BI)ICprIe BbldncCJjieHNnd B KOHEYHBIX IIOJIAX
C UCIIOJIb30BaHUEM CTaHAAPTHBIX 1N
OIITUMAJIBHBIX HOPMaJIbHbIX Oa3ucosB

A.A. Bonoros, C.B. Tamxkos, P.A. Xoxjos*

1. BBeaenue

W3BecTHBI CHEUAIUCT TI0 KOJUPOBAHUIO U KOHEUYHBIM TIOJISIM DJIBUH
Bepnekemn B cBOeit KHITE [1] HAIICAJI B TECTUIECITRHIE TOMBI, ITO DOIh-
mre KOHEYHbIE TT0JId TTPeACTaBJIAI0T CO60fI TOJIBKO aKa/:LeMI/I“IeCKI/Iﬁ NHTE-
pec. Ceituac naTEepec K OOIBITNM KOHEYHBIM TIOJISIM C MaJol XapaKTepu-
CTUKOH yKe He akaJeMudecKnii. Be3 3Tux moJieit, K IpuMepy, HEMBICTIMA,
coBpeMeHHast Kpuntorpadusi ¢ OTKPHITBIM KJIIOUOM (Ja U ¢ CeKPETHBIM
TOXKeE).

AkTyanpHOI cTasa 3aJa4da OBICTPOil UMILIEMEHTAIINA apU(pPMETHKHU B
9TUX TOJIAX, JJIs Iero OKOJIO JIeCATH JieT Ha3a i IPYHIoi KAHAJICKAX Ma-
TEeMATUKOB ObLIN M300pETEeHbI ONTUMAJIbHBIE HOPMAJIbHBIE OA3UCHI.

2. CrapgapTHbie 1 HOPMAJIbHbIE DA3UCHI

Hanomunm nouatusa cmandapmmozo 6a3uca 1 HOPMaAbH020 6a3uca B
KOHEJHBIX TOJISIX. DyJeM Tpuaep:KuBaThCd CTAHIAPTHBIX 00O3HAYEHWMIA,
HPUHSITBIX B TEOPUH KOHEYHBIX moJjeil (cm., nanpumvep [2], [3]). Hepes
GF(q") obo3nauaeM KOHETHOE TOJIE TOPsIKa ¢, pacCMaTpUBaeMoe Kak

!PaGora Brimonmena mpu dumancoBoit mommepxke Poccuiickoro dbonna byHIaMen-
TanbHbIX uccsenoBannii (mpoekt 99-01-01175), IIporpaMMbl TOAIEPKKHN BELY X Ha-
yaubrx mkoga PODU (mpoekt 00-15-96103), IIporpammvbr « YamsepcuTers: Poccum» m
QI «Unrerpanus» (00beaurernbiii mpoext A0110).
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pacrmpenne crenenu n nois GF(q) nopsizka g. B kauecrse npejcrasiie-
Hst 91eMeHTOB 10151 GF(¢™) ncnonb3yem MHOTOWIEHBI CTerieHn He GoJiee
n — 1 ¢ koapdunnenramu uz nons GF(q). Eciu MHOrounens! 3anucans
B cmandapmmuom basuce

{ao,al,...,a”_l}

(B 9TOM Cjlyuae 37€MeHT (v HA3bIBAEM 2eHepamopom BA3nca), TO CJI0Ke-
Hte v1eMeHTOB 110151 GF(¢™) cBOAUTCS K TIOKOMIIOHEHTHOMY CJIOXKEHUIO B
nosie GF(q) BekTopoB K03 hUIMEHTOB, COOTBETCTBYIOIINX JIAHHBIM MHO-
ro4IeHaM, a YMHOXKEHHE 3JIeMEHTOB IOJS IPEeJCTaBIsgeT U3 cebs yMHO-
JKeHHe COOTBETCTBYIOMINX MHOrOUIeHOB HaJl ojieM GF(q), BbInoTHsIEMOE
10 MOJyJII0 HenpuBoauMoro Haj noseMm GF(q) muorodnena g(x), onpe-
JIeJISIONIEero paccMaTpuBaeMoe peJcTaBaenue o,

VHorma BMECTO CTaHJAPTHOrO 0a3nca yao0Hee TaK HA3BIBACMBI HOp-
MaAbHDIT 6a3uc, TO eCTh 0a3uC BUIA

{aqo, oqu, .. ,aqn_l},
KOTOPBIHi MOPOXKIAETCA TEHEPATOPOM (v CTAHJAPTHOrO 6a3mca — KOPHEM
Henpusogumoro Haj noseM GF(q) muorounena g(x) B cBoem 1oJie pas-
noxenns GF(q"). Hopmanbublii 6a3uc cymecTByer st jo6oro n (cM.,
manpumep, [2|, [3], rae mazke momcuMTAHO KX KOJUYECTBO), HO TIOPOK I~
€TCdA HE€ BCAKUM HEIIPUBOAWMMBIM MHOTOYJIEHOM g(m), TaK KaK COCTaBJIA-
IOIIIEe €r0 CTEIEHU 3JIEMEHTa (v JOJIXKHBI OBITH JIMHEHHO HE3aBUCUMBIMUI
Has noaem GF(q).
Ecmm cucrema creneneit

0 1 —1
{a? 0%, .. a7}

obpasyer HOpMaJIbHBIN Gasuc, To r060ii saement ¢ mosst GF(g"™) mMoxHO
OJHO3HAYHO MPEJCTABUTH B BUE

n—1

2
(=xoa+z10? + 2907 + -+ 18107

rje o, ... ,Tn—1 — Koabdunmentsr u3 nosist GF(q).
Caootcernue B HOpMAJIbHOM 0a3uce, KAK U B CTAHIAPTHOM, TIPEICTAB-
JisieT u3 cebs MOKOMIIOHEHTHOE CJI0YKEHUWE BEKTOPOB KO3 PUIIMEHTOB B

nosie GF(q).
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Baarogaps Toxmecrsy Pepma ¢ = x, cupaBemiuBoMy Jist JIO00TO
x u3 noist GF(q), u roxaecrsy @pobennyca (x + y)? = z? + y¢, cupa-
BeIMBOMY J1ist JII00BIX @ u i u3 nonst GF(q"), 6o3sedenue 6 cmenens q
(a 3HAUUT, U B JTIOOYIO CTENeHb ¢'™) B HOPMATHHOM Ga3uce MPeICTABISIET
co00it TTUKINYECKnil CABUT KOIMDMUIMEHTOB, TaK KaK

n—1

2
(T=z, 1a+z9a? + 2107 + -+ + 32017

Paccmorpum ymmoocernue B HOpMaababix Oasucax. Vlnorma s mpo-
CTOTBI GyseM paccMaTpHBATh HOPMAJbHBIE GA3KCHI B IIPAKTUIECKN HAW-
foJiee BasKHOM CJIy9ae ¢, PABHOTO CTEIEHH J[BONKI.

Cormacro [3], cnoxuocrsio C'p IPOU3BOIBHOIO HOPMAILHOTO Gasuca

B = {a,aq,aq2,...,aqn71}

HAa3bIBAETCS YUCJI0 HEHYJIEBBIX JIEMEHTOB B Marpuile 7', mpou3BOJbHAS
. . i
- CTPOKa KOTOPO#l eCTh TPOCTO BEKTOP K03 DuUImenTos sremenTa cvar?
nosist GF(¢™) ornocurensro 6asuca B, To ecthb

? J
aol = E t;jof .
j=0

DTO ompejesieHrie MOTUBAPYETCs CJIEIYIONUM aJrOPUTMOM YMHOXKE-
HUs B HOpMaJsibHOM 6asuce B (anropurmom Massey-Omura, cM., HAmpu-

mep, [3]): mycrs
n—1 ) n—1 ]
é = Zmiaq ) C = Zyjaq];
i=0 j=0

IPOU3BOJIbHBIE 3/1eMeHThI o1 GF(¢™), pa3/ioKeHHbIe T0 HOPMATBHOMY
6azucy B, Torja mx mpom3BeeHre MOXKHO BBIYUCIUTE 10 (DOPMYJIe:

n—1 o n—1 o ]
— — J+q* _ =3 41)qJ
T=60= Y wy;a T =Y ayaldT N
i.7=0 i.7=0

TJle Pa3HOCTh ¢ — j BBIYUCIAETCH IO MOMYJIIO 7, & TaK KaK

. n—1 @
@+ _ (a-i+1\7 _ q* _
o = |« = th’—j,ka =
k=0
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n—1 n—1
k+3 s
=Y tigka® =t
k=0 s=0

r7le pa3HOCTb S — j U cyMMa k -+ j TOXKe BBIUYUC/SIOTCS TI0 MOJIYJIIO 1,

TOT/IA
n—1
qm
™= E Pma®
m=0
e
n—1
Pm = E Lijm—jTiYj-
4,7=0

Ompenenmus Marpuily A paBeHCTBAMU a;; = t;—j _j, TAe & — j 1 —j
TOKe BBIYUCISIIOTCS IO MOYJIIO 72, 3aMeYaeM, 9TO PeIbIIYIINY 0 (DOPMYIIY
MOKHO II€PEINCATh B BHJIE

n—1 n—1
P = Z tiejm—jTilj = Z Ue—1,~ 1T k+mYl+m =

i,j=0 k,1=0
n—1 n—1
m m
= E A jTiymYjtm = E a; ;5™ (x:)S™ (y5) »
4,J=0 4,J=0

e S™ — omepanus MUKJINIECKOTO CIBUTA BEKTOPA HA 1M KOMIIOHEHT, a
n—1
A(z,y) = Z @i, jTiY;
i,j=0
— OumHeiiHas (popMma, CBA3aHHas ¢ MaTpulei A.

Scwo, uTo MaTpura A cuMMeTpUYecKas, TaK KaK KOOPIUHATHI TPOU3-
BEJIEHUS HE 3aBUCAT OT TEPECTAHOBKU COMHOMKUTEJIEH, W UNUCJIO ee HeHy-
JIEBBIX 3JIEMEHTOB, & TAKXKE WX CyMMa TAKOBbBI XK€, KaK W y Marpunbl 1.
s Berancaenus: 6Guamnneitnoit dbopmbl A(z,y) 10CTaATOYHO BBINOJIHUTH
Cp + n — 1 onepanuii B mote GF(q), HO peanbHas CJIOKHOCTH WHOT/A
MOYKET OKA3aThCsl W MeHbIe. Ecau mpeHedpedh BpeMeHeM BBITIOTHEHNST
IUKJIUIECKUX CIABUTOB, TO CJIOYKHOCThH BHITIOJHEHUS yMHOKEHUST Ha HOP-
MasibHBIM Gazucom nosist GF(q™) ouennsaercst ceepxy kKak n(Cp+n — 1)
oneparmii B mojie GF(q), 9T0 BUIHO U3 CJIeIyIOMEdd (hopMyJIbL:

€¢= A&, Oa+ AT, ¢ al + AT ¢

1

Jo e A (at"

n—2
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TO €CThb CJIO?2KHOCTH YMHOXKEHUA 3aBUCUT OT KOJIMYIECTBA HEHYJIEBBIX JJI€-
MenToB B Mmarpune Cp.

BamernM, 4TO CBA3aHHas ¢ 6a3mcoM MaTpuia A — «Tab/uia yMHO-
JKEHUs» B 9TOM Da3uce, OJHO3HAYHO OIPEIE/ISIeT OMEPAIIAI0 YMHOKEHUS
B PacCMaTpPUBAEMOM II0JIE, 8 TAaK KaK CJOYKEHUE JIEMEHTOB IOJIS B JIIO-
6om 6aszmce 9TO MPOCTO OOBIYHOE CJIOXKEHWE BEKTOPOB WX KOOPIAWHAT, TO
Bce omeparun o GF(q™) OIHO3HAYHO ONpEJIesIeHbI, eCIU TOJBKO BbI-
YUCIeHA 9TAa MATPUIA, 3HAYAT MBI UMEEM HOBOE IPEJICTABJICHUE TIOJIs,
CBSI3aHHOE C YKA3aHHBIM 0a3UCOM, ¥ HAM HET HEOOXOIUMOCTHU BBIYHUC/IATD
Pa3JIOXKEHUST SJIEMEHTOB HOBOTO 0a3UCa 110 CTApOMY CTAHJIAPTHOMY ITOJIV-
HOMHUAJBLHOMY 0a3uUCy 9TOro moJisi. B jajbHeiinem Bce omeparuu B 9TOM
10Jie MBI MOYKEeM MPOBOJIUTH B PACCMAaTPUBAEMOM HOPMAJILHOM Oasuce.

WzBecTHa ciemyromas TeopeMa 0 CJI0KHOCTA HOPMAJIBHBIX OA3MCOB.

Teopema 1. (cm. [3]) Jas a06020 nopmaavrozo basuca B noss GF(q™)
ez20 caoocrnocmv Cp ne menvwe 2n — 1. Boaee mozo, ecau ¢ = 2, mo
CAOHCHOCTID HEUEMHA.

[IpuBememM TOKA3aTEHLCTBO BBUY €ro MpOCTOTHI. HamomumM, 4TO B
marpuiie 1" TPOM3BOJIbHAS i-61 CTPOKA €CTh MPOCTO BEKTOP Kodddunn-
entoB srementa aa? mons GF(¢") orrocurensro Gasmca B. Taxmm
00pa3oM, CyMMa BCeX CTPOK MAaTPHUIBI 1 ecTh BEKTOp KO3hdUIMeHToB
cremyomero smementa ala + af + - + a7 ') = aTr(a), To ecTh
(Tr(a),0,...,0). Bamernm, 4T0 CjeJ| HE PABEH HYJIIO, TAK KaK 3/EMEH-
THI Hazmca B JmHelHO HezapucuMbl. C APYyro#t CTOPOHBI, CTPOKH 1’ TOXKe
JINHEHHO HEe3aBUCHMBI, TAKUM 00Opa3oM, BEKTOP «, o, . ,ozoﬂnf TOXKE
sBJIeTCsS 6a3mUCOM B GF (¢"™), Takum 06pazoMm, CT0ﬂ6um B MaTpUIlE TOXKE
JIMHEIHO HE3aBUCUMBI, B 9aCTHOCTU HET HYJIEBBIX CTPOK B MaTpUIE. HO
CyMMBI 3JIEMEHTOB B KaXK/J0M CTOJIOIE, KPOMe TIEePBOTO, PABHBI HYJI0. Ta-
KM 00paszoM, B KayKJIOM CTOJIOIE, KPOME MEPBOT0, CTOUT, KAK MUHUMYM,
0 JTBA HEHYJIEBBIX HJIeMEHTa. A B MEPBOM MOXKET CTOATH, KAK MUHUMYM,
OJINH HEHYJIEBOW 3JIEMEHT, TJIABHOE, UTOOBI MX CyMMa ObLIa HEHYJIEBOI.
To ects Cp > 2n — 1. B gacTHOM ciiydae ¢ = 2 KOJUYECTBO €IUHUI] B
TEePBOM CTOJIOIE — HEYETHO, & BO BCEX OCTATLHBIX — wUeTHO. Tak, ycra-
HOBJIEHO, UTO JJisI JTFOOOTO HOPMAaJBHOTO B ero C/I0XKHOCTH HE MEHBIITEe
2n — 1. Basucel, 419 KOTOPBIX JOCTUTAETCS 3Ta TPAHUIA, W HA3BIBAIOTCS
OIITUMAJIBHBIMMU.
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3. OnTumaJibHBIE HOpMAaJbHBIE 0A3UCHI W aJITO-
PUTMBI X Te€HepaIun

OnrumasibHble HOpMaJbHBIE Oasuchl ObLin oOHapyzkeubl Mullin,
Onyszchuk, Vanstone, Wilson B pabore [4]. Ouu ygauno mMoryT OBITH
HCTOJBL30BAHBl B MYJIBTUILIEpe, TpeamokenaoM Massey n Omura. Brmo-
caencreun Gao u Lenstra [5] mokasanm, 9To Apyrux OnTHMAIbHBIX HOD-
MaJIbHBIX 0a3MCOB, KpOMe HafijleHHbIX B [4], He cymiecTByer.

