O 4uncjie MOHOTOHHBIX OyJIeBBIX (DYHKITIIA
¢ (PUKCUPOBAHHBIM YUCJIOM HUKHUX
e IMHUIL

I'. Kuinbapa, B. Vososud

PaccmarpuBaercst mpobJieMa miepedncieHnsi MOHOTOHHBIX OyJe-
BBIX (DYHKITHI OT 1 MEPEMEHHBIX C 1M HUKHUX €IUHUIl. BhIparkeH-
Has B TEPMUHAX TEOPUH MHOXKECTB, 3Ta MPOOJEMA IKBUBAJIEHTHA
npobseme mepeducaenns Bcex cemeiicts IIlnmeprepa n3 m moaMHO-
xkKecTB n-mHO)kecTBa. [lomydena dopmyna [y BeIMUCIEHUST IUCIIA
9THUX CeMeicTB B TepMmmHax Teopun rpados. Ilosyuensr coorBer-
CTBYIOIIME siBHBbIE (DOPMYJIBI JJIsT CiIydas, koraa m < 10 u n mpo-
u3BOJIbHOE (M3-3a WX JJIUHBI 3/I€Ch TPUBOJATCA TOJHKO (hOPMYIIbI
g m < 7).

BBenenune

Kanacc ITocra ects ktacce 6ysaeBbix pyHKIHUI, 3aMKHY THIN OTHOCUTE b
HO omeparuu cynepro3uiuu. J. [ocT onucasn gBHbIM CITOCOOOM PEIIETKY
s1ux Kyaccos [1, 2]. Ognoit n3 npobiem, ces3anHbx ¢ Kiaaccamu Ilocra,
ABJIAECTCA HpO6.HeMa X mepeduncjieHnd, TO €CTh MepednucjieHnd COOTBET-
CTBYIOIINX «CEUEHUI» ITUX KJIACCOB, COAEPKAIUX BCE UX (DYHKITUU OT
GbUKCHPOBAHHOTO YHUC/IA TepeMeHHbIX. J[IsT HEKOTOPBIX W3 3TUX KJIACCOB
COOTBETCTBYIOIIIE (GOPMYJIBI UJIN HE CYIIECTBYIOT, NN NMEIOT HeOOIBIToe
npakTudeckoe 3Hauenue (3, 4|. Hacrosimast pabora sBisieTcs mpojioKe-
HUEM HAINX MCC/Ie0BaHNIT, N3JI0KEHHbBIX B [5] 1 CBA3AHHBIX C I€pednciie-
HIeM Tak HasbiBaeMbix F-kiaccos ITocra (cm. Huzke onpenesenust). B [5]
paccmarpusatorest kiaacest FY', Fy', FY' u FY'. Cnyuait knaccos FY' Breder
3a coboit mpobieMy mepednciaenust Kjaacca Aj; BCeX MOHOTOHHBIX Oyure-
BbIX QYHKIHII, TO €cTh coOTBeTCTBYIONMX cevennii Ap(n), comeprkaimx
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BCE MOHOTOHHBIE N-MecTHBIe OyseBbie dyuknuu. [Ipobiema mepeunciie-
HUsI K1acCOB A1 (n) uMeer JIMHHYIO UCTOPUIO U W3BECTHA M0/l HA3BAHUEM
npobuembl denekunga. Ona 6bu1a chopmyanposana P. Tenekungom [6]
Kak mpobsieMa OmpejeieHnsi IUCaa JEeMEHTOB B CBOOOIHON aucTpuOy-
TuBHO# pemerke F'D(n) ¢ MHOXKECTBOM U3 1 MOPOXKIAIONINX (CM. TaK¥Ke,
[7]). B TepmuHosOrnu Teopunm MHOXKECTB 3Ta Npob/eMa SKBUBAJIEHTHA
npobsieme HaxOXKIeHus uncaa Beex cemeiicrs [lInepuepa wim, aro ogHO
U TO 2Ke, 9NCJIa BCeX aHTHUIEINeil HEeKOTOPOTO 7-MHOKECTBA.

Ouun 3 crnoco6oB nepednciennst KaaccoB Aj(n) cBOAUTCsS K mepe-
qucsiennio kiaccos Aj(m,n), 1o ecrs Kiaccos Beex dyHkmit uz Aj(n),
y KOTOPBIX TOYHO M HYKHEX eauuui. U3 m3sectnoii memmvbr [Ineprepa
[8] ciremyer, uro m npoxoaut 3HaueHusi or 0 10 (Ln72 J)’ TAaK 4TO

(1ny2y)
A = 3 JAs(m, ).
m=0
[TpenmeTom HACTOsIIEH PAOOTHI IBISETCS TEPEINCIeHNe UMEHHO KJIacCOB
Al (m, TL) .

Hackosibko HaMm n3BecTHO, mpobJieMa nepedncienust kiaaccos Aq(m,n)
6L Briepsbie chopmynuposana H. Pusuepom [9]. O permmmn mpobiemy
B ciydae, ecim 1 < m < 3. 1. Iserxkosuu [10] pemun cayuait m = 4,
HCIIOJIBb3YSI B OCHOBHOM TIPSIMOii TIepeGop € IOMOIIBI0 KoMITbioTepa.! B Ha-
crosIei pabore TpearaeTcs obIast MporeIypa IMepeuncIeHns KIaccoB
A1(m,n), Koropasi M03BOJIsIET HAWTH COOTBETCTBYIOIINE sIBHBIE (DOPMY-
ael st caydast, korga 1 < om < 10 (npu mo6om n). Tpenmvymecrsa
[IpeJI/IaraeMoro 3/1eCh MeTO/Ia WILIIOCTPUPYIOTCS IPUMEPOM B pasjesie 4:
IIOKA3aHO, 4YTO IVIABHBIA pPe3y/bTrar U3 [10], HAWJEHHBIA TaM C MOMOIIIBIO
KOMIIBIOTEPA, MOXKET OBITH TIOJIyYeH, TAK CKa3aTh «BPYYHYIO», B HECKOIb-
KO IIaros.

V3ke B mIporecce MOATOTOBKA 3TOW CTATHM K OMyOJNKOBAHNIO aBTOPHI
yauamm mpo pabotsl Apoun [11, 12].2 Kak 3710 wacto GuIBaeTt, HeCMOTPS

"3 nameit mramoit mepermcxu ¢ T. JTenc (Hervé Leleu, Catholic University of Lille)
HaM CTaJIo U3BECTHO, 4To ciaydail m = 4 pemen B: Hillman Abraham P. On the number
of realizations of a Hasse diagram by finite sets // Proc. A.M.S. 6 (1955). P. 542-548.
Ccbuika Ha 3Ty cTarhio ciaenana B kuure: Comtet Louis. Advanced Combinatorics.
Boston: Reidel, 1974 (kaura omy6imkoBana Ha GpaHIy3cKOM A3bIke B 1968).

2 ABTOpHI BBIpaKAaOT CBOIO 6aromapuocTs . Ilserkosuay (Bearpaackmii yHuBep-
cuTer) 3a TO, 9TO OOPATHII MX BHUMAaHUE Ha CTaThio [11].
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Ha TO, YTO 37ech n B pabore [11] paccmarpuBaioTcs pasHble 3a7a4u, B
KOHEYHOM HUTOTE MOJYUatoTCss (POPMYJIbl, KOTOPbIE B CYIIIHOCTU HE OTJIN-
varorcsi. Apoua B [12] npuBogur coorBercrBytoime hopMyIIbl [JIst CIIydast
m =5,0.

ITo ornomennto k [11], rye pesyabraThl MOIyYeHbI B PaMKaX TEOPHN
YACTUIHO YIOPSI0UEHHBIX MHOYKECTB U BBIPAXKEHBI B TEDMUHAX ITOM TEO-
puHn, HACTOSIIIEE UCCIEOBAHNE ABJISIETCS CAMOJIOCTATOYHBIM U HE UCIIOJIb-
3yer BCIIOMOTATEIbHbIE PE3YJIbTATHI TEOPUH CBA3HBIX TpadoB (YTBepK 1e-
uue 1 B [11]).

B macrosimeit ctathe MOKa3aHO, 9TO MPODJIEMa TepednCaIeHusT Krac-
coB Aji(m,n) cBogurca K mpobjeMe TEpedncIeHns TakK HA3bIBAEMbIX
y-(n, m)-T}-runeprpadoB, KOTOpasi B CBOIO OU€PE/Ih CBOJUTCS K MPpobIeMe
HaXOKIEHUSI IHCJIa BCEX JIBYIOIbHBIX TPadOB ¢ (DUKCUPOBAHHBIM THCJIOM
BepIIuH U pebep U C JaHHBIM YUCIOM HE3ABUCHUMBIX MHOYKECTB BEPIIUH.
Hezapucumoe MHOXKECTBO BEPIIUH TPAKTyeM 3/1€Ch KaK OIPEIEIEHHOTO
THUTA PACKPACKY JBYMs KpacKaMu rpadoB, a /It OPEIeTeHUsT YUCTIa, Ta-
KHX PACKPACOK MCIIOIB3YeTCs TaK Ha3biBaeMasi JeKOMITO3UIInoHHAsT JTeM-
ma (IIpemnoxkenne 1).

