ITopsiiok cpesHeit CJI02KHOCTH 3a1a49U
MHTEPBAJbHOIO IIONCKa Ha OyjaeBoM KybOe
JIJIsI OJTHOTO aJITOPUTMA

T./1. BnaitBac

s 3a7a9u MHTEPBAJBLHOTO MOWCKa HA OyjeBOM Kybe mpej-
JIOXKEH AJI'OPUTM ITOCTPOEHUs] PEIIAOINIEN TPEBOBUIHON CXEMbI 110
YIOPsiTIOYeHHON OnbmoTeke Ha T 6a3ncoM nepeMennbix. [lokazamo,
YTO TIOYTH BCE MMOCTPOEHHBIE CXEMbI UMEIOT OJMHAKOBYIO TIO TTOPSII-
Ky BPEMEHHYIO CJIOYKHOCTD, MEHBIIIYIO CJIOXKHOCTH B KJlacce chastaH-
CHPOBAHHBIX J[PEBOBHUIHBIX CXeM [2].

1. BBenenue

B pabote uccnenyercs ciemyrorias 3a1ada HHPOPMAIMOHHOTO TOUC-
ka. VImMeerca Hekoropoe mommHOXKecTBO V' n-mepHOro OyieBa Kyba B3,
HasbiBaemoe obubmorekoii. Ha GysieBom Kybe Gepercst IpOM3BOILHbBIN UH-

repBai (u,w), tae u = (Ul,...,Up), W = (W1,...,Wy) U U = W, TO
ectb u; < w; ¢ = 1,...,n. Tpebyercs onpeesnTh BCe TaKHe SJIEMEHTBI
yeV,y=(y1,...,Yn), HA3bIBAEMBIE 3AIUCSMHU, JJIsI KOTOPBIX BBIIOJIHE-

HO u Xy R w.

[IpuBesem wHTEPIPETAIINIO JAHHOM 3a1a4u. JJomycTuM MbI HMeeM da-
CTUYHO Pas3raJlaHHBI KPOCCBOP/, B KOTOPOM BCE CJIOBa UMEIOT OJUHA-
KoByIO JiuHy. OTrajblBaeM CJI0BO, B KOTOPOM M3BECTHBI HEe BCe OYKBHI.
Tpebyercst HaliTu B cjioBape TaKue CJIOBa, KOTOPBIE MOTEHIINAILHO MOTYT
OBITH PA3rabIBAEMBIM CJIOBOM.

3a/1aty MOYXKHO PEIaTh, €CJIN HA KaXK/IOM Iare ajropuTMa IpoBepsiTh
yeaosne u; < y; < wj, j € {1,...,n} mia dukcuposanHoro Habopa
KOMITOHEHT 3aIliCH.
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IIpe/iyioykeH aJIrOPUTM IIOCTPOEHUST JIPEBOBUIHOM PeIaloNieil CXeMbl,
Ha BXOJ| KOTOPOMY IIOCTylaeT 6ubIMoTeKa U HOpsIoK ee s1emMeHToB. [lo-
Ka3aHo, uTo s k-amementHerx 6mbmorex (k < 2"72) mz n-mepmoro
(n = 6(2%)) Gynesa Kyba M0/ pEMIAIONIEX JEPEBbEB, Ubs CIOKHOCTD IO

log,, %
MOPSAJIKY PaBHA <m> , ACHMTOTUYEeCKN paBHa 1 mpm n — 00,

k — oo.

2. OcHoBHbIe NOHATHUsS U (OPMYJIUPOBKaA pe-
3yJIbTATOB

Mpbr 6yieM UCIIOJIL30BATH TEPMUHOJOTUIO U ODO3HAUEHUSA U3 PAOOTHI
[3], HO MOCKOJIBKY B aHHOi paboTe pacCMaTPUBAIOTCS TOJBKO JAPEBOBH/I-
HBIE CXEMbI, TO 3/IeCh OyJeT IpUBEIeHa HECKOJbKO YIIPOIIEHHAsS BEPCHUs
MOHSATHA WH(MOPMAIIMOHHOTO rpada.

Ecin X — MHOXKeCTBO CHMBOJIOB 3alPOCOB C 33/ [AHHBIM Ha HEM Be-
positHOCTHBIM TipocTpancTBoM (X, o, P), rie 0 — anrebpa mojMHOXKECTB
muoxkectBa X, P — BepositHOCTHasi Mepa Ha 0; Y — MHOYXKECTBO CUMBO-
JIOB JJAHHBIX (3amuceil); p — 6unapuoe orHomenne Ha X X Y, Ha3bIBacMoe
oTHoIeHueM moucka; To mstepka S = (X,Y, p, 0, P) naseiBaercs mu-
nom. Tpoiika I = (X, V, p), e V — HEeKOTOpPOE KOHEUHOE TIOJMHOKECTBO
MHOXKeCTBa Y, Ha3blBaeMoe OMOJIMOTEKON, Ha3bIBaeTcs 3ajadeii mHdop-
manmonHoro noucka (3UIT) tumna S. Coxepxkaresnsro SUIT I = (X, V, p)
COCTOUT B IEPEUUCIICHUN JIJIsE TPOU3BOJILHO B3ATOrO 3ampoca r € X Bcex
u TO4YHO Tex 3aruceil y € V', yro xpy. Ecim F — cyTh MHOXKECTBa CHM-
BOJIOB OJIHOMECTHBIX ITPEJIMKATOB, OlpeJiejieHHbIXx Ha X, J Ha3bIBaeTCs
0a30BBIM MHOYKECTBOM U OIUCHLIBACT MHOYKECTBO 3JIEMEHTAPHBIX OIepa-
Ui, UCIIOJIb3YEMbIX [IPU PENIEHUN 33][a4u HH(POPMAIIMOHHOTO TTOUCKA.