Tak Kak yKazaHHbIe 06A3MChI CYIIECTBYIOT He BO BCEX IMOJISX, TO MPe/I-
CTaBJIAIOT HHTEPEC OA3UCH He ONTUMAJIBLHBIE, HO MMEIOIINE HU3KYTO CJI0K-
HocTh. VM nocesiiena crarbst [5]. Crpositest 911 6a3uChl ¢ TOMOIIBIO TaK
HA3bIBAEMBIX TayCCOBBIX MMEPUOAOB, M3YYEHUIO KPUNTOrPAPUIECKNX MPH-
JIO’KeHNiT KOTOPBIX TOCBSIIeHb! cratbn [6], [7].

Tak Kak B JOCTYITHON JIUTEpATYpPEe HAa PYCCKOM si3bIKe ONTUMAaJIbHbIE
HOpMaJIbHBIEe 6A3KMCHI BUIMMO €IIe HE MOSIBJIAINCH, Jlajlee Mbl KPATKO W3-
JlaraeM ¢ HeoOXOIMMBIME JI0KA3aTeIbCTBAME BCE TPH CYIIECTBYIOIINE KOH-
CTPYKITMN 3TUX OA3UCOB W AJTOPUTMBI UX MOCTPOEHMUS.

Onpenenenue 1. [lepsoiit Tum onTUMaIBHBIX HOPMAJIBHBIX 0A3UCOB KO-
uHeunoro nosist GF(¢") Bo3uukaer, korjga n + 1 = p — mpocroe u q —
MPUMUTHUBHBIN KOPEHb 110 MOJYJIIO P.

B stom cayuae renmeparopom 6a3mca mepBOro Tumna OyAeT OauH u3
OPUMUTHBHBIX KOpHEii ¢ p-it cremenn u3 exauuuiel nostst GF (™).

Juist moucka 3HaYEHW M, TPU KOTOPHIX CYIIECTBYeT 0Oa3uc MepBoro
TUMA, HAJO0 CTEHEPUPOBATH TAOJIMITy TPOCTHIX YUCea OT 1 70 3aJaHHOI
rpaHuibl moncka N ¢ TOMOIIBIO periera dpaTocdena u Jijis 09epeTHOrO
IIPOCTOTO P MPOBEPUTH, UTO

JUIST KasKJ0TO MPOCTOro JenmTtens § guciaa p — 1. Pakropusanms 3TOro
9mCc/Ia TPHBHAIBHBIM MeTosioM Tpebyer Bpemenn O(,/p) (¢ yueTom yxe
MOCTPOEHHOM Tab MBI MPOCTHIX ), a mpoBepka Bcex O(logp) ykazaHHbIX
nepaserncts — spemenn O(log? p). Obmee Bpemst pabOTHI ITOTO MTOLAITO-
purma — O(N3/?).

Hamee mna kaxaoro Haiigennoro n = p — 1 umewm B mose GF(q")
NPUMUTHUBHBIN KopeHb ( p-ii crenenn n3 1. Tak Kak B CHJIy IPOCTOTHI P
BCE€ HEEJMHUYIHBIC KOPDHU yKa3aHHOI>'I CTEIIEHU ABJIAIOTCA TPUMUTUBHBIMUA,
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a ¢" — 1 KpaTHO P COrIACHO BBIOOPY N, TO Jist JIFOOOTO HEHYJIEBOTO 3Jie-
menta (3 u3 nons GF(¢™) ero cremnens pla"-/r g ciydae ecjaud OHa He
pasra 1, 6yzer mckoMbIM KopHeM, Tak kKak (49 ~! = 1 mo masoii Teope-
me Pepma. BeposgTHocTh TOTO, UTO M caydaitHoro 3 OydeT cripaBe-
smBo pasercrso [ ~D/P = 1, pasna 1 /P, TaK KakK KOJMYECTBO KOPHEii
(¢" — 1)/p crenenn uz 1 pasuo (¢" — 1)/p, 3HAUNT HY>KHBIN HAM KODEHb
ocJie, HAITPUMEDP D TOTBITOK, MBI TIOJIyYUM C TIOUYTH €IWHUYHOU BEPOAT-
HocThIo 3a BpeMs O(nlog ), ecm menob30BaTh CTAHAAPTHBIN GHICTPHIIT
AJITOPUTM BO3BEJICHUS B CTEIeHb 1 anroputyM cioxkuocta O(nlog q)? nna
ymuOxkenust B nosie GF(¢"). B kauecTBe npe/icTaB/IeHIst SIEMEHTOB 11051
MOYKHO B35ITh MHOTOYJIEHBI CcTernmeHn n — 1 ¢ KoaddpunmenTamn n3 most
GF(q), a omepanuu TpOBOJUTEL 1O MOJYJIIO HEMPUBOAUMOrO MOJHHOMA,
JKeJTATETHHO « MAJIOUIEHA .

IMpusegem g0Ka3aTEILCTBO ONTUMAJIBHOCTHA 0a3WCOB MEPBOTO THIIA.
Bamernm, uro cucrema {(,...,("} coBnagaer ¢ TOYHOCTHIO JI0 TI€PecTa-
HOBKHU C HOPMAJIbHBIM 0a3uCOM

{Cv Cq7 Cq27 s 7<qn_1}7
1

TaK KakK MOCJIe0BATeIBHOCTE cTemeneii 1,q,q2,...,q" !, BLIYMCIEHHBIX
110 MOJLYJIIO P, COBIIAJIAeT C HEKOTOPOH TepectanoBkoii m(1),. .., m(n) muo-
»kecrBa ances {1,...,n} B cuiy TOro, 9T0 ¢ — NPUMHUTHUBHBIH KOPEHb 110
MOJIYJIIO p, 3HAUUT paBeHcTBo ¢' u ¢/ mpu 0 > i < j < n 10 MOIYIIO P
HEBO3MOYKHO, TaK Kak mHade ¢ ¢ Gpu1o 6B paBHO 1 10 MOIY/IIO P, 9UTO
MIPOTUBOPEYUIO ObI TPUMHUTUBHOCTHU ¢ [0 ITOMY MOJIYJIIO.

Jluneitnasi HesaBucumocth cucrembl {(,...,("} BBITEKAaeT u3 TOrO,
9TO ( HE MOXKET OBITh KOPHEM HHKAKOrO MHOTOUIeHa Haj nojem GF(q)
CTETIeHN MeHbINeil 1, TaK Kak ( ABJIAETCS KOPHEM HEMPUBOIUMOrO HAT
nosiem GF(q) MHOrOUI€H

xP —1

x—1"

KOTOPBIfI HEMPUBOAUM B CHJIy TOTO, 9TO €CJAW OH MMEEeT COOCTBEHHBIN

7

nemuresb f(z), To ero kKopHem Oyjer oxumH w3 Kopueii (¢ mHOrOUJe-

Ha 1+ 2+ ...+ 2™, a 3HAYUT ero KOpHAMU OYIyT BCE JEMEHTHI BHUIA
i k itk

al i =1,2,...,tme a = (7, a3naunt u Bce anemento (¢ i =1,2,...,

rIe CymMMa ¢ + Kk BBIYUC/ISIETCS 110 MOJIYJIIO M, TaK KakK

¢" =1 mod p,(?" = ¢,

l4+z+...+2" =
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U [09TOMY KODHSIME MHOrOwieHa f () sIBISIOTCS BCe N KOPHEH MHOrO-
anera 1 4+ x + ...+ x™, 9T0 HEBO3MOKHO.
Borancinm Temeps marpuity 1. s 3T0r0 HAMO0 HAWTH PA3JIOKEHUE

i J
(T =) i (7
Jj=0
Cornacuo pasencram (™ = (™l m =1,...,n npu m < n cymma

n—1 ]

J
>t
j=0

6yaer pasua (™! Toanko ecam npu i TakoM, uTo ¢' = m mod p, (To ecth
mpu i = 7 '(m)) pasencrso t;; = 1 GyJeT cHpaBejTUBO JMIIb NPH j
TakoM, uTo ¢ = m + 1 mod p, To ecTh nipu

j=atm+1) = (x(>i) + 1),

a ocTasbHbIe KO3 dUIUenTsl ¢; ; Oy/IyT paBHbBI HYJTIO.
Ecan xxe m = n, To

n n—1
1 k J
Cr=Crtt=gr=1=> F=> "¢,
k=1 j=0
3HauuT npu i = 7 1(n) Bee Koadbdumments t;; = 1. B urore obmee

YUCI0 HEHYIEBbIX KO3 PUIMEHTOB PaBHO 2n — 1, 3HAUUT MOCTPOEHHBIH
6a3uc ONTUMATHHBI HOPMAJTHHBIH.

IIpuBenem erie B siBHOM BHU/I€ CJAETYIONINAN aJITOPUTM.
AjroputM I1OCTPOEHWUSI ONTUMAJBHBIX HOPMAaJIbHbIX 0a3mcoB
MepBOTO TUTIA W TAOJIUIBI YMHOXKE€HUS B HUX TIPU ¢ = 2.

[IycTs HAMO TOCTPOUTH ONTUMAJIBHBIN HOPMAaJbHBIN OAa3UC B TOJIE
GF(2).

1. ITpoBepsiem, siBasiercs iU p = n + 1 TPOCTHIM UUCJIOM.

2. Ecmu ma, To mpoBepsieM, siBASeTCS U 2 TPUMUTUBHBIM KOPHEM TI0
Moxaysio p. s 3TOTO TIpOBEpAEM, UTO

2P=1/% ;mod p £ 1
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JUTST KaXKJIOTO MPOCTOTO Aeuresst ¢ ancia p — 1. Ecin 310 BBIMOIHEHO,
TO 2 ABJIAETCA TTPUMHUTUBHBIM KOPDHEM T10 MOAYJIIO P.

3. Nmem B moste GF'(2") mpuMuUTHBHBIN KOpeHb ( p-ii cremenu u3 1.
st 3Toro ciyvaitHbiM 00pa30M TeHepupyeM HeHYJIeBOil ajement ( u3
nonst GF(2") u seraucisiem ero crenens 3¢ ~D/P Ecmn sta cremenn
He paBHa 1, To moJsiaraem ¢ PaBHBIM 3TOi CTENEHU, B IPOTUBHOM CJTydae
PeHepUpYeM HOBBIH SJ1eMeHT (3, I Tak jajee, moka e mouyanm [ ~D/P £
1, mocJie wero mosaraem ( = Bl —1/p,

3aMeTuM OJIHAKO, UTO JJIs BBIUMCJIEHUsI HYXKHON HaM MaTpuiibl T
MIYHKT 3 He HyXKeH.

4. Borancasiem marpuny T = (t; ;). Boibupaem odepesnmoit nngexc i,
0 < 7 < n. Cragama maxogum m = 2' mod p. Ecim m < n, To HaxXoauM
0 < j < n, Takoe uto 2/ = m+ 1 mod p, 1 Hoaraem tij=1,anmpuk #j
tix = 0. Ecm xxe m = n, To nonaraem t; ; = 1 npu Bcex j, 0 < j < n.

5. Borumcsienne MaTpuisl A OCYIIECTBISETCS ¢ TIOMOIIBI0 PABEHCTB
a;; = ti—j_j, Tl i — j U —J BBIYUCJLIOTCH IO MOJY/IIO 1. JTa MaTPU-
Oa ABJIAETCA BBIXOJOM aJITOPUTMaA, TaK KaK MMEHHO OHa UCIIOJIb3YyETCA B
anroput™e ymHOXKeHust Massey-Omura.

Onpenesnenue 2. Bropoii Tumn onTuMaIbHBIX HOPMAJIbHBIX 6a31COB KO-
Heuyroro nosst GF(q") Bosnukaer, korga 2n + 1 = p — npocroe u ¢ —
MTPUMUATABHBINA KOPEHB TI0 MOJIYJIIO P.

lenepaTopom sToro 6azmca ssiasercs snement o = ¢ + (1 e ¢ —
NPUMWUTUBHBIN KOPEHBb P-if CTeNeHn u3 equHuIsl B noje GF (an).

[Ipusegem m0Ka3aTEIHCTBO ONTUMAJIBHOCTA 0A3MCOB BTOPOTO THIIA.
Baswnc BTOporo Tmma Bo3HWKAaeT, Koraa 2n + 1 = p — mpocToe Yuciio, a
yCJIOBUE HA ¢ TAKOE ¥Ke, KaK B MEPBOM CJIydae, I'je pOJib YUCJIa, 1 UTPAET
quciio 2n. Duement ¢ Torga OyaIeT IPUMUTHBHBIM KOPHEM CTereHu p u3 1
B moste GF(¢*"), Ho B KauecTBe MOPOXKIAIOIIETO SIEMEHTa OITHMATIBHOTO
HOPMAJIBHOTO 6asnca Hy:KHO B3aTh o = ( + (1. Tak Kak

n J—

q" = —1 mod p,

TO
" =(" (T =+ =,

3HAYUT
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nostomy o TpuHaIEeRUT ToAnomio GF(q") noxs GF(¢?"). Cucrema
a o9 q
{a,a?,0? ...,a '}
JIMHENHO HE3aBUCHUMa, TaK KaK
k k k k k+n
" _ rq -4 _ rq q
al =¢" +C7 =¢" +¢

B CUJIy PaBEHCTBA

¢"*t" = —¢" mod p,

a CHUCTeMa
1

{¢,¢0,¢, ..., ¢y

JIMHEHHO He3aBucuMa. MOYKHO MPOBEPUTH, UTO ipu n > k > 0
aat = (C+ ¢ + () = P 1 (o T

s t
:Oéq +C¥q,

3HAYUT COOTBETCTBYIONTAs 3TOMY 6asncy marpuna T mpu ¢ = 2! comepsxur

0
2n — 1 epununy, noromy uto npu k = 0 pazjoxkenue mpouspenenust avad
110 6a3UCy COCTOUT M3 OJHOIO CJAATAEMOTO, BE/b

o? =+ =+ =at

JI71s1 BBITIOJIHEHWSI YKA3aHHO TPOBEPKY 3aMETHM, 9TO COIJIACHO OIPe-
JleJIennio, mocieaoBarebaocTs ¢F mod p,k =0, ...,2n — 1 aBasercs e-
pecranoBkoii m(1),...,m(2n) maoKecTBa dnces {1,...,2n} B cuy Toro,
YTO ¢ — HIPUMUTHBHBIN KOPEHb 110 MOIYTIO p = 2n + 1, mpudem B Cuity
COOTHOITIEHUST

¢ = —¢* mod p,k=0,...,n—1

CIIPABEJJINBO PABEHCTBO
w(k)+7n(k+n)=pk=0,...,n—1,
a TaK KaK BCe HEyIOPsiI0UeHHbIe Taphl

(1 + ¢* mod p, —1 — ¢* mod p)
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npu o6om k= 0,...,n — 1, ormansr or napst (0,0), To ux nocjaenosa-
TEJLHOCTH COCTOUT W3 I1ap

(m(k),m(k+n)),k=0,...,n—1,

TO €CTh U3 HEeyTopsiZioueHHbIX nap suga (u,p —u),0 < u > n, 3HAYUT Cy-
mecTByeT Takoe orobpaxkenue (o(1),...,0(n)) MHO)KecTBa uncen 1,...,n
B cebs, 9To

(14 ¢" mod p, =1 — ¢* mod p) = (w(o(k +1)),p — m(a(k + 1)),

1 3HAYNT
1+g* —1—gk o(k+1) __0(k+1) o(k+1)
S N 1Y — o9 )
Ananornano onpegessiercst orobpaxkenue (u(1),...,pu(n)) mMuHOXKe-
crBa 1,...,n, B cebg Takoe, 4TO

C1—qk + C—1+qk _ Cqu) + C_qu) _ aqu)

npu Jobom n = k > 0.
Tak xak

L—q" #1+q"1—-¢"#-1-¢"
110 MOJIYJIIO p, TO nipu jirobom 1 > k > 0 cripaBejinBo HEPABEHCTBO

(k) # ok + 1),

Bcenomunas onpenenenne marpuiibl 1 mOCPEICTBOM PABEHCTB

q _ E ’ 7
aa? = i a,
J=0

1 CpaBHHUBad UX C IIOJIYYE€HHBIMU DAaBE€HCTBaMH

gt

o(i+1) .
al +af i >0,

aa? =
0 0 0
aaqo _ C1+q0 + Cflfq + leq + C71+q —
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nMeeM
tig = o(i+1),5 + 0e).5>1 # 0,
toj = 95(1).5-
rae Ok — Jenabra-cuMBol Kponekepa, paBHbIl 1 mpu K = s 1 HyTiO B
MIPOTUBHOM CJIydae.
OrmernM, 9TO B C/lydae HEYeTHOTO ¢ yKas3aHHBIH Oasuc He Oyjer,

CTPOTO TOBOPsi, ONTUMAJBHBIM, HO OyeT UMETh JIMHEHHYIO CJI0XKHOCTD.
HeiicTBUTETEHO, TOT/IA

=+ =0+ +2=0" +2,

a ssement 2 u3 nonst GF(q) npejcraBum B Bujie
n—1
k
c E al
k=0

npu HeryseBoM ¢ u3 nosst GF(q).
[Tpusenem Tak:Ke B IBHOM BHUJE €Ille OJUH aJTOPUTM.