[TpuBoamM 3716CH TakKe (HOpMy Iy u3 5] JAist uncia Tak HA3BIBAEMBIX
2-oubix y-Tp-runeprpados, 9T0O6B OTMETUTH CXOICTBO 3TOH (hopMmy-
Jibl ¢ dopmysioit, maruoit B Teopeme 1. ABTOpBI mpeamosaraior, 9To Cy-
mecTByeT 6ojiee rIyOOKUit KOMOMHATOPHBIN CMBIC/, OTBEYAONINN 3& ITO
CXOJICTBO.

B komnte crarbu npuoKeHbl SBHbIE (GOPMYJIBI [JIsd caydas m < 7 u
gt06oro n. @opmyssr gag m = 8,9,10 He TpUBOAATCS 3/1€Ch U3-33 UX
JUIMHBI, HO MX MOXKHO HafiTn Ha BeOcaiire [13]; st ux HMOpOXK/eHNsT Ha-
MUCaHa KOMIBIOTEPHAS MPOrPaMMa, UMILIEMEHTUPYIOIIAsl TPUBEIeHHbII
31eck MeTol. COOTBETCTBYIONINE YUCIOBIE TIOCIEI0BATEIBHOCTH, BHIYUC-
JIEHHBIE C TIOMOIIBI0 3TUX GOPMYJI, TakKe JaHbl B [13].

1. OcHOBHBIE IOHATUA

ITycte X — mekoropoe muOkecTBO. Uepes |X| Gygem obosnauarh
MOIITHOCTH MHOKecTBa X, uepe3 B(X) — Gynean muoxkectsa X, TO €CTh
MHOKECTBO BCexX moaMHOXkecTB MHOXKectBa X. Ecmm | X| = n, To roso-
puM, 910 X ABJISIETCS M-MHOYKECTBOM.
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JLtst I00BIX TIENTBIX IUCeT mi, Mo € Z, m1 < My, 1epe3 my, mg 060-
3HAYaEM IIeJIOUUCJIEHHBIA WHTEpBaJI {ml,ml + 1,...,m2}. Takxke mjga
ao6oro n € N uepes 7 obosnataem muOkectso {1,...,n}, a yepes Ny
— wmuoxkecreo N U {0} . Bumecro dhpassl «ynopsiiodeHnslit Habop J1in-
HBEI » 9aCTO OyJeM FOBOPHTH IPOCTO «n-Habop». IIycTh @ — HEeKOTOpHIil
n-uabop u i € n. Yepes pr;(a) o6o3HaAUAEM i-TyI0 KOODJUHATY .

BBesem HeKoTOpBIE MOHATHS U3 Teopuu IpacdOB U TEOPHUU OyJIEBBIX
dyHKIN, KOTOPBIME MBI B TIOCJIEAYIOIEM Oymaem moJib30BaThbed. [loms-
Tus Teopun rpadoB, KOTOPHIMU MBI MTOJIB3YEMCH 3/1€Ch, HE OMPEIesds UX,
OTIpe/IesITIoTCsT Kak B [14].

TMox eunepepagom noppasymvesaem napy H = (V,E), tne V. — ko-
HewyHoe HermycToe MHOXKecTBO 1 € = {ey, A\ € A} — KoHeuHOE cemeiicTBO
[TOJMHOYKECTB MHOYKECTBa V. DJIeMEHThl MHOXKECTBa, V Ha3bIBAIOTCA Gep-
WUHAMU, & SJIEMEHTBI MHOXKecTBa £ pebpamu maHHOTO rutneprpada H.
W3 ompesieniennst sCHO, 9TO MHOYKECTBO pebep MOKeT OBITh MyCThIM, Peb-
Pa MOTYT MOBTOPSTHCA U JlaykKe MOTYT OBITH HMyCThIMU. B JasjbHeirem
MHOKeCTBO Bepriua runeprpada H gacro 6ymsem oboznauars aepes V H,
a cemeiictBo pebep — uepes EH. Ecau |V| = n u |E| = m, To runeprpad
H nazsosem (m,n)-eunepzpagom. Eciu B BbIllle JJAHHOM ONpeJeJIeHUN B
kavgecrBe £ Gepem He cemelcTBO, a Mm-HAGOp (€1,...,€p) TOAMHOXKECTB
muO)KecTBa V' (10 ectb e; C V' s 1106010 @ € ), TO TOTyIaeM ynopado-
wennwill 2unepepad nim, Kopode, y-zunepepad; ecim npu 3rom |V | = n, to
OH Ha3bIBAETCS Ynopadouenmvim (m,n)-zunepepadom, 1o ecrb, y-(m,n)-
aunepzpagom. Muoxkectsa e;, 1 < 1 < m, aBagiorcs ero pebpamu. Ecmm e
HekoTopoe pebpo runeprpada (uwm y-runeprpada) H, To yepes ||e|| 06o-
3HAYUM KpamHocms pebpa e B H, 1o ecTh uncio nosiBjienuii pebpa e 8 EH.
ToBopuwm, uro (y-runeprpad) runeprpad H sBagercs (y-rumeprpadom)
runeprpadom 6e3 kpamuwviz pebep, ecnu ||e|| = 1 mans goboro e € EH.

OdeBnmHo, 9TO Tpad MOKHO PACCMATPUBATH KAK CIIENUATBHBIA CITy-
gait runeprpada. Hasa rpados u g oprpadoB mpuMeM TaKOe XKe CO-
rJIANIeHne, KaK W BhINe: MHOXKeCTBO BepmmH (oprpada) rpada G Oymem
obozuauats uepe3 VG, a (myru) pebpa — uepes EG.

Toopum, uro Beprmaa v € VH unyudenmua pedpy e HEKOTOPOTO
(y-runeprpada) runeprpacda H, eciu v € e. Muoxecrso V! C VH sas-
JISIETCST MHOYKECTBOM cmedtchuix BepiuH (y-runeprpada) runeprpada H,
ecau cymectsyer pebpo e € EH, Takoe, uro V' C e.
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Y-runeprpad nm runeprpad H spiasiercs k-noanwvim, 1 < k < |V,
ecnn jioboe muokectBo V! C V., |[V'| < k, aBIsleTcs MHOKECTBOM CMeK-
HBIX BEPINTUH.

[Tpeanonoxum, uro s1060i#i (y-runeprpady) rumeprpad, ¢ KOTOPbIM
MBI 6yﬂeM nMEeTh OeJI0, ABJJIACTCA IMTOMEYEHHbBIM, TO €CTh Ha MHOXKECTBE
€ro BEPINWH JaH HEKOTOPBI JmHEHHbII TopsiaoK. JIBa moMedeHHBIX T'u-
neprpada Hy u Hy aeasiorcs odunaxosvmu, Hy = Ho, ecnu cyiecTByeT
buekius ¢ : VHy — V Hy, Ttakas, uro e € EHq Torga u TOILKO TOrJA,
korga u(e) € EHy, |lu(e)|| = |le|| musa mo6oro e € EHy, u ¢ coxpans-
er JINHeHHBIH TOPAIOK, TO ecTh, U3 v <1 v’ cuexyer, uro t(v) <o t(v')
(S,D;GCI) <ij, 1 € 2 — COOTBETCTBYIOIINI JIMHEHHBIN MOPAJOK HAa MHOXKe-
cree VH;). Ipa nomevennnix y-runeprpada Hy = (Vi,(e1,...,em,)) 1
Hy = (Va,(€},...,€),,)) IBASIOTCA 00URAKOGbLMU, €CITH M| = My U Cy-
mecTByeT Omeknud ¢ : Vi — Vo Takas, 910 e; = 1(e;) mas 106010 i € M.
Ecan paccmatpuBaTh MHOMKECTBO BCEX TIOMEUEHHBIX TUTIEPTpadOB Ha O/I-
HOM W TOM YK€ MHOYKECTBe BepIuH V, KaK 3TO W JeJAeTCT B HACTOSIIEH
crarbe, TO OyIeM CUUTATh, UTO JIBA MOMEYEHHBIX (y-rumeprpacda) rumep-
rpada Hi n Hy oanHAKOBBI, €CJIM OHW OJWHAKOBBI 110 OTHOIIIEHWIO K TOXK-
JIECTBEHHOMY OTOOpaKeHuio MHOXKecTBa V Ha cebsa. CrenoBareabHO, J1Ba
takux y-runeprpada Hy u Hy onunakossl, eciu EV] = EVa.

[Tycts G = (V, E) — mexoropsrii (oprpad) rpad. [Tox packpackoii
(oprpada) rpada G mornmaem Jro0yio dbyuknuio Buga v : V. — {0,1}.
Ec/m jjana HeKoTopasi packpacka, TO TIpo BeprmuHbl MHOxecTBa v (1)
OyzeM TOBOPUTBH, 9TO OHU <«OKPAIEHBI» B KPACHBIN IIBET, & BEPIITUHBI
mEOzKecTBa v~ 1(0) — B 3emensiii mper. Packpacka rpada mam oprpada
HAa3bIBAETCS ero [-packpackoli, eciv He CyIIEeCTBYeT Mapa ero CMesKHBbIX
BEPINWH, OKPAIEHHAst B KPACHbIH 1Ber (31ech | obo3navaer hyHKIMIO
[MTeddepa, koropass Tosbko B Touke (1,1) mpunmvaer 3uadenue 0, u
TEM CaMbIM HATIOMUHAET, 9TO MPHU TOJIHKO YTO OMPEJEJEHHOM CIocode
PaCKpallinBaHWd HEJIb3d OKPaCHUTH B KpaCHbII;'I OBET CMEXXHbI€e BepPIn-
ubl). Packpacka oprpada Ha3bIBae€TCSI €ro =--packpackoli, ecau He Cy-
IIECTBYET JyTa JaHHOro oprpada, Waylnas u3 BEPIINHBI, OKPAIIEHHONH B
KPaCHBIA 1IBET, B BEPIIUHY, OKPAILICHHYIO B 3€JIeHbIil I1BeT, TO eCThb €CJIU
(v1(1) x v™1(0)) N EG = @. Yepes n(G) (n=(G)) obosnaunm umcyo
Bcex T-packpacok (=-packpacok) rpada (oprpada) G.