Ha 6a30BbIM MHOKECTBOM JF OIPEJIENISETCST TIOHITHAE UHPBOPMAUUOH-
noeo epaga (I'). B KOHEUHON MHOTOIOJIIOCHON OPHEHTHPOBAHHOI ceTn
BBIOMPAETCS BEPIITUHA — IIOJIIOC, Ha3biBaeMasi KopaeM. OcTajibHbIe TOJIIO-
ca HA3BIBAIOTCS JINCTbIMHU M UM IIPUMKICHIBAIOTCS 3amnucu u3 Y. Pebpam
UT" npunuceiBatorcs npenkarsl u3 MHO2KecTBa J. Takum obpazom Ha-
rPy2KEHHYIO0 MHOT'OIIOJIIOCHYIO OPUEHTHPOBAHHYIO CETh HA3BIBAIOT UHQOP-
MaIMOHHBIM rpadoM HaJi 0A30BBIM MHOXKECTBOM JF. 3aTeM OIIPeIe/IsieTCs
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dynryuornuposarnue M. Tlpenukarnoe pebpo mposoaut 3ampoc r € X,
ecJIu TIpeJuKaT pebpa MCTUHEH Ha I, OPMEHTHPOBaHHAs IEMOoYKa pebep
HMPOBOJIUT &, €CJIH KaXKji0e PedpO MENOYKU MPOBOJIUT T; 3AIPOC T IIPOXO-
qnut B Bepmnny 3 UI, ecitu cyImecTByeT OpHEeHTUPOBAHHAS T1€11b, BELYIIAsT
U3 KOPHS B BEPIIUHY (3, KOTOPas IPOBOIUT &; 3AIIUCH Y, TPUITUCAHHAS JIU-
cry «, nonajaer B orser UI' Ha x, eciim & nipoxomguT B JincT «. OTBETOM
UI' U wa 3ampoc & HA3BIBAIOT MHOXKECTBO 3amluceil, momasmux B orBeT U
Ha x, u obozHadaT ero Jy(z). Dry dyukuuo Jy(x) cauraror pesyiib-
Tatom dyuKimonupopanust U U.

UT' U paspewaem 3NIT I = (X, V, p), eciu Jy(x) ={y € V : zpy}.

Beogutrcst caoorcnocmo HUI. Tlpemukar pg(r) ncTuHHBLL Ha X, ecian
Z TPOXOJUT B BepiiuHy (3, U JIO)KHBII B IPOTUBHOM CJIydae, HA3bIBAETCS
dyuknmeit puibrpa Bepmubsl 5. Caoorcrocmvro U U wa sanpoce x € X
naspisaercst uucino T'(U,z) = 3 5.5 s - pp(x), tne R — muoxecTso
sepmun VI U, g — xommdecTBo pebep, HCXOAANIX U3 BEePIIUHLL 3. DTa
BEJINYMHA PaBHA YUCIy (DYHKIINN, BBIYUCICHHBIX AJTOPUTMOM IIOUCKA,
oupenensembim UI' U, na 3ampoce .

Ecin kaxnast dynknust u3 F — usMepuma (OTHOCHTEIBHO aJrebphbl
o), To st moboro UI' U wan F dyuknus T'(U, x) usmepuma.

Caootcrnocmuvio UI' U Ha3bIBAETCST MATEMATUYECKOE OXKMIAHUE BEJIM-
qunel T'(U, z), pasuoe T'(U) = M, T(U, z). Ona xapakrepusyer cpejHee
BpEMSI ITOMCKA.

Jlerko mokaszarb, 9TO

T(U) = - P(Ng,(2)). (1)

BeU

Ecmu f npeuxar ma muoxectse X, o Ny(z) = {z € X : f(x) =
1}. CnoxkuocThio pebpa, MCXOJSAIIEro W3 BEPIIUHBI [ HA30BEM YHCJIO
P(Ny,(x)). Cormacno (1), cioxuocts I papia cymme ciioxmocTeil pe-
6ep. O6osnaunm vepes T;(D), i — HATYpaJbHOE YUCIIO, CJIOXKHOCTD IIep-
BBIX ¢ APYyCOB pedep nepesa D.

Pacemorpum crenyrontyto 3UIL. Nmeercst HekoTopoe k-3j1eMEeHTHOE
IIOJIMHOXKECTBO N-MepHoro OyseBa Kyba V' € Bf (6ubsmoreka). Ha Gy-
JIeBOM Ky0Oe 3aj/laH HEeKOTOpBIil mHTepBas (u,w), rjge u = (Ui, ..., Up),
w = (wy,...,wy),  u X w, TO ecThb u; < w;, Vi = 1,...,n. Tpe-
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OyeTcst ONpeJe/IUTh BCE JIEMEHTBI Yy € V., yJIOBJIETBOPSIOINIUE YCIOBUIO
U=y w.

OugeBuHo, 9TO ecan u; = 1 JyIg HEKOTOPOTo 4, TO U w; = 1, a, cje-
JoBaTesbHo, U Y; = 1. Amajornuno, ecou w; = 0, To u y; = 0. Takum
obpaszomMm, Boimeonucannas 3UII ceomnTea K ciemyrormeit: ecrb 6ubJmMo-
reka V € BY, |V| = k, 6epem 3anpoc x = (z1,...,T,) — TPEeX3HAIHDIN
BEKTOD, KOMIIOHEHTBI KOTOPOI'0 MOTYT ObITh paBHbI Jub0 1, j1ubo 0, jubo
2: ecmn u; = 1, 0 x; = 1, ecm w; = 0, To x; = 0, unage x; = 2. s
JIAHHOTO 3a1mpoca © = (Z1,...,Ty) XOTUM HaiTh Bce Yy = (Y1,...,Yn) € V,
JIsl KOTOPBIX Y; = &, eci &; = 1 wim z; = 0, u y; so6oe uz {0, 1}, ecin
€Ty = 2.

Ioxygaem tun sanaa S, =< B3, BY,p,0,P >, rne By u B} Tpex-
3HAYHBI W JBy3HAYHbIH (OysieB) KyObl, COOTBETCTBEHHO, p : TPy <
(i = yi) V (x; = 2), 0 — MHOXKeCTBO HOAMHOXKeCTB BY, u P — pas-
HOMepHas BepodATHOCTHasg Mepa Ha BY, To ecthb g moboro x € BY
P(z)=3"".

Bepiiiuny co cTerneHbio MOJIyUCX0/ia, PABHON HYJIIO0 HA30BEM GUCAYEL
sepwunoti. Ungopmayuornnvm depesom (MJ]) nazosem NI 6e3 mukiios,
MHOXKECTBO JINCTHEB KOTOPOI'O COBITAIAET C MHOXKECTBOM BHUCSIIUX Bep-
IIIUH, U Bce pebpa KOTOPOI0 OPUEHTUPOBAHBI OT KOPHS K JINCTHSIM. Bbico-
mot M/[ HazoBeM JJIMHY MAKCUMAaJBLHOIO IIYTU U3 KOPHS B JIUCT.

[Iycrs x € {0,1,2} u y € {0, 1,2}. Oupenenum dbyukuo x¥ :

xz, ecm (y=1)&(z #2)
=<z, ecm (y=0)&(z #2)
1, ecm (y=2)V(x=2)

npudeM T IMOHUMAETCs 3/1eCh KaK OyJieBoe OTpHUIlaHUE.

OrpeiesiuM MOHATHE sipyca BepiuH. BepiuHoil mepBoro sipyca 0y/iem
Ha3bIBATL KOpeHb. [l jroboro wmcsa ¢, He OOJIBIIErO BBICOTHI JEpPEBa
wrtoc 1, BepImmmHAMHA -T'0 Ipyca HA30BEM TaKW€e BEPIIUHBI, U3 KOTOPBIX
JUIMHA IIyTH B KOPEHb paBHa ¢ — 1. ByjeM roBoputh, 4T0 pebpo HAXOIUTCs
Ha fdPyCe C HOMEPOM ¢, €CJIM OHO UCXOIUT U3 BEPIIMHBI APYCa C HOMEPOM
i.

