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EGFIHKJMLNJMOPFRQTSPUMF4LNJWVXJWSRJZYPFI[R\THKJ]\_^RFI`RQa`4HbFIUMFIcPdZeG[PLa`IfN\TUMOPdgUMFM^RhMi
HbF&OPfaHbFIUMFIcPd]fGjIkbHP`IdmlnHKJMH�`&HPcPFo\a\T`IFIcIVXJpeRq>\T`IFNV@[PUI\sr�H�LNJWVXJWSPft[POKi
UMfacP`oJp^RhIOPFIuaFvYPFI[R\THKJ]ORJvjIkN^Rfa`IFow�HPkbjIfIxWEGFM^RkbSPfaOPFvFIYPUM[Rw:Jp^RhIOPFIf>cPfTi
y faOP[Pf/LNJWVXJWSP[�[POPUMfacP`oJp^RhIOPFIuaF�YPFI[R\THKJ�ORJ�jIkN^Rfa`IFow�HPkbjIf/`�HK^@JI\a\Tf\TjoJp^@JMOR\T[PcPFI`oJMOPOPdZe+V@cPfa`IFI`I[bV@OPdZez\seofNw�{G[PHK\T[PcPFI`oJMOPOPFI|5`Idv\TFIUMd}x
~}JM|bV@faO�YPFIcorbV@FIH�\_^RFW��OPFo\TUM[�cPf y faOP[Kr�`&HK^@JI\a\TfG`o\TfTe�\TjoJp^@JMOR\T[PcPFMi`oJMOPOPdZe/V@cPfa`IFI`I[bV@OPdZe�\seofNwZx

�<���m�<�����Z�����
�����b�K�b�P�����p�N���N���P�W�P�T�,�N���N���@�&���o�z�I�I���p�����C �¡��b��¢v�o£C���b C ��b¤M��¥��b���N¦

§ �X¨]©�¢]�p�W�P�T�. �� § �b�P�b���K�5¥��p��¢Z ��Mª��p�W�K«P� V n
¦¬¢]�W�C ��b¤M�,�b�I���W«R� § �X�P� Bn

2 , ��o�p­}«R�b�p¢]�K�&�b���o�����b�P� § �b®�¨C¯����b�I���W«P�K¢ § �X�K�!�K�W���W�P�T��¥C���b�C�p«P�o��°K C­}®g�C X¦�P�W�C«R�I�
(u,w),

¤T���
u = (u1, . . . , un), w = (w1, . . . , wn)

�
u � w,

�P�
�p�W�K°

ui 6 wi i = 1, . . . , n. ± ���p�b�P�W�P�T�$�b¥C���N���N���C�K°²«P�p���b� § ���+³W���p¢]�W C�K­
y ∈ V, y = (y1, . . . , yn),

 ��o�p­}«R�b�p¢Z­<�t�I�o¥C���T�C¢Z��´I�C��� § �b�P�b�C­Gµ�«K­}¥��o�� ��W ��
u � y � w.¶/�C�C«P�N���p¢·�C C�P�W�C¥C���W�b�o£C�C�¸���o C ��b®¹�I�I���p�C��¨}º��b¥C�P�W�K��¢}´&¢Z­���¢]�p�p¢
���b�W�K�C�C ������o�p¤W�I���o C C­}® § ���K�p�W«P�b�P�>´G« § �b�P�b���K¢»«P�p�'�N���b«R����¢]�W�&���p���X¦ �� § �b«K�@�¼�C���C C�P¨X½!�K¤W�I��­}«R�b�p¢.�N���b«P�C´P« § �b�P�b���K¢��C�p«P�p�W�K C­¼ ��}«P�p�<�b� § «K­�¨

∗ ¾C¿aÀNÁNÂN¿ZÃNÄ:ÅbÁaÆoÇbÈsÇK¿ÉÅbÊIË<Ì>ËoÇK¿TÇbÍÎÁaÃWÁaÏ<ÅbÁÎÐoÐKÈÎÊMÑtÒMÈ>¾XÁNÍÎÍsËoÏbÍÎÒMÁaÓ_ÁvÌÉÁaÇIÐP¿vÌ>ÔMÇIÐP¿aÕ�ÈsÇoÖÂN¿TÆo×NÇoÄ:Ø}ËbÍÎÍsÆbÈ¬ÐKÁaÃp¿TÇoËoÏ�ÙÚÓ_Êb¿TÇbÂGÛMÜ¬ÝMÛMÜ¬ÝMÛNÛWÞTßWàWá¬â



����� � x ��x��>^@JM|P`oJI\

± ���p�b�P�W�P�T�� ��o®C�K��«��N���b«R�o���!�b� § ���&�N���b«R�X´ § �b�P�b�C­<�!¥��b�P�W C£C���I��°K ���¢]�b¤p�@��b­}�K°+���o�p¤W�I��­}«R�b�p¢Z­<¢¼�N���b«P�K¢}¨
� �I���p�C��¢]�Mª� ��/���
	��o�K°�´o�p�N���� �� § �oª����K¢�	��o¤M�t�I��¤M�b�C�C�P¢v�&¥C���b«P�W�R�X�K°�P�N���b«K���

uj 6 yj 6 wj, j ∈ {1, . . . , n} �C����¡�� § �W�C���b«R�o C ��b¤M�� ��b�K�b��� § �K¢É¦¥��b ��W C�!�I�o¥C���W��´M¥C�C�C���p¢z ��K¢]�W��� § �K¢Z¥��b ��W C�/�p���C �� § �b«K­��C����«P�p�Nµ��I�o¥C���p�W® ����p�� ��K¢�	��o¤M���I��¤M�b�C�C�P¢v�X¨

&���b�p�W�-�b� § �Xµ��I��¤M�b�C�C�P¢]�b«'�I���K�b ��z�p�b¥��K�W�b�o«K�C�K°,�p�P�I���o ��W�C���b«R�o C C­<��C �¡��b��¢v�o£C���b C C­<�����W���W«K°K�:¨
¶��o���@���W C­��N���N���@�&���������W�p�I��°I�b�o�K­�¨
� ¨v� § ���b�p�p�²�p�P�I���o ��W�C���b«R�o C C­Gµm���W���W«K°P�W«.¡�� § �W�C���b«R�o C ��b® «K­<�p�b�K­ ��o®X���W ����b¥C�K��¢v�I��°K ��K�!���
	��W C���K´K¥C���N���W�b�o«b���C�p¢]�K�&¥C�C��¥��K¢]�b���+���
	��W C�C�

���C ��W®C ��b®²�W���W�P�p¢Z­��@���o«K ��W C�C®�¨
� ¨Z¶��o���@���W .¥��b�R�@��� § ¡��@  § £C�C�.�N���Mª� ��K�W�K�m���
	��W C�C��« § ���b�p�p�g«P�p�Nµ�p�P�I���o ��W�C���b«R�o C C­Gµz���W���W«K°P�W«�¨

�������>���<�}���������}�����4��� � ��� ��!#"%$��&���<� '�( ���*)
+ "%$-,%�.( �/�<�

