuM, 4TO BepIIuHbI v Jabupunta L n v’ nabupunrta L' oT-
b _ b b b
JUYUMBL, B A, = A),. VI3 paBencTBa MHOXKeCTB A, U A, CllejlyeT, 4TO



O06 OTIIMINMOCTH TUIOCKUX MMAXMATHBIX JAOUPUHTOB 461

B nabupnarax L m L' J0/KHO OBITH paBHOE KOJIMYECTBO BHYTPEHHUX
BepiMH. [I0CKOJILKY BepHmuHbl v M v/ OTIMYUMBI, Haiijierca XOTs Obl
OJIMH TPOTOKOJI W, NMPUHAJJICXKAIINI MHOXKECTBY A, U HE IPUHAJJIEKA-
U MHOYXKECTBY A, . PaccMoTpuM pasimdaroniuil IpoTOKOJ HauMeHbIIei
JUIMHBI, TO €CTh, TIPOTOKOJI W € Ay \ Ay, BCE TPedUKCH KOTOPOrO JIJIN-
ol 4, 1 < ¢ < 0(w) — 1, upuHajyIesxkaT MHOXKECTBY Ay . Paccmorpum
[yTh, KOTOPOMY COOTBETCTBYET IIPOTOKOJI W. YIAJUB U3 HErO BCE IUKJIbI
HOJIy9MM IIPOCTOii 1yTh. I[IpoTOKOI w’, COOTBETCTBYIOMMIT STOMY IIyTH,
HPUHAJIEIKAT MHOXKECTBY A, M HE MPUHAJJIC2KUT MHOXKECTBY A. llo-
CKOJIbKY MPOTOKOJI W' COOTBETCTBYET HPOCTOMY IYTH, CHMBOJI as(w) HE
MOXKET OBITh OTMETKOH I'DAHWYHOI BEpIUHBI. 3HAYUT, B JiabupuHTe L
GOoJIbIIe BHYTPEHHUX BEPINWH, YeM B Jjabupuate L', 9To mpoTmBOpednT
IIPEJIIOJI0XKEHUIO O PABEHCTBE MHOXKECTB /\2 u )\Z,.

Jlokarkem 3KBUBaJIEHTHOCTEL yTBep:Kaenuit 1 u 3. [lycTh BeprmuHb v
nabupunta L n v’ mabupunra L' meorsmaumer. [TycTs HeKoTOpas Bepmmia
w jabupunTa L oTamuuMa oT Jr000it Bepmmubl jabupunta L. B arom
cilydae i1t J1000i BepimuHbl v/ 1abupunTa L' Haligerca IpOTOKOJ w U3
Ay, KOTODBIii He NPUHAIIECKHUT Ay . ILlycThb mpoTokoa w’' cooTBeTcTByeT
HEKOTOPOMY IIyTH M3 BEPIIMHLI ¥ B BEepIIMHY . Toria IIpoToKos w'w
HPUHAJJIEKUAT A\, U HE MPUHAJJICKUT Ay . TakuM 0Opa3om, OTIIMIUMOCTD
BepHIMH ¢ U U/ IPOTUBOPEYUT HEOTIIMIMMOCTH BepiiuH v u v'. Teopema
JIOKa3aHa.

IockosbKy MHOMecTBO A siBjisieTcst KoHewHbIM, U3 Teopembl 1 ciie-
JLYeT, 9TO CYIIECTBYIOT 3(PpDEKTUBHBIE AITOPUTMbI IPOBEPKU HEOTJIMYH-
MOCTH BEPIIUH U SKBUBAJIEHTHOCTHU JIAOUPUHTOB.

CaencrBue 1. /Jlse sepwunv, odnocesasnozo aabupurma L = (Vi, X1)
HEOMAUNUMDL 0204 U MOABKO Mo20a, K020a OHU HEOMAUNUMDL HUKAKUM

Vi
CAOBOM ONUMDL {%}

HoxkaszareascrBo. Ilycrs |V| = n. Pacemorpum e npomsBoJibHBIE
Bepimunbl v = (x,y) u v’ = (2/,y') nabupunra L. He orpannuusas obri-
HOCTH pacCy>KJeHHH, MOXKHO cuuTaTh, 9ro x > x'. OGo3HauuM uepes
MY MHOKECTBO POTOKOJIOB, COOTBETCTBYIOMIMX BCEM IPOCTBIM My TAM U3
BEpIIMHLI U B BEPIIMHBI IIPABOil TPAHUIIBI TabupuHTa, a depes ALY — mmo-
JKECTBO MTPOTOKOJIOB, COOTBETCTBYIONTUX BCEM MPOCTBIM ITYTSIM U3 BEPIITH-
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HBI U B BEPIIUHBI JICBOW rpaHuilsl jadbupunTa. O4eBUHO, 9TO )\Zb % )\Z?
u )\éb #+ /\ifi. [Ipemmosioxkum, 9TO HAUMEHBINAS JJIUHA ITPOTOKOIA W W3
MHOMKecTBa AP GostbIie [%] Torna naubosbInast JJIMHA TPOTOKOJIA U3
MHO>KECTBA, /\ff HE TIPEBOCXOINUT [%] CiieioBaTeIbHO, BEpIIUHLI v U U
PA3JIMIAIOTCS MPOTOKOJIOM JIJIMHBI He DOJIbIIe [%]

e S i S S

y v

Puc. 2.

[Tpumep Ha pUCyHKE 2 ITOKA3BIBAET, YTO OIEHKA JIOCTUKIMA.

CaenctBue 2. /o600l 0010C8A3HBLT AGOUPUHM ABAAEMCA NPUBSEIEH-
HOLM.