Muozkecrso 3amad I =< BY,V,p > tuna Sy, rje |V| = k, obosnaunm
gyepe3 Z(n, k).
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Bagaun u3 Z(n, k) Gymem pemarh Haj 6a30BbIM MHOXKeCTBOM Jy T1e-
pemenubix: Fo = {x1,..., Ty, Z1,ldots, T, }.

IIycts pebpa urGOPMAIIMOHHOTO IAepeBa 3aHyMEPOBAHBI HEKOTOPHIM
obpazom. Homepom uenu pebep Oynem HA3BIBATH HOMEPOM IIEPBOro pedpa
uenu. Haepyskol uenu pebep OyaeM Ha3bIBATH KOHBLIOHKIIMIO HAIPY30K
Bcex pebep menu. [loanot uenvio n3 BEPUINHBI v Oy/ileM Ha3bIBATDL IIEIh
pebep, KoHeUHasl BEPIINHA KOTOPOI MMeeT IIOJIyCTelleHb MCX0/la, He paB-
HyI0 1, & Bce oCTaJIbHBbIE BEPIIUHBI IIEIH UMEIOT ITOJIYCTEleHb UCXO/a, B
TOYHOCTH PaBHYIO 1.

Bynewm paccmarpuBaTh cireytornue (DyHKIUH, U TOJb30BATHCST CJIJTY-
IOIIUMU O0O3HAYEHUSIMEI ¥ OIEPAISIMU.

E(v, N) — Bblaer Moyt 1nerb ¢ HoMepoM N, HCXOJSIY0 U3 BEPITHHBI

(v, N) — BBIIaET KOHEUHYIO BepIiuHy noJuyoii nenu E(v, N).

> <

(v) — amcso pebep, UCXOMSIINX U3 V.
f(¢) € F — nmarpyska nenu c.

X(c) ={z]"| =" — muoxurens B f(c)}.

Y (i) = {x?i,...,x% .

X'(c,i) = X(c) N Y (7).

c(vl, Ug) — Iellb ¢ HAaYaJIbHON BEPUIMHON v M KOHEYHON BEPIIMHON vVa.
Oneparust C(c,i) ypajaser nosnHyio nenb ¢ = (vi,ve2), JgobaBisier HO-
Bole Beprimuabl v’ u v, nobasisier nenm ¢ = (vy,v'), o = (V,v3),
d = (v,v"). llem ¢; coorsercTByer Harpyska A . X(ei) Ty TEIH Co —

/\xEX(e)\X’(c,i) x, nermu ¢ — /\a:eY(z‘)\X’(c,z‘) z. IlepBoe pebpo nenm c¢; 1o-
JIy4aeT HOMeD, PABHBI HOMEDY ¢, OCTaJIbHbIE pebpa IENnu ¢ MOJIydaloT
Homep 1; Bce pebpa nenu ¢ nostyvarod HOMep, paBHBI 1; mepBoe pedpo
nerm ¢ Tojrydaer HoMep 2, Bce ocTasbHbIe pebpa — HoMep 1.

Ounepanust NE(v,i, X) nobasjsier B BepIIUHY ¥ TI€Ilb ¢ HOMEPOM [IEPBOTO
pebpa N (v) + 1, HoMepamu ocTajibHBIX pebep, paBHBIME 1, 1 CyMMapHOii
narpyskoit nemu A\ . Jlucty V (v, N(v) + 1) npunuceisaem 3ammch ;.

Hnst sapaan I =< BY,V,p >€ I(n,k) n nepectaHoBKI 3JIEMCHTOB
6ubmoreku o = (iy,...,1;) € Sk, peraoinee HHOOPMAIMOHHOE JEPEBO

naj 6aszucom Fy OyleM CTPOUTL IIPU ITOMOIIMH CJIEIYIOIMIEro ajaropuTMa
AV, o).
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Anropurm A(V,0)
JlobaBiisieM B MHOXKECTBO BEPIIUH JIEPEBA KOPEHDb V(.
NE(U(), il, Y(Zl))
p =2
Mlar 0. v = vy, N =1, Y =Y (ip). Ilepeiitu x mary 1.
Olar 1. Ecin X'(E(v,N),ip) = @, 10
[lepeittu K mrary 2.
Nuage
IlepeitTn K mary 3.
[Tar 2. Eciim N < N (v)
N = N + 1. Ilepeiitu k mary 1.
Nuaue
NE(v,ip,Y). Ilepeiitu k mary 5.
Olar 3. Ecin X'(E(v,N),ip) = X(E(v,N))
v=V(,N),N=1,Y =Y\X(E(v,N)).
IlepetiTu K mary 1.
Nnage C(E(v, N),ip). Ilepeiitu x mary 5.
lar 5. Ecmu p < k
p = p+ 1. llepetitTu k mary 0.

Iomoxum V(n, k) ={V € By, |V| = k}.

[ycts V € V(n, k). Honosxxum T'(V) = M,T(A(V,0)), tne o € Sy.

O6oznaunM 4epe3 A(n, k) MHOXKECTBO JI€PEBBLEB, MOJIy9IaeMbIX AJII0-
purmoM A st k-3j1eMeHTHBIX OuOmMoTeK n3 Kyba B3 1 BCEBO3MOYKHBIX
nepecranosok u3 Si. Honoxum T'(n, k) = MyT(V) = Mpe atn T (D),
rie V € By : |V]| =k.

Teopema 1. Ilpun — oo, k — o0, n = 6(2’“), n>4, k<22

B k logQ%
Tnk) = [ ——— .
9= (i)

3. BcmomorarebHbIe YTBEPXK/ICHUS

[Iycts V' — ynopsimouennoe muoxkectBo. Uepes A(V') obosnaunm
pesysabraT paboThl agroputMa A Ha HeymopsmodeHHoil 6mbamoreke V),
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cocrosimeil n3 Beex 3aeMenToB V', M mepecraHoBke o, 3aJal0Iei mopsi-
J0K aneMenTos B V. Bumnapnvim depecom OyjeM Ha3bIBATh JIPEBOBH/I-
HYIO CXEeMY, Yy KOTOPOIl M3 KaXXJOW BEPIIUHBI UCXOJUT He Oojiee JBYX
peGep. Byzem rosoputs, uro Gasosast (dyHKIHS ;' COOTBETCTBYET 3a-
mc Yy = (Y1,...,Yn), €M S; = Y;. Dynem roBopuTbh, UTO 3aINChH
y = (Y1,--.,Yn) YJIOBIETBODSIET PEOPY € C HATPY3KOH x5 , ecim y; = ;.
Homepowm nienouxn pebep HA30BEM HOMED HEPBOrO pebpa IMEemovIKy.