Kunace Tlocta samasercs kiaccoMm OysieBbIX (DYHKITHH, KOTOPBIHA 3a-
MKHYT OTHOCUTEJLHO omeparmuu cyneprosunun. E. IToct mokazam, dro
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CYIIECTBYET CYETHOE MHOKECTBO TAKUX KJIACCOB, M ABHO OTMCAJ PEIIETKY
91X Kaaccos |1, 2|. Beegem mekoropeie kmacco [locta, KoTophIe B mOCIe-
Jayrorem OyayT ynoMmuHaThcst. Tak, Hampumep, umeem: (] — KJIacc BCex
6ysnesbix Qynknmii; Cy — KIacce Bcex OyIeBbiX MYHKIN [, COXPAHSIIONTNX
0, To ectb Beex f makux, aro f(0,...,0) = 0; C'5 — kj1acc Bcex OyIeBBIX
dynakumit f, coxpansromux 1, To ects Beex f Takux, uro f(1,...,1) =1;
Cy=0CynNChs.

Iycrs (a1, ...,an) u (b1,...,b,) — ABa JBONYHBIX BEKTOPA JIJINHBI 7.
[Mumem (aq,...,a,) < (b1,...,by), ecou a; < b; nyist m06wIX ¢ € 7. Ecom
(a1,...,an) < (b1,...,b,) u cymecrByer iy € T, Takoe, 4T0 a;, < by,
To tmmeM (ay,...,an) < (bi,...,by,). Bynesas n-mecrnas dyHKImst
f aBnsiercsgs MOHOTOHHO#, ecu u3 (ay,...,an) < (bi,...,b,) cmemyer
flat,... an) < f(b1,...,by) Auist IOOBIX ABOMYHBLIX HAGOPOB (a1,. . ., ay)
u (by,...,by,). MHOXKeCTBO BCEX MOHOTOHHBIX (DYHKIMH SIBJISIETCS KJIaC-
com ITlocra, KoTOpHBIH 0O603HAUAaeTCsT Yepe3 Aj.

[Tycts 1 > 2 — mekoTopoe HaTypaabHOe uncyo u i € {0,1}. Bynesas
n-mecTHas QyHKIMS [ YIOBJIETBOPSET yCJIOBUIO @l , ecsu st 1060ro ce-
MeifcTBa w3 [ n-Habopos MEOKecTBa f (i) cymecTryer j € W, Takoe, 9TO
JI000#1 HABGOP U3 ITOrO CEMENHCTBA UMEET j-TYI0 KOODIMHATY, DABHYIO i (B
paccMaTpPUBAEMBIX CeMeHCTBAaX HAOOPHI, KOHETHO, MOTYT TOBTOPSITHCS ).
Torna: Ff — KJIacC Bcex Oy/eBbix DyHKINIT, 0013IaI0MINX CBOWCTBOM a’g ;
Fl'=CyNF}; F' = AynF}; FY = FI'NFY; FY' — knacc Beex Oymesbix
dyukuuit, obaaaomux ceoiicrsom af'; FY = C4NFY; FY = AiNCsNFY,

Fl' = FF A FY.
Toopuwm, aro OyneBas dyukius f umeer pare k, 0 < k < 27, ecan
|f~1(1)| = k. Ecm P nacc Ilocra, To uepes P(n|k) o603maumm Kaace

BCEX M-MeCTHBIX dyHKIui 3 P, y Koropbix panr k. Muoxecrso P(n|k)
HaszbiBaercs (n, k)-cevenuem kiacca P.

2. O ygucie snemenToB mHOXKecTBa Aji(m,n)

Ilycrs f — wmonoToHHast n-mecTHast OyseBasi yHKIus. JIBowd-
HBIT n-uabop (aj ,Gp) SIBISETC HudicHel edunuuel st f, ecan
flat,...,an) = 1 u f(bl,...jb ) = 0 mna mo6oro (by,...,b,) <
(a1,...,ay). dcHo, aro mobas MOHOTOHHAS OyJseBas DYHKITHS OMpeIese-
Ha eJUHCTBEHHBIM CITOCODOM MHOXKECTBOM CBOUX HUKHUX equHuIll. O60-
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sHaunM 4depe3 Aj(m,n) MHOXKECTBO BCEX MOHOTOHHBIX N-MECTHBIX OyJie-
BBIX (DYHKIMI, IMEIONUX TOYHO M HIDKHAX exuHant. Haxoxqenne gnce
ar(m,n) = |Ai(m,n)| aBasiercs Hamedl rIaBHOM 11€JIBIO.

O6o3maunm depes Aj(m,n) MHOKECTBO BCeX m-HAGOPOB (a1, . . . , Qr,)
TIOITaPHO PA3JIMYHBIX JIBOUYHBIX n—Ha60pOB, TaKUX, 4YTO CYIIECTBYET
byukus f € Aj(m,n), aas koropoit n-uabopsl a;, 1 < i < m, ABis-

10TCsl HUKHUMA eguaunamu. Ilycts & (m,n) = |Aj(m,n)|. Torga sacwo,
9TOo

a1(m,n) = mlag(m,n). (1)

®urcupyem HekoTopoe n-muoxectBo S = {s1,S2,...,5,}. Oupene-

JInM Ha S JIMHEHHBIT TOPSI0K < CJIEAYIONIUM CIocoboM: §1 < 89 < -+ - <

Sp. Bce runeprpadbl, KOTOpbIE UCCIEAYIOTCA B 3TOM pasjene, sBISIOTCS
ITOMEYEHHBIMHU, 1 UX MHO?KECTBOM BEPIINH ABJIACTCA MHO?KECTBO S (BMe—
CT€ C JIAaHHBIM JINHEHHBIM MOPSIJKOM ); CJIEJ0BATENLHO, BMECTO 0003HATE-
uus (S, E) st COOTBETCTBYOMUX rUeprpadoB Mbl Gy/eM TOJIb30BATHCS
TOJIBKO 0bo3HaueHmeMm &.

Dukcupyem TakzKe HEKOTOPOe CIETHOE MHOKECTBO Voo = {v1,va,... }
Takoe, uto Voo NS = &. Ilycts V,,, = {v1,v9,..., vy} Jst 1060TO HATY-
panwsHOro M. O6o3HAUMM 1Yepe3 D, Kaacc BCeX MOMEYEHHBIX oprpadon
C MHOXKECTBOM Vj,, B KaueCTBe MHOXKECTBa BEPIIUH. B mocenyiomem Bce
oprpadbl ¢ m BEPIINH, PACCMATPUBAEMBIE 3/1€Ch, ABJISIOTCS SJIeMEHTaAMU
MHOXKeCTBA Dy, .

[Iycts D € D,y,. Yepes F(D) 0603HaUNM MHOXKECTBO BCeX (DYHKIIHiL
Buga f : Vi, — B(S), yI0oBIeTBOPSIOINX CJIEYIOMEMY YCIOBUIO: €CJIn
(v,v') € ED, to f(v) C f(v'). O6o3maumym uepes F (D) MHOKECTBO BCex
nabekTUBHBIX byHKIWii u3 F (D). Jlob6oi dyukmun f € F(D) craBut-
cst B coorBercTiue y-(m,n)-runeprpad Hy = (f(vi),..., f(vm)). Hycrs
H(D) = {Hs|f € F(D)}, H(D) = {Hf | f € F(D)}, MD) = [F(D)| =
(H(D)| m A(D) = |F(D)| = [H(D)|.

Iycre S’ — mexoropoe moavHuOKecTBO MHOKecTBa S. Yepes a(S')
0603HAYNM JIBOUYHBIH n-HAGOp (ai,...,a,), Takoii, 9To Iasd BCeX i € T
BBITIOJIHEHO a; = 1 Torjga m TONLKO Torga, korma s; € S'. Ilycrs a —

aonunslit n-wabop. Yepes S(a) 0603HAUMM TIOAMHOKECTBO MHOKECTBA
S, Takoe, uto $; € S(a) Torga u TOJIBKO TOTA, KOTIA G = 1.
Tenepb MokeM BbIBECTH TEPBYIO (hopMysty Jyist anucyaa aq(m,n).
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1
Teopema 1. ay(m,n) = — Y (=1)/FPI\(D).
m:
DeD,y,

HdoxkazaresnnscTBo. [osopum, uro y-runeprpad (eq,...,e,) obaagaer
cBoiicTBOoM pj; (4,7 € M, © # j), ecn e; C ej. 3ameTnm, 4T0 y-(m,n)-
runieprpad (S(a1),...,S(a,,)) He obagaeT HE OTHUM M3 CBOICTB Pjj
(i,7 € m, i # j) nas moboro (aq,...,a,) € fll(m,n). Hao6opor, ecsu
runeprpad (eq,...,e,) He 0bJ1a/laeT HU OJIHUM U3 CBOJCTB pjj (1,7 € m,
i # ])7 TO (a(el)v s 7a’(em)) S Al(mvn)' Hycrs Piyjys -+« Pipj. — HPO-
W3BOJIBHBIX I° TAKUX CBOHCTB, u myctb D) — oprpad u3 D,,, Taxoii,
aro ED = {(vi,,vj,),-.., (vi.,vj.)}. fdcro, aro MHOKecTBO BCex (m, n)-
runeprpadoB (e1, ez, ..., €y), 00JATAIONUX CBOACTBAMI iy jis - - - » Piyjy
sipsisiercst MHOKecTBOM H (D). Torza, 110/1b3ysICh TIPUHIMIIOM BKJIIOUEHNSsI-
UCKJIIOYEHU, TTIOJIyIaeM, 9TO

ar(m,n) = Y (~D)FPIH(D) = Y (-1)FPIND).