A.J'II‘OpI/ITM IMOCTPOEHUA OIITUMAJIBHBIX HOPMAaJIbHBIX 0a3ucos
BTOPOTr0O TUIIA N TaﬁJ’II/II_[bI YMHO>XKeHUud B HUX TIpU q = 2.

[IycTs HAMO TOCTPOUTH ONTUMAJIBHBIN HOPMAaJbHBIN OAa3UC B TOJE
GF(2™).

1. ITposepsiem, siBasiercs ju p = 2n + 1 TPOCTBIM GHCIOM.

2. Ecmu ma, 7o mpoBepsieM, siBASETCS U 2 TPUMUTABHBIM KOPHEM TI0
MOJYJIIO P.

3.Ecim ma, To Beraucisem marpuiy 1 = (t; ;).

st 3TOr0 CHaYasa CTPOMM MACCHUB

(k) =2"mod ¢,k =0,...,2n — 1.
[Torom crpomm maccus (o(1),...,0(n)) Takoit, uro 1 < o(k) < nu

(1 + 2% mod p, —1 — 28 mod p) = (n(o(k 4+ 1)),p — w(o(k + 1)),
k=0,....,n—1

Barem crpoum maccus (p(1),.. ., u(n)), raxoit uro 1 < p(k) < nu

(1 — 2% mod p, 1+ 2% mod p) = (w(u(k)),p — 7(u(k))),k = 1,...,n.
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1 nakonern Beraucisiem mig Bcex 0 < i <nuBcex j,0< 5 <n
tig = 0o(i+1),j + 0ui).5-

to.j = 0o(1),55

rae 0k — Jenabra-cuMBol Kponekepa, paBHbIl 1 mpu K = s u HyTiO B
MPOTUBHOM CJIydae.

Omnpegenenue 3. Tperuit TU ONTUMATBHBIX HOPMAIBHBIX 6A3MCOB KO-
Heuyroro nosss GF(q") Bosuukaer korma 2n + 1 = p — npocroe = 3
(mod 4), a ¢ — KBaJIpaTHUHBIN BBIYET MO MOIYJIIO P (TO €CTh CYIIEeCTBYeT
takoe r, uto ¢ = 7> (mod p), u mpu m060m 0 < k < n 2F # 1 mod p.

Kaxk u B ciiyuae 6azuca BTOPOro TUIA B KAYECTBE MTOPOK TATOIIETO DJIe-
MenTa 6azuca Tpernero tumna 6epercs o = (+( 71, rae ¢ — nIpUMUTHBHBIH
KOpEHb p-ii cTerenn u3 equHUIL B moste GF(¢?").

[Ipusegem m0Ka3aTEIHCTBO ONTUMAJIBLHOCTH U B 3TOM ciaydae. basuc
TPEThero THUIa BO3HUKAET, KOTJA N HeUYeTHO, 2n + 1 = p — mpocToe dwuc-
JIO, & YCJIOBUE HA ¢ 3aMeHsieTcs Ha TO, 910 ¢ = 1 mod p, u npu jir06om
0<k<nq®+#1modp (qpyruMu coBaMI, 9UCIO ¢ HMEET TI0 MOJLY.TIO
P TMOPLANIOK 1, & He 2n, KAaK BO BTOPOM CJIydae, W TOT/Ia aBTOMATHIECKU
CyIIecTByeT Takoe 7, 9To ¢ = 2 mod p, TO ecTh ¢ — KBaIPATUYHBI BbI-
9eT TI0 MOJIYJIIO P, W TIO9TOMY BCE €r0 CTEIeHn ¢ modp, k=0,....,n—1
00paz3yIoT ePecTaHOBKY MHOXKECTBA, BCEX KBAAPATUIHBIX BBIUETOB TI0 MO-
JYJTIO P, TAK KAK UX POBHO 7 IITYK).

A Tak kax p paBHO 3 M0 MOIY/TIO 4, TO —1 ABISETCA KBAIPATHIHBIM
HEBBIYETOM TI0 MOJYJIIO P, TAK KaK B MPOTUBHOM CJIyYae CYIIECTBOBAJIO
6BI TaKoe umucio r, uto —1 = 72 mod p, U TOr/A MONYUNIOCH GBI TPOTH-
BOpeume ¢ MaJjoii Teopemoii Pepma:

Pl = (p2)P=D/2 = (—1)P=D/2 = _1 mod p.

[TosTomy w3 TOro, UTO NPOU3BEJEHUE BHIUETA HA HEBBIYET $B-
JISIETCST  HEBBIUETOM, CJIEJyeT, [TO IOCIeNoBaTeabHocTh —¢* mod p,
k=0,...,n—1 0o6pa3yT mepecTaHOBKY MHOXKECTBA, BCEX KBaIPATUI-
HBIX HEBBIYETOB IO MOIYJIIO P.

Kak u B cirygae 6asuca BTOporo tumna B KadecTse 3jementa ( bepercs
IPUMHUTHBHEIH KOpeHb cremenu p u3 1 B mome GF(¢?"), a B kagecTse mo-
POXK/TAfOIIEro 3/IeMEeHTa ONTUMAJILHOTO HOPMAJIBHOTO 0a3mca — 37IeMeHT

a=C+(h
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Onnako I0Ka3aTeabCTBO JUHEAHON HE3aBUCUMOCTU CACTEMBI
2 n—1
q .4 q
{a,a?,a?,... ;a7 '}

OTJIMYIAETCA OT BTOPOTO Ciaydas. /lomycTum mpoTUBHOE, TO €CTh

n—1
a;0? =0
; —
j=0

JUIsi HEKOTOPOTO HEHYJIEBOTO BEKTOPa (aj) ¢ KOODAMHATAME W3 MOJIST
GF(q). lloncraBnsas paseHncrsa

¢ _ 4 —q
« _‘C +_C 9
MOJIy9aeM, 9To
n—1
( ¢ + —qj) —0
a; (¢ ¢ =0.
j=0
IMociieiHee paBEHCTBO MOYKHO IepelnucaTh B BUJIE

2n—1

> bigt =0,
=0

ec/Ii OUpeJIe/INTh b; Kak a;, TAe @ = +¢’ mod p (kak 6bLIO YKa3aHO BHITITE,
MOCTIeIHEE YCIOBHE OMPEAESIeT YNCI0 j OJHO3HATHO; 3HAK ILII0C COOTBET-
CTBYET CJIydaro, KOI/a 9HCJI0 ¢ — BBIYET, & 3HAK MUHYC — CJIy9ai0, KO i
ABJIACTCA KBaJAPATUIHBIM HEBBIYETOM II0 MOﬂyﬂK)p),SHaqHT MHOT'OYJIEH

2n—1

flx) = Z bz
1=0

mveer xkopru ¢ m (! B mome GF(¢*"), a Tak Kak 3TH 3/IEMEHTH HMEFOT
MUHUMAaJIbHBIE MHOTOWIEHBI CTENeHHW N KayKJIbli, IMPUIeM OHU B3aWMHO
IpOCTH! (B YKA3AHHOM TI0/Ie KOPHSMH TIEPBOr0 U3 HUX spismiorcs (9, i =
0,...,n — 1, a KopHaMu BTOpOro — 3aeMenTHl (9 i =0,...,n — 1), To
muorodsed f(x) maz nosem GF(q) MOMXKeH IeJIUTCS HA X IPON3BEIEHNE,
Y9TO HEBO3MOXKHO, TaK KaK €ro CTEIIEeHb MeHbHK}Qn.
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HpOBepKa OIITUMAJIBHOCTU TTOCTPOEHHOTO 6&3I/IC3 II0YTHU HUYEM HE OT-
JITYAeTCsT OT BTOPOTO ciaydvad. Jloctarouno mpoBeputh, o ipu k < n

1 + qk — j:qg(k+1) modp

1—¢* = +¢"* mod p
(B mocsietHEM CIydae TOBKO Tpu k > 0), Torma

o(k+1) o(k+1) qo(kz+1)

k 1k _
C1+q +C1q:Cq +(1 — ,
C1—qk + C_1+qk _ Cqm) i C_q;we) _ aq“(k),k < 0.

Tak ke, Kak ¥ B Cjiydae BTOPOTO TUma, npu n > k > 0 umeem
k _ k _qk k _1_k _qk _ k
aal :(C+C 1)(Cq +¢ q):C1+q +¢ 1—¢q +C1 T 4 ¢ 14+q¢% _

o(k+1) (k)
=af + ol ,

anpu k=0
aa? = C1+q° + C—l—qo + Cl—qo + C—1+q0 —

— C1+q0 4 C_l_qo 4 CO 4 CO — C1+q0 4 C—l—qo _ aq”(l).

OnsiTh, KaK ¥ B CJIydae BTOPOTO THUIIA, BCIIOMUHAsT OMPE/IEIeHIe MaT-
putiel 1’ TOCPEICTBOM PABEHCTB

q _ § o
aa? = i at,
7=0

1 CpaBHHUBad UX C IIOJIYYE€HHBIMU DAaBE€HCTBaMH

gt

o(i+1) .
af +a? i >0,

7
aa? =

0 o(1)
ac? =af 7,

numMeemM
tij = Oo(i+1),5 + Ou(i),jrt 7 0,
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to,j = Og(1),45

rae 0 s — Jenabra-cuMBol Kponekepa, paBHBIM 1 mpu K = s 1 HyTiO B
MPOTUBHOM CJIy4ae.

OrmernM, 9TO MpuU HEUYETHOM ¢ YKa3aHHBIN Oa3uc He OYyIeT, Kak u B
CJIydae BTOPOT'O THUIlA, ONTUMAJIbHBIM, HO 6y,ZLeT NMETH .HHHeﬁHyIO CJIOZK-
HOCTb.

AaroputM I1OCTPOEHHUSI ONTUMAJBHBIX HOPMAaJIbHBIX 0a3mcoB
TPEThEro TUMa U TabJiuilbl YMHOXKEHUS B HUX IIPpU ¢ = 2

IIycts Ham0 MOCTPOWUTH ONTUMAIBHBIN HOPMAJIBHBIN 0a3uWC B II0JIE
GF(2").

1. ITpoBepsiem, uTo n HedeTHo. Ecan 1a, To MpoBepsieM, SABISIETCI U
p = 2n + 1 IPOCTBIM YUCJIOM.

2. Ecim ma, To mpoBepsieM, UTO

2" =1 mod p,

on/9 mod p # 1

JUIS KazKJOrO IPOCTOrO JEIATeNd § 9ACa, 1.
3. Ecim ga, o Beramcasiem marpuiy 1 = (t; ;).
CHavaja CTpouM MaCCUB

m(k) =2 mod ¢, k=0,...,2n — 1.
[Torom crpomm maccus (o(1),...,0(n)) Takoit, uro 1 < o(k) < nu
142 modp=+n(o(k+1)),k=0,...,n—1.
Barem crponm maccus (p(1),...,u(n — 1)), rakoit arto 1 < u(k) < nu
1—-2"modp=mn(uk)),k=1,...,n—1.

W nakoHerp KaK W B CJAy9Yae BTOPOTO THUMA BBIYUCSIEM [IIsT BCEX
O<i<nuscex j,0<j<n

tij = Oo(it1),j + Ou(i)jo

to,j = Og(1),45
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rae Oy — Jenabra-cumBol Kponexepa, pasubiii 1 mpu kK = s u Hy/IIO B
MIPOTUBHOM CJIy9ae.

Ha ocHoBe ykazaHHBIX aJrOpUTMOB aBTOPaMU ObLIA HAMWCAHA IIPO-
rpamMma, KOTOpas reHepupyeT ONTUMAaJbHbIE HOPMaJIbHbIe DA3UCHI BMECTE
C UX «TabJUIAMU YMHOKEHUSY.

4. O1eHKa CJIOYKHOCTH TIEPEX0/ia OT ONTUMAJIb-
HOTO HOPMAaJIbHOTO 0a3mca mepBOro Thma K
CTaHIAPTHOMY U 0OpaTHO

NmrieMeHTHPOBAHHBIE CTAHAPTHBIE AJITOPUTMBI YMHOYKEHUS B OIITH-
MaJIbHBIX HOPMAJIbHBIX Da31cax 0Ka3aauch MeJIeHHee aJITOPUTMOB yMHO-
JKEHUs B CTAHIAPTHBIX 0a3ucax jlake B HEOOJBIINX PA3ZMEPHOCTSX, a C
POCTOM Pa3ZMEPHOCTH OHU CTAHOBATCS erne XyxKe. CpaBHeHue AByX THUIIOB
6a3uCoB, CTAHIAPTHOTO ¥ HOPMAJIBHOTO, HABOIUT HA MBICIH 00 YCKOPEHUHT
apuMeTUKN B KOHEUHBIX IMOJAX 3a CUET WUCIOTH30BAHUS <«BBITOJIHBIX»
CTOPOH KayKJOr0 W3 HuX. JleficTBUTEIbHO, YMHOXKEHUE OBICTpee MpOou3-
BOJUTH B CTaHJAPTHOM mpejcrapiernu noias GF(2"), a Bo3pejeHue B
CTENeHb — B HOPMAJIBHOM TpejcTaBjiennn. Ho js 9T0ro moHamobsaTes
MAaTPHITBI TIEPexo/ia 0T HOPMAJIBHOTO 6a3uca K CTAaHIAPTHOMY 0a3ucy u
00paTHO, KOTOPbIe MOTYT OKa3aTbCd HE «Pa3pSKEHHBIMU», a <«ILIOTHLI-
MU», W TOTJa CI0KHOCTH Tepexoja OT OJHOr0 Daszuca K JApyromy Oymer
O(n?/logn) (maske ecm UCTOTB30BATE /sl YMHOYKEHNS MATPHITH H, BEK-
Top Metosn Jlymamosa).