JIemma 1. ITycmo D € A(n, k). Tozda uz xascdoti eepwunnv depesa D
ucrodum ne bosee dsyx peobep.

Joxkazareancrso. Iycrs V = {y!,... y*} — ynopamouennas 6utiuo-
Teka. VHyKiumedi Mo mocTpoeHnio JepeBa MoKaxKeM, 9To U3 JIo0oil Bep-
IIMHBL BBIXOJMT He Gosiee deM jBa pebpa, a ecm ¢ = (e],...,e}) u
co = (€2,... ,e]2~) — MOJIHBIE TIENOYKK pebep, BBIXOIAIINE U3 BEPUIUHBI U,
7 3aKaHYMBAIOIIECSd BEPITUHAMHU C MOJIyCTeNeHbIo ucxona 0 mimm 2, ¢ Ho-
MepaMu 1 ¥ 2 COOTBETCTBEHHO, TO MHOYKECTBO HATPY30K BTOPOIl MENOYKH
COJZICP2KUT MHOXKECTBO OTPUIIAHUI HArpy30K IIEPBOi.

Basuc maayxmm. lepesom s A({y'})) 6ymer apaarbes memouxa
pebep, caemoBaTeIbHO, MOTyCTEIeHN UCX0Aa JI000 BepIITHHbLI He OoJiee 1.
[pu nocrpoenuu gepesa A({y',4?}) MbI moyaum nenns n3 kopus (MozKeT
ObITH HYJIEBOM JIJINHBI), U 3 KOHIIEBON BEPIINHBI €I — JBE [EMOYKU Pe-
6ep ¢ IPOTHBONIOIOKHBIMU Harpyskamu. ClieoBaTebHO, yTBEPKICHUe
JIEMMBI BBITIOJTHEHO.

Unyxrusneii nepexor. Ilycrs mocrpoero jgepeso A({y!, ... 4y~ 1)),
U JIJIsl HET'O BBIMIOJIHEHO YCJIOBHE WHJLYKTHUBHOTO Mpe iioioxKerusi. CTpoum
nepeso A({y',...,y'}). Ecau 3anmch y° npoxoJuT B BepHmIuHY v JlepeBa
Ayt ..., y"1}), c nomycrenennio ncxona 2, To €CM B HENOYKE ¢ HOMe-
pom 1 He Haiiercss HU OAHOM 0A30BON (DYHKIMY, TOAXOAIICH 1T yi, TO
OHA 110 UH/IYKTUBHOMY IPEIIOJIOKEHUIO HAMIeTCsl B IEIMOYKe ¢ HOMEPOM
2. 3HAUYUT, TIOJIyCTENEeHb UCXO/Ia BEPITMHBI He MOMKET YBEIUINThes. Ecim
3aIUCh YJIOBJIETBOPSIET He BCeM pebpaM IENOYKH ¢, TO Iellb pa3oruBaeTcst
HEKOTOPOIi BEpIINHO} v Ha JiBe Ienu ¢ (BXoAdias B v) U ¢y (HCXois-
mast U3 v), U U3 BEPHIMHBI ¥ TAHETCA TENb ¢, KOTOPast COJEPKUT BCE
OTPUIAHKS HAIPY30K IEIH C3, 9TO COOTBETCTBYET WHJLyKTHBHOMY IIPE/I-
[OJIOZKEHUIO.

Jlemma 1 nokazana.
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Beprmmmy v U1 D nazoBeM onmumasvho Ha2pyHcerHol, ecu He Cy-
IeCTBYET Takoil 6asncHON DYHKIMH X', KOTOpasi HIPUCYTCTBOBANIA OBl B
KaXK/I0# TIETOYKe IoJI/IepeBa, ucxo/smiero u3 v. Jlepeso D HazoBeMm on-
MUMAALHO HA2PYIAHCEHHBLM, €CTU JTI00ast ero BEPIINHA C IMOJIyCTEIEHBIO
UCXO/Ia, PABHOM 2, sIBJISETCS ONTUMAJBHO HAIDY2KEHHOIA.

JIemma 2. Bce depesvs us A(n, k) asasomes onmumanvro Hazpyscer-
HOLMU.

Hoxka3zaresabcTBo. [1o yreepxK ienuto gemmbr 1, ar060e nepeso usz A(n, k)
siBjIsieTcss OuHapHbIM. OUTHMABHYIO HAIPY?KEHHOCTh MOKaYKeM WHJLYK-
nmeit o mocrpoenuio gepesa. Ilyers V = (y!,...,y*) — ynopsmouennas
oubmorexa. Basuc mmmyxmum. Ilyers nocrpoeno jgepeso A({y'}). Ko-
rma Mer crponM A({y!,4%}), To MBI MIIeM MakcHMaTLHOE HMepecedenue
MHOMKeCTB 3Hadenuit {yi,...,yL} u {y3,...,y2}, u sToMy nepecevuenmio
Oy/ileT coOTBETCTBOBATH OOIast IENoYKa (MOXKeT ObITh HyJIEBOI JJINHBI,
ecm y' = §2), a JBe NENOYKH, NCXOIAIINE U3 ee KOHIA, BEPIINHBI U, He
Oy/lyT UMeTh OJMHAKOBBIX (byHKIWI B HAarpy3ke. CliegoBaTe/IbHO, J1€PEBO
A({y',y?}) aBIgeTCa ONTUMATBLHO HATDYKEHHBIM.

Uuaykrusneii nepexon. Ilycrs mocrpoeno gepeso A({y!, ...,y 1}),
1 = 2,...,k — 1. Ilo npeamnoyoKeHn0 UHIAYKIUH OHO SIBJIIETCS OIITHU-
MasIbHO HarpyskenubiM. [Ipu mocrpoernmn A({y',...,y'}), cBoiicrso on-

TUMaJILHON HATIPY?KeHHOCTH BEPIIUH, U3 KOTOPLIX UCXOJUT JIBa pepa, He
U3MEHUTCSI, MOCKOJIbKY MCXOJAIIME U3 Hee NMENOYKH YK€ He MMEIOT Ha-
IPY309HOMN (DyHKIUH, OJUHAKOBON JIJI BCEX IENOYeK. PacMMOTpUM eiuH-
cTBeHHyIo BepimHy v, Kotopas B gepese A({y', ...,y 1}) mmena nomy-
cremenn uexonia 1, a B mepese A({y', ..., y'}) nmeer momycrenens ncxosa
2. ITo ompe/ie/IeHHIO AJITOPUTMA, HAIPY3KH, COOTBETCTBYIOIIHE 3aIICH I’
U IpUIMCAHHBIE NENovKe pebep, MCXOAsAIeil M3 BepIIUHBI v, He OyIyT
nepecekaTbCst HU 110 KakOW (DYHKIMHM ¢ HAIPY3KAMHU IIEHOYKH, COOTBET-
cTByIOMmEit ToIepeBy, Kotopoe yxke 6buto B A({y',...,y*"'}). Buaunt,
JIUIST BEPIIUHBI U BBIOJHSAETCA CBOMCTBO ONTHMAJILHONW HATDY?KeHHOCTH.