DeDy, DeDy,

Teneps u3 coornomenns (1) caemyer nuckomas opmyJia.

IMockosbky runeprpad (S(ai),...,S(an)) ssisercs runeprpadpom
6e3 KpaTHbIX pebep st Joboro (ai,...,an) € Ay (m,n), To noBTOPSISL
pacCcyKJIeHus U3 JI0Ka3aTeIbcTBa TeopeMbl 1, HO Temepb TOJBKO IO OT-
HOIIEHUIO K y-(m,n)-runeprpadgam Ge3 KpaTHBIX pebep, Mbl IMOJIydaeM
CJIETYTOIIEE yTBEPIK IEHUE.

1 .
Teopema 2. ay(m,n) = — E (=D)IEPIX(D).
m!
DEDy,

ITokaxkeMm Temnepnb, 9TO JAHHBIA Pe3yJIbTAT MOXKHO Y/IyUIINTh, TAK ITO
CyMMWPOBAHWE B BBHIMETPUBEICHHON hopMysie OyaeT uaTh TOIHKO 0 Fa-
ctu oprpadoB, a He TT0 BceM oprpadaMm MHOXKeCTBA D,y,.

O6ozuaunm depe3 J,, MHOX)ecTBO Bcex oprpados u3 D,,, He nme-
OIUX OPUEHTUPOBAHHBIN MApmpyT Aaubbl > 2. HazoBem oprpadwr u3
MHOXKeCTBa J,, eorcamu. Ilockonbky J11000i exx J mo3Bosisier pasdouenHue
MHOKeCTBa cBoux BepiuH V' J Ha aBa moaMHOXKecTBa Vi 1 Vo Takme, 9TO
EJn (Vi x Vo) = EJ, TO ¢ TIOJHBIM TIPABOM MOIJIH GBI BMECTO TEPMUHA
«€XK» WCIIO0JIb30BATh TEPMUH <«IBY/IOJbHBIN HAMPABICHHBIH Tpad».
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1 "
Teopema 3. ai(m,n) = — > (=1)"PIN(D).
m:
DeJm

Jloka3zareabcTBo. Ecin uepes A, 0603HAYINM MHOYKECTBO BCeX OE3KOH-
TypHBIX oprpados u3 D,,, a yepe3 A/ — MHOXKeCTBO Beex oprpados n3
Ay, IMeIonmx Xots Obl OJUH My Th JIUHBL = 2, T0 Jpm = A\ AL,
Cuauasma mokaxkem, uro s jwoboro D € D\ A, uMeer mecto
F(D) = @. rax, uycrs D — nexoropsiii oprpad uz muoxkectsa Dy, \ A,
Torma y D ecTb KOHTYD V;, €1V, - .. Vi, Vi, = Vj,. lemeppb ajsd ar0060ro
fe f(D> HnoJrydaeM, 49To f(vil) - f(viz) c - C f(vlk) - f(vh) u,
creposarensuo, f(vi,) = f(vi,) = --- = f(vi,), u mostomy f ¢ F(D).
Orcrona momydaem, 9to F (D) = &, 1 TeM caMbIM TOKA3aHO, UTO

> CYFPIAD) =0. (2)

DeDm\Am

Paccmorpum teneps ksace Al . YHOpsiioduMM HEKOTOPBIM  CIIOCO-
60M BCe Taphl PAa3IMYHBIX BepmmH 73 V2 B TOCTEI0BATETHHOCTD
(uh, uf), ..., (uly,,uy, ), (ap = m(m — 1)). Pasobbem muoxectBo A7, Ha
nm3bIoHKTHBIE Kaacesl (AL);, i € ag, Tak uro oprpad D € Al npunaz-
nexut knaccy (Al)); Torga m TonbKo Torga, Korga D He MpUHAIIEKHUT
mnoxkecrsy Uj_1(A!,); m B D cymecrsyer mpocToii myTh JMHbL > 2 ¢
HAYaJIOM B U ¥ KOHIIOM B BEDIIHUHE U .

dcno, uro moboit knace (Al)i, i € Gy, MOXKHO TPEJCTABUTH KaK
JIU3BIOHKTHOE 00bEeINHEHNE 2-MHOXKECTB, TAKUX, U4TO Oprpadbl U3 9TUX
ITOAMHOXKECTB OTJIMYaI0OTCA TOJIBKO TEM, YTO OJAWH M3 HUX COAEPZKUT
ayry (uf,u), a apyroit mer. JIerko ymoCTOBEPUTBCs, UTO €CJIH Oprpa-
dbe1t D' m D" ormmuarorest TOMBKO TeM, 9TO OJWH COmepKUT ayry (u,v)
(u,v € VD'), a apyroii mer, u eciu MpU 3TOM CyIIECTBYET B HUX IyTh,
CBS3BIBAIONIT BepmIuHy u ¢ Bepumuoil v, 10 A(D') = A\(D"), 10 ectb
(~D)IED'IN(D') + (=1)EPL"IXN(D") = 0. Teneps sicro, 410 ciaraembie Toii
qacTn cymmbl 13 Teopembr 2, KoTopas cootsercrByer oprpadam us Al |
MOKHO HeperpynmupoBaTh B CyMMY Hap CJIaraeMbIX, KOTOPhIe aHHY/THPY-
I0TCSA, U CJIEOBATEILHO UMEET MECTO PABEHCTBO

> FPIAD Z Z ~1)IPPIN(D) = 0. (3)

DeA,, i=1 De(AL,)
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[Tockosbky D, sBASETCA AUIBIOHKTHBIM O0bEIMHEHUEM MHOYKECTB Jpy,
Al 1 Dy \ Ay, TO yTBEpIKIeHNE JTAHHON TEOPEMBI SIBJISETCS CJIE/ICTBHEM
Teopemsbr 2 u pasencrs (2) u (3).

TTpoGrema naxoxaenms uncen A(D) cama 1o cebe sSBIseTCs CI0AKHOM
3aj1adeil, MoITOMY BBITOJA OT 3HAYMTENHLHOIO YMEHBIIEHUs KOJINYECTBa
4eHoB B cymme m3 Teopembl 2 cBoguTCs Ha Her, u (hOPMYJIa, MPUBe-
nenHast B Teopeme 3, nMmeer Majoe mpakTtudeckoe sHadenuwe. C apyroit
CTOPOHBI, MOCKOJIBKY BBIYUCIUTH dncyia A(D), Kak Mbl YBUJIUM B CJie-
JIYIOIIEeM pasjiesie, B IPUHITAIE HETPY/IHO, MOMBITAEMCS Telephb MOy IUTh
bopmyITy, TOTOGHYIO TOIBKO 9TO IOLYy9eHHOM, HO B KOTOPOii BMecTo A(D)
dburypupyrtor aunciaa \(D).

O603znauny gepes H (D), i € 7, MHOKECTBO BCeX y-(m, n)-rHmep-
rpadoB u3 H(D), umerommx TOYHO i pasandHbIXx pebep. ITockoabky
H(™) (D) = H(D), ro A(D) = [H"™(D)|. Taxxe, oueBnmno, uro

AD) = Y- [HO(D).

Bseniem o6o3nauenue

o(i)= Y (~DFPIHD(D)].

DeJm
Torma pesyabrar Teopembl 3 MOXKHO 3alMCATH B BUJE PABEHCTBA
o(m) = ai(m,n).

Borancinwm o (i) u st caydast, korga ¢ € m — 1. CHavasma JoKazkeM OJHO
BCIIOMOT'aTEJIBHOE yTBepxq:[eHHe.

Jemma 1. Y (-1)IFPl = (1)1,
DeJm

Joxkazareabcrso. [Tycrs

ep)
am(z) = Z Ui T,

=0
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TJIe Gy — 9UCTIO e¥Kelt ¢ m BepmmH u ¢ jyT. Herpynno ysugers, 1aro

o) = 3 (1)1 bt

k=0

e
k

k
by(z) = ; (z) (1+2)* D keN,.
[Mockomeky bi(—1) = 1, korma k = 0, u by(—1) = 2 maa moboro k € N,
TO

S (1 = an(-1) = ()2 0m S0 () =

DeJm k=1

Yepes Vi(J) (Va(J)) obo3Haunm MHOXKECTBO BCEX BepIIHH exa J €
Jm, Y KOTOPBIX MOJIyCTENeHb 3ax0a (Mcxoja) paBHA HY/0. SICHO, 9TO
Vo(J) = Vi(J) N Va(J) saBasiercss MHOZKECTBOM BCEX M30JMPOBAHHBIX BEP-
mma. Muoxectso Vi (J)\Vo(J) (Va(J)\Vo(J)) HazoBem eeprmet (Huotc-
ned) moneit exxa J. Taxxke, wepe3 s(n,k) u S(n,k) oboznaunm uncia
CrupJsinHra, MepBOro u BTOPOTO POJIa, COOTBETCTBEHHO |§].