Ho B ymaunom ciydae CJIOXKHOCTB MEPEXOA MOXKET OKA3aThC [1a-
JKe JIMHEWHON, HapuMep, eCJIU YUCJI0 HEHYJIEBBIX 3JIEMEHTOB B MAaTPHUIIAX
nepexozga 6yaer O(n). Takum obpasoM, BO3HMKaeT 3ajada MOUCKA HOP-
MaJIbHBIX 0A3UCOB C «IIPOCTHIMHUY» MATPUIIAMU MTEPEX0Ia K CTaHIAPTHBIM
bazmcaMm m 06paTHO.

OTa 3ajada JIETKO PEeNIaeTcss B CAyYae ONTUMATBHBIX HOPMAJIbHBIX
6asucos mepBoro Tuma. HamoMuanM, 910 mepBbIil TUIl 6A3UCOB BO3ZHUKAET
Jimtb Korga n+1 = p — npocToe U ¢ — NPUMUATUBHBIN KOPEHB 110 MOLYJII0

p.

Teopema 2. Ilepexod om cmandapmmozo basuca noas GF(2") x coom-
sememeylowemy (¢ mem e 2eHepamopom) ONMUMAALHOMY HOPMAND-
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HOMY MEPB020 MUNG (ECAU, KOHEUHO OH CYULECTNEYEM OAf 0aHHO20 M) U
06PAMHO MOHCHO BBINOAHUMD C AUHETHOT CA0AHCHOCMBIO, He boaee, Yem
2n — 1.

doka3zaresibcTBO. 3ameTnM, 9To B 31oM caydae 6asuc {(,...,("} (ue
COBCEM CTAHJAPTHBIN) COBIAJAET C TOUHOCTHIO JI0 TEPECTAHOBKU C OMTH-
MaJIbHBIM HOPMaJIbHBIM 633HCOM

n—1

{C?Cq7cq27"'7<q }7

(Tak Kak TocsIe[0BaTeIbHOCTh cTeneneit 1,q,¢%, ..., q" !, BorancIenHBIX
10 MOJIYJIIO P, COBIAJAET ¢ HEKOTOPOI IepecTaHOBKOM

7(1),...,m(n) muoxecrsa uncen {1,...,n} (1)

B CWJIy TOTO, 9TO ¢ — TNPUMUTHUBHBIA KOPEHB 10 MOJIYJIIO P, 3HAYUT Pa-
BercTBO ¢' n ¢/ npu 0 < i < j < n 10 MOJYJIIO P HEBO3MOYKHO, TAK KaK
uHave 6561 ¢7 ! 6bLI0 6B PaBHO 1 MO MOIY/IIO P, YTO IPOTHBOPEUMIIO GBI
OPUMHUTHBHOCTH ¢ TI0 3TOMY MOJIYJIIO).

ITosromy, ovyesuaHo, nepexos ot 6aszuca {(,...,("} K HOpMAIBLHOMY
bazucy

2 n—1
a4 q
{¢,¢%,¢", ... ¢}
u 06PATHO BBITIOJIHSIETCS C OIEHKON CI0KHOCTH He GoJiee, e n.
Jluneiinasi He3aBUCUMOCTH cucTeMbl {(,...,("} BBITEKAET W3 TOrO,
uT0 ( SBJISIETCS KOPHEM HEMpPUBOAUMOTO HaJ mojem GF(q) MHOrOUIeHA

P —1

1+x+...+2" = ——,
rz—1

Be/ib ecau Obl cucrema Obljga JIMHEWHO 3aBUCUMOM, TO CYIIECTBOBAJIA
Obl paBHas HYJII0 HETPUBUAJIbHAS JIUHEHAas KOMOWHAIIUS ee 3/IeMEeH-
TOB, BHAYUT CYNIECTBOBAT OBl MUHUMAIBHBIN AHHYIUPYIONINH 97T€MEHT
¢ MHOTOUJIEH CTETIeHW MEHBITEe, €M 7, 9TO He BO3MOYKHO, TaK KaK OH
ObLT OBl TOT/IA HETPUBUATBHBIM JI€JINTE/IEM HEIIPUBOIUMOTO0 MHOTOUIEHA
1+ 2+ ...+ 2", Takke aHHYJUPYIOIIETO 3jieMeHT (, KOTOPBINi HEITPUBO-
JMM B CHJLy TOTO, 9TO €CJIM OH uMeeT coOCTBeHHbI nesntens f(x), To ero
KOpPHeM Oyzer oxus u3 Kopreit (4 MHOro4jeHa 1+ +...+z", a 3HauuT
ero KOpHsIME OyayT Bce seMenTsl Buga of i = 1,2,..., r1e a = qu, a
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gtk .
BHAYUT U BCE JIEMEHTHI ( ,t=1,2,..., Tne cymma ¢ + k BBIYUCTISIETCS
IO MOZYJIIO 70, TaK KakK

¢"=1modp, (7 =¢,

U TO3TOMY KODHSIMH MHOTO4jieHa f () ABJSIIOTCA BCE N KOPHEl MHOTO-
wreHa 1 + x + ... 4+ 2", 9T0 HEBO3MOXKHO, €CJiu OHU OBbLIU OBl JTUHEHHO
3aBUCHMBI, TO CYIIECTBOBaja Obl HETPUBUATHHAL JIMHEHHAST KOMOUHAITHS
OJIHOT'0 M3 HUX, TO €CTh CYIIECTBOBAJI ObI JIPYT0il aHHYJINDYIONINIl MHOIO-
YJIeH CTEIeHW MEHbIIe, 9eM 71, 9TO HE BO3MO2KHO.

CranmapTabiv giagerca 6asuc {1,¢, ..., (" '}, On ¢ mumHeitnoi CI0XK-
HOCTBIO BBIpazkaeTcs uepes 6asuc {(,...,("}, 6maronapsa dopmyie
("=14C+...+("7 (2)
u, oueBmIHO, obparHo 6azuc {(,...,("}, 6narogaps dopmyse
1=C+...+ ¢4, (3)
C JIUHEHHOM CJIOYKHOCTHIO BBIpaskaeTcst gepes 6asuc {1,¢, ..., (" 1} Tna

JI0Ka3aTeIbCTBA SIBHO BhIMUIeM (popMysisl mepexo/a. [lycTs smemenT 3a-
MUCAH B MOYTH CTAHJAPTHOM Oasmce, TOTJA, YIUTHIBasg PaBeHCTBO (3),
TIOJIyaeM PABEHCTBO

n n—1 n—1
St =il + 2 (> ¢,
i=1 =1 =0

KOTOpOE TIOCJIe IPYIIUPOBKY KO3(DMUINEHTOB EePeNuChBAEM B BUJIE

n n—1 n—1

i _ i 0_ i 0

E z;(' = E ($z+$n)c + ¢ = E vi¢" + yoC (4)

i=1 i=1 i=1
(rae y; — KOOPJMHATHI COOTBETCTBYIONIHE CTAHIAPTHOMY 0a3ucy), OTKY-
Ja CJIeJyeT, 9TO CJIOXKHOCTH Mepexoja OT MOYTH CTAHIAPTHOrO Gaszuca
K craggapTaHoMy He Gojee, ueM n — 1. C mOMOIIBIO aHAJIOTHYHBIX TIpe-
obpasoBanuii ¢ yderom pasencrsa (3) momyunm dhopMysy mepexoga oT
CTAHJIAPTHOTO K MOYTH CTAHIAPTHOMY 0a3ucCy

n—1 n—1 n
> i = wil +u (D¢,
=0 i=1 i=1
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KOTOPasi MOCje TPynmupoBku K0IMDDUIMEHTOB Tpeodpa3yercs B paBeH-

CTBO
n—1

n—1 n—1
i ) 7 n __ 1 n
E yic - E (yz+y0)C +y0C - E Hsz +5L‘nC )
=0 =1 =1

(rme x; — KOOpAMHATHI B ouTH cTangaptaom Oasuce). To ectsh u obpar-
HBII [T€PEXO/] BBIMOIHAETCS CO CJIOXKHOCTBIO 1 — 1.

B pesynbrare mmeeM, 9TO mepexoi OT ONTUMAJILHOTO HOPMAJILHOTO
basmca

{¢,¢0,¢7, ..., ¢y

K crapgapraoMy Gasmcy {1,(,...,¢" '} u obpaTHo BHINOTHAETCH CO
CJI0XKHOCTBIO He OoJiee ueM 2n — 1.

3ameuaHUe. YMHOXKEHNE B CTAHIAPTHOM 0a3umCe CBOAUTCS K OOBITHOMY
YMHOXKEHHUIO MHOTOUWIeHOB HaJl mosieM GF(q) u mocsie/yrommeii petyKium
0 MOJIYJII0 HENPUBOAUMOro MHOrounena f(x) = 1+x+...+z", coorser-
crBytomiero sromy 6asucy. Ha nepeblii B3r/s)| KakeTcs, 4To JeeHne C
OCTATKOM Ha 9TOT MHOTOYJIEH TpeOyeT BPeMeHU CTOJIBKO XKe, KaK U Jie/ie-
HUe Ha IPOU3BOJIbHBII MHOTOWIEH. Ho ero MoyKHO BBIIOTHUTE C THHEHHON
CJIOZKHOCTBIO. JIefiCTBUTENIbHO, IyCTh MHOTOUIEH g(x) crenenu 2n — 2 Ha-
10 pazgesnth Ha f(x) n HafiTm ocTaToK (TOJIBKO OH HAM W HY KeH), TO
ecth Hajo npeiacrasuth g(x) B Buge g(x) = f(z)h(x) + r(x), rae cre-
neHb r(x) MeHbIe n. YMHOXKHUM 06e JacTH PaBeHCTBa Ha = — 1, Torjga
g(x)(x —1) = (aP — 1)h(z) + r(z)(z — 1), a Tak kak crenens r(z)(x — 1)
menbie n+ 1 = p, To r(x)(z — 1) — ocrarok or penenns g(z)(x — 1) Ha
xP — 1. Inst ymuoxenust g(x) Ha & — 1 JOCTATOYHO BBIIOIHUTH 21 — 2
caoxkennit B mosie GF(q), jist nesienust pesysabrara #Ha aP — 1 1octaTodso
BBITIOJIHUTH 1 — 3 coioxkenuii B mosie GF(q), u [yis eJIeHusl TIOJTy YeHHOTO
ocrarka 7(z)(x — 1) va  — 1 ¢ nomompio cxembl [opHepa JocTaTOYHO
BBILIOJIHUTE N cjioxkenuit B noste GF(q).

IIpumep K Teopeme 2.

[IpuBeseM mpuMep K TeopeMe 2, KOTOPbIH TaKKe UIITIOCTPUPYET AJIro-
PUTM TIepexo/ia 0T ONTHMAJBLHOrO 6a3nca MepBoro THIA K CTAHJIAPTHOMY
u obpaTHo.

Iepexod om onmumanvro20 HOPMAALHO20 6A3UCE NEPEO2O MUNG NOAA
GF(2%) & cmandapmmnomy.

IIycts gano: n = 4, ONTUMAJIBHBIN HOPMAJBHBINH GA3UC TIEPBOTO THUIIA
B = {CQk, k =0,...,3}, anement, 3anucanuslii B 97oM 6asuce, f = 1(20 +
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0-¢% +1-¢¥+1-¢%.
Hayio maiitn: 3ammch f B crammapraom 6asmuce A = {1,(, (2, 3.
Iaz 1. Ilepexod om 6asuca HOPMAABHOZ0 K NOYMU CMANIAPMHOMY
basucy A ={¢,...,¢("}.

B wmawsame wmaiinem mepecranosky (i) (cm. (1)) wmHOXKecTBa

gucen {1,...,n}, coBHajaIEl C MOCIEJ0BATEIBHOCTHIO CTEleHed
1,2,22,...,2" " rrauciennoit o Moayao p = n + 1:
0 91 92 93
(2222 (mds) ) -
1 2 4 3  (mod5)

TO ecTh B Gazuce A’ MHOrowseH f 3amuiercs ciaepyrommuM 06pasom:
F=1-C+0-C+1-¢t+1-¢%

Llae 2. Ilepexod om nowmu cmandapmmozo ba3uce ¥ cmardapmHomy
basucy. Bnaronaps dopmyne (4) BeIpa3uM euHUILY, U TOTJA B CTAHIAPT-
HOM Oazuce A MHOTOWIEH f 3aluUIeTcs: CaeAyommuM 00pa3om:

F=A+DC+0+1)¢+ @ +1)¢° +1-¢°,

TO €CThb

f=1+¢

— MHOTOYJIEH B CTaHIApPTHOM Oasuce.

Iepexod om cmandapmmozo 6asuca noas GF(2*) % onmumanvromy
HopmasvHomy baszucy 1-20 muna.

Ilycts pamo: n = 4, crammaprasii 6asuc A = {1,(, (2,3}, muoro-
4jIeH, 3anucannbli B sToM 6asuce, f = 1 + x2 4 23,

Hapo maittn: 3anmces f B onTuManbHOM HOpMaTLHOM Oasuce 1-ro Twma
B={?"k=0,...,3}.

Llae 1. Ilepexod om cmandapmmozo 6a3uca ¥ noumu cmardapmHomy
basucy.

Baaronaps dopmyne (3), Bepazum koadbdunument npu (", u Torma
B IIOYTH CTAHZAPTHOM Oasmce A’ MHOrO4IeH [ 3amMIIeTCs CJIeayoIuMm
obpazomM:

f=0+1)C+A+DC+A+1)3+1-¢4

TO €CTb

f=C+ch
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Hlaz 2. Ilepexod om noumu cmandapmmo20 0a3UCG ¥ ONMUMAALHOMY
HOPMAALHOMY 0a3UCY.

Baaromaps nepecranoske (5), cienaB 00paTHYIO MEPECTAHOBKY, Ie-
peiiieM K 3alich MHOTOYJIEHa B ONTUMAJILHOM HOpMaJbHOM Oasuce B:

f=CHc®

— MHOI'O4YJI€EH B OIITUMAJIBHOM HOpMa.HI)HOM 6&3I/ICG.
Jaee mokaskeM, 9TO CJIOKHOCTH TIEPEX0/Ia, W /IS ONMTUMATBHBIX HOP-
MaJIbHBIX 0a3MCOB 2-T0 M 3-I0 TUIIA TOXKE HEBBICOKA.

5. OreHKa CJI02KHOCTHU TI€ePeX0/ia OT ONMTUMAJIb-
HOT'0 HOPMAaJILHOTO 0a3mca BTOPOTO WJIN Tpe-
Thero TUMNa K CTAHJAAPTHOMY M 0OpPaTHO

Paccmorpum nocsieioBaresnsiocts o = (' 4+ (¢, rige ( — NPUMHUTHUB-
HBIH KOPeHDb T3 eIMHATH cTerenn p = 2n + 1 B moqe GF(227).

Jlemma 1. Jlaa aw0boz0 k > 1 umerom mecmo caedyrowue pexypperim-
HOLE COOMHOWEHUA!

1) apy1 = g + og1;
k
2) ok = a?;
k . .
3) gk = ;02 + Qor_;, 0na m06020 i makozo, wmo 0 < i < 2F.