Jlemma 2 mokazaHa.

Jlemma 3. Jlas mo6ozo depesa D € A(n, k) T(D) < 10 - k'°82 3
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HokazareabcTBo. PaccmarpuBaeMm BCeBO3MOXKHBIE HHMOOPMAIMOHHBIE
JepeBbst HaJl Oa3mcoM mepeMeHHBIX. [lokaxkeMm, uTo ecm B jgepeBe DD BhI-
COTBI N ¢ k BUCSYUMHU BEPITUHAMH CYIIECTBYET IIEIIOYKa HE MEHee UeM
u3 2 pebep, U3 KOHEUHOU BEpIIUHBI KOTOPOH mcxomuT 2 pebpa, TO Cy-
mecTByer gepeBo D' BBICOTBI M ¢ k BUCAYMMHU BEpIIUHAMHU, TAKOE HUTO
T(D) < T(D'). llycrs B nepeBe D nenb ¢ 3akaHIMBaeTcst pebpoM e ¢
KOHIIEBOI BEPIINHON BEPIINHON v, U3 KOTOPO HCXOmdAT pebpa €1 U es.
[Tycts v/ — HavaibHas BepimuHa pedpa e. Paccmorpum jepeso D', mHo-
2KECTBO pebep KOTOPOro MOJIyUaeTCsi U3 MHOXKeCcTBa pebep D yrajieHuem
pebpa e u j1o6aBIeHneM HOBBIX pebep €] 1 €}, a MHOXKeCTBO BEpIIH MOJIy-
YaeTCsi 3 MHOYXKECTBa BepinuH D yjiajeHrneM BEPIUHBL U U J1I00aBI€HUEM
BEPIINH U] U V) TAKEM 00pa30M, UTO BepIIUHA U, UHIEJEHTHA pebpaM e;
u e}, i = 1,2, pebpa €| u €}, ucxonar u3 sepumusl v’ (puc 1).

€1 €92 €1 / /62
v U1 V.
€ el €2
Tv’ v
D D’
Puc. 1.

ITycts pebpo e naxomurcs Ha gpyce ¢ HoOMepoM ¢ B jaepese D. Iomy-
JaeM, 4To B Jiepese D’ Ha Apyce ¢ HOMEPOM i YHCJIO pebep yBeInInIoCh
Ha 1, Ha ocTaJbLHBIX sIpycaX 4HucIo pebep B Aepesbax D u D’ cosnaja-
tor. 13 (1) ciefryer, 910 CJIOXKHOCTB JiepeBa paBHa CyMMe CJIOXKHOCTe
ero pebep. BepodTHOCTH MONACTb B BEPIIMHY Apyca ¢ HOMEPOM i paBHa
21_1'5# = (%)%1, TaK KaK B BEPIIUHY sIpyCa ¢ IMIPOXOSIT T€ 3aIPOCHI,
KOTOpbIE JIJIsT KaXKJIOW u3 ¢ — 1 HArpYy30K IEHOYKHu pebep Jubo yIoBjie-
TBOPSIIOT 9TOH HArPY3Ke, JUOO PaBHBI 2, ocTajibHble 1. — ¢ + 1 Koopu-
HAT 3aIpoca MOIYT puHUMaTh Jroboe 3Hadenue u3z {0, 1,2}; kosmuecTso

Beex 3anpocos pasro 3". Cuenosarensho, T(D') — T(D) = (%)171 > 0.
[Tosrygaem, 9TO U3 BCeX yCEUEHHBIX OMHAPHBIX IEPEBLEB BBICOTHI N C k
BUCSYMMHU BEPIIMHAMM HAUOOJIBIIYIO CJIOKHOCTH HMEIOT JIepPeBbs, y KO-
TOPBIX TOJIYCTEIIEHN BCEX BEPIIUH Ha sIpycaxX ¢ HOMepaMu He OOJIBIITUMEI

[logy k] paBuBl 2, Ha sipyce ¢ HOMepoM |log, k[ mosycrenenu mcxoma He
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GoJibIle JIBYX, a Ha spycax ¢ Homepamu, 6osbiumu | logy k[ — pasubr 1.
Crenosaresnbho, eciim D € A(n, k), To

| log, k[ 9\ i1 | [ n 9\ i1
< - IOg k . - —
T(D)< Y <3> + 2llogs > <3)

=1 i=|logy k[+1
Jlogy k[—1

3 4 i—1 4 logs k[ 9 n—[log, k]
—— - — — <
2 () =) 6

log, k+1
<é> S 10 Klos s,

JlemMma 3 mokazaHa.
O6oznaunm 4epes 1) (D) cymmy ciioxKHOCTEl SpycoB pebep ¢ HoMepa-
MU OT i J10 1 B Aepese D.

JIemma 4. IIpun — oo, k — 00, i > logy k + logg logy(kn) swnoanero

T{(D) =0 <<%>1"g23> '

okazarenbcTBo. Ynciio pebep Ha KazkI0M sipyce He mpeBbimaer k. Be-

. . 1—1
POSITHOCTDH TPOUTH B BEPIIIUHY SIPyCa C HOMEPOM ¢ PaBHA (%) . IHosromy

9 [log,, k+log, log, k] ™—[logy k+log, log, k] 2\ 7
rio) < (3) > (3) <
7=0
logy k+logg log, k
< gk <§> =5 kloso %(10g2(k:n))1°g2§ =

3 k10g2 % - < k >log2 %
- - =0 _ .
2 (log,(kn))ws2 2 logy (kn)
JlemMma 4 mokazaHa.

O6o3HauuM depes X} , ., 0110 pasbuennii uncia k Ha | caraeMbix, p
"
13 KOTOPBIX B TOYHOCTH paBHBI 1, a ocTajbHble | — p He MenbIe k.
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JIemma 5. IIpun — oo, k — oo, 2log,logy k < k' <logyk, | <

npul:<,/m,a>lup>0,

npu (10gl;k)a<l<0 k,a>1,ceR up>log,k,

log k’

npu k = o(1%) up > 2% BHINONHENO

» (1
Xk =9\ logy k) -

lokazareabCcTBO.
p . l-p—1
p GO p—(l—p)k'-1
Xk, k! = Cl 1 =
k-1

Nk —p— (1 —p)k' — DIk — DI — 1)!
Pl =p)ik =1 — (I —p)k =D —p—Dl(k —1)!