0²­ �b�I���p¢����W¥��o��°K�M�b«R�o�K°²�P�W��¢Z�C ��o���b¤p�C�	���K�K�b�p ��p���W C�C���C�+���b�K�b�K­
1 �32 ´Z ��,¥��K� § �o��° § ��«,³p�P�b® ���b�K�b�P�5���b�p�p¢v�o�K�C�C«R�o�&�P�T�m�P�o��° § �,�����W«P�b«K�X�C¦ C­<�+�_µR�p¢Z­�´>�P�z�W���p�W°'�b�I���W�²¥C�C�C«P�N���W ��z ��p� § �o��° § �'�@¥C���b���W C ��o��«P�W���W�C�¥��b C�X�K�C�5�C �¡��b��¢v�o£C���b C ��b¤M�+¤p���b¡��X¨

4v�N���
X 5 ¢Z ��Mª��p�W�K«P�-�W��¢Z«P�o���b«-�I�o¥C���K�p�b«-�+�I�I���o C C­<¢� ��5 ��p¢¹«P�N¦

���M�X�K ��K�W�K C­<¢m¥C���K�W�K���o ��W�K«P�K¢ 〈X,σ,P〉 ´C¤T��� σ 5 �I��¤M�p�b����¥��p��¢Z ��Mª��p�W�K«
¢Z ��Mª��p�W�K«R�

X 6 P 5 «P�W���M�X�K ��K�W�K ��o�'¢]�W���� ��
σ 6 Y 5 ¢Z ��Mª��p�W�K«P�g�W��¢Z«P�o¦

���b«/���o C C­Gµ87 �I�o¥C���p�W®:9 6 ρ 5 �b�C ��o�C ��K�<�b�K ��;	��W C���} �� X×Y ´b ��o�p­}«R�b�p¢]�K��b�K ��;	��W C���p¢»¥��b��� § �X´t�P��¥C�X�P�W� § � S = 〈X,Y, ρ, σ,P〉  ��o�p­}«R�b�W�P�T��<�=?>
@?A3B ¨ ± ���b® § � I = 〈X,V, ρ〉 ´P¤T��� V 5  �� § �b�P�b���K� § �b ��W�C ��K�!¥��p��¢Z ��Mª��p�W�K«P�¢Z ��Mª��p�W�K«R�

Y
´� ��o�p­}«R�b�p¢]�K�g�b���o�����b�P� § �b®�´Z ��o�p­}«R�b�W�P�T�.�I�I���p���W®.�C �¡��b�X¦¢v�o£C���b C ��b¤M�+¥��b��� § �C7 � ©�¶�9t�K�C¥�� S ¨:Dt�p���W�Rª��o�P�N��°K �� � ©�¶ I = 〈X,V, ρ〉�p�K�W�P�b�C��«�¥��W���W�C���N���W C�C�5�C����¥C���b�C�p«P�o��°K ���«K�p�X�P�b¤M���I�o¥C���K�M�

x ∈ X
«P�p�Nµ

�'�P�b�C ����P�Nµ²�I�o¥C���p�W®
y ∈ V

´��C�P�
xρy

¨:4v�N��� F 5 �W�@�K°g¢Z ��Mª��p�W�K«R�5�W��¢É¦
«P�o���b«��p�� ��K¢]�p�W�K C­Gµ�¥C���N��� § �o�P�b«�´4�b¥C���N���N���W C C­Gµ  �� X ´ F  ��o�p­}«R�b�W�P�T�
�P�o�M�b«K­<¢ ¢Z ��Mª��p�W�K«P�K¢	�m�b¥C���W­}«R�b�W�.¢Z ��Mª��p�W�K«P��³W���p¢]�W C�b�o�C C­Gµ �b¥��W���I¦
£C�C®�´X���W¥��o��°K�p�P�p¢Z­Gµ²¥C�C�5���
	��W C�C�²�I�I���p�C�z�C �¡��b��¢v�o£C���b C ��b¤M��¥��b��� § �X¨



� YPUM[Rw:Jp^RhIOPFIfGcPf y faOP[Pf}LNJWVXJWSP[�[POPUMfacP`oJp^RhIOPFIuaF&YPFI[R\THKJ �����

¯��I���P�o�M�b«K­<¢	¢Z ��Mª��p�W�K«P�K¢ F �b¥C���N���N���C�W�P�T��¥��b C�X�K���#=���� A�� B
	�� =?>
A ��� A�
 A�����������	 7 ©!º-9N¨<� § �b ��W�C ��b® ¢Z ��b¤M�b¥��o���/�W ��b®¹�����W«P�b«K�X�� ��b® �p�W�K�«K­<�b�C���b�W�P�T� «P�W� 	��C �� 5 ¥��o���/�K´t ��o�p­}«R�b�p¢v�o� § �b�C ��p¢}¨!½&�W�b�I��°K C­<�-¥��o¦���/�M�- ��o�p­}«R�o�&�P�T� �����W�K°K�C¢Z�¼� ��¢ ¥C�C�C¥C���W­}«R�o�&�P�T�¼�I�o¥C���W�m�C�

Y
¨ � �I¦

���b�W�P�T���b�C���W C�b�o£C�C���b� § �b�C C� § �����W�K°K�C¢}¨��É�p�b���b¢ ©!º ¥C�C�C¥C���W­}«R�o�&�P�T�
¥C���N��� § �o�K­ �C�'¢Z ��Mª��p�W�K«R� F ¨ ± � § ��¢»�K�b���o�M�K¢  ��o¤p�C�@ª��W C ��K�'¢Z ��b¤M�b¥��o¦���/�W ��K�t�b�C���W C�K�C���b«R�o C ��K�t���W���W«P�! ��o�p­}«R�o�&�/�C �¡��b��¢v�o£C���b C C­<¢²���W���W«P�K¢
 ��I���P�o�M�b«K­<¢�¢Z ��Mª��p�W�K«P�K¢ F ¨ � �o�P�p¢��b¥C���N���N���C�W�P�T��������� � = A �?= �:A���	 �?= �
���g¨��É�p�b���5¥C���b«P�p���C�²�I�o¥C���K�

x ∈ X
´B�p�N���,¥C���N��� § �o�²���p�b�������W�K�C ��W , ��

x 6 �b�C���W C�K�C���b«R�o C ��o� £��W¥��b� § �����p�K�W� ¥C���b«P�p���C� x ´t�p�N��� § �oª����K�-���p�b���£��W¥��b� § � ¥C���b«P�p���C� x 6 �I�o¥C���K� x ¥C���pµR�p���C��«,«P�W� 	��C C� β ©!º�´v�p�N���m�W�R¦���p�W�K«K�P�W���b�C���W C�K�C���b«R�o C ��o�²£��W¥C°�´C«P�N���@���o�5�C� § �b�C C�z«�«P�W� 	��C C� β ´ § �o¦�P�b���o�'¥C���b«P�p���C�
x 6 �I�o¥C���W° y ´�¥C�C�C¥C���M�o C ��o�-�����W�K� α ´B¥��b¥��I���b�W�5«5�b�K«P�W�©!º· ��

x
´B�p�N���

x
¥C���pµR�p���C�²«g�����W�

α
¨�½!�K«P�W�P�K¢¹©!º

U
 ����I�o¥C���K�

x
 ��I¦

�p­}«R�o�&�g¢Z ��Mª��p�W�K«P�g�I�o¥C���p�W®�´�¥��b¥��o«�	��Xµ²«��b�K«P�W�
U
 ��

x
´��-�K�K�b�p ��p���o�&�

�W¤M� JU (x)
¨! 4�K�-¡��@  § £C�C� JU(x)