Jlemma 2. Jlaa 4106020 © € M umeem Mecmo pPaBeHCmME0

JokazareabcTBo. B coorBercTtBuu ¢ Teopemoit 3, manHoe PaBEHCTBO
uMeer MecTo g i = m. He onupasich Ha J0Ka3aTeJIbCTBO 3TOTO YaCT-
HOTO CJIydasi, JOKaykeM, YTO JaHHOEe PABEHCTBO MMEET MeCTO JJIsd BCex
1 € m. BBegeM MHOXKeCTBa
P, ={xCBE) X =4} Gem) Pi=g
Pi={xeP,|BX X" eX) X' CX"NX'"#X"} (je2,m),
P =B\B; (G em).
Bamernm, uto |PB7| = |A1(i,n)| = ai(i,n) ana moboro i € m.
®urcupyem Hekoropoe i € m, u nycrb X € P,. O6oznaunm F(X) =
{f : Vi = B(S)| f(Vi) = X} Lyers F(D; X) = F(X) NF(D) ans
moboro D € Dy,. Yepes Jp,(X) 0603HAUMM MHOXKECTBO BCEX HArPY-
)euubix oprpados (D, f) rakux, uro D € T, u f € F(D;X). Ilycrs
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V(X5 D, f) = {v € Vi | f(v) = X} maa moboro (D, f) € Tn(X) un
X € X. OueBuIHO CIAEAYIONIEE PABEHCTBO:

o) = Y YFPIHOD) = YO ()P Y F(Ds )| =

DeJTm DeJm xXey,

_ Z Z |ED|‘f- D; X)| = Z Z (_1>|ED| _
XeP,; DETm XeP,; (D,f)eTm(X)

D INED DN CHL IS DD DRI Vit
XEP! (D, f)ETm(X) xeP; (D,f)€Tm(X)

O603Ha4YMM B BBIIIE JAHHOM BBIPAJKEHHN MEPBYI0 CyMMY IOCJIE TTOCTET-
Hero 3HaKa paBeHCTBa uepe3 o1(i), a BTOpyo0 — 4epe3 os(i). 3amernm,
qT0 ecam ¢ = 1, 1o 01(i) = 0, u crenosarensuo (i) = 0+ 02(i) = 02(7).
[TokazkeMm, uTO paBeHCTBO 0 (i) = 09(i) UMEET MECTO /It BCeX i € .
Bospumem nekoropoe X' € P!, i € 2,m. Torma cymecrsyior X', X" €
X, makue, yro X' C X”. Ilycrs X' u X" cooTsercrBeHHO MUHMMAJIb-

HBIA U MaKCI/}MaﬂinImﬁ 3JIEMEeHTBl HEeKOTOpOil Itemm B X, comepzkareit
muoxkecrsa X' u X”. Torpa sicro, aro s smoboro (D, f) € Jpn(X)
wmoxkectsa Vi) (X'; D, f) = Vi(D) N Vin(X'; D, f) u VP (X"; D, f) =
Vo(D) N Vi (X"; D, f) menycroie. Pazobbem knace Jp,(X) HA mogkiac-
col [T (X)]k, k € ¢, Tak, uro nsa marpyxennwbix oprpada (D', f') n
(D", f") npunajeskaT OAHOMY U TOMY Ke TOAKIACCY [ Jm(X)|x Torma u
TOJMLKO TOrga, Korma f' = 7 = f, Vrg)(X’;D’,f’) = VTS)(X’;D”,f”),
VOX" D, = V(XD ") w Dy = (Vi ED\Ey) =
(Vin, ED"\Ey), tne By = V(X' D/, f) x V2(X"; D', f). Teneps mbr

ToJIy9aeM:

Jl(X) _ Z |ED| Z Z (_1)|ED| _

(D f)ejm(/'\’) k=1 (D, f)€[Tm(X)]k

Z 1IED S (—)lE'l g,

E'CEy

Hockosbky o1(X) = 0 aus Beex X € L, 1o onars nmeenm, uro o1 (i) = 0,
u, ciaeoBaTensHo, o (i) = oa(i).

Teneps mycrs X € B, i € m. Bamernum, uto X' € X" naa mobwIx
nByx pazmmanbix X', X" € X. Pazobbem knace Jp,(X) Ha momkmaccer
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(T (X)]f, [ € F(X), rak uro marpyxennsiii oprpad (D', f') € Tpn(X)
IPUHAIEKAT HoAKIAcCY [T (X)] s Torma u Tombko Torma, korma f' = f.
ITonygaem, gro

(i) =2 2. >

xePy feF(X) (D, F)E[Tm(X)]y

®ukcupyem nekoropeie X = {X1,..., X;} € B! u f € F(X), nmycrs
nano Hekotopoe (D, f) € [Tm(X)]f. Taxxke nycrs Wi, = Vi (Xy; D, f),
D, = (Wi, EDNW?) u my, = |Wy| mnst mo6oro k € 4. Bamerum, uro
EDN (Wi x W)) = @ nna mobwix k,l € i, k # . Yepes Dy, k € 1,
obozmatnM oprpad u3 Jp, , KoTopeii usomopden D). fcmo, 9To Korma
(D, f) npoxoaur muOKECTBO [Jm(X)]f, TO Oprpad D) mpoxoaut mosHo-
CTBIO MHOXKECTBO Jr, . Torga, nompsydace Jlemmoii 1, momygaem:

Z 1)lEDl = Z Z DIEDI(Z1)lEDil =

(va)e[jm(x)] DlEJml D; Ejml
- Z Z (=1)!EP | (—1)lEDil Z (—1)1ED:l =
Dlejml D'L*lejmiil DzEjm,L

= (—1)mi~1 Z Z (=D)IEDil | (—1)lEPial = L =

D1€Tm, Di1€Tm,;_4
= (=1)m-t  (=1)mil = (=)™

Hockomsky B | = a1(i,n) n |F(X)| = ilS(m,i), T0, oKoHIATETHHO,
HOJIy 9aeM, 9TO

o) = X (DEPIHOD) = (-7 Y Y 1=

DETm xe®By fEF(X)
= (=)™ tay(i,n)i! S(m,i) = (—=1)""'S(m,i) a1 (i,n).

JlokaxkeMm ceifgac CrHpaBeINBOCTh (DOPMYJIbI, KOTOpAs SBJISIETCS
OCHOBHOIi B paboTe.

m
Teopema 4. ag(m,n) Z m, )| Z |ED|/\ (D).
i=1 DeJ;
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JoxkazareabctrBo. Ilycrs

Bilm,n) = Y (~DFPI\D) = Y (—1)'ED'Z!H(“(D)

DeTm DeJm

Memnssa mopgaao0K CyYMMUPOBAHUS B TTOCTAETHEN CyMMe U TpUMeHdad Jlemmy
2, moyIaeM, 9To

m

Z S CDEPIHO(D)] = S (=1 S(m, 1) G (i, n).

i=1 DETm i=1

OxonuarenpHO, mpuMeHsig uaBepcuto Crupsuara (8], moydaem, aro

m m

ai(m,n) =Y |s(m,i)| B1(i,n) :Z\s m,i)| > (=1)FPIN(D).

=1 DeJ;

Tenepn n3 pasenctra (1) ciegyer mCKOMOE PABEHCTBO.
JIerko yJa0CTOBEPUTHCS, UTO CEIYIONIee YTBEPKIEHIE UMEET MeCTO.

Jlemma 3. Ecau C1,Csy,...,CL — 6ce Komnonenmvi caaboti c6A3HOCMU
opepaga D, mo

A(D) = M(C1) - A(C1) - -+ - A(Ch).

ycts By, (k1, ko, ..., ky) — 9uciao Bcex pasOMeHUil n-MHOKECTBA HA
k1 + ko + - - - 4+ k,, IOIMHOXKECTB, CpPen KOTOPBHIX CYIIECTBYeT TOIHO k;
i-muO)ecTB (i € ). Kak M3BeCTHO, MHOTOW/IEHBI

k1, .k kn
Yo(xy,29,...,20) = Z Bp(k1, ko, ... kp)zy zy? . oap,
(k1,k2,....kn)

rae ki +2ko+- -+ nk, =n (k; > 0), nazeiBatorcst MEOTOYIeHAME Besia
[15]. O6o3raunm gepe3 J5, MHOKECTBO BCeX C1a00 CBSI3HBIX €2Keil 13 MHO-
xKectBa Dy,. Torna u3 Teopembl 4 1 JIeMMBbI 3 BBITEKAET CIIPABEIJIMBOCTD
CJIEZYIOIIErO YTBEPIKICHNUS.
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Teopema 5. Umeem mecmo dopmyaa

041( = Z m,i ‘Y ( ),B(Q,n),...,ﬁ(i,n)),

20e
Bln) = Y (-)FPIND), jeTm.

DeJy

3. O uucnax A(D)

B npeapiayimeM pasjene JaHbl (DOPMYJIbI, KOTOPbIEe MPobaeMy mepe-
qucsiennst Kiaaccos Aj(m,n), B npuHIMIe, CBOAAT K pobieMe HAXOXK/ie-
uus aucen A(D) (D € D,,), eciu, KOHEYHO, PH STOM HE YUUTHIBATDH
«CKOPOCTBb BO3PACTAHUSA» UX KOJUIECTBA. B 9TOM pasjese mpejiaraeTrcs
OZIVH CTIOCO0 JI HAXOK ICHNUs 3TUX YUCE U, CJICTOBATETHHO, TPUBOAATCS
6ostee ymobubie BapuanTs dhopmyt u3 Teopem 4 u 5.