_ (U=p+1)- U= l=(=p)k'+1)-- -(k—p—(I—p)k'—1)(I—p)---(I-1) _
pl-(k—1+1)-- (k: p+1)-(k—=p)--- (k—1)

1 (k—p—(>-pk —1\"7"! P
< =

p!< k — pfl ) (k>

(l pk/ l—p—1 l2 p
Ck—p-—1 k)~

[TockobKy k' = 0(%) o (I —p)k' =a(k) =0(k —p), n

)L =p—l 1 1 1
Ck—p-1 - == e JICL

—p—1 e k—p—1

[Tonygaem, yTo nipu k — 00

v 1 1 12\
X < o1 L %)

PaccmorpuMm Tpu ciyuas.
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2
1)l<,/W,a>l.Toma%<m.l/lecnup>1,To

p < - 5 1
Xk:,l,k/ X logg‘ L = 10g2 e
2) \/oiye < 1 < Vck, ¢ € R. Eeam p > logy L, o

clOng_ c-C---C .

1 < = =
Xkl (logy 1)! 1-2---logyl

c? c? c?

1-logyl 2(logyl—1)  logi(l—1)

< c? 2 < 2c? _ 1
=0 .
log, [ log, k — alog, logy k log, k

3) k = o(I?). Ecim p > QE, TO p — pacrymasa GyHKIusg oT k u

! pP
pl~ 55

N~

1 1 1 1 1
p / < = =0
X < V27D et 2p T elogzlogak T (log, k)logze ¢ <log2 k) .

JlemMma 5 mokazaHa.

M(-5)-(-=)
m — = -—— ] .
k1+---i§p:k ki 2§

JokazareabcTBo. [TokaxkeM, 9T0 (DyHKIMS JEACTBUTEILHBIX T€PEMEH-
weix x u y f(x,y) = (1 — 2%) (1 — 2%) pu orpanuvennu x + y = k, npu-
HUMaeT HauboJIbIllee 3HAUEHUE, eC/I & = Y.

1 1
f(fﬂay):<12—x><12—y>:
SRR WA U U S S
_< 27)( 2k—x>_ 72772k—7x+2_k_

1 2x+2k—az
:1+2—k*T:g(l‘)

JlemMma 6.
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Oyukiyst g(r) nMeeT MAKCUMyM IIPH TOM YK€ 3HAYEHUH X, IPH KOTOPOM

MEHIMAIbHA cyMMa, 27 + 2872,

/
(2x+2’“*$> — 02 2" —In2 2677 = 0 & 220 = oF,

pUYeM IIPOU3BOHAS OTPHUIATEbHA TPU T < %, 7 TIOJIOXKUTETbHA TIPU

z > . Crenosaresnbo, MakcuMasIbHOe 3HAMEHNE f(T,Y) IPHHIMACTCS B

k k
272
I <1 — 2%) ITycrs Bepuo k1 + -+ + Kk, = k. Hdomyctum, 11pu 3agannoMm

TOYKE ( ) Paccmorpum dyuknmio ot p nepemennsix f(ki, ..., kp) =

OrpaHUYCHUN Ha II€pEeMEHHEIE, f(kl, . ,kp) OPUHIMAET MaKCHUMaJbHOE
3HaUEeHHe Ha HabOpe af,...,ap, W CYMECTBYIOT i # j, TaKHe 49TO a; 7 a;.
/ _ gita;

r / /
Bosbmem a; = a Torna a; + aj, HO

J 2 -

1 1 1 1
I-—— ) (1-—=—)<(1-=])(1-—=),
20,7, 2a] 2(11. 2(1].

YTO MPOTUBOPEYUT MAKCUMAJIbHOCTH (PyHKIUU f.

JlemMma 6 JokazaHa.

Jlemma 7. Ilycmov 6 yceuernom bunaprom depese D, pewarowem 3adawy
I € Z(n, k), na xastcdom apyce epwun ¢ Homepom bosvwum i, déa pebpa
BHLTOOAM MEHEE UEM U3 % sepwun. Toeda T(D) < 10 - T;(D).

HokazarenabcTBo. Oboznaunm depes E; unciio pebep Ha gpyce ¢ HOMe-
pom j B jepese D. BeposTHOCTb IONAcTh B BEPHIMHY sIPyCa ¢ HOMEPOM
¢+ 1 paBHa 21';’:71 = (%)Z, TaK KaK B TaKylO BEPIIUHY ITPOXOIST TOJIb-
KO Te n3 3" 3ammceil, y KOTOPBIX ¢ KOOPAWMHAT OIpeJlesIeHbl Harpy3KaMu
MIPEJIBIIINNUX § SIPYCOB, M MOTYT IPUHUMATHL 3HAYEHHE, COOTBETCTBYIOIIEE
HArpy3Ke, WIN «2»; OCTAJbHBIE 11 —i KOOPJUHAT IPUHUMAIOT JII00OE 3HATe-

uue u3 {0,1,2}. CremoBaresbho, yuntbiBasi (1), cyMMapHast CI02KHOCTD

Bcex pebep sipyca ¢ HomepoM (i + 1) paBua Ejyq (%)l, 1=0,---,n—1
W3 ycnosuil Teopembl nostydaem, 4to Fjiq < % - E; ipu j > 4. Torga

/(D) < T(D) = Zn: (%)H E; <

j=1
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JlemMma 7 mokasaHa.

O6o3zHa M uepes fi(n, k) 100 k-3J1eMEHTHBIX [IOJIMHOXKECTB OyJsieBa
Ky0a pasMepHOCTH 7, KOTOPbIE IEJIUKOM COAEPYKATCS B XOTsI ObI B OJHOM
moIKy0Oe pasMepHOCTH, MEHDIIeH 1.

Jlemma 8. Ilycmv n = 6(2’“), n > 4. Tozda npu k < on—2

2n 2n

JokazarenbTBOo. [[j1s Toro, urobbl HekoTopasi bubanoreka V' mpuHai-
Jiexkajia moJIkyOy pa3sMepHOCTH, MEHbBINEH 71, HeOOXOIMMO, YTOOBI BCe ee
9JIEMEHTBI COBIAIAJN B OMHON m3 n koopauHaT. s dukcupoBaHHOrO
3HAYEHUS KOOPJIMHATHI, MOXKHO BBIODATH Cé;n_l [IOJIMHOXKECTB pa3mMepa
k B monkyb6e pasmepuoctu N — 1. IlockosbKy Kak/ias KOOpAWHATA MO-
JKeT MPUHUMATh TOYHO [Ba SHAUEHWSI, HOJIsSI OMOINOTEK, Co,uepmammxca