�W�C�C�b�o�&�z���W�p�I��°I�b�o�P�K¢�¡��@  § £C���b C�C���o¦«R�o C�C�5©!º
U
¨C©!º» ��o�R�@���5�p���W�K�C� § �K�@���b®5���o C C­Gµz�b¥C���W­}«R�b�W�g�I��¤M�b�C�C�P¢�p�K�b�K«P�W�P�W�K«K�@�&���W¤M�+¥��b��� § �X¨�¶/���b£��p�p��¥��b��� § �+¥C�C�z�I�I���o C ��K¢ �I�o¥C���K�p�� ��I¦�C�C ��b�W�P�T�²� § �b�C C�z�5���b�W¥C���K�W�K���o C�C�W�P�T�'«+�I�o«K���W��¢]�K�W�K�-�b�+ ��o¤p�C�@�M�b�C C­Gµ¥C���N��� § �o�P�b«�´I«P�b�M¢]�Mª� ��C´o�W���o�p��¥��} ��p� § �o��° § ��¢' ��o¥C���o«b���W C�C�C¢}¨�4v�N����³p�P�b�¥C���b£��p�p�! ��/���W���W«P�<���K�W�K�C¤W�b�W��³W���p¢]�W C�P�b«����o C C­Gµ:´R�P���b C��« § ���&���o�&�P�T��«�b�K«P�W���I��¤M�b�C�C�P¢v�X¨

©!º
U �"	$#����&%'	�� < � ©�¶

I = 〈X,V, ρ〉 ´��p�N��� JU (x) = {y ∈ V : xρy}.�t«P�p���C�P�T�)(+* A$, � A ( <'-.���g¨Z¶/���N��� § �o� ϕβ(x)
���W�K�C C C­}®  ��

x
´É�p�N���

x
¥C���pµR�p���C�g«+«P�W� 	��C C�

β
´��5���Mª� C­}®-«+¥C���b�K�C«K ��K¢¼�N���@���b�K´� ��o�p­}«R�b�W�P�T�

¡��@  § £C���W®�¡��X��°I�K���!«P�W� 	��C C­ β ¨�/0* A$, � A ( <'-�1����
U
� 	2#�	;@��:A ( � x ∈ X ��o�p­}«R�b�W�P�T���C���N���

T (U, x) =
∑

β∈R ψβ · ϕβ(x),
¤T��� R 5 ¢Z ��Mª��p�W�K«P�

«P�W� 	��C �©!º
U
´
ψβ 5 § �o���C���p�W�K«P�����p�K�W��´K���_µR�p���X���Xµ+�C�<«P�W� 	��C C­ β ¨" 4�b�«P�N���C�C�C ��$���o«K ��$�C���N���m¡��@  § £C�C®�´4«K­}�C���N���W C C­Gµ¹�I��¤M�b�C�C�P¢]�K¢	¥��b��� § �X´�b¥C���N���N���C�p¢Z­<¢m©!º

U
´X ����I�o¥C���K�p�

x
¨

4v�N��� § �oª����o��¡��@  § £C�C�-�C� F 5 �C�M¢]�W�C��¢v� 7 �b�K ��K�W�C�P�N��°K ��'�I��¤M�p�b�C­
σ
9N´X�P���C�������/�K�b¤M�+©!º

U
 ��I� F ¡��@  § £C�C� T (U, x)

�C�M¢]�W�C��¢v�X¨
/0* A$, � A ( <'-�13���

U
 ��o�p­}«R�b�W�P�T�,¢v�o�P�p¢v�o�K�C���p� § �K�+�Mª��X���o C����«P�N���X¦�C�C C­

T (U, x)
´X���o«K ��K�

T (U) = Mx T (U, x).
½! ���µ@�o��� § �P�W�C�C�p�P�W���W���N�� ��p�«K���p¢Z�5¥��b��� § �X¨

4v�N���
f(x) 5 ¥C���N��� § �o�o´:�P���K�K�b�p ��p�C��¢ Nf = {x : f(x) = 1}. Dv���Mª�¦



����� � x ��x��>^@JM|P`oJI\

 ��K�W�K°K�����p�b���X´C���_µR�p���X���W¤M���C��«P�W� 	��C C­
β
´X�b�I���W���C���N���

P (Nϕβ
)
¨ ± �b¤T���¥��b C�X�K ��C´C�C�P���C���5©!º

U

T (U) =
∑

β∈U

ψβ · P (Nϕβ
).

�Z�b�p�p¢]�b�K�C��¢ �N���N���@�&���@� � ©�¶�¨}©�¢]�p�W�P�T�� �� § �b�P�b���K� k ¦ ³W���p¢]�W C�K ��K�¥��p��¢Z ��Mª��p�W�K«P�
n
¦¬¢]�W�C ��b¤M�,�b�I���W«R� § �X�P� V ∈ Bn

2

7 �b���o�����b�P� § � 9N¨4¯��'�b�R¦���W«P�K¢ § �X�K�²�I�I���o   �� § �b�P�b�C­}®��C C�P�W�C«R�I� (u,w),
¤T���

u = (u1, . . . , un),
w = (w1, . . . , wn),

�
u � w,

�P� �p�W�K°
ui 6 wi, ∀i = 1, . . . , n. ± ���N¦�b�P�W�P�T�¼�b¥C���N���N���C�K°�«P�p�z³W���p¢]�W C�K­

y ∈ V,
�I���b«b���W�K«P�b�R�X�&�����'�P�N���b«K�C�

u � y � w.½!���W«K�X�� ��C´:�C�P�5�p�N���
ui = 1

�C���' �� § �b�P�b���b¤M� i, �P�g� wi = 1,
�X´B�N���N¦

���b«R�o�P�N��°K ��C´É�
yi = 1. �  ��I���b¤p�C�C ��C´Z�p�N��� wi = 0,

�P�z�
yi = 0. ± � § ��¢�K�b���o�M�K¢}´Z«K­ 	��p�b¥C���M�o C ��o� � ©�¶2�W«P�p���C�P�T� § �N���N���@�&���W®��Z�p�W�K°��b���o�����o¦�P� § � V ∈ Bn

2 , |V | = k,
�K�W���p¢ �I�o¥C���K�

x = (x1, . . . , xn) 5 �K���NµX�p ��p�C C­}®
«P� § �P�b��´ § �K¢Z¥��b ��W C�K­ § �b�P�b���b¤M�+¢]�b¤p�@���b­}�K°����o«K C­ �����K� � ´R�����K���X´R�����K�
� �:�p�N���

ui = 1,
�P�

xi = 1,
�p�N���

wi = 0,
�P�

xi = 0,
�C ��p���

xi = 2
¨�º����

���o C ��b¤M���I�o¥C���K�M�
x = (x1, . . . , xn)