HokazareabcTrBo. [lyig jokazaresbcTBa MepBOil (DOPMYJIBI 3aMETUM,
970

(P CHECHH e M= e

TO €CTb
opo1 + Og—1 = Q1.

Bropas ¢opmyna mpoBepsieTcst HEITOCPEICTBEHHO IO OIMIPEIEIEHUI0

k _ 9ok
azkEC2 +¢?

=+ = Y
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YUUTBIBasl TO, 9TO ONEPAIMK POBOIATC B 110se GF(2).
Tpetrbio GOPMYITy MOXKHO BBIBECTH W3 TIEPBBIX JBYX 110 WHIYKIIUH, HO
MPOIIIE TPOBEPUTH HEMOCPEACTBEHHO:

gy = T = (P O (TR =

2k
= CYQkOéi + O[Qk_z‘a (671 + O[Qk_

Ha camom sieste peKyppeHTHBIE COOTHOIIEHWSI, IOKa3aHHbBIE B TIPEIbI-
JIyIedt jemMMe, eCTh He 9TO WHOe, KaK (OPMyJIbl Mepexoa 0T HOPpMaJlb-
HOro 6a3mca K MOYTH CTaHIAPTHOMY Oa3mcy

{a!,... a"}.

U3 jpemmbr ciemyer, 910 ajs Jir060ro ¢ > 1 9/IeMeHT < BBIPAXKAETCA B
BUJIE 3HAYEHUsI HEKOTOPOIO0 MHOT'OYJIEHA, CTENEeHU %, TO eCTh

az_fz Zfz,]aj

Bripasus Takum o6pas3om Bce (v B HOPMAJIBLHOM Oa3uce, Oy UM MATPU-
1y nepexoga F, = (f; ;) or mourn crangapTHOTO 6asmca K HOPMAIBHOMY.

ITnornocrs S(F),) (KOMMYIECTBO HEHYJIEBBIX SJIEMEHTOB) MAaTpUIbl [F),
MOYKHO BBIUHCJIUTD, UCIOJIB3Ys CIIEIYIOIIYI0 TEOPEMY.

Teopema 3. Iliommnocmv mampuiyss nepexoda om cmandapmmozo b6a3u-
ca noaa GF(2") x nopmasvnomy 6asucy 6mopoz2o usu mpemvezo muna
pasna O(n'oe23),

HoxkazarenbctBo. Coracuo opmyaam semmbl 1, maTpuria F,,, mocTpo-
eHHasd C WX MMOMOTIIHIO, MMeeT TP N = 2F — 1 Bu:

F, On Oy,
F2n+1: 0...0 1 0...0 ,
Gr On F,

Tae 0, — HYJEeBOH BEKTOP-CTOJI0€IT BHICOTEI 1, O,— HyjaeBas n X N MaT-
pura, marpuna (G, eCTh CUMMETPUIHOe OTPaXKeHne MaTpPHILl F, OTHO-
CUTENbHO cpefueil cTpoku, 1o ectb G = InFy, tae I, = (0 p—it1) —
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MaTpHIA C €IVMHUIAME HA TOOOYHON NMArOHAIN W HYJISIMHU B OCTAJIBHBIX
kaeTkax. Ha mpumepe maTpuiibl Fr 9TO BRITVISIAT TaK:

10 00000
01 00O0O0O
1010000
Fr=]10001H0U0O0
1010100
01 00O0T1O0
1000101

Eciu pazouts marpuily HA 4 KBaJpPATHBIX TOAMATPUIILI, YIAJUB CPE/I-
HIOIO CTPOKY W CPeIHUl CTOI0EIr, TOIyIrM, ITO JIEBBI BEPXHUN KBaIpAT
3x3 cCMMMeTpUIeH OTHOCUTEIBHO TOPU30HTAIN JIEBOMY HUKHEMY U DABEH
HUXKHEMY TpaBoMy KBajipaTy. CpejiHsisi CTPOKA U CpeIHuil cToJjber co-
JIepzKaT POBHO OJHY €IWHUITY, JEeXKAITyI0 Ha WX mepecedennn. Marpuia
SIBJIIETCA HUZKHETPEYTOJIBHON ¢ eIMHNIaMK Ha [JIABHOH jmaronagn (CM.
dbopmyay . 2).

HeiictBuTensHo, B 001em caydae coryacuo jiemme 1 mpu 0 < ¢ < 2k

2k +i
J — — 2F —
Jor i 0 = agryy = aia” +agr ;=

i=1

2k

i

_ ok 4 :

= fig0® T+ faey o,
j=1 j=1

OTKya UMeeM fory; i = for_; ; mpu 0 < j < 2% n forqiory; = fij mpn
1<j<2k,

Onupasich Ha 3TO MPeJICTABAEHNE, MOYKHO MOJYUUTh CJICIYIONIYIO pe-
KyPPEHTHYI0 (DOPMYITY /It BBIYUCIEHUS TIOTHOCTH TTOC/IEI0BATETHLHOCTH
marpu Fi,

S(F2n+1) = BS(FH) +1.n= 3,S(F3) =4,
M3 KOTOPOI BHITEKAET peKyppeHTHas (PopMya

S(Fyr_1) = 3S(Fyr1_1) + 1,k > 2,S(F3) = 4.
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[Monarast [(k) = S(Fyr_4), nepeiiziem K JMHEHHOMY PEKYPPEHTHOMY CO-
orromennio (k) = 3l(k — 1) + 1,1(2) = 4, pemenunem koroporo Gyuer

I(k) = (3" -1)/2. (6)

O6o3naums n = 2F — 1, perpazmm 3F = (2F)19823 = (n  1)!9823 y moncra-
BuM 570 B (6), TOTy9IUM, 9TO

S(F,) =1Uk)=(n+ 1)10g23 —1)/2 = O(nlog2 3)'
B ob1mem ciyuae paBeHCTBO
S(F) = O(mbsa?) @

COXpAHSIETCsI, TaK KaK BHIOpaB k TakmM obpasom, uro 28 —1 <n <
2k+1 _ 1, MOKHO 3aMeTHTB, 9TO MaTpuIa F), SBISETCS IIABHON TTOMAT-
puteit MmaTpursl F,, m = 2k — 1, orkyna nmeem

S(F,) < S(F,,) = O(m'*®23) = O(n'°e23).

OnenuM Tenepb MI0THOCTH MATPUIIBI F,Q nepexojia 0T CTaHJAPTHOTO
6asuca nosst GF(2") k Hopmanbromy. O6o3HaunM A, MaTpuily repexojia
OT CTaHJAPTHOrO 6a3mca K MOYTH CTaHAapTHOMY, Torga F) = F, - A,, u
HEIIOCPEICTBEHHO MPOBEPSIETCs, YTO B MaTpuile A, BCe 3JIEMEHTHI HYJe-
BbI€, KpOM€ HaJJAruarOHaJIbHBIX 3JIEMEHTOB ai,i+1 =1m HEKOTOPBIX JJIe-
MEHTOB HUZKHEIl CTPOKH dy, j, W CIIPABEJJIUBHI CJIeYIONIIe PABEHCTBA JI/Is
9/IEMEHTOB MaTpuns! F)

fi/,1 = finan1 = 6i,nan,1a fi/,j = fi,jfl + fi,nan,j = fi,jfl + 5i,nan,ja

TaK KaK B CUTy HUKHeIl TPeyroIbHOCTH MATPHITE! F), ee 31eMeHTE! f; , =
0in — Jenbra-cumBory Kponekepa. CkiagbiBasg 3TH PaBeHCTBA, MMeeEM,

qTo
n,n—1

n
= > waFZ“w—S ) =1+ an; <
j=1

i=1,7=1
< S(F,) — 14 n=0(n'%23),

O6o3znaunm vepe3 L(F,) CI0KHOCTH JIMHEHHOTO Mpeobpa3oBaHms,
ompeziesgeMoro Marpurieii F, (To ecTh HanMeHbIIee IUCJI0 OMePAITHii CJI0-
JKEHUsI TI0 MOJTYJIIO JTBA, HEOOXOJAUMBIX JIIS BBIYUCTIEHUsT STOTO Mpeodpa-
30BaHUSA).
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Teopema 4. L(F,) < (g) logyn + 2n = O(nlogyn).

JoxkazareabcTBo. Ham Oyner ym1o0HO OIEHMBATE CJIOXKHOCTDH TPeobpa-
30BaHUd, 3a/1aBacMOI0 TPAHCIIOHUPOBAHHON MaTpuieit Fg , KOTOpad pas-
Ha L(F},) coriacHO W3BECTHON JIeMMe O B3aUMOCBSI3HM CJIOXKHOCTH TPAHC-
MOHWPOBAHHBIX Marpwil (cM., Hampumep [8]). Bmpouewm, misa manbheii-
IMero HaM HYKHO Oy/eT OIEHUTH CJIOYKHOCTDH TEePexXoa OT KOOPANHAT B
HOPMaJIbHOM 0asuce Y . | ;04 K KOOPAMHATAM B IOYTH CTAHIAPTHOM
bazmce Z?:l ;0 KOTOpOe OIpe/le/IsieTcs: KaK pa3 MaTpuiiei Fg . IIycts
2k <n < 281 — 1. rorma cormacuo 1. 3

n n

i
E Yicw = § TiC =
i=1 i=1

n—2k
= E T;0u + E Ti0 = E ;04 + E Lok Qyyok =
=2k 41
n—2k
= E T + E Tiyon( o? ozz+a2k ) =
2kl —n—1 2k—1 n—2F
2k
= XTokQgk + E T;0u + E x; + $2k+1_i)ai + « E Lok,
i=1 i=2k+1_p i=1
7, OTIPeesisi BEKTOPa-CTOIOITRI
T
X =A{xy,...,zn}",
— T
X1 = {wl, e 7x2k+1_n_1,x2k+1_n + Tpyeooy Lok _q + $2k+1,$2k} N
— T
X2 — {$1+2k7 s al‘n} )

M BEKTOPa-CTPOKN
Yo = {y1406,- -5 Un}
Y1 = {y17 oee ,ka},

OTCIOJIa, UMEeeM

n—2k

Zyz szaz ZXI i + +a2 Z X2 a0 =
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2k n—2F
— Z Yl,iaz + Z Y27Z+2kaz+2k7
i—1 i=1
3HAQYUT
T T T
Fn ®X = (yll s y’:’b) = (Ylv YQ) = (FQk ® X17 +Fn_2k ® X2')7 (8)
rjie ® — omeparusi YMHOKEHWsI MaTPUIBl Ha BeKTOp B noje GF'(2). Pa-
3YMEETCsl, MOCIEHEE PABEHCTBO MOYKHO OBLIO MOJIYYUTh TAKKE OCHOBBI-
BasICh TOJILKO Ha, CTPYKType MaTpuilsl F,.
Ocramoch MHIYKTHBHO OIEHATH CJIOKHOCTEH MPe0bpa30BaHUsT KOOP/IU-
nat, onpegessiemoro Marpuneii Fil . Cornacro (8)
L™y <2m —14+20(2™),m <k —1, L(2) =2.
[To muaaykIIMM HEMOCPEICTBEHHO TPOBEPSIIETC, ITO
L2™) =2m"tm + 1.
Jltst mpou3BoILHOTO 1 B mpeaenax 2F < n < 2841 cormacno (8)
L(n) < L(2%) + L(n — 2%) +n — 2k,
BamuceiBag n B ABOMYHOl cuCTEME

n=2F 4 . 42k,

rie ks > ... kp, moaydaem, 9To

L(n) < 28 ket 2P g 45— 14 (n—2F) 4. . 4 (n—2F —. . —2%2)
< (g)loan + cg,

—1243 4,4, 5
rnec=15+53+5+ 5 +... <4
JLst moTHOTEI cHOPMYIUPYEM U JOKarKeM M3BECTHYIO T€OpPeMy O MU-
HIMAJIbHOM aHHYJIUPYIOMEM MHOTOYJIeHe TeHEPATOPA ONTUMATBHBIX HOP-
MaJIbHBIX 0Aa3MCOB BTOPOTO W TPETHEro THIIA.
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Teopema 5. (cm. [2]) ITyemw 2n 4+ 1 = p — npocmoe, u 2 — npumu-
mueHbl Kopenv no modyao p, uau 2n + 1 — npocmoe u = 3 (mod 4), u
2— xeadpamuunuil evivem no modyato 2n + 1, moeda mnozousen fr(x)
us GF(2)[z], onpedeaennui pexyppenmnot dopmyarot

Jo=Lhi=x+1fk=xfk—1+ fr—2 daa k =2 9)

COBNAJAEM € MUHUMAADHOIM GHHYAUPYIOULUM IAEMEHM, X MHOLOUAEHOM
Me, U €20 KOPHU 00PA3YI0OM ONMUMGALHVT HOPMAALHBLT 6G3UC 6MOPO20
uAu, coomeemcmeenno, mpemuvezo muna noas GF(2™).

Joka3zareabcTBo. [lokaxkem, ITO MUHUMATBHBIN aHHYJIUPYIOMIUH MHO-
TOYJIEH My PaBeH fy,. st 317010 10 MHAYKIMYN yOEIUMCs B CIIPABEIJINBO-
cTu cieayromeit (hopMyJIbL:

k

fy+y™) =14 (W +y ). (10)
=1

Heiicteurensho, maas k = 1 cormacuo (9) dbopmyna (10) sepna. Ilpen-
MOJIOZKUM UCTUHHOCTH hopMysabl (10) yist TIpOU3BONBLHOTO k, U Ce/aeM
nepexon K k + 1. B camom gene, mo dopmyite (9)

fort+y D =@+y e+ fro1=
=@W+y O+ @+ N+A+) W +y) =
=1 =1

k—1
=P 4y ) Ly 0+ Wy =
=1

9TO U 3aKaH4YUBaET HH,ILyKTHBHBIfI IIepexoa:

k+1
= fenly+y ) =14+> ' +y ).
=1

Hasee 3amennm y = ¢ B (10), u moxygaem

n 2n
fn(a) = fn(CJFCil) =1 +Z(Cz JrC*i) =1+ ZCJ =0,
i=1 =1
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re (v TEHEPATOP HOPMAJbHBIX 0A3WCOB BTOPOTO W TPETHEr0 THUIOB, U (
€CTh MIPUMUTUBHBIN KOpeHb 21+ 1-it crenenn u3 equaunsl. To ects f, aH-
HYJIUPYIONIN MHOTOYIEH JIJId 9JIEMEHTA (v, & TaK KaK ero CTENeHb PaBHA
N, TO OH COBTAJIAeT C WMEIONINM Ty Ke CTEIleHb MHOTOWIEHOM 1Mq,.
OrMmeTnM, 9TO MUHUMAJIbHBI MHOTOYIEH My OJUH U TOT YK€ B CIy-
qadax 6&3HCOB n BTOPOTO M TPEThEro THUIIOB, a MHWHHUMAJIBHBIEC MHOTO-

AJIeHBI ¢ W M, 'y ciaydae basmca BTOPOTO THIA COBIAJAIOT U PABHBI

1+2+...4+ 2%, a B ciyyae 6a3uca TPETHLEr0 TUIA OHU PABIUUHEI 1
mgmgl =1+4+z+...+22

Teopema 6. Caooicnocms nepexoda B(n) om onmumanbrozo Hopmai-
1020 6a3UCA BMOPO20 UAU MPEMBE20 MUNG K COOMBEMCMEYIOULEMY CMAH-
dapmmomy uau naobopom 6 nose GF(2™) ouenusaemea caedyrougum o6-

pasom: B(n) < gloggn + 3n.