Ck
B IOJKyDe, 3a[aHHOM KaKOi-1ub0 KoOpAmHATOH, paBHA 2 2 . Hyctb
k < 272, Tlo dopMyite BKITIOUEHNS-UCKIIIOTCHHS,
[n—logy k] ~k
010 Ch C
_ on—1 1)In—log; k[9[n—log, k] 1loga kI
pln, k) =2——=——+---+(—1) 2
CremoBaTeIbHO, BBIIOJIHSIIOTCS CJAEAYIONINE HEPABEHCTBA.
0102n 1 CQC2n 2 ClC2n 1

4 k) < 202
i i < p(n, k) i
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(2n—17k+1)”_2n—1 74%_2(271_2*]{2%1)-'-2”_2 _
(20 —k+1)---2n 2 (2" —k+41).--2n

(2n—lik+1)“'2n—1
2" —k+1)...2n

2n—1 —k 1 k 2n—2 k 2n—1 k
2"(ﬁ) - (2—) <“<"v’“><2“( 90 ) ’
gn=1 _gn=2 1\ * n m
2"( on — 1 ) N (2k) <nln k) < o

npu n — 00, k — 0o0. Tak Kax

2n

< p(n, k) <2

on—2_q on _ gn—2 3.9on—2 3 1
1 =1-— >

npu k — 00.
JlemMma 8 mokazaHa.
v, .
O6o3HaunM Yepes El( ) queio pebep Ha sgpyce ¢ HOMEPOM ¢ B JiepeBe

A\V,0),i=1,...,n. Torna T(A(V,0)) = > 1", (%)iil EZ-(V’U). [Monoxxum
V,o
ZVGV(n,k) ZO’ESk Ez( )

o (Vi) _
Ez(kv n) - M(V,O’)Ei - k‘Cécn

Jdemma 9. [Tpu i < [logy k — logy logs(kn)] eepro Ei(k,n) ~ 2°.

Hoxka3zaresasctBo. Ilycrs D;(n, k) — muoxectso jepesbes u3 A(n, k),
Coaepmamnx Ha H]che ¢ HOMepoM i acumroTuvdecku 2' pebep. Obo3HaAINM

Di(n, k) = .

st Toro, qTo6m O6ub/JIMOTeKa B KarkK/IOM PEIIAIoeM JepeBe U3
A(n, k), nmena 2 pebpa Ha mepBoM sipyce, HEOOXOAUMO, 4TOOBI OHA He
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colleprKaJiach HH B OJHOM IHOAKybDe, pasMepHOCTH, MeHbIneil n. B cuiry
JIEMMBI 8

Dy(n, k)| > 12 Ck .kl ~CE .kl
’ (7 ok 2 2

CremoBaTesbHO,
2n
Suauwr,
V,o)
ZVGV(n k) ZUESk E§ 2n

Hpe,ZHIOJIO}KI/IM, 9TO BBIIIOJTHEHO

1\ on\?
D’L‘* 7k 1*7 ].7—, .
0> (120 () (- F)

Pazobbem Bce siepeBbst u3 D;_1(n, k) Ha KJIACChl SKBUBAJEHTHOCTU CJie-
JgyromuM obpasom. JlBa jiepeBa momajyT B OJIMH KJIACC, €CJIU UX KOP-
HEBBbIE TOJJIEPEBBS] BHICOTHI ¢ — 1 TOJIHOCTBIO COBIIAJIAIOT, B TOM YHCJIE
COBIIQIAIOT HATPY3KHM U HyMmeparus pebep. Takum obpazom, B KaxKIOM
KJIacCe HAXOJIATCH JePeBbs C OMHAKOBBLIM HAdaJoM. BepeM mpom3BOJIb-

uoIit kiaace. Ilyers | ~ 271 — xosmmaecrso kommeswrx pebep. U3 mepe-
BbEB KJIaCCa BO3BMEM TOJIBKO T€, Y KOTOPBIX YHCJIO BEPIIUH, B KOTOPHIE

r log, (kn) .

npoxouT He menee k' = [SIST sanmcell aCHMTOTHYECKH PABHO
] 2 10g; logy

I ~ 271 mpu i < logy k — log, logy(kn). Tlo yTBepsKkaennio aeMMbI 5,
upu i < logy k —logy logy(kn) mosist Takux JilepeBbeB COCTABIISIET HE MEHee

qem 1 — 6 ( —— ), Tax Kax
log, k )

logy(kn) k k

k-2 < : =
logy logy logy k- logy(kn)  logy log, logy k

= o(k).

o 1 k
JL7ist KaXK 1011 BEPIUHBI, B KOTOPYIO IIPOXOAUT Oojiee ueM % 3a-

MHCeil, BEPOATHOCTL TOTO, YTO B BEPIINHE He Pea3yeTcss HOAKYs pas-
MEPHOCTH MEHBbIIIEii, 4eM n — i, He MeHee YeM
2logy(kn)

log,(kn) 1 2(n —1) 51 .

Y1 1. 1. 1)~ k
log, log, log, k oz, loas 1£Lg2 - k

1—pln—1
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Cuie/1oBaTesIbHO, B KAXKJIOM KJlacce, J1071s jgepeBbes u3 D;(n, k) He MeHbIIe

qeM
i—1

2'L
15 1 1_2log2log2k:
log, k k

BuauuT u jIst Becero MHOXkecTBa D;(n, k) BBITOIHEHO

i—1

_ 1 210g210g2k 2
D;(n,k D; 1(n,k)[1— 1 —=—=
(n,k) > 1(n )( 0(log2k>)( p
_ 1 i 210g210g2]€ 2
1-— 1 202 Po2
> (-0 (r)) (1-2575) -
; k
_ 1 ! 2log, logy k '\ Tee2(kn)
1- 11— —==—= ~1
> (-0 () (-2

upu ¢ < logy k — logy logy (kn). Buauur, nosst nepesbes u3z Dy(n, k), st
KOTOPBIX yCeUeHHOEe OUHAPHOE PEIIalolee IePeBO NMEET aCUMIITOTUIECKH
2¢ pebep Ha Apyce ¢ HoMepoM i < logs k — logy logy (kn), He MenbIe Uem
Dj(n, k) ~y 1. Torna

V,o
_ D veV(ng) 2o B
kIO,

. k
S (1o L)) (1 - 2oselogp kPt ;o
log, k k

Jlemma 9 mokaszaHa.