µR�b�K��¢� ��o®C�K��«P�p�
y = (y1, . . . , yn) ∈ V,�C��� § �b�P�b�C­Gµ yi = xi,

�p�N���
xi = 1

�X���
xi = 0,

�
yi
���/�K�K�<�C� {0, 1}, �p�N���

xi = 2.¶��o���@���b�p¢ § ���b�p���I�I���p� S(n) =< Bn
3 , B

n
2 , ρ >,

¤T���
Bn

3

�
Bn

2

�K���Nµ@¦
�p ��p�C C­}®��-��«K�@�p ��p�C C­}® 7 �b�I���W« 9 § �X�b­�´��p�K�b�K«P�W�P�W�K«P�W C ��C´�� ρ : xρy ⇔
(xi = yi) ∨ (xi = 2).½!¥C� 	��p¢ § ���b�p�.©!º�´!¥C�C� ¥��K¢]�b��� § �b�P�b�C­Gµ ���
	��o�&�P�T� �I�I���p�C� �C�
S(n). �	� ( A < A�
�����������	  ��o�M�b«P�p¢��C���C C��¢v� § �W��¢v�I��°K ��b¤M�'¥C�@�K���C� § �b�C C����W���W«R��«�«P�W� 	��C C�5�p���W�P�W¥��W C°K� ¥��o���@���_µR�p���X´����o«K ��b®��X¨


��W���W� Dsym(h)
�K�K�b�p ��p�C��¢ ¢Z ��Mª��p�W�K«P��«P�p�W«P�b�M¢]�Mª� C­Gµ ©!º�«K­<�p�b�K­

h,
�C��� § �b�P�b�C­Gµz«K­}¥��o�� C�X�&�P�T�²�N���N���@�&�����/�P�N���b«K�C�:¨
� 9�©/�z���/�K�b®¼«P�W� 	��C C­  ���¡�� § �W�C���b«R�o C ��K¢	�X�C�P�p� 7 § ���K¢]�'¥��K�N���N�C¦ ��W¤M��9&«K­GµR�p���C�-�p���C �� § �b«P�K� § �o���C���p�W�K«P�²���p�K�W��´����o«K ��K�+¥��o���Mª��C�P�N��°K ��b®�W�P�W¥��W C�5��«P�b® § ��¨
� 92�É�p�b���b¢ ©!º ¥C�C�C¥C���M�o C­ ¥C���N��� § �o�K­»�C���N���N���@�&���W¤M�z¢Z ��Mª��p�W�K«R���

F = {fy}, fy(x) = xy1

1 · xy2

2 · · · xyn
n ,

x
yj

j =







xj ,
�p�N���

(yj = 1)&(xj 6= 2)
x̄j ,

�p�N���
(yj = 0)&(xj 6= 2)

1,
�p�N���

(yj = 2) ∨ (xj = 2)
,
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¥C�C�C���p¢
x̄j
¥��b C��¢v�b�W�P�T�5�W���p�W° § � § �b�K�C�C£��o C�����b�I���W«P�b®5¥��W���p¢]�W C ��b®�¨� 4�K�¥C���N��� § �o�K­�¥C�C�C¥C���M�o C­¹�N���N���@�&����¢.�K�b���o�M�K¢}¨ 
��oª����K¢Z���X�C�P�W� i ���W���W«R��p�b¥��K�W�b�o«b���W ��- �� § �b�P�b���K���C���N��� mi

´>�$�C� § �oª����b®.«P�W� 	��C C­ i
¦ ¤M�²�X�C�P�M�

«K­GµR�p���C�
2mi
¦¬�<���p�K�W��¨"�É�p�b���b¢}´X«K­GµR�p���X����¢$�C�/¡�� § �W�C���b«R�o C ��b® 7 «P�K�K�b���¤M�b«P�b�R�.�C�����/�K�b®:9�«P�W� 	��C C­ ³p�P�b¤M�-�X�C�P�M�²¥C�C�C¥C���W­}«R�o�&�P�T��«P�p�W«P�b�M¢]�Mª�¦

 C­<� § �b ��:�&  § £C�C� �C�²¥��W���p¢]�W C C­Gµ xj1 , . . . , xjmi

� �Xµ �b�K�C�C£��o C�C®�¨]º����
���/�b­Gµ-��«K�Rµ����p�K�W�$�C���p�� ��b®�«P�W� 	��C C­»¥C�C�C¥C���M�o C C­<����¢ § �b ��:�&  § £C�C����o�W���C�C C­�¨ 0² ��Mª��p�W�K«R��¥��W���p¢]�W C C­Gµ:´@«bµR�p���X���Xµ�« § �b ��:�&  § £C�C�5 �����«K�Rµ���o�W���C�C C­Gµ5�X�C�P�M�Iµ:´C ��/¥��W���p�p� § �o�&�P�T�:¨º��W���W«P�

D
�b�I���p¢� ��o�p­}«R�o�K°��W��¢]¢]�W�K�C�C�C C­<¢$���W���W«P�K¢$«K­<�p�b�K­

h,
�p�N���

D ∈ Dsym(h).º��W���W«P�,«K­<�p�b�K­
0
7 �p�� C�.«P�W� 	��C C�?9��b� § ª��'�b�I���p¢ �W�C�C�b�o�K°��W��¢]¢]�W�b¦�C�C�C C­<¢}¨

º��W���W«P�
D
 ��o�M�b«P�p¢ (�� 	 * 	 ��( = �:A���	 ��� � B ��� � � ( A < � h+ 1

´��p�N���z�b ��
¥��o���@���W ����C�- �� § �b�P�b���b¤M�m©!º Ds ∈ Dsym(h),

���K�P�o«b���W C���p¢ §  ��p¢Z� k���p�K�W��´�¤T���
k 5 ���/�K�K��£��N���K�� ��p�b�K�C�C£��o�P�N��°K ����C���N���C´�¥C�C�C���p¢ ���p�b�������o¦�P�o«b���W C­m�N���N���@�&����¢��K�b���o�M�K¢	�P�p�N���+«�¥��K�N���N�� ��p¢��X�C�P�p�<�W��¢]¢]�W�K�C�C�C ��b¤M�

���W���W«R�
Ds ∈ Dsym(h)

�b­G���
2lh

���p�K�W��´Z�P�'�C� § �oª����b® «P�W� 	��C C­ ³p�P�b¤M��X�C�P�M�5«'�p�P�I���o ��W�C���b«R�o C ��K¢����W���W«P��¢]�Mª��W�-«K­GµR�p���C�K°
k 6 2n−lh

���p�K�W��¨

��oª����K¢Z���C�!³p�K�Xµ+���p�K�W��¥C�C�C¥C���M�o ���³W���p¢]�W C�b�o�C ��o� § �b ��:�&  § £C�C���C���C C­
n− lh

�C�!«P�p�Nµ+�P�Nµ+¥��W���p¢]�W C C­Gµ 7 �X�����Xµ��b�K�C�C£��o C�C®:9N´ § �b�P�b�C­<�& ��<«bµR�p���X¦����« § �b ��:�&  § £C�C�5¥C���N��­G���@���Xµ��X�C�P�p�b«�¨����/�b­<�<��«P� § �b ��:�&  § £C�C��´X¥C�C�X¦¥C���M�o C C­<�+���p�b���b¢� ��g ��b«P�K¢¹�X�C�P�p�K´:���o�W���C�C C­�¨*0² ��Mª��p�W�K«P�²«P�p�Nµ,�b� § �Xµ���W���W«K°P�W«��C��� § �oª����b¤M� n � k 6 2n �K�K�b�p ��p�C��¢ ���W���W� Db(n, k, h)
¨