JIemma 4. Umeem mecmo A(D) = n% (D) daa mobozo D € Dy,

Hoxka3zarenncrso. Ilycrs (ey,...,e,) — HekoTopwlil y-(m,n)-runep-
rpad w3 H(D). Bamernm, uro a(ex) < ale) (k,l € m, k # 1) Torna
1 TOJIBKO TOrfda, Korma e C e;. OTcioma ciemyer, 9To Jjis JII060ro j € 7
bynxmusa v; @ Vi, — {0, 1}, te v (vg) = prj(a(ey)) ana mroboro k € m,
OTIpeJIesIsieT HeKOTOPYI0 =-packpacky oprpada D. Takum obpazom, Jito-
oomy (e1,...,€m) € H(D) MoXKeM CTAaBUTH B COOTBETCTBHE HEKOTODBIi 7~
Habop (v1,...,v,) =-packpacok oprpada D. Teneps nycrs (vi,...,vy)
— HEKOTOPbIit n-Habop =--packpacok oprpada D. CtaBum 3TOMy HAOOPY
B coorBercTBue rumeprpad (er,...,en), rae e = S[(v1(vi), ..., vn(v;))]
nist jiio6oro ¢ € m. Jlerko 3amernts, 94ro (€1, ..., ey) € H(D). ITockonb-
Ky 00a BBIIIIE JAHHBIX COOTBETCTBHS ABJISIIOTCS OUEBUTHO HHHEKTUBHBIMH,
TO UCKOMOE PABEHCTBO MMEET MeCTO.

Temneps mosb3ysicek Jlemmoit 4 u3 Teopemsr 4, moydaem, 9To CaeIyio-
Iee yTBEPIKIeHNe UMeeT MeCTO.

m
Teopema 6. ag(m,n) = Z m, )| Z 1)IEPIr (D).
i=1 DeJ;
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IMycts G — mexoropsrii (oprpad) rpad, u V4 C V — HekoTopoe MHO-
xecTBO ero BeprmH. Yepez G — V' 0603HAUNM TOPOXKIAEHHBIN mOATPAd
<VG\V > (oprpada) rpada G.

ITycrs w — nekoropast Bepimnaa rpada G. Yepes Adj (u) oboznaunm
MHOYKECTBO BCEX BEPIINH, CMEXKHBIX BepIIHHE u. IIyCTh v — HEKOTOpas
seprmaa oprpada D. Yepes Adj(v) o6o3HaunM MHOKECTBO BCEX BEPIINH
CMEXKHBIX K BEpIIMHE U WM CMEXHBIX M3 BepumHbl v, depe3 Out(v) —
MHOKECTBO BCEX BEpIIUH JOCTUKUMBIX U3 v, a depe3 In(v) — MHOKeCTBO
BCEX BEPINWH, W3 KOTOPHIX JOCTUKWMa BepImHa v. Ecam BO3bMeEM, UTO
N= (D) = 1umn (@) = 1, rne @ — nynesoit rpad uam HyaeBoii oprpad, T0
JIETKO YIOCTOBEPUTHLCH, YTO UMEIOT MECTO CJIETYIONTHAE BA YTBEPKICHUS
(em. Taxxe [5]).

IIpeanoxkenune 1. (=-gekomnozunuonnas jemma). [lycrs D — HEKOTO-
porit oprpad. Torma

1=(G) = 1= (G — ({v} U Out(v))) + 7= (G — ({v} UIn(v)))
s aoboro v € VG.

IIpeanoxkenune 2. (T-mekomnosunuonnas jgemma). Ilycts G — HEKOTO-
porit rpad mau oprpad. Torma

m(G) =m(G —{v}) + m(G — ({v} UAdj(v)))
g aoboro v € VEG.

TTonw3ysack BeIme gaaabIMA POPMYTIAMU MOKEM TENEPD JIETKO BHIMHAC-

m1b (n7(G)) N=(G) ans caydas HEKOTOPBIX CHENUAIbHBIX THUIOB (Ipa-
dbos wmn oprpados) oprpados G.
IIpumep 1. Ilycts K, n K,,, — COOTBETCTBEHHO MOJHBIN N-BepPIINH-
HBII Tpad U TOJIHBIN JBYAOABHBIN Ipad C JOJAMEU U3 M U 7N BEPIIUH.
Torna m(Kp) = n+1u n(Kpy) = 2™+ 2" — 1. Ecm P, npocras
LENH C N BEPITUHAME, TO MBI MOJIYYa€M MOCAEN0BATENRHOCTE Pnbonadyan
77T(Pn) = TIT(an) + nT(Pan); n=23..., 77T(P0) =1, nT(Pl) =2.

Teneps nycts D — oprpad. Ecin D — myTs aiusbl n, 10 7= (D) =
n+2, 1o (D) = n1(Ppt1)- Ecim D — xonTyp ¢ n, n > 3, BepumHamm,
TO 77:>(D) =2, "o UT(D) = nT(Pnfl) + nT(PnfS)

Taxxke Jjierko ypoctoreputhes, uro ecau Cp, Co, . .., Cy — Bce KOMIIO-
HenThl (c1aboii csi3nocTw) ceszuocTu (oprpada) rpada G, To

n(G) =n(C1) -n(C1) - -+ n(Ck),
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rae 1 ectb (160 1=, 6O N7) N7
Jlerko yGenThCs, 9TO HA MHOMKECTBE €xKeil 00e JeKOMIIO3UINOHHbIE
dbopmybr omrakosbr. Crie10BaTEIBHO, IMEEM CJIEIYTOIIee Yy TBEPIK ICHNUE.

Jlemma 5. Jlaa awboeo esca D € T, umeem mecmo paseHcmeo
n=(D) =m(D).

Teneps, ucnomwpiys Jlemmy 5, moxkem mepenucath dpopmyny u3 Teo-
PEMBI 6 CIeIYIONIUM CIIOCOOOM.

m
Teopema 6. «1(m,n) = %Z| (m, 7)] Z 1P 1(D).
=1 DeJ;

IMepexon k HoBoMy Tuiy packpacku B Teopeme 6 siBiisierca bopmadinb-
HBIM, HO OTHOCHTEJHHO Teopembl 5 OH CTAHOBUTCS CYIIECTBEHHBIM, I10-
CKOJIBKY ITO3BOJISIET MEPElTH C exkeil Ha JABYI0IbHBIE rpadbl B popMmyIe
n3 TeopeMbl 5, I TeM CAMBIM Ja€T BO3MOXKHOCTH YMEHBIINTH KOJIIIECTBO
9JIEHOB B COOTBETCTBYIOIEH cymMme Oojiee, 9eM B JIBa Pa3a.

JeiicTBuTensHo, mycth B¢ (5,4} — MHOKECTBO BCEX CBSI3HBIX JIBYOJTb-
HBIX TPadOB C HOJIAMEI <<(1)I/IKCI/IpOBaHHOI‘O COCTaBay, COMEPKAIIMUMHU CO-
OTBETCTBEHHO § W ¢ BepmuH (MOPSI0K J10J1eH He chKcnpyeTCH), s,t €N,
s+t =m. Ilyctp

b(s,t) = Y (—DIFPp(B), steNs+t=m

BeB{,

Bamernm, aro b(s,t) = b(t,s) mus Beex s,t € N, s+t = m, a Takxe, 410

b(L) = 3 (~1)FP(B) = (—1) PRl (K ) = (<) 1)

BeBy, 4

nas goboro t € N. Temepsr m3 Teopembl 5 BBITEKaET CIPABEIINBOCTH
CJIeIYIOIIed TeopeMEl.

Teopema 7. Umeem mecmo dopmyra

041( Z m,i ‘Y ( ),ﬁ(2,n),...,ﬁ(i,n)),



316 I'. Kmumbapa, B. ososud

20e

1

BlLn)=2" u Blin) = (i)b(k,j—m, jeri
1

<.
|

i

4. Ty- u Ti-runneprpadbl

Ananornuno Tomy, Kak B 001Ieit Tonoaornm Beegens nonstus 1o-, 171-
u To-TIPOCTPAHCTB, OMpeNeuM CJeIyone Kiaacchl runeprpados. [oBo-
puM, uro (y-runeprpad) runeprpad H ssisercsa (yrnopsio9eHHbIM ):

a) Tp-zunepzpadiom TOTIA U TOJTHKO TOT/A, KOTJIA JIJIs JIOOBIX BEPIIUH
u,v € V, u # v, cymectyer ayra e € EH, takas, uto (u € e A
ve)V(ugenhvee),

b) Ti-zunepepagom TOorma M TOJIBKO TOTJA, KOTJAA JJis JEOOO0N Tapbl
sepmmun (u,v) € V2, u # v, cymectsyer ayra e € £H, Takas, 910
(ueenvée),

c) Ty-zunepepaghom TOTJA W TOJBKO TOTJA, KOTJA JJIst JIOOO mapsl
seprun (u,v) € V2, u # v, cymecTsyioT ayru e, eq € £H, Takmue,
gro (u € e; Av € eg Aep Ney = F).