E;

=

O6oznaunm uepe3 D'(n, k) nommuoxkectBo jepesbes u3 A(n, k), Ta-

kux, uro eciiu D € D'(n, k), ro T(D) < 66710&%”)-

Jlemma 10. IlIpun — oo, k — oo

1

D’ Sl [ —
e

1
onsa nexomopozo 0 < g < %25.
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HoxkazareascTBo. [Tonoknum imax =]logy k — logylogy(kn) + logy 9.
Bosbmem Bee JiepeBbst u3 A(n, k), y KOTOPBIX Ha SIpyce C HOMEPOM ipmax
ACHMTOTHYECKH 20max > log‘j% pebep. Bcee siepeBbst pazobbeM Ha KJIACChI
SKBMBAJIEHTHOCTH. J[Ba JlepeBa MONaayT B OJUMH KJIACC, €CJIH KOPHEBBIE
IIOJIJICPEBbST BBICOTHI fmax OJMHAKOBBI, B TOM YUCJIE OJMHAKOBBI HAIDY3KH
1 HyMepanusi pebep, U eC/IM KOJMIECTBO 3aluceii, MPOXOIAIINX B OJINHA~
KOBBIE BEPIIHHBI, SIBJSETC PaBHBIM. J[jIsi KazKJI0ro KJacca SKBHBAJICHT-
HOCTH PACCMOTPHM P > % BEPIIKH HA SIPYCE tmax, B KOTOPBIE IPOXO-
JIUT MaKCHMAJIbHOE KOJIMYeCTBO — Kjy, ..., kj, — 3ammuceii. ITycrs B Heko-
TOPYIO BEPIINHY ¥, U3 KOTOPOH MCXOIUT JIEPEBO BBICOTHI N\ = N — imax,
npoxozur k' 3anmceii. Ecin Bee 3amucu cozepzkarcst Xorst Obl B OJJHOM
no7Ky6e, pasMepHOCTH MeHbIneil n/, To 1o jgemme 2 y J060ro0 Jepesa,
BBIXO/IAIIETO U3 BEPHIMHBI ¥V U IIOCTPOCHHOT'O JIJIfA JTaHHbIX 3alliceil aJjaro-
purMoM A, u3 KOpHsi GyJIeT BBIXOJUTH TOYHO OJHO peOpo. SHAYUT, JI0JIst
JIEPEBbEB, UMEIOIUX TOYHO OJIHO UCXOJdlnee pedpo U3 BEPIIUHLI ¥, pABHA
nosie GubIIMOTEK, IPUHAJJIEKAIMX HEKOTOPOMY MOJKYOy, PasMEpHOCTH,
menbieili vem n'. Torga 705 JIepeBbeB U3 KJIacca, y KOTOPBIX U3 BCEX
JIAHHBIX BEPIINH BbIiijieT JiBa peGpa, 1o jemme 8 u jeMme 6 He Gosbiie
qeM

ﬁ | 20— ima) L2 —iwa) )L

< ~
ki k L2
i=1 5 5p

13
esP
B cBoro ouepep,

logo 5
k  log,(k k logy 5 ===
ko logy(hn) b gy P Sk oo
P 5p

3 ” logy (kn)

logy 5
3

J1st HeKoToporo 0 < e < 1 — ~ 0,226 upu k — oo. CiieroBaTe/IbHO,

1

EE——
exp(g)lgp)

1
upu k — oco. 3HauuTt, y OoJiee yem 1 — cop(ee) /lePeBbEB U3 Kiacca JIo-

3k
logy k7
€CThb TPETU YHuCJjla BCEX pe6ep. O‘IeBI/I,H,HO, qro ecan D — IIPOU3BOJIb-

Hoe JiepeBo u3 A(n, k), nmeroinee acuMToTHYecKH 2@ Ha sipyce ¢ HO-
MEPOM imay, TO JJIS JIIOOOTO Apyca C HOMEPOM % > imay KOJIMYECTBO

JISI BEPIIIWH, U3 KOTOPBIX BBIMIAET 1Ba pebpa, He MPEeBOCXOIUT TO
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9% — 1 -
pebep He MemHee log, (km)® 1 C BEPOATHOCTBIO 6osee uem 1 () Me
HEe TPeTH BCEX BEPIIMH sIPyca ¢ MMEIOT IOJIYCTEIleHb MCXO0Ja, PABHYIO
2. TlockoJibKy, B COOTBETCTBUU C YTBEPKICHUEM JIEMMBI 4, Jijisi JTF0O0TO
JlepeBa CJI0XKHOCTh MOCJeHUX 1 — logy k — log, logy(kn) sipycos pebep

log
paBHa 0 <<W> ’ 3), TO 0JIfA NE€PEBbEB, YAOBJICTBOPAIONINX YCJIO-
BUSM JIEMMBI 7, HE MeHee
1 2log; logy (kn) o1 2log, logy(kn)
exp(k?) exp(ke)

[To temme 7 c10:KHOCTD JiepeBa D 10 NOPsiIKy paBHA CJIOKHOCTH TIE€PBBIX
logy k — logs logs (kn) + logy 9[ sipycos. To ects

3

| log, k—logy logy (kn)+logy 9] 4\ i1
Ty(I) <10-2- () =

=1

0 4\ loga 9+1 k logy 3 66 k logy 3
h 3 logs (kn) logy(kn) '

SaMeTHM, 9TO OIEHKA YHUCTIA JEPEBhEB C HYKHON HAM CJIOZKHOCTHIO HE 3a-
BHUCUT OT BbIOOpa Kitacca. Crie/oBaTe/IbHO, J0JIsi BCEX JIEPEBBEB CO CJIOXK-

HOCTBIO HE 6OJIee 66 k s ’ nmpu n — 00, k — 00, COCTaBJsdeT He
log, (kn) p ’ ’
_ 2log, logy (kn)
MeHee 1 eep(ht) 1€ 0.

Jlemma 10 mokazana.

4. /loka3aTeJIbCTBO TE€OPEMBbI

Hockomsky |{V € V(n,k)}| = C%., To
ZVEV (n,k) T( ) ZVev(n,k) desk T(A(V,0))
(nv k) k = A .
C5n E\C3.
[TonoKnM imax = [logg k — logylogy(kn)]. U3 yrBepxaenust jgemMbl 9

crenyet, uto E;(n, k) ~ 2° npn i < imax. Torma mpu n — 00, k — 00

n i—1 V,o
= . ZVGV(n,k) ZO’ESk Zi:l (%) Ez( : _
T(n,h) = = -
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n 1—1 e
S ()7 (Zvevn Loes, B
k\CE,

SOOI (O IR

3 4 long(kn) -1 27 k 10g2 %
>2.3(2 S L — .
2 3 8 \logy(kn)

C apyroii cTopoHbl, U3 yTBEpKAeHUT JieMMbl 10 U JIeMMBbI 3 CJICIYET, YTO
npu n — o0, k — 00

4
_ 2log, log, (kn) k logz 3
Tn, k)< |1—————"—=]-66( ———
i) (1 2O omti)

10 - k'°825 - 2. log, log, (kn) ko)l
+ ~ 66 —— .
e log, (1)

7 k log, %
Tn,k) =< | ——— .
(. k) (IOgQ (nk) )

Teopema noxkaszaHa.

SHaunT,

B 3akmiouenue aBTOp BbIpaxKkaer OJiarogapHocTh .9. acanoBy 3a
ITIOCTAHOBKY 33/I[a4l W HAy4YHOE PYKOBOJICTBO.
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