0² ��Mª��p�W�K«P���I�I���p�
I =< Bn

3 , V, ρ >
�K�C¥��

Sn,
¤T��� |V | = k,

�K�K�b�p ��p�C��¢
���W���W� I(n, k).�t«P�N���p¢ ¥��b C�X�K�����N���Mª� ��K�W�K� � ©�¶

I ∈ I(n, k)
« § ���b�p�p���p�P�I���o ��W�C���o¦«R�o C C­Gµg���W���W«K°P�W«+«K­<�p�b�K­

h :

Td(I, h) = inf
D∈Db(I,n,k,h)

T (D),

¤T��� Db(I, n, k, h) 5 ¢Z ��Mª��p�W�K«P�z���W���W«K°P�W«²�C� Db(n, k, h)
´����o�p���
	��o�&���Xµ

�I�I���p�C�
I
¨

Dv���Mª� ��K�W�K°K� �I�I���p�C�
I ∈ I(n, k)

 ��o�M�b«P�p¢

Td(I) = min
h
Td(I, h).



����� � x ��x��>^@JM|P`oJI\

½&�K�b�p ��p�C��¢
Tl(x) = 2x + 2l

(

2
3

)x
,

Tl,m(x) = 2x
(

2
3

)l
+ 2m

(

2
3

)x
,

T k
l (x) = 2x

(

2
3

)l
+ k

(

2
3

)x
.

(1)

�������	��

������� ��( <'-
I ∈ I(n, k),

z =







z1
���
zh






=







z1(h)
���

zh(h)





 � ���&% � �?= � ( =�( < � B � � �"	�� � � �?= 
 Az = b̂, 
 ���

A =



























1 − log3 2 0 . . . 0 0 0
− log3 1, 5 1 − log3 2 . . . 0 0 0

���
� � � � � � � � �

���
���

���
���

���
� � � � � � � � �

���
���

���
���

���
� � � � � � � � �

���
0 0 0 . . .− log3 1, 5 1 − log3 2
0 0 0 . . . 0 − log3 1, 5 1



























�
< ����� � = 	�
 A � 	 *�-�� 	��8B
	 < � = ��	 �"	$# B ���"	 (h× h),

b̂ =











log3(log2 1, 5)
���

log3(log2 1, 5)
log3(log2 1, 5) + log3 k











�
( < A * � �&�.� � ( A < � h.

� A�
 ��	 Td(I, h) = 2l1 + 2l2 ·
(

2
3

)l1 + · + 2lh ·
(

2
3

)lh−1 + k ·
(

2
3

)lh , 
 ���

l1, . . . , lh
� � � �"	 � � (+* �&� ��1���= B�A � �"	$#�A3B��

l1 =

{

[z1] � �
(+*?=

Tz2
([z1]) 6 Tz2

(]z1[)
]z1[

=�� 	 � � �

li =

{

[zi] � �
(+*?=

Tzi−1,zi+1
([zi]) 6 Tzi−1,zi+1

(]zi[)
]zi[

=�� 	 � � � i = 2, . . . , h− 1,

lh =

{

[zh] � �
(+*?=

T k
zh−1

([zh]) 6 T k
zh−1

(]zh[)

]zh[
=�� 	 � � �
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�������	��

��� ��� ��( <'-
I ∈ I(n, k).

� � = k → ∞

Td(I) = O(k2−log2 3).

����� �&�4��! ( $-,}���<� ����� �Z����� � '�$-( � �É� ��� ( $-(}���>� )
���<� (}�����
	���
 � �&'��>�&���<� (}������� � � � � �/�

¶/�P�W�K°�¢Z­¼��¢]�p�p¢��b¥C�K��¢v�I��°K ��K���p�P�I���o ��W�C���b«R�o C ��K�/���W���W«P�
D
�!¥��o���I¦

¢]�W�K���b¢Z�
li, i = 1, . . . , h

´��P�²�p�W�K°² ��
i
¦¬¢¹�X�C�P�p���W��¢]¢]�W�K�C�C�C ��b¤M�²���W���W«R�

2li
���p�K�W��´

i = 1, . . . , h,
�� ��

(h+ 1)
¦¬¢��X�C�P�p���p�K�b�K«P�W�P�W�K«K�@�&���W¤M���p�P�I���o X¦

�W�C���b«R�o C ��b¤M�5���W���W«R�
k
���p�K�W��´:���N���Mª� ��K�W�K°²�b� § �b¤M�²�p�P�I���o ��W�C���b«R�o C ��b¤M����W���W«R�

T (D) = tk(l1, . . . , lh)
def
= 2l1 + 2l2 ·

(

2

3

)l1

+ . . .+ k ·
(

2

3

)lh

(2)

¥��!�b¥C���N���N���W C�C�m�N���Mª� ��K�W�K�����W���W«R�X´I�b� §�§ � § �p�N��� β «P�W� 	��C �� i ¦ ¤M�!�X�C�P�M�X´�P�
P (Nϕβ

) =
(

2
3

)li ,
�
ψβ = 2li+1 .

º��I���p�K´B�C���,�P�b¤M�z�C�P�K�b­ �I�b¡�� § �W�C���o¦«R�o�K°��W�K�C� § �K�@�C�����W���W«R� D, «P¢]�p�W�P�!�}�I�o¥C���W°K� T (D)
�b�I���p¢-���W¥��o��°K�M�b«R�o�K°

�K�K�b�p ��p���W C���
tk(l1, . . . , lh)

�C���z�N���Mª� ��K�W�K�z���W���W«R�X¨
º�� § �oª��p¢ �P�p�b���p¢Z� � ¨¯��o®X���p¢�³ § �W�K���p¢Z�X¢m¡��@  § £C�C� Tl2(x)

�

T ′
l2
(x) = 2x · ln2 +2l2 ·

(

2

3

)x

· (ln 2 − ln 3) = 0,

ln 2 + 2l2 · (ln 2 − ln 3) · 1

3x
= 0,

3x =
(ln 3 − ln 2)

ln 2
· 2l2 , 3x = 2l2 · log2 1, 5,

x = l2 · log3 2 + log3(log2 1, 5)
def
= x̂.

¶��o���@���b�p¢}´v�C�P�,�P�b� § � x = x̂
�X«b���C�W�P�T�m�W�b�o£C���b ��o�C ��b® �P�b� § �b® �C���¡��@  § £C�C� Tl2(x).

¶/���b«P�W�C��¢}´>�C�P�²�b ��g�X«b���C�W�P�T�$�P�b� § �b®�¢Z�C C��¢Z�X¢v�g�C���
Tl2(x).

½&�K�b�p ��p�C��¢
f = 2x̂,



��� � � x ��x��>^@JM|P`oJI\

g = 2l2 ·
(

2

3

)x̂

,

�P�b¤T���
Tl2(x̂) = f+g, Tl2(x̂+1) = 2 ·f+ 2

3 ·g, Tl2(x̂−1) = 1
2 ·f+ 3

2 ·g.± �b� § � x̂ �b­G�����b­��P�b� § �b®'¢Z�C C��¢Z�X¢v��¥C�C�²�N���N���@�&���Xµg�P�N���b«K�C�@µ �
{

f + g < 2 · f + 2
3 · g

f + g < 1
2 · f + 3

2 · g ⇔
{ g

3 < f
f
2 <

g
2

⇔
{

g < 3 · f
f < g

⇔ 1 <
g

f
< 3.