Joxazarennctso. O6oznaunm a = ¢ + (~! remeparop crammapraoro
Hazmca
1 n—1
A={l,a,...,a"" "}

u 0a3mca BTOPOTO WJIN TPETHEro THUIIa
o 20 21 2n—1
B={a",a",...;a° }

Ilepexod om mopmasvrozo ¥ cmandapmuomy. Ilepexom Gymer ocy-
[IECTBJIATHCSA U€pe3 [MENOUKy U3 deThipex H6a3ncoB

B—-B A > A

u npeobpasoBanus KoopauHAT 3emerTa f moag GF(2") B sTux 6asmcax

n n n n

2i—1 / ) i—1

f= E T;0 = E T0 = E Yy = E yat
=1 =1 =1 =1

rie a; obozmagaer (¢ + (¢, 6azuc
B ={aq,...,an},

basuc
A ={al,... a"}.
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Ilepexod om 6asuca B % 6asucy B’ u npeobpasosanue xoopdurnam T %
Koopounamam T’ . DTOT Nepexo/l OCyIIECTBIAeTCa TTepecTaHOBKOf Ga3uc-
HBIX 9JIEMEHTOB, U JefiCTBUTEIBHO, CYIIECTBYET Takasl llepecTaHoBKa, (1)
aucen {1,...,n}, 910 mag m060T0 ¢ = 1...2n BBHIIOTHIETCS PABEHCTBO

2° (mod p) = £n(i) € {1,...,n}. (11)

B camowm mene, mrs 6a3nca BTOPOTO THTA TOCIEA0BATETHHOCTE CTeTe-
Hel
2 2n—1
1,2,2°,...,2 ,

BBIYUCJICHHBIX [0 MOZYJIIO P, COBHAIACT C HEKOTOPOHU NepeCTaHOBKON
7m(1),...,m(2n) muoxecrBa uncen {1,...,2n} B cuiy Toro, 4ro 2 —
IPUMATHBHBLIH KOPEHb MO MOJY/IIO P, 3HAUMT paseHcTBo 2° u 2/ mpm
0<i<j<n 10 MOIYTIO p HEBO3MOXKHO, TaK Kak mHaue 2/ ¢ GL1I0 6BI
paBHO 1 110 MOYJIIO P, YTO MPOTHBOPEIUIO ObI IPUMUTUBHOCTU 2 TIO 3TO-
My MOIYJTi0. A B CHIy paBeHCTBA

oktn — 9k (mod p),

(Tax xak 1o Teopeme Pepma 22" =1 (mod p), 3maunt 2" = —1 (mod p))
orcioza caeayer (11).

B ciyuae ke 6asuca Tperbero Tuma 2 ABJSIETCS KBAIPATHIHBIM BbI-
YeTOM IO MOJY/TIO P (TO eCTh CyMecTByeT Takoe r, uTo 2 = r2 (mod p)),
nostomy Bce crenenn 2F (mod p), k = 1,...,n — 1 o6pa3syior mepecra-
HOBKY MHOYKECTBA BCEX KBAJPATHYHBLIX BBIYETOB IO MOJIYJIIO P, TaK Kak
ux poBHO N MTYK. /lo6aBuB K 3TOMYy TOT (PaKT, ITO P PABHO 3 MO MO-
AYJIIO 4, " IO3TOMY -1 ABJIAECTCA KBaJAPATUIHBIM HEBBIYETOM 110 MOIYJIIO
P, TaK KaK B MPOTHBHOM CJIydae CyIIECTBOBAJO ObI TAKOE YUCJIO T, UTO
—1 =72 mod p, a 5T0 6BI TPUBOAUIO K HPOTHBOPEUHIO ¢ TeopeMoii Dep-

Ma:
Pl (7,2)(1)—1)/2 — (_1)(1’—1)/2 = —1 mod p,

7 TOT (DAKT, UTO IPOU3BEICHNE BHIUETA HA HEBLIUET ABJISETCS HEBBIYETOM,
OTKY/Ia, CJEJYET, YTO TOCTIETOBATETHHOCTD —2*mod p,k =0,...,n—1
00pa3yoT mepecTaHOBKY MHOYKECTBA BCEX KBAIPATUYIHBIX HEBHIYETOB I10
MOJIYJTIO P, TO €CTh BCEX TeX JJIEMEHTOB, UTO HE SBJSIOTCS BBIYETaMH,
B UTOTE TOJIyYaeM, UTO U B PACCMATPUBAEMOM CJIydae TOKEe BBITTOJTHEHO

(11).
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Takum 06pazoM, MbI TIOJIY9UIH, 9TO CYIIIECTBYET TaKas TePECTAHOBKA
7(i) ancen {1,...,n}, aro jpus g06oro i = 1...2n BHINOIHSIETCS] DaBEH-
creo (11), To ectwb 6asuc {q,...,a,} ecth mpocro nepecraHoBka Gasuca
{a,... ,aanl}. OrpuriaresibHbIe WHIEKCH MOKHO 3aMEHUTH Ha COOTBET-
CTBYIOIIHE TIOJIOKHUTEIbHBIE G1arogapsa paBencTBy o; = (' + (78 = a_;)
o dopmyite

o = Qr(y[, (AW [T KOOp/MHAT) T = xfﬂ(i)‘).
[Tostomy masee Be3ae Oymem CIUTATH WHIAEKCHI TOTOKATETHHBIMU, 1 3HAK
Mozyast ucaTh He Oygem. Quesuano B’ — Toxke 6aszuc, Tak Kak OH eCThb
MpoCTO TepecTaHoBkKa Oazmca B. M0OXHO CIUTAaTh, YTO CJIOKHOCTDH TIe-
pexoga Lpp/(n) = O(n), a ecam paccMaTpuBaThb He MPOTPAMMHYIO, a
CXeMHYIO MMIIEMeHTaInio, To gaxe Lpp(n) = 0.

Ilepexod om 6asuca B’ x 6asucy A’ u npeobpaszosanue xoopdunam T’ %
koopounamam 3 . COracHo TeopeMe 5 ero CJI0KHOCTH ONEHUBAETCA KaK

L(n) < gloggn + 2n.

Ilepexod om 6Gasuca A’ x 6basucy A u npeobpazosanue koopdunam 7y %
koopdunamam Y. I1o pexyppentroit dopmyse (8) MOKHO B SIBHOM BUJIE
MOCTPOUTH MUHUMAJILHBIN aHHYJIMPYIOIUii MHOTOYIEH My (OH CTPOUTCS
JIAITG OJTHAYKTBI, JIO TIPUMEHEHUsT aJTOPUTMa Tepexo/a, TOITOMY CJIO¥K-
HOCTB €r'0 TIOCTPOEHNUS B CJIOKHOCTH AJITOPUTMA He YIUTHIBAETCS ), TO €CTh

Ma = fula) = a1 + ...+ apa™ =0, (12)

Toe o — TeHepaTop ITUX 0a3MCOB, W He BCe KOIMDDUIMEHTHI a; PABHBI
nymo. ChenaeM sIBHBIN Hepexo OT KOOPAMHAT 4 B MOYTH CTaHIapTHOM
basuce A’ x KoopauHaTaM Y B CTaHJAPTHOM A, yUnNTHIBasg BBIpasKeHHUE

(12)

n . n—1 ‘ n—1 .
D_via' =3 via' + (3 aal),
i=1 i=1 =0

¥ TIOCJIe TIePerpynmupoBKu K0IMDMUINEHTOB NMEEM

n—1

n n—1
Zygo/‘ = Z Ay + ayl) + 1yl = Z yia +yoa?,
i=1 i=1 i=1
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OTKyJIa, BUJIHO, 9TO CJIOYKHOCTH MEPexoa OT MOYTH CTaHAapTHOTO basuca
A" k crangapraomy A onenmpaerca kak Laa(n) < (n —1).

Wrak, Mbl OLEHWJIUA CJIOXKHOCTh KaxKJIOFO IIPeo0pPa30BaHUs, Telepb
OCTAETCA UX CJIOKHUTh:

n
LBA(TL) = LBB/(TL) + LB/A/(TL) + LA/A(TL) < Elngn + 3n.

Iepexod om cmandapmiozo K nopmasvromy. Temepsb moOKaxkeMm, 9ITO
TeopeMa BepHA U TIpU 0OpATHOM TIepexojie, TO eCTh OT CTAHIaAPTHOTO 6a3u-
ca A x 6a3ucy BTOpOro Win Tperhero Tuna B. OuaTh ompeeinM MemovKy
IIePexo/I0B, HO y2Ke B 00PATHOM IOPSIIKE:

A— A —- B — B.

Ilepexod om 6asuca A x 6azucy A" u xoopounam y % §'. Onars xe B
cuty pekyppeHTHOH (opmysibl (8) y HAC €CTh MUHMMAILHBIH aHHYJINPY-

fomuit MEOTOUWIeH (12), U3 SBHOTO BHJAa KOTOPOTO MBI MOXKEM BBIDA3UTDH

aY, a mmenHO:

n
a® = Zaiai. (13)
i=1

Cpenaem sIBHBIN TTEPEX0], OT KOOPAMHAT Y B CTaHgapTHOM 6asmce A K
koopauuaram y B moutn craagaptaoM A’) yuurbisag seipazkenue (13)

n—1 . n—1 ' n .
Z yia' = Z yia' + yo(z a;a’)
=0 =1 =1

¥ TIOCJIe TIePerpynmnupoBKu K0IMDMUINEHTOB NMEEM

n—1

n—1 n—1
D yiah =)' (yi + ayo) +yoa =D _yial + yhal,
i=0 i=1 i=1

OTKYJla BUJIHO, 9TO CJIOYKHOCTH TMEPeXoja OT CTAHJapTHOro Oaszmca A K
nourtn crasgapraomy Gasucy A’ onenmpaerca xak Laar < (n—1).

Ilepexod om 6asuca A’ % 6asucy B’ u npeobpazosanue xoopdunam 7’
K Koopdunamam T'. Beraucamm npeobpasoBanme

1!
Y1

7
Yn
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YMHOMKeHIsT BeKTopa Y Ha Marpuiry (FQ_ _IH)T (obparnyio K maTpwu-
e u3 reopembl H) ¢ nomompio (8). B aroii hopmyne peKyppeHTHO BbI-
TTOJTHSIIACH TIpeobpa3oBaHmst ¢ BeKTOpaMn X| W Xo, MEPEBOISINNE WX
B BeKTOpa Y1 = (Y1,...,Yp) U Yo = (y’2k+1,...,y7’1), COCTaBJIAIONINE
BekTop Y = (yi,...,y,). Ecrecrenno, uro obparHoe mpeobpasoBamue
( 7:2’@)T ® YoT mepesesner Bektop Ys B BekTOp Xo, & 9TOGHI HOTYYHTD
BeKTOp X1, HAJIO ClIesiaTh peobpa3oBaHme (FZ_,Cl)T @ Y11, Tak kax

T
Xl = {%1, e ,x2k+1_n_1,x2k+1_n + Ty oo ,IL'Qk:_l =+ $2k+1,$2k} N
T
Xo = {19k, 20}’
TO JIsi BoccraHoBJeHusi BekTopa X = {x1,...,Z,} 10 9TUM BekTOpaMm

JOCTATOYHO K COOTBETCTBYIOIIUM 1 — 2F kommoHenTaM BekTOpa X, mpu-
0aBUTH IO MOJIYJIIO JBa KOMIIOHEHTHI BEKTOpPa Xo.
MuaykTuBHO TIPOMOJIZKAs ONMMCAHHOE TTpeobpa3oBaHme, MbI Iepeliiem
K KOOpJIMHATaM I’ B HOYTH HOPMAaJIbHOM 6Gaszmce B’ co CI0KHOCTBIO Ie-
pexoja
L7Yn) <n—28+ L71@2%) + L7 (n —25),

", KaK 1 DaHbIIIEe, TIpDUJIEM K OIIEHKE
n
LB/A/(TL) < 5[09271 —+ 2n.

Ilepexod om 6asuca B’ x 6asucy B u woopounam ' x Z. Ilepexon mo-
JIy9aeTcst 110cpecTBOM obparHoii nepecranoku K 7(i) (11), a ero ciox-
HOCTB OIleHMBaeTCsi, Kak u panbine Lp p(n) = 0.

B pesysisrare nmeem

n
LAB(TL) = LAA/(TL) + LA/B/(TL) + LB/B(TL) < Elngn + 3n.

Bamernm, UTO NpPM BhIYKCAEHUH obparHoro npeobpazosanus (F, )7

mpu n = 21 — 1 MBI (baKTHUECKN IOy YN MATPIIHOE TOKIECTBO

(Fﬁi)*l Om, Gm
(FYyt=1 0...0 1 0...0 [,
Om om (FI)~!

m
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e m = (n —1)/2, marpuna G, = I,,,(FL)~! ecth cummerpuunoe orpa-
wenne Marpunpl (FL)™! orHocuTesHO cpeHeii cTpoK.
Ho MOXKHO 1 HEIOCPEeICTBEHHO TPOBEPUTH YKA3AHHOE TOXKIECTBO, TaK

Ke, KaK 1 TOXKJIECTBO

F. L o, O
F'=(o0...0 1 0...0 |,
Gm om F!
rie m = (n — 1)/2, matpuna G, = F,,'I,;, eCTb CHMMeTPITHOE OTparKe-
mne Marpunbl Fo1 otHocuTensHo cpemero crotmna. C MOMOMIBIO 9THX
TOXKIECTB TaK K€, KaK M B TeopeMe 3 MO2KHO J0Ka3aTh, 9TO IJIOTHOCTH
obparroit Marpumsr S(F;71) = O(n'°®23) u takyro e mioTHOCTH HMeeT
MaTpHIA TEPexX0/ia 0T HOPMAIBLHOrO 6a3uca BTOPOrO WU TPETHhero THUIla
K cranjapraomy 6asucy noust GF(2™).
IIpumep k Teopeme 6.

[Tpusenem mpuMep Ha TpUMEHEHHe TeopeMbl 6, KOTOPBIi Tak»kKe MO-
JKeT CJIYKUTh TPUMEPOM aJrOPUTMUYECKO pean3aiuu mepexoa oT Oll-
TUMAJIBHOTO 0a3nca 2-T0 win 3-r0 TUMa, K CTAHIAPTHOMY U 00paTHO.

Ilepexod om onmMuMasbHO20 HOPMAALHO20 DA3UCA 6MOPO20 UAU MpPe-
Mmbe2o muna K cmandapmHomy:

ITycTs gaHo: n = 5, ONTUMAILHBINA HOPMAaJbHBIA Oa3uc BTOPOrO THIA
B = {an,k = 0,1,2,3,4}, snement, 3anucanublii B 3ToM 6Gasuce, f =

20 2! 22 23 24
l-a® +1-0° +0-a* +1-a“ +1-a°, a To eCTh U BEKTOP KOOPJAUHAT
' ={1,1,0,1,1}.