Jlerko waiitu dopmyay aag aucaa Beex y-(m,n)-To-runeprpados, a
TaKIKe JIs duciaa Beex y-(m, n)-To-runeprpados 6e3 kparubix ayr. Coor-
BercrByomme dbopmysbl st (m, n)-To-runeprpados, a Tak:Ke Jis 9uc-
na Beex (m,n)-Ty-rumeprpados 6e3 KpaTHBIX IyT MOXKHO HaiiTu B [13]. B
[5] nccaemyercs Gosee y3kmii Kiace Takux runeprpados, KOTOPbIi CBsi-
3aH eCTEeCTBEHHBIM 00pa3oM ¢ oganM n3 Kiaaccos Ilocra. Ilpusemem 31ech
OJIUH U3 Pe3yabTaToB u3 [5|, Kacawomuiicsa HACTOsIIIEH PabOTHI.

B [5] paccmarpusaercst npobiema nepednciaenust kaaccos Fy (n|m)
(n € N). Iokazano, uro 3Ta nmpobsema CBOIUTCA K Mpobseme mojcye-
Ta p-nomHbX y-(n, m)-To-runeprpadoB, KOTopas B CBOIO OYepeb CBO-
IUTCST K HAXOXKIEHWIO 9NC/Ia BCeX TumeprpadoB ¢ PUKCUPOBAHHBIM UWC-
JIOM BepIH u pebep, a TakKe ¢ PUKCUPOBAHHBIM UMCIOM HE3ABUCHUMBIX
MHOXKeCTB BepimuH. B [5] He3aBucumoe MHOXKeCTBO runeprpada UHTED-
MPETUPYETCsl 9epe3 ero COOTBETCTBYIONIYIO (0600IIEeHHYI0) [-pacKpacky.
[Ipusenem pesysbrar, noaydeHubiit B [5] mus caygas p = 2. Ilyers
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apg(m,n) = |FZ(njm)| u do(m,n) — umucio Beex 2-moanwix y-(n,m)-
To-runeprpados (B [5] 5TH umcaa 0003HAUEHBI COOTBETCTBEHHO Uepes3
ag(m,n) and fy(m,n)). Jlerko Bugers, uro ag(m,n) = (1/m!) &o(m,n).
IMycrs Gy, k € N, — xmacc Bcex rpados G, y koropeix VG = V. Tloka-
3aHO, 9TO

ag(m,n) = % (=)™ (m — 1)+ Zs(m,i) Z (_1)|EG| ' (G)
i=1 Geg;

(1)

Bavernm, uto mobyro dbyrkmmio m3 FZ(n|m) MoKHO HHTepHIpeTHpo-
BaTh B TEPMUHAX TEOPWM MHOXKECTB KAaK M-CEMEHCTBO PA3IUIHBIX TMOJI-
MHOKECTB HEKOTOPOTO 7-MHOXKECTBA, TAKOE, 9TO JIOOLIE IBa ITOIMHOKE-
CTBa 3TOTO CEMEHCTBA MMEIOT HEIYCTOE TIePeCeveHne; HaA30BEM TaKue Ce-
MeHCcTBa ceMeiiCTBaMU C HEILyCThIM IIePECeUCHUEM.

O6o3uaunM gepes y(m,n) 9ucao 2-moaHbix (1, m)-runeprpados (wim
YUCI0 CEMEWCTB M3 M MOAMHOXKECTB N-MHOKECTBA C HEMYCTHIM MEpece-
YeHWeM; OTMETHM, 9TO TMOJAMHOMKECTBA B 3TUX CeMeicTBaxX MOTYT TOBTO-
paThbest). IIOCKOIBKY 9mC/I0 YOS I09YeHHbIX k-pa30uenuii ducia m paBHo

(75:11 ) [8], To moyuaem

s = 30 (77 ot =

1 o~ml(m—1Y\, 1 & )
= (D) ) = o S Kol )

rne L'(m,k) wmcna Jla (Ge3 3maka), miam, Kak OHM TOXKE HA3BIBAIOTCH,
qncaa Crupsuara Tperbero poga [8]. Jamee, eciu

Boli,n) = Y (=1)Fni(@),
Geg;
10 u3 dhopMmybl (4) TOSTyUIaEM, ITO

m m m
1

ym,n)=— > (=1)F(k = DL (m, k)+> L' (m, k) Y s(k,i)Bo(i, n)
k

m!
k=1 k=1 1
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[MockousbKy neppasi cymma pasaa —(m — 1)1, a Bropasi cymma, mnocse us-
MeHeHUsl TIOPSA/IKA CYyMMUPOBAHUS U TPUMEHEHUs COOTHOIIeHui [§]

[2]™ = L' (m, k) [z = s(m,k)a® n [2]™ =" |s(m, k)|,
k=1 k=1

k=1
paBHa

m m m

Z ZL/(mvk)S(k’i) 50(@”):Z|5(mai)|ﬁ0(ivn)v

i=1 \k=i i=1

TO

Ymm) = = [~ f1'+2| o)l Y2 )FE@G)| 6)

m!
Geg;

371€Ch [Z]; 1 [x]™ — cooTBETCTBEHHO yOBIBAIOIIMIT 1 BO3pacTaONIHii (hax-
Topuassl [8].

Warepecuo 3ameruth hOPMATBHYIO CXOXKeCTh (popmysabl 3 Teopembr
6’ ¢ dopmynamu (4) u (5). Mel cauraem, 9To cymecTByer 6oJiee ryGoKumit
KOMOWHATOPHBIN CMBIC, OTBEYAIOIINIl 34 3Ty CXOKECTh, XOTS HAM ITOKA
HE Y/JIaJI0Ch YCTAHOBUTD, YTO JIEXKUT B OCHOBE 9TOr0 (hakTa.

(V-rumeprpad) rtuneprpad H 6e3 KpaTHbIX pebep SABJISIeTCs
(y-anmuuenvio) anmuuensio, ecim e; € es st JTIOOBIX JBYX PA3THIHBIX
pebep eq,eo € EH, 1o ecTh MHO)KeCcTBO £ H siBiisierca cemeiictsom Ilnep-
Hepa Ha Muoxkectse V H. Ilycts H — mpomsBosibHast (1m,n)-aHTHIEND
((m, n)-runeprpad, sABAAONMIACT aHTUIENHIO). ZICHO, YTO MHOXKeCTBO
n-nabopoe {a(e)|e € EH}, siByisiercst MHOKECTBOM MUHUMAJLHBIX €1~
HUI[ HEKOTOPOii (byuKnu u3 Aj(m,n); 0603HaUnM 3Ty (DYHKIUIO depes3
fr. Coorercreue, koTopoe runieprpady H mpunucsBaer GyHKIHIO ff7,
onpejiesisieT OjIHY OMEKIMIO ¢ MHOYKeCTBA BCex (M, n)-aHTHleneil Ha MHO-
xecTBo Aj(m,n).

Iycrs H = (V,€), € = {ex, A € A}, — nexoropsiii runieprpad. O6o-
suaanM A, = {A € Alv € ey} ana moboro v € V. Jyasviom 2u-
nepepagpom tuneprpacda H maswiBaem rumeprpad H* = (V* ), rme
V¥=Au&*={A,,v € V}. Ecim H — nomeuennslii y-runeprpad, To
H* Takke ABIAETCA TOMEYEHHBIM y-TUNeprpadoM; JIMHEAHBINH TTOPAI0K
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Ha V¥ UHIyIUPOBaH JIMHEHHBIM TIOPSIIKOM Ha £, U yHOPSI0UYEHHOCTh Pe-
6ep MHOXKecTBa £ MHAYNUPOBAHA JIMHEHHBIM TTOPSAIKOM, JAHHBIM HA V 1
nomedatomum H. Jlerko 3ameruts, uro ecim H — y-(m, n)-anruiens, 1o
coorBercTByOmuii Jgyasnbublii runeprpad H* sapasiercs y-(n,m)-Ti-ru-
neprpagoM. TTosToMy YHCI0 BCeX MOMEYEHHBIX YIHOPSAI0YEHHBIX T-TH-
neprpadoB, y KOTOPbIX m BepiuH u n pebep, pasHo uucay &1(m,n), u,
KaK Mbl y2Ke BHJIeJH, OHO paBHO m!aq(m,n).

Takum 00pazoM, W3 TPUBEIEHHBIX BBINIE PACCYKICHUN BUIHO, 9TO
CELYIOINE YeThIPE MPOOIEMBI, & UMEHHO: MPOOJIeMa OTPEIEIEHNsT YUC-
1a aq(m,n), mpobseMa mepedncaeHnst MHOXKeCTBa Beex y-(n,m)-T)-ru-
nmeprpador, mpobsema Henexkurma u mpobaemMa OnpeaeeHns IncIa BCeX
cemetictB Illmeprepa HA KAKOM-TO MHOXKECTBE, SBJIAIOTCS, B TPUHIIATIE,
SKBUBAJIEHTHBIMH.

5. NnnocTpanus MeTo/la M HEKOTOPbhIE€ siBHBIE
dbopmysTh

IIponnmtocTpupyem Bo3MokHOCTH (hopMysibl, maunuoit B Teopeme 7.