¯�� g
f

=
2l2 ·( 2

3 )
x̂

2x̂ = 2l2

3x̂ = 2l2

2l2 ·log2 1,5
= 1

log2 1,5 ≈ 1, 7,
�C�P�g�I���b«b���W�K«P�b�R�C�W�

�P�N���b«K�C�C¢ ¢Z�C C��¢Z�X¢v�X¨
¯��o®X���p¢�³ § �W�K���p¢Z�X¢m¡��@  § £C�C� Tli−1,li+1

(x), i = 2, . . . , h− 1.

T ′
li−1,li+1

(x) = 2x ·
(

2

3

)li−1

· ln 2 + 2li+1 ·
(

2

3

)x

· ln 2

3
= 0,

(

2

3

)li−1

· ln 2 +
2li+1

3x
· ln 2

3
= 0,

3x ·
(

2

3

)li−1

=
(ln 3 − ln 2)

ln 2
· 2li+1 ,

3x = 2li+1 ·
(

3

2

)li−1

· log2 1, 5,

x = li−1 · log3 1, 5 + li+1 · log3 2 + log3(log2 1, 5)
def
= x̂

5 �W�b�o£C���b ��o�C ��o���P�b� § �X¨bº������P�b¤M�C´P�C�P�K�b­m�X�K�N���C�K°P�T�+«��P�K¢}´K�C�P� x̂ �P�b� § �¢Z�C C��¢Z�X¢v�X´b ��p�K�pµR�p����¢]�������K�W�b�o�P�b�C ���¥C���b«P�W�C�C�K°��W¥C���o«P�N�C���C«P�K�W�K°� ��W���I¦
«P�W ��W�K«R�

1 < g
f
< 3,

¤T���
f = 2x̂ ·

(

2
3

)li−1 , g = 2li+1 ·
(

2
3

)x̂
.

g

f
=

2li+1 ·
(

2
3

)x̂

2x̂ ·
(

2
3

)li−1
=

2li+1 ·
(

3
2

)li−1

3x̂
=

2li+1 ·
(

3
2

)li−1

2li+1 ·
(

3
2

)li−1 ·log2 1,5
=

1

log2 1,5
≈ 1,7

�Z�b�p�W�@ª����o���o ��I���b¤p�C�C ��<�C���� ��IµR�Mª����W C�C��¢Z�C C��¢Z�X¢v�
T k

lh−1
(x)

¥��o���@���b�p¢}´
�C�P� (

T k
lh−1

(x)
)′

= 0,
�p�N���z�5�P�o��° § ���p�N���

x = lh−1 · log3 1, 5 + log3 k + log3(log2 1, 5)
def
= x̂,
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�
x̂ 5 �P�b� § �+¢Z�C C��¢Z�X¢v�X¨º��I���p�����b�p�p¢]�b�K�C��¢m�N���N���@�&���@� �W���W�P�p¢Z�g�@���o«K ��W C�C®��






























l1 − l2 · log3 2 = log3 log2 1, 5¨¨¨ ¨¨¨ ¨¨¨ ¨¨¨ ¨¨¨
−li−1 · log3 1, 5 + li − li+1 · log3 2 = log3 log2 1, 5, i = 2, . . . , h− 1¨¨¨ ¨¨¨ ¨¨¨ ¨¨¨ ¨¨¨
−lh−1 · log3 1, 5 + lh = log3 log2 1, 5 + log3 k.

(3)

� ��
 

������� (+*?=
z1(h) ∈ R, . . . , zh(h) ∈ R

��� * � 1 <'( �'���&% � �?= � B ( =�( < � >
B � (3),

< A-@�� =

zh(h) < log2 k + log2 log2 1, 5 − log2 1, 5 · log 4

3

(log 3

2

2)

� � @?A *�� � � A
z1(h) > 1,

zi+1(h) − zi(h) > log 4

3

(log 3

2

2) > 1.

� ��� �����	� ��

��������� ��©/ X��� § £C�C�5¥��� ��K¢]�W�C�g ��W�C�p«P�p�W�K ��b®�¨
� ¨	�}�o�I���

zh(h) = zh−1(h) · log3 1, 5 + log3 k + log3(log2 1, 5).º��I���p��«����p¢]¢]�
zi = zi(h), i = 1, . . . , h.

(zh − zh−1) · log3 1, 5 =

= −zh · log3 2 + log3 k + log3(log2 1, 5) >

> − log3 k − log3(log2
3

2
) + log3

3

2
·log 4

3

(log 3

2

2) + log3 k + log3(log2
3

2
) >

> log3 1, 5 · log 4

3

(log 3

2

2) = log3 1, 5 · C.
� ¨:¶/�P�W�K°g�C��� § �oª����b¤M� s 6 i 6 h

«K­}¥��o�� ��W ��
zi+1 − li > C. ± �b¤T���X´�b� §z§ � §

zs = ls−1 log3 1, 5 + zs+1 · log3 2 + log3(log2 1, 5),

�P�
(zs − zs−1) log3 1, 5 = (zs+1 − zs) log3 2 + log3(log2 1, 5) >
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> C · log3 2 + log3(log2 1, 5) =

= log3 2 · log 4

3

(log 3

2

2) + log3(log2 1, 5) = log3(2
log 4

3

(log 3
2

2) · log2 1, 5) =

= log3

(

(

4

3

)log2
4

3
·log 4

3

(log 3
2

2)

· log2

3

2

)

=

= log3

(

(log 3

2

2)
log 4

3

2 · log2
3

2

)

=

= log3

(

(log 3

2

2)
log 4

3

2−1
)

= log3

(

(log 3

2

2)
log 4

3

3

2

)

=

= log3

(

(

log2
3

2

)− log 4
3

3

2

)

= − log 4

3

3

2
· log3(log2

3

2
) =

= − log 4

3

3

2
·
log 4

3

(log2
3
2 )

log 4

3

3
=

log 4

3

3
2

log 4

3

3
· log 4

3

(log2
3

2
)−1 =

= log3

3

2
· log 4

3

(log 3

2

2).

� ¨C¶/�P�W�K°
z2 − z1 > C > 1,

z1 = z2 · log3 2 + log3(log2 1, 5),

�P�b¤T���
z1 · log3

3

2
= log3 2 · (z2 − z1) + log3(log2

3

2
) >

> C · log3 2 + log3(log2
3

2
) > C · log3

3

2¥������o ��p�/��� § �o�I�o C ��K¢Z�P¨

/�P���5�K���p�K�b«R�I���K�W°+��� § �o�I�o�K°�¨
¶/�P�W�K°

f1(x), fi(x, y), i = 2, . . . , h − 1, fh(x, y)
�b� § ����¡��@  § £C�C��´��C�P�

Tlx(f1(x)) = minz Tx(z), Tlx,ly(fi(x, y)) = minz Tlx,ly(z), T
k
lx

(fh(x, k)) =

minz T
k
lx

(z).
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� ��
 

��� ��� (+*?=
(l̂1, . . . , l̂h)

< A � � 	 B =��?= B � B
	 ������� � =?= tk(l1, . . . , lh) �A�@����&��� * ��� B�A�
 ( A�A <'� A�% � �?= � B (2) �
< A ( @��"	����&� *?= ��A

l̂1 = f1(l̂2), l̂i = fi(l̂i−1, l̂i+1), i = 2, . . . , h− 1, l̂h = fh(l̂h−1, k).