Ha/o maiitu: ¥ — BeKTOp KOOpAUHAT f B CTAHIAPTHOM MOJUHOMHUAb-
noM Gasuce A = {a®,al, a?, a3, at}.

gz 1. Ilepexod om HopmasvHoz0 6asuca B % nowmu HOPpMasbHOMY
basucy B’ u xoopounam T x T.

a) B nagase naiinem nepecranoBky (i) (11):

{20 21 2% 23 21 95 96 27 98 99 (mod 11)} = {1,2,4,8,5,10,9,7,3,6} =

={1,2,4,-3,5,—1,-2,—4,3,—5 (mod 11)},
3 3TOro ImepecraHOBKa Haﬁ,HeHaZ

2°  (mod 11) = +x(i) € {1,...,5},
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TO €CThb

(20 2t 22 23 2t 25 26 27 28 929 (mod 11) (14)
“\1 2 4 35 -1 -2 -4 3 -5 (mod1l))"

b) Ilomb3ysace mepectanoBkoit (14), wmaiizem 6aswuc B =
{a1,a0, 04, 3,5}, TO ectb 2jeMeHT B 3TOM 0azWce 3alMUINETC TaK:
f=1-a1+1-a24+0-a4+1-a3+1-as (To ectb OMeHsTEM MeE-
cramu KoopauHaTy 3 u 4 m ot koopaumar ()7 = (1,1,0,1,1) mepeitmem
x koopmmratam (7')T = (1,1,1,0,1)).

IIlaz 2. Ilepexod om basuca B’  6asucy B" u xoopdunam 7' x 7.

Tax kax 22 < 5 < 23, 1o nepeiinem k¥ B” = {ay, k = 1,...,8} nyrem
nobasnenns myseit, To ecrs 2 = (2,0,0,0) = (1,1,1,0,1,0,0,0).

——— ——
22 23 _92

IIlaz 3. Ilepexod om 6asuca B" % 6asucy A" u xoopounam x" % 7" .
A" ={a* k=1,...,8}.

Ilo pexyppentroii dopmyae (8) ymmoxenme marpunsl (Fg)T ma 8-
MepHBIil BeKTOp I CBOAWTCA K JABYM YMHOXKEHUAM 4-MEPHBIX BEKTOPOB
na marpury (Fy)7, o ects

1 1

x| + a7 zl

~NT T ot T 37/2/ + ‘r/ﬁ/ 22 T $/6/
(y ) = (F8) Q" = (F4) ® !+ 2l +a (F4) ® 2! , (15)

3 5 7

x) xg

KaykJl0e U3 KOTOPBIX, B CBOIO OYEPEb, CBOJUTCA K JBYM yMHOKEHUSM
2-MepHBIX BekTOpoB Ha Marpuiy (Fb)7, To ectn

7 1 1 1 1 "
7' = ()03 = () e (T IR e () +
(x5 + 25) Ty

4 4
+a'(F)T ® (““"5 *,,”) +aS(R)T ® (”37) :
L T
rae (Fh) — emmamunas marpuna, To ects (y) = (1,1,0,0,1,0,0,0).
Illaz 4. Ilepexod om 6asuca A" % 6asucy A" u xoopdunam y" % .

A ={ca* k=1,... 5}
A Teneps ynamum nociaegnne koopauuarer: §' = (1,1,0,0,1).
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Ilaz 5. Iepexod om 6asuca A" % 6asucy A u xoopdumam y' % .
A={a* k=0,...,4}.

[TocTpouM MUHWMAJIBHBIN AHHYIUDYIOMUN MHOTOUIEH M, [T T€HEe-
paropa «. ITo pexyppentnoii dhopmyse (9) momyawmm:

fo = 0

f1 = x+1

fo = 22+=x

fs = 2+ 4+x+1

fi = at4+23

fs = +zt+3+22+x+1,

TO €CTh
M = f5(a) = asa® + aso + aza® + asa® + a1at + apa® = 0, (16)

e ag = a1 = az = az = a4 = az = 1. [pumenssa dbopmyry (12)
MOJTY YUM

d ot =1-a"+ (1 +1)a' +(1+1)a®+ (0+ 1)’ + (0+ 1)a’

OTKy/Ia M TOJIy9aeM BEKTOD KOODIWHAT B CTAaHJAAPTHOM basuce § =
(1,0,0,1,1). Takum o6pa3om, Mbl OT TIPeJCTABIEHNUs] MHOIOYJIEHA B OII-
TUMAJBLHOM HOPMaJIbHOM Oasuce

1 3 4
f=14+a*> +a* +o*> €B
TIEPeNLTN K TPeJICTABIEHUI0 MHOTOUYIeHa B CTAHJAPTHOM Oasuce:
f=1l4+a+a®+a*ecA

Ilepexod om cmandapmmozo ba3uca K ONMUMAALHOMY HOPMAALHOMY Oa-
3UCY 6MOPO20 UAU MPEMBELO MUNG.
[ycrs mawo: n = 5, CTaH;LapTHbH/I 6azuc A = {a0,al,a?, a3, 0%}, n
3JIEMEHT B 9TOM Oasnce f = Z _o ¥iQ', C KOOpJIMHATAMH § = {1 0,0,1,1}.
Hayio maiitu: & — BEKTOp KOOpAUHAT [ B ONTUMAJILHOM HOPMAJIBHOM

0 1 2 3 4
6asuce 2-ro min 3-ro Tuma B = {a? ,a? ,a? 0% a? }.
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Tak Kak yCJIOBHsI Ha 1 y/JOBJIETBOPSIOT OIPEEJICHUIO, 3HATUT JIJIst
9TOT0 N CYIIECTBYET ONTHUMAJbHBIN 0a3uc 2-ro THIa, CJIeJI0BaTeIbHO,
MOXKHO ITPUMEHSITH TEOPEeMY.

Illaz 1. Iepexod om 6asuca A x 6asucy A’ u woopdumam y % .
A ={a? a? 0% o o).

MunnMaabHbI aHHYJIUPYIOIMI MHOTOUIEH M, = 0 s n = 5 yxe
HaMu 1ocTpoer (To ecth a; Hamu Haiizensl) (cm. (16)), nojcrabiss a; B
(12) monyanm

n
D yiadd =0+ 1)a' + (0+1)a® + (1+1)e® + (14 Da* +1-0°,
=1

OTKy/la U TI0JIydaeTcss BeKTOp KOOPJMHAT B MOYTH CTaHIAPTHOM basuce
A =(1,1,0,0,1).

IIlaz 2. Ilepexod om 6asuca A’ x cucmeme A" u xoopdunam y' x 3.

Ilepexon ocymmectisierca myTem (HOPMAJIBHOTO J00aBIE€HUsST HYyJIel B
komer sextopa 7' (y)T = (1,1,1,0,1,0,0,0).

Ilaz 3. Iepexod om cucmemv, A" % cucmeme B” u xoopdunam " %
xoopdunamam T .

Vunokenne marpunst (FY)~! na 8-mepnwiit Bektop §” crOAMTCA K
JBYM yMHOMKeHusM 4-MepHbIX BexTopos na marpuny (Ff)~! u «nepe-
IyTAaHHOMY» UX CJIOKEHHIO, TO €CTh:

@' = (X1, X)" = (F) ey = (F) e (Y1,Y2)

(Fﬂe BEKTOD Y1 = (ylllvygvyg7yﬁll)T7 a BEKTOD Yo = (ygvyg7y/7/7yg)T) CBO-

JIATCS K

~/!

(¥") = (v1 + w3, v2 + w2, v3 + w1, V4, W1, W2, W3, W),
TJI€ BEKTOPA U M W CYUTAIOTCSA 10 POPMYJIAM:

(v1,v2,v3,04) = (F{) ™' @ (X1) (17)

(w1, wa, wy, wy) = (Ff) ™' @ (Xa). (18)

Kaxnas uz dopmyn (17) u (18), B CBOIO 04Yepe b PEKYPPEHTHBIM CIIOCO-
6OM CBOJNTCA TAKKe K JIBYM YMHOKEHHAM 2-MEPHBIX BEKTOPOB HA MATPH-
ny (F§)™! = E (eqummunas maTpuma 2 X 2) W UX <IepPeryTaHHOMY>
CJIOKEHUIO TO €CTh:
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(U17U27U37U4) = (pl + 7"17]92,7"1,7’2)7

(w1, we, w3, wy) = (s1 + t1, S2,t1,12),

rue
(p1,p2) = E® (v1,v9)7,
(r1,m2) = E® (v3,v4)7T,
(s1,82) = E ® (wy,ws)T,
(t1,t2) = E ® (w3, wa)”,
rae (gﬂ) = (p17p27T13r27517527t17t2)7 TO €CTb pP1 = 1; P2 = 17T1 - O;

ro =0,81 =1,8 =0,t; =0, tg = 0. Iloganmasicb peKypCUBHO BBEPX
nosyanm, uro (Z”) = (1,1,1,0,1).

Illaz 4. Ilepexod om cucmemv B” % 6asucy B’ u woopdunam T %
Koopdunamam T’ .

Vrammy mocnemmne koopaunarer: (27)7 = {1,1,1,0,1}.

Iaz 5. Ilepexod om 6aszuca B’ % 6asucy B u xoopdunam T’ ¥ xoop-
dunamam T.

ITo obpatHoii mepecTanoBke K mepecraHoBke m (14) momyumm T =
(1,1,0,1,1).

TakuM 00pa30M, MBI OT TIPEACTABICHUS MHOTOYICHA B CTAHIAPTHOM
bazuce

f=1+a’+a*e4

HepeH_UII/I K HpeﬂCTaBﬂeHI/IIO MHOT'OYJIEHa B OIITHUMAJIBHOM HOpMaﬂbHOM
basuce 2-ro Tuna:

f:1+a21+a23+a24€B.

6. OmeHku CJO0XKHOCTH apudPMETUIeCKmUx Oolie-
panuii B KOHEYHBIX 109X

IIycre koneunoe nosie GF(2") mpeicraBieHO CTaHJAPTHBIM 06a3u-
COM, TOPOXKJEHHBIM KOpHeM HempuBogumoro Hajg GF(2) mHorounena
g(z) cremenn n. ClIOXKHOCTH OIEpANUU yMHOXKEHHSI MHOTOUTIEHOB CTe-
nenn n — 1 nag nosem GF(2) oboznaanm M (n). Cormacuo [9] M(n) =
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O(nloglogn). Kak ormeuasocs B [10], Ha npakThke Npu 3HAYEHUSX N
TIOPsIKA HECKOJBKUX COTeH Jiydine paboraer aaroputm KapairyOsr, nme-
IOIHiT TeopeTuyaecku xyiyio onenky M(n) = O(n'%&23).

Orernm cnoxuOCTD My(n) oneparuy yMHOKEHNS B yKa3aHHOM Ipe/-
crasiennn nosist GF(2"). Tak Kak yMHOXKeHHEe B PACCMaTPUBAEMOM CJIy-
Yae CBOJAWTCS K yMHOXKEHUIO MHOrO4/IeHOB HaJl nosiem GF(2) u nociey-
IOIIEMY JIEJIEHUIO Pe3ysIbTaTa Ha MHOTOUYIeH ¢(x) ¢ OCTATKOM, TO He3a-
BHCHMO OT BbIOOpa g(x) m3sectHa omenka [10] My(n) = 3M(n) + O(n),
ecsim TipeHebpedb CJI0KHOCTBIO TIPE/IBAPUTEILHOTO BBIYUCIEHNsT HEKOTO-
poro MHoroutena f(x), 3aBucsIiero Toabko or g(x).

IIpn ypagsom BRIGOpE g(7) 9Ty OIEHKY MOXKHO yIydmmTh. [leiicTBu-
TeJIbHO, ecyin ¢(x) COMEPKUT k OTHOUIEHOB, TO CJIOKHOCTH PEITYKIUHI IO
Moo g(x) oleHmBaeTcst Kak kn, n mosromy umeem Mg (n) = M (n)+kn.
C BBICOKOIT BEPOATHOCTHIO B KaUecTBe k MOYXKHO B3STh 3, & €CJIN HEITPUBO-
JIIMOTO TPEXTIEHA CTEIIeHH 7 He CYIIeCTBYET, TO, KAK TPOBEPEHO SKCIIEPH-
MEHTAJIBHO, HO He JOKA3aHO TeOPETHIECKH, BCErJa MOXKHO B3ATh k = 5,
TaK KaK CyIIeCTBYeT HEmPUBOAUMBIN msrtwdsiaeH. Jlanee, ecim He Oymer
0TOBOpeHO mpoTHBHOE, BMecTo My(n) mmmem M (n).

Bossemenne B kBajpar semenTa mojs GF(2") npou3BoauTCs ajro-
PUTMOM BCTaBKM HyJeil (B MOCIEI0BATENHHOCTE KO3(DMUINEHTOB Tepes3
KaxK bl K03 MUIMERT BCTABASIOTCS 110 HYJIIO), CJI0KHOCTH KOTOPOTO
OIIEHUBAETCS YMCIOM 7, TIOCJIE Y€ro MPOU3BOIUTCS PEJLYKIIUS 110 MOLYJIIO
g, B pesysibrare (C y4eToM CJIeJIAHHOTO BBIIE 3aMeYaHus) uMeeM (Teo-
PEeTHYeCKH He JOKA3aHHYI0) OIEHKY CJIOKHOCTH BO3BEJIEHHS B KBaJIpAT
K(n) = 6n.

BaMeTI/IM, 9TO, YUIUTBIBasd CACIaHHBIE BBIIIE 3aMe€YaHUsA, CJIO2KHOCTDH
BO3BEJICHNsI [IPOM3BOIBHOrO d1ementa nosas GF(2") B cremens d < 2"
MOYKHO OII€HHTH, UCIOIB3YsI HEKOTOPBIe Pe3yIbTaThl 00 aINTUBHBIX Iie-
noukax [11], kak
M(n)logd

O(nlogd) + O( log log d

TaK KaK /I BO3BEJEHUs B CTelleHb d JOCTATOYHO log, d BO3BeJeHMII B
logd .
KBaJpaT u O(w) HETPUBUAJLHBIX YMHOMKEHUIA.
Ussectro [11], uTo jyist mouTn Beex d BTOPOE CjIaraeMoe TO TOPSI-
Ky HEJb3sl YMEHBIINTh, HO YHUCJIO HETPUBUAILHBIX YMHOXKEHWUHA MOYKHO

OIIEHNUThL CHU3Y 110 TopsiKy Kak logv(d), rue v(d) — uucio exnuur B
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JBOMYHOM passioxkennu uucia d, a Takxke kak (I(d) — logd), rue I(d) —
aJIATUBHAsT CJI0KHOCTE uncyaa d (ompegesenue cuM. B [11]).

Wzsectno Takxke  [11|, 9TO oOmeHKA I BTOPOTO CJIATAEMOTO
M(n)logva(d) mo mopsiaky mocturaercs, Hampumep, qag d = 2" — 2,
9TO MOXKHO 00OCHOBATH, ONMPAsICh HA PABEHCTBA

2 =2(2"1-1),22m 1 = (2™ —1)(2™+1),2%" T 1 = 2(2™ 1) +1.

Tax xax cormacuo dopmyne @epma f~1 = f2"~2 1o nna oneparnun
MHBEPTUPOBAHUS (BBITHCIEHNS 0OPATHOTO JI€MEHTa) B I0JIe TOHAI00NT-
cst ve 6osiee A(n — 1) + v(n — 1) ymuoxkenuit u (n — 1)-0 Bo3BeseHue B
kBagipar, riae A(n) = [logg(n — 1)].

ITosToMy CI0KHOCTD WHBEPTHPOBAHUS B CTAHIAPTHOM 0a3mce OIeHH-
BaeTCd KaK

(n—1)K(n)+ An—-1)4+v(n—1))M(n),
a CJIOXKHOCTD Jlesienust D(n) — xak
(n—1)K(n)+ An—-1)4+v(n—1)+1)M(n).