Joka3aTeabCTBO cjeayeT u3 Toro pakTa, ITo JJis JIOOO0H mapbl BepIuH
OJIHOCBSI3HOT'O JIAOMPUHTA MHOXKECTBA )\,{’) DPa3IUIHBL.

Teopema 2. Caedyrouwue ymeeporcleHus AGAANOMCA IKEUBAAEHTNHBLMU.

1) JIsa 0010c8A3HBET AGOUPUHMGA USOMOPPIHbL.
2) /Jlea 00noC8A3HOIT AADUPUNMA IKEUBANEHNIDL.

3) [ea 00noc8A3HUT AAOUPUHMA CAGOO IKBUBANEHIMHDL.

HokazaTeabcTBo. [lokakeM 3KBUBAJIEHTHOCTH yTBepKaenuii 1 u 2. U3
ompeseaeHus n3oMopdusMa JAOUPUHTOB CIEAyeT UX IKBUBAJIEHTHOCTD.

ITokazkeM, 9TO SKBUBaJIeHTHBIC JabupunTel L 1 L' nsomopdunr. Pac-
CMOTPUM IPOU3BOJIbHYIO BepIuHy v = (x,y) jabupunra L 1 e JMHCTBEH-
HY10 HEOTJIMIMMYIO OT Hee Bepumny v = (2/,y') nabupunra L'. VI3 Heor-
JITYUMOCTHU BEPIIMH CJIEJIYeT, 9TO UX OTMETKU PaBHBI. 3HAYUT, JIIOOas
BepimHa u u3 MHOokectBa {(z — 1,9),(z + 1,y), (z,y — 1), (z,y — 1)}
NPUHAJIEZKUT JTAOUPUHTY L TOrja M TOJBKO TOTJA, KOIJa JAOUPUHTY
L’ npunajyiexxur coorBercTByIomas Bepumia u' u3 muoxecrsa {(x' —
Ly, (" +1,y), (@, ¢ —1),(a',y — 1)}, upuaem nyru (v,u) n (v';u)
UMEIOT OJIMHAKOBbIE OTMETKHU. Takum 0OpaszoM, Mbl MOXKEM YCTAHOBUTD
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B3aMMOOJIHO3HAYHOE COOTBETCTBHE MEXKy BepIUHAMU JabupuHTOB L 1
L', coxpaHnsiomiee CMe;KHOCTL U IIOMETKH COOTBETCTBYIONIUX BEPIIMH U
pebep. Cnenosarensno, nabupuntsl L n L' nzomopdubr.

JlokarkeM SKBUBAJEHTHOCTH yTBep:KAeHnit 2 m 3. U3 skBuBaseHT-
HOCTH OJIHOCBSI3HBIX JIADMPHUHTOB CJIeJlyeT UX cjabasi SKBUBAJEHTHOCTD.
[Tycts nabupuntel L n L' c1abo SKBUBaJIEHTHBI, 9TOOBI JOKA3aTh UX K-
BUBAJIEHTHOCTbD, JIOCTATOYHO JIJIsI IPOM3BOJIBHON BEPITUHBL v labupuHTa L
yKa3aTh HEOTJIMIUMYTO OT Hee Bepimuny v’ nabupunra L. TIpeamonoxum,
YTO TaKyl BEPIIUHY yKa3aTh HEBO3MOXKHO. IlycTb MHOXKECTBO BepIUH
nabupunra L' Vi = {v],...,v],}. BanymepyeM IPOU3BOJBHBIM 0OPA3OM
MIPOTOKOJIBI MHOXKECTBA A,. PaccMoTpuM mpoToKosa wi € A,. CormacHo
c1aboit HeOTIMIMMOCTH JIAOUPUHTOB, HANIETCS HEIIYCTOE ITOIMHOXKECTBO
VLI, BepmuH jtabupunTa L' Takoe, 9aTo wy € Ay s Beex v € VLl,. Pac-
CMOTPHMM IPOTOKOJI Wg M CONOCTABUM €My IOJMHOXKecTBO V7 Bepimm
MHOXKECTBa, VLl,, JUIS KOTOPBIX wo € Ay mpu v € VL2,. W rmak naJiee.
[TpeamonoxKum, 4TO JI/Ist IPOTOKOJIA W; MHOXKECTBO VLJ, = @. Paccmor-
PUM IIPOTOKOJI W = Wi W woWy3 - . . wj. ITo mocrpoennio w ¢ A\, 1yist Beex
v/ € Vi, 94TO IIPOTUBOPEUUT IIPEJIOIOMKEHIIO O C1ab0ii HeOTININMOCTH
nabupuntos L u L'. Teopema joka3aHa.

CaenctBue 3. J10600 Mm1020C8431bT AGOUPUHM ABAAECTNCA NPUGSEIEH-
HOLM M0200 U MOALKO Mo20a, K020a €20 KOMNOHENMbL CBAZHOCTNY NONAP-
HO HE USOMOPPHHDL.

CrnencrBue 4. B kaacce Aabupunmos, IKGUSAACHMMHHEL OAGHHOMY, Hali-
demces eduncmeentuill ¢ MowHOCMBI0 A0 U3OMOPPHUIMA NPUSEIeHHBIT Aa-
OUPUHIM, NOAYUAIOUUTICA U3 A100020 AGOUPUHNG KAGCCA OTOAHCIECTNEAE-
HUEM USOMOPPHBIT KOMNOHEHM, CEAZHOCTU.

Pabotra Beimosinena mpu momiep:kke rpanta POOU Ne01-01-00080.
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