� ��� �����	� ��

��������� �Xº��b¥C�P�W�K��¢}´@�W�@���p�W�K«K�P�W�
j : l̂j j

¦ �b�o� § �K¢Z¥��b ��W C�b���P�b�X¦
§ ��¢Z�C C��¢Z�X¢v�5¡��@  § £C�C� (2),

 ��
l̂j 6= fj(l̂j−1, l̂j+1) = lj . ± � §$§ � § l̂j �X«b¦���C�W�P�T� § �K¢Z¥��b ��W C�P�b®��P�b� § �¹¢Z�C C��¢Z�X¢v�.¡��@  § £C�C� (2),

��¡��@  § £C�C� (2)
5 ³p�P���W�X¢]¢v�+¥��o���Mª��C�P�N��°K C­Gµ,�N���o¤W�b�p¢Z­Gµ�7 �P���p�W�K°g�b ��+¥C�C�C C��¢v�b�W�5¢Z�X¦
 C��¢v�I��°K ��K���p ��p���W C�����P�b¤T�����'�P�o��° § �g�P�b¤T���X´ § �b¤T���g¢Z�C C��¢v�I��°K C­ «P�p���p��N���o¤W�b�p¢Z­<� 9N´X�P�

Tlj−1,lj+1
(l̂j) 6 Tlj−1,lj+1

(lj),
���b� §g§ � § lj 5 ¢Z�C C��¢Z�X¢�¥��

x Tlj−1,lj+1
(x),

�P�
Tlj−1,lj+1

(lj) 6 Tlj−1,lj+1
(l̂j).

¶��o���@���b�p¢ ¥C���b�K�C«P�b���W�C���
�/¥C���N��¥��o���Mª��W C���p¢}¨


/�P���5�K���p�K�b«R�I���K�W°+��� § �o�I�o�K°�¨
4v�N���,«g���p¢]¢]� � �C��� § �oª����b®��C�+¡��@  § £C�C® Tl2(x), Tlj−1,lj+1

(x)
7
j =

2, . . . , h− 1
9N´
T k

lh−1
(x)

« § �p���p�W�K«P��«K­}���oª��W C�C�z�C���z�P�b� § �²¢Z�C C��¢Z�X¢v�� ��
¢Z ��Mª��p�W�K«P�&£��N��­Gµ��C���p�N�5�b���o�K°��P���C�!�o���Cª��o® 	��Xµ+��«K�Rµ�£��N��­GµC7

xi,min =

[fi(l̂i−1, l̂i+1)]
�X���

xi,min =]fi(l̂i−1, l̂i+1)[
9N´
i = 1, . . . , h,

�C��� § �b�P�b���b¤M��b�I���@�& ��o��¢]�W C°�	���¢Z�+�p ��p���W C�C�+¡��@  § £C�C® Tl2 , Tlj−1,lj+1

7
j = 2, . . . , h−1

9N´
T k

lh−1
,
�P��¥��o���@�C��¢ �W¥C���o«P�N�C���C«P�K�W�K°��@�K«P�W�Rª����W C�C�z�P�p�b���p¢Z­�¨


��b�C��� § �K ��K�W�K°� ��o®X���W C C­Gµ5«P�N���C�C�C  l1, . . . , lh 7 �P�+�p�W�K°+«P�b�M¢]�Mª� ��K�W�K°¥��K�W�K���b�C�K°'¥��z C��¢��p�P�I���o ��W�C���b«R�o C ��K�g�C �¡��b��¢v�o£C���b C ��K�+���W���W«P��9/��� § �I¦�I�o ���«����p¢]¢]� � ¨
± �p�b���p¢v� � ��� § �o�I�o ��X¨

� �������Z�&'�� � $-������� �*�4�
� ��
 

��� ��� ��( <'-

I ∈ I(n, k) �
� � = n → ∞, k → ∞ � * ��� � ( A < � h0A�@ <�= B
	 *�-�� A�
 A � ���&%'	 1�� ��
 A #�	���	 � � I � (�� 	 * 	 ��( = �:A���	 ��� A�
 A ����������	 � � >@?A *�� � � A h0 → ∞.

� ��� �����	� ��

��������� �!¶�� § �oª��p¢}´4�C�P� lh0
→ ∞ ¥C�C�

k → ∞.
º��b¥C�P�W�K��¢}´

¥��K�W�K���K�W ��²�b¥C�K��¢v�I��°K ��K�+���W���W«P�
D
«K­<�p�b�K­

h0,
� § �b�P�b���b¤M�² ��g¥C���N��¥��o¦�N���N�� ��p¢5�X�C�P�p�

2lh0

���p�K�W��´
lh0

< n,
�G ��t¥��K�N���N�� ��p¢ 5 k

´p�P�b¤T���}�N���Mª� ��K�W�K°
¥��K�N���N�� ��W¤M�g�X�C�P�M���b� § �b¤M�g���W���W«R�����o«K �� k ·

(

2
3

)lh0 .
�Z�b�p�p¢]�b�K�C��¢¹�P�W¥��W�C°
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�p�P�I���o ��W�C���b«R�o C ��K�5���W���W«P�
D′ ´Z���
	��o�&���p�����o C C�@� �I�I���p�C�P´v� § �b�P�b���b¤M������X�C�P�M���& ��K¢]�W���K¢

h0
�W�K�C� § �K�@�����p�b«K¥��I���b�W�+�p���W�K�C� § �K�@���b®g���W���W«R� D,�C� § �oª����b®�«P�W� 	��C C­ ���p�K�W� h0

¦ ¤M�5�X�C�P�M�5«K­GµR�p���C�'¥��g��«R�5���p�b���#7 «P�p�W¤M�
2m+1 ���p�K�W�:9N´X�/�X�C�P�&�< ��K¢]�W���K¢ (h0 +2)

�X«b���C�W�P�T��¥��K�N���N�� C��¢}´@�� ��� ��p¢}´
�p�b¤T���b�W ��,�b¥C���N���N���W C�C� �p�P�I���o ��W�C���b«R�o C ��b¤M�-���W���W«R�X´

k
���p�K�W��¨ Dv���Mª� ��o¦

�W�K�'¥��W�C«K­Gµ
h0
�X�C�P�p�b«��b� § �b¤M�����W���W«R���p�b«K¥��I���o�&�g���p�K�b�K«P�W�P�W�K«K�@�&����¢Z��N���Mª� ��K�W�I�C¢Z�¼���W���W«R�

D,
���N���Mª� ��K�W�K°.¥��K�N���N�� C�Xµ ��«K�Rµ��X�C�P�p�b«����o«K ��

2lh0
+1 ·

(

2
3

)lh0 + k ·
(

2
3

)lh0
+1
.
Dv���N���b«R�o�P�N��°K ��C´

T (D) − T (D′) = k ·
(

2

3

)lh0

− 2lh0
+1 ·

(

2

3

)lh0

− k ·
(

2

3

)lh0
+1

=

k ·
(

2

3

)lh0

·
(

1 − 2lh0
+1

k
− 2

3

)

.