OrneHnM CJI0KHOCTb YMHOXKEHUSI B CJIydae UCIOTH30BAHUS ONTUMATh-
HOT'0 HOPMaJIbHOTO 6a3uca mepBoro Twutma. st BRIMOIHEHNS YMHOMKEHUST
MEePeXoIuM K CTAHJAPTHOMY 0a3ucy COTJIACHO TeopeMe 2 €O CJI0YKHO-
CTBIO 2n — 2, 3aTeM JejaeM YMHOXKEHWEe B CTaHJApTHOM 0a3uce u Iie-
pexoauM 0O6paTHO K HOpMajbHOMY 0asmcy co cioxuocThio n — 1. Co-
IJIACHO CAEJAHHOMY TIOCJEe TEOPEMbl 2 3aMEeYaHUI0, MOJYyIaeM OIEHKY
Moi(n) < M(n) 4+ ™ — 8, rue M(n) — CJI0XKHOCTH YMHOXKEHUsI MHO-
TOYJIEHOB cTeneHu 1 — 1.

B ciygae 6a3mcoB BTOPOro M TPETHETO TUIIA AHAJOTUIHO MOJIyIAEM
OIIEHKY

3
Mos(n) < 3M(n) + ;loggn +O(n),

KOTOpast OKa3bIBAETCsI ACUMIITOTHYECKN B TPH Pa3a XyIKe, TaK KaK B COOT-
BETCTBYIOIIMX CTAHIAPTHBIX 6a31Mcax MOPOXKIAIOIINHA X HEPUBOANMBbI
MHOTOYJIEH, BBIYUCJIEHHBI B Teopeme 6, OKa3BIBAETCS HETPUBHAIBHBIM,
U JUT PEAYKINA TI0 €r0 MOJIYJII0 IPUXOJUTCS MCIOJB30BATh YKA3AHHYO
BBITIe 001LyT0 orenKy My (n).
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OueHuM CA0’KHOCTh MHBEPTUPOBAHUS B ONTUMAIbHBIX HOPMa/IbHBIX
baszucax. Bo3semenve B KBajpaT BBITOJHAETCA <«OECIJIATHO», MMOITOMY
UMeeM OIEHKY

Io(n) < (A(n —1) +v(n — 1))(Mo(n)),

KOTOpad CIpaBeJInBa TOJBKO JJd TeX 1, I KOTOPBIX CYIIECTBYIOT Ta-
Kue 6a3uchl. AHAJOTUYHO, CJIOXKHOCTH BO3BEJEHUS B MPOU3BOJIBYIO CTe-
menb d < 2" B ONTUMAIBHBIX HOPMAJIbHBIX 0a31MCax OIEHWBAETCS KaK

M(n)l
O (n)logd
log log d

7. Ilpunoxkenue

B HEM IIpUBEJEHA COCTaBJI€HHaAA Ha OCHOBE KOMIIBIOTEPDHBIX BBIYHUCIIE-
Huit Tabauia pasmeprocreit noseit GF(2") npu 1000 < n < 10000, s
KOTOPBIX CYIIECTBYIOT ONITUMAJIbHBIE HOpMaJIbHbIe Oa3uckl. B ckobkax mo-
cJle pa3MepHOCTH yKaszaH THIl 6asuca (eC/Iu i pAaCCMATPUBAEMOTO OIS
OTHOBPEMEHHO CYIIEeCTBYIOT 6a3uchl Tuma 1 um 2, T0 B ckOOKax cromt 12;
JPyTHE BAPDUAHTHI HE BCTPEYAIOTCH).

Tabaury ang n < 1000 MbI He TPUBOIUM, TaK KaK OHA MUMEETCs, Ha-
npumep, B [3|. Takke MBI He TPUBOJANM BBIYHUC/IsIEMbIE TIPOIPAMMOMN JIJTsT
KaxKJ[0ro ONTUMa/ILHOI'0 HOPMaJILHOrO Haszuca marpullbl A, T, onpee/ieH-
HBI€ B Ha9aJIi€e CTaTbU, U TTOPOXKIAIOIINE SJIEMEHTHI 3TUX 6&3HCOB.

1013(2) 1014(2) 1018(1) 1019(3) 1026(2) 1031(3) 1034(2)
1041(2) 1043(3) 1049(2) 1055(3) 1060(1) 1065(2) 1070(2)
1090(1) 1103(3) 1106(2) 1108(1) 1110(2) 1116(1) 1118(2)
1119(3)  1121(2)  1122(1) 1133(2) 1134(2) 1146(2) 1154(2)
1155(3)  1166(2) 1169(2) 1170(1) 1178(2) 1185(2) 1186(1)
1194(2)  1199(3) 1211(3) 1212(1) 1218(2) 1223(3) 1228(1)
1229(2) 1233(2) 1236(1) 1238(2) 1251(3) 1258(1) 1265(2)
1269(2) 1271(3) 1274(2) 1275(3) 1276(1) 1278(2) 1282(1)
1289(2) 1290(1) 1295(3) 1300(1) 1306(1) 1310(2) 1323(3)
1329(2) 1331(3) 1338(2) 1341(2) 1346(2) 1349(2) 1353(2)
1355(3)  1359(3) 1370(2) 1372(1) 1380(1) 1394(2) 1398(2)
1401(2)  1409(2) 1418(2) 1421(2) 1425(2) 1426(1) 1430(2)
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(3) 2874(2) 2889(2) 2891(3)
(1) 2913(2) 2919(3) 2921(2)
(3) 2951(3) 2956(1) 2961(2)
(2) 3005(2) 3010(1) 3014(2)
(2) 3036(1) 3050(2) 3065(2)
(2) 3098(2) 3099(3) 3101(2)
(3) 3134(2) 3138(2) 3143(3)
(2) 3171(3) 3179(3) 3183(3)
(2)  3202(1) 3234(2) 3245(2)
(1) 3299(3) 3303(3) 3306(1)
(2) 3329(2) 3345(2) 3346(1)
(3) 3366(2) 3370(1) 3381(2)
(3) 3412(1) 3413(2) 3414(2)
(2) 3453(2) 3455(3) 3458(2)
(2) 3474(2) 3485(2) 3490(1)
(2) 3509(2) 3513(2) 3516(1)
(2) 3538(1) 3539(3) 3546(1)
(3) 3570(1) 3579(3) 3580(1)
3609(2) 3612(1) 3614(2) 3618(2)
(1) 3641(2) 3642(1) 3653(2)
(1) 3690(1) 3700(1) 3705(2)
(1) 3738(2) 3749(2) 3753(2)
(2) 3774(2) 3778(1) 3779(3)
(3) 3796(1) 3801(2) 3802(1)
(2) 3843(3) 3845(2) 3850(1)
(3) 3876(1) 3878(2) 3879(3)
(2)  3916(1) 3922(1) 3926(2)
(2)  3946(1) 3950(2) 3953(2)
(3) 3988(1) 4002(1) 4012(1)
(2) 4034(2) 4043(3) 4046(2)
(2)  4085(2) 4089(2) 4090(1)
(2)  4115(3) 4118(2) 4121(2)
(1) 4145(2) 4146(2) 4155(2)
(2) 4214(2) 4215(3) 4218(1)
(2) 4242(1) 4252(1) 4256(2)
(2) 4271(3) 4281(2) 4282(1)
(2) (3) (2) (3)
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(2) 4348(1) 4349(2) 4356(1) 4362
(1) 4373(2) 4391(3) 4396(1) 4401
(2) 4418(2) 4419(3) 4430(2) 4433
(2)  4466(2) 4475(3) 4481(2) 4482
(1) 4499(2) 4503(3) 4505(2) 4506
(2) 4529(2) 4546(1) 4551(3) 4563
(2)  4590(2) 4599(3) 4601(2) 4602
(3) 4620(1) 4628(2) 4636(1) 4641
(3) 4661(2) 4668(2) 4670(2) 4671
(1)  4695(3) 4698(2) 4709(2) 4710
(1) 4733(2) 4739(2) 4745(2) 4766
(3) 4786(1) 4788(1) 4793(2) 4800
(1) 4814(2) 4821(2) 4830(2) 4838
(2) 4871(3) 4874(2) 4876(1) 4883
(2)  4925(2) 4929(2) 4932(1) 4935
(2)  4953(2) 4956(1) 4961(2) 4970
(3) 4986(1)
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(1) 5789(2) 5793(2) 5796(2) 5308(2) 5810(2)
(2) 5826(1) 5838(2) 5842(1) 5844(2) 5849(2)
(2) 5859(2) 5868(1) 5871(3) 5889(2) 5891(3)
(2) 5903(3) 5906(2) 5910(2) 5913(2) 5915(3)
(1) 5933(2) 5938(1) 5943(2) 5948(2) 5951(3)
(2) 5966(2) 5969(2) 5984(2) 5986(1) 5990(2)
(2) 6010(1) 6020(2) 6021(2) 6024(2) 6028(1)
(2) 6052(1) 6053(2) 6059(2) 6066(1) 6071(3)
(2) 6080(2) 6098(2) 6100(1) 6101(2) 6105(2)
(2) 6125(2) 6126(2) 6130(1) 6131(2) 6134(2)
(2) 6150(2) 6161(2) 6172(1) 6173(2) 6186(2)
(2) 6196(1) 6200(2) 6202(1) 6206(2) 6210(12)
(2) 6225(2) 6228(1) 6236(2) 6243(3) 6245(2)
(1) 6269(2) 6273(2) 6276(12) 6288(2) 6294(2)
(2) 6306(2) 6309(2) 6316(1) 6318(2) 6322(1)
(2) 6329(2) 6348(2) 6369(2) 6371(3) 6372(1)
(2) 6388(1) 6390(2) 6395(3) 6396(1) 6399(2)
(2) 6414(2) 6426(2) 6444(2) 6449(2) 6453(2)
6458(2) 6459(2) 6461(2) 6468(1) 6470(2) 6479(2)
(2) 6490(1) 6491(3) 6500(2) 6518(2) 6521(2)
(1) 6551(2) 6554(2) 6573(2) 6575(2) 6579(2)
(2) 6593(2) 6614(2) 6618(1) 6620(2) 6636(1)
(1) 6654(2) 6656(2) 6658(1) 6663(3) 6665(2)
(1) 6698(2) 6700(1) 6705(2) 6708(1) 6725(2)
(2) 6732(1) 6734(2) 6738(2) 6743(2) 6756(2)
(1) 6768(2) 6778(1) 6780(1) 6783(2) 6788(2)
(1) 6806(2) 6809(2) 6813(2) 6824(2) 6826(1)
(2) 6843(2) 6845(2) 6848(2) 6854(2) 6855(3)
(2) 6868(1) 6878(2) 6879(2) 6881(2) 6882(1)
(2) 6903(2) 6906(1) 6914(2) 6915(2) 6916(1)
(2) 6938(2) 6939(2) 6941(2) 6946(1) 6948(1)
(2) 6960(2) 6965(2) 6966(2) 6970(1) 6983(3)
(2) (2) (2) (1) (2) (2)
(2) (1) (2) (1) (3) (2)
(2) (2) (2) (3) (2) (3)
(2) (2) (2) (2) (2) (2)
(2) (2) (2) (2) (2) (1)
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(2) 8596(1) 8598(1) 8601(2) 8603(2) 8604(2)
(2) 8626(1) 8628(2) 8649(2) 8658(2) 8663(3)
(1) 8675(3) 8676(1) 8679(2) 8692(1) 8693(2)
(1) 8709(2) 8715(2) 8721(2) 8730(1) 8735(2)
(1) 8741(2) 8746(1) 8754(2) 8759(3) 8786(2)
(2) 8799(3) 8802(1) 8806(1) 8811(2) 8813(2)
(1) 8834(2) 8836(1) 8841(2) 8853(2) 8856(2)
(2) 8874(2) 8886(1) 8891(2) 8894(2) 8903(3)
(2) 8919(3) 8922(1) 8925(2) 8931(3) 8932(1)
(3) 8954(2) 8955(3) 8961(2) 8962(1) 8968(1)
(1) 8978(2) 8979(3) 8988(2) 8990(2) 8994(2)
(2) 9010(1) 9021(2) 9023(2) 9028(1) 9029(2)
(2) 9048(1) 9058(1) 9059(2) 9066(2) 9071(3)
(2) 9090(2) 9095(3) 9105(2) 9114(2) 9125(2)
(2) 9144(2) 9150(1) 9155(2) 9160(1) 9164(2)
(1) 9183(3) 9189(2) 9202(1) 9206(2) 9213(2)
(1) 9221(2) 9226(1) 9230(2) 9240(1) 9246(2)
(2) 9270(2) 9276(2) 9282(1) 9292(1) 9293(2)

9318(2) 9322(1) 9330(2) 9335(3) 9336(1) 9340(1)
(1) 9350(2) 9356(2) 9359(3) 9365(2) 9370(1)
(2) 9378(2) 9386(2) 9393(2) 9396(1) 9418(1)
(1) 9429(2) 9432(1) 9434(2) 9436(1) 9449(2)
(2) 9459(3) 9466(1) 9473(2) 9478(1) 9479(3)
(2) 9490(1) 9504(2) 9506(2) 9518(2) 9525(2)
(2) 9538(1) 9539(2) 9543(2) 9546(1) 9569(2)
(2) 9581(2) 9586(1) 9590(2) 9600(1) 9603(3)
(2) 9612(1) 9615(2) 9618(1) 9624(2) 9628(1)
(1) 9650(2) 9659(3) 9660(1) 9666(2) 9676(1)
(2) 9693(2) 9695(2) 9696(1) 9701(2) 9711(2)
(2) 9720(2) 9731(2) 9732(1) 9734(2) 9741(2)
(2) 9753(2) 9765(2) 9766(1) 9770(2) 97T1(2)
(2) 9791(2) 9798(2) 9801(2) 9802(1) 9830(2)
(2) 9849(2) 9850(1) 9854(2) 9858(1) 9863(2)
(3) 9881(2) 9882(1) 9900(1) 9906(1) 9909(2)
(2) 9930(2) 9933(2) 9940(1) 9944(2) 9945(2)
(2) 9963(2) 9968(2) 9974(2) 9981(2) 9986(2)
(3) (2)



292

[1]

2]
3]

[4]

[10]

[11]

A_A. Bonoros, C.B. Tamkos, P.A. Xoxjos

Crimcok aurepaTypbl

Bepnekemn E. Anredbpamueckast teopusi Koguposarus. M.: Mup,
1971.

JImnm P., Huneppeiitep X. Komeumsre mong. M.: Mwup, 1988.
Jungnickel D. Finite fields: Structure and arifmetics. Wissenschafts-
verlag, 1995.

Mullin R. C., Onyszchuk I. M., Vanstone S. A., Wilson R. M.
Optimal normal bases in GF(p"™) // Discrete Applied Mathematics.
22. 1988/89. P. 149-161.

Gao, Lenstra. Optimal normal bases // Design, Codes and Crypto-
graphy. 2. 1992. P. 315-323.

Ash, Blake, Vanstone S. A. Low complexity normal bases //
Discrete Applied Mathematics. 25. 1988/89. P. 191-210.

Gao, Vanstone S. A. On orders of optimal normal basis generators.
64. N 211. 1995. P. 1227-1233.

Gao, von zur Gathen J., Panario. Gauss periods: orders and
cryptografical applications // Mathematics of Computation. V. 67.
N 221. 1998. P. 343-352.

Schonhage A. Schnelle Multiplication von Polynomen iiber Koérpern
der Charakteristik 2 // Acta Informatica. 7. 1977. P. 395-398.

von zur Gathen. J, Gerhard J. Computer algebra. Cambridge
University Press, 1999.

Kayr . WUckyccreo mporpamvupoBanust vHa 9BM. T. 2. M.: Mup,
1977.