IIpumep 2. Boruncanm suavenns aq(m,n), 1 < m < 5. Ilockoabky
b(1,t) = (=1)Y(2" + 1)™ u b(s,t) = b(t,s) ana mobwix s,t € N, To uTo-
661 BbIauCnTh v (m,n), 1 < m < 5, HYXKHO ele paccMOTPeTh TOJILKO
KJTaCChI BEZ?} n BEZ?}}' Ha pwuc. 1 maHpl Bce HeMOMEYEHHBIE JIBYIOJIb-
HbIe TpadBbl, TPEICTABISIONINE KJIACChl, HA KOTOpbIe n3oMopdu3M rpados
pa3buBaeT MHOXKECTBa Bf{z272} u 5?2,3}' Ilepsoe gucno Bozie Jir06Oro us
MIPUBEJIEHHBIX TPadOB ABISIETCS MOIIHOCTHIO COOTBETCTBYIOIIETO KIACCa,
BTOPOE JIaeT COOTBETCTBYIOIIee 3Ha4YeHne 1)y (y Bcex n30MopdHBIX rpadoB
9TU 3HAYEHUA TO}KILGCTBGHHBI).

N48 /\/\613 6 12
tjl7 %614

Puc. 1.
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Orcrona, ncnons3yst Teopemy 7, mosryaaem
b(1,1) = -3, b(1,2) = 5", b(1,3) = -9, b(1,4) = 17",
b(2,2) = —4-8"+ 7", b(2,3) =6-14"+6-13" —6- 12" + 11"

B1,n)=2",  B2n)=-2-3",  B(3,n)=6-5"

B(4,n) = —8- 9" — 24 - 8" 4+ 6. 7,

B(5,m) =10- 17" + 120 - 14™ + 120 - 13™ — 120 - 12" + 20 - 11™.
Bamensist 7, i € 5, snauennem 3(i,n) B MHorounenax Bemna [15]

Yi(z1) = @1, Ya(w1,22) = af+wa, Ys(xy,32,23) = 2+ 32102+ 13,

Yi(w1,...,24) = oF + 62229 + 4173 + 373 + 4,

Ys(x1,...,25) = 25+ 102329 + 102223 + 152123 + 52174 + 102923 + 25

ToJIy4aeM, COOTBETCTBEHHO, BbIPAXKEeHUS:

o,

qn—92.3m,

8" —6-6"+6- 5",

16" — 12127 +24-10" +4-9" — 24 - 8" +6- 7™,

320 — 20 - 24" + 60 - 20" + 20 - 18" 4+ 10 - 17" — 120 - 16" — 120 - 15"+
+150 - 14" 4+ 120 - 13" — 120 - 12" + 20 - 117,

1 OTCIOJIa, WCITOJIL3Ys NePBYI0 hopmysty u3 TeopeMbl 7, Mbl OKOHYATEIHHO
HAXOJIUM, UTO

ai(l,n) = 2",
1
o (2,m) = o5 (47 23" + 27,

1
a1(3,n) = 57 (8" — 66" +6-5" +3-4" —6-3" +2.27),
1
a1(4,n) = = (16" — 12127 +24- 10" +4-9" — 188" + 67" — 36 - 6"+
©36-5" 4+ 114" —22.3" 4+6-2"),

a1(5,n) = 1' (327 —20-24™ 4 60 - 20" 4+ 20 - 18" 4+ 10 - 17" — 110 - 16"—
" 120157+ 150- 14" 4120+ 13" — 240 - 12" + 20 - 117 4 240 - 10"+
409" — 205 - 8" 4+ 60 - 7" — 210 - 6™ + 210 - 5" + 50 - 47—
100 - 3" + 24 - 27).

Takxke, «OE3KOMIBIOTEPHOMY» BBIUYUCIEHUIO TOIACTCS U HAXOXKIe-
HUE CJEIYIOMNUX ABYX (DOPMYJI:
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a1(6,n) = l' (64™—30-48"+120-40"+60-36™+60-34™ —12-33"™ —345-32"—
©720-30"4-810-28"+120-27" 4480-26™ 4360 - 25™ — 480 - 24" —
720-23" —240-22™ —540-21"41380-20" 4 750-19™ 4+ 60 - 18" —
210-17™ — 1535 - 16™ — 1820 - 15™ + 2250 - 14™ + 1800 - 13—
2820-12™"+300-11"+2040-10™+340-9™ —1815-8" +510- 7"~
1350 - 6™ 4 1350 - 5™ + 274 - 4™ — 548 - 3™ 4 120 - 2™),

a1 (7,n) = i' (128™—42-96"+210-80™+140-72"+210-68"—84-66™+14-65"—
© 819-64™—2520-60"+2730-56™ +840-54™ 484052 —420-51" 4

2940 - 50™ + 630 - 48™ — 5040 - 46™ + 840 - 45™ — 1260 - 44"+
1680 - 43™ — 9660 - 42™ 4 1260 - 41™ + 3360 - 40™ — 7560 - 39"+
11130 - 38™ + 5880 - 37™ 4 9240 - 36™ + 2982 - 35" — 6300 - 34™ —
8652 - 33" —
9905 - 32™ — 8400 - 31™ — 8540 - 30™ + 13860 - 29™ + 14490 - 28™ —
5040 - 27"+
10500 - 26™ + 10080 - 25™ — 8120 - 24™ — 15050 - 23™ — 5040 - 22" —
11340 -21™ 420580 - 20" + 15750 - 19™ — 1540 - 18™ — 5810 - 17" —
16485-16™ —21420-15™+26250-14™ +21000-13™ — 29820 - 12"+
3500 - 11™ + 17640 - 10™ 4 2940 - 9™ — 16016 - 8™ + 4410 - 7" —
9744 - 6™ + 9744 - 5™ + 1764 - 4™ — 3528 - 3™ + 720 - 2™).

Takum obpazom mosryuaem, 9To B ciaydae 1 < m < 7, COOTBETCTBYIO-
e BBIDAZKEHUA MO2KHO BBIYUC/IUTH, TaK CKa3daTh, «BPYyYHYIO», HE TIPU-
Berasi K IOMOIIM KOMIIbIOTEPa (CpaBHUTE 9TO ¢ TeM, Kak B [10] nosyuena
coorBercTBytomas (gopmyna aist m = 4). Beipaxkenust g 8 < m < 10
HaliJIEHbI C TTOMOIIBIO KOMHbIOTepa.?’

Bce BoIme mannbie BhIpaKeHns, a TaK¥Ke COOTBETCTBYIOIINE BhIpaXKe-
HUA JJIdAd M — 8,—10, BMeCTe€ C CBOMMU 3HAYUEHUAMU IJId MaJIbIX 71 TIPpEeI-
crapmens B [13].4

Crimcok aurepaTypbl

[1] Post E. Two-valued iterative systems // Annals of Mathematics
Studies. No. 5. N.J.: Princeton University Press, 1941.

3 ABTOPBHI BBIPAXKAIOT CBOIO OaaromaprocTs 3opamy Makcumopmay ¢ Texmomoro-
MeTasLy pruaeckoro (axymabrera Bearpaackoro yHuBepcuTera, KOTOPbBI HAITUCAT CO-
TJIACHO M3JIOKEHHOMY 37[eCh METOIY COOTBETCTBYIOIIYIO IIPOrPAMMY [IJIs TIOPOXK TEHUST
3THUX BBIPAKEHMIA.

Yacre Bble JAHHBIX PE3yJIbTATOB BMecTe ¢ KoMMeHTapusivu Kepuna Bpayna
mpezcraBieHa Ha Bebcaitte http://www.mathpages.com /home/kmath515.htm.



322

2]
3]
[4]
5]

10]
11]
12)
13]

[14]
[15]

I'. Kmumbapa, B. ososud

Abnouckuit C.B., Taspuios I'.I1., Kyapsienies B.B. @yukin aareo-
pot gorwkmu u Kjaaccel [locta. M.: Hayka, 1966.

Balbes R. On counting Sperner families // J. Combinatorial Theory,
Series. A 27. P. 1-9. 1979.

lopuakos KO.M. O wuawmcie wmonoTOHHBIX QYyHKIWA. Anredpo-
JIOTHYECKNe KOHCTPYKImn. KaJ nHuH.

Mososmu B., Kummbapra I. O uncme ¢ymkimit anre6pbl JOrm-
kn B kiaccax Ilocra FY' // Huckpernast maremarmgka. T. 11.
B 4. C. 127-138. 1999. (Translated in Discrete Mathematics and
Applications. V. 9. No. 6. 1999).

Dedekind R. Uber Zerlegungen von Zahlen durch ihre gréssten
gemeinsamen Teiler // Festschrift Hoch. Braunschweig u. ges. Werke.
Vol. II. P. 103-148. 1897.

Birkhoff G. Lattice Theory. Providence, Rhode Island, 1967.

Aigner M. Combinatorial Theory. Berlin-Heidelberg-New York:
Springer-Verlag, 1979.

Riviere N.M. Recursive formulas on free distributive lattices // J.
Combinatorial Theory. 5. P. 229-234. 1968.

Cvetkovi¢ D. The number of antichains of finite power sets // Publ.
de L’institut Mathématique. Nouvelle série. Tome 13 (27). 5-9. 1972.

Arocha J.L. Anticadenas en conjuntos ordenados // An. Inst. Mat.
Univ. Nac. Autonoma Mexico. 27. 1-21. 1987.

Arocha J.L. El numero de anticadenas en longitud 5 y 6 (en ruso).
VINITI 06.04.82. Reg. #1631-82 Dep. 1982.

Sloane N.J.A. On-Line Encyclopedia of Integer Sequences.
http://www.research.att.com/~njas/sequences/index.html.

Xapapu ®@. Teopust rpacdos / Ilep. ¢ anra. M.: Mup, 1973.

Riordan J. Combinatorial Identities. New York-London-Sydney:
John Wiley & Sons, 1968.