¯��p�N���Mª� ��'�I�b¢]�W�K�C�K°�´É�C�P�²�p�N��� 2
lh0

+1

k
< 1

3 ,
�P�

T (D) > T (D′),
�P�²�p�W�K°

D
 ��<¢]�Mª��W���b­}�K°��b¥C�K��¢v�I��°K C­<¢����W���W«P�K¢}¨ Dv���N���b«R�o�P�N��°K ��C´P���o��ª� ���«K­G¦

¥��o�� C�X�K°P�T�
2lh0

+1

k
>

1

3

�X���
k < 3 · 2lh0

+1.

¶�� § �oª��p¢}´É�C�P� h0 → ∞ ¥C�C�
lh0

→ ∞.
¶/�P�W�K°² ��5�X�C�P�p���� ��K¢]�W���K¢

(i−1) 2li−1
���p�K�W��´P�! ��!�X�C�P�p�}�t ��K¢]�W���K¢

i 2li
���p�K�W��´

i > 1.
Dv���N���b«R�o�P�N��°b¦

 ��C´R�N���Mª� ��K�W�K°����p�K�W�
i
¦ ¤M���X�C�P�M�

2li ·
(

2
3

)li−1 .
�Z�b�p�p¢]�b�K�C��¢. ��b«P�K�&�p�P�I���o X¦

�W�C���b«R�o C ��K�����W���W«P�
D′ «K­<�p�b�K­ (h0 + 1), § �b�P�b���K��¥��o���@�C�C�P�T�:´]�p�N��� i ¦ ®�X�C�P�t���W���W«R�

D,
�p�K�W�P�M�X���C®��C�

2li−1
¥��p�C���W���W«K°P�W«�«K­<�p�b�K­ � ´b�I�b¢]�W C�C�K°� ��

2li−1
¥��p�C���W���W«K°P�W«�«K­<�p�b�K­ � ´o¥C�C�C���p¢,¥��W�C«K­}®��X�C�P�G�b� § �b¤M�� ��b«P�b¤M�/¥��p�C���N¦���W«R���p�p���W�Rª��C����«R�����p�b���X´��/¥C�C�C¥C���M�o C C­<¢Z�'��¢�¥��W���p¢]�W C ��b®

xj
´X«bµR�p���@¦

���W®�« § �b ��:�&  § £C�C� i ¦ ¤M�/�X�C�P�M�<���W���W«R� D, ���p�}�b�K�C�C£��o C���p¢}¨P©/� § �oª����b¤M��C�t³p�K�Xµ���«K�Rµ����p�K�W��´o«/�W«P�b�¼�b���W���N��°�´b«K­GµR�p���X�
2li−li−1−1 ���p�K�W��´ § �b�P�b�C­<¢¥C�C�C¥C���M�o C­m«P�p�W«P�b�M¢]�Mª� C­<� § �b ��:�&  § £C�C���C�!«P�p�Nµ�¥��W���p¢]�W C C­Gµ § ���K¢]� xj ,«bµR�p���X���Xµ�« § �b ��:�&  § £C�C�� �� i ¦¬¢'�X�C�P�p� D, ���Xµ��b�K�C�C£��o C�C®�¨ ± � § ��¢,�K�b���I¦�M�K¢}´K ��

i
¦¬¢,�X�C�P�p�< ��b«P�b¤M�����W���W«R�

D′ 2li−1+1 ���p�b���C´P �� (i+ 1)
¦¬¢

2l
i

���p�K�W��´
��«P�p���X�C�P�W­ �� ��K¢]�W���b¢Z�,�K�o��°�	���¢Z��´����p¢

(i + 1)
¥��b«K�P�b�R�X�&� § �b ��W�K�C� § ¦£C�C��«P�p�Nµ��X�C�P�p�b«��< ��K¢]�W���b¢Z�5�K�o��°�	���¢Z��´@���p¢

i
«����W���W«P�

D.
Dv���Mª� ��K�W�K°

��«K�Rµg�C�M¢]�W ��W C C­Gµ5�X�C�P�p�b«+«����W���W«P�
D′ ���o«K ��
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2li−1+1 ·
(

2

3

)li−1

+ 2li ·
(

2

3

)li−1+1

.

�  ��p�C�C�o´

T (D) − T (D′) = 2li

(

2

3

)li−1

− 2li−1+1

(

2

3

)li−1

− 2li

(

2

3

)li−1+1

=

2li

(

2

3

)li−1

·
(

1 − 2

2li−li−1
− 2

3

)

.

½!�P�W�G����«K�X�� ��C´C�C�P�+�p�N���5���W���W«P�
D
�b¥C�K��¢v�I��°K ��C´��P�

2

2li−li−1
>

1

3

�X���
li − li−1 < 3.

�Z�b�p�W�@ª����o�'�o ��I���b¤p�C�C ��C´�¥��o���@�C��¢}´C�C�P���
l1 < 3. ± � §z§ � §

lh0
=

h0
∑

i=2

(li − li−1) < h0 · 3,

�P�
h0 >

lh0

3 ,
���p ��p�C�C�

h0 → ∞ ¥C�C�
lh0

→ ∞.
���p¢]¢v����� § �o�I�o ��X¨
½&�K�b�p ��p�C��¢

r1(k, h) = 2z1(h), rh(k, h) = 2zh(h) ·
(

2
3

)

, ri(k, h) = 2zi(h) ·
(

2
3

)

, i = 2, . . . , h − 1,
¤T���

zi(h)
�b¥C���N���N���X�&�P�T� § � § ���
	��W C�C�.�W���W�P�p¢Z­

(3).

¶/�P�W�K°
f(k, h) =

h
∑

i=1
ri(k).

� ��
 

��� ��� (+*?=
h ∈ N,

< A ri(k, h) = r1(k, h) · (log1,5 2)i−1, i =
2, . . . , h.

� ��� �����	� ��

��������� ��¶����C X��� § £C�C��¨
� 9 ± � §²§ � §

z2(h) = z1(h) · log2 3 − log2(log2 1, 5),



����� � x ��x��>^@JM|P`oJI\

�P�
2z2(h) ·

(

2

3

)z1(h)

= 2z1(h) · 1

log2 1, 5
.

� 9t¶/�P�W�K°
j = 2, . . . , h− 1,

�P�b¤T�����b� §z§ � §

zj+1(h) = zj(h) · log2 3 − zj−1(h) · log2 1, 5 − log2(log2 1, 5),

�P�
2zj+1(h) ·

(

2

3

)zj(h)

= 2zj(h) ·
(

2

3

)zj−1(h)

· 1

log−21, 5
.

� 9 ± � §²§ � §

k = 3zh(h) ·
(

3

2

)−zh−1(h)

· 1

log2 1, 5
,

�P�
k ·
(

2

3

)zh(h)

= 2zh(h) ·
(

2

3

)zh−1(h)

· 1

log2 1, 5
.


/�P���5�K���p�K�b«R�I���K�W°+��� § �o�I�o�K°�¨
Dt�b¤T���b�W ��!���p¢]¢]� � ´I«&¡��@  § £C�C� f(k, h) § �oª����K�G�N���N���@�&���p�t�N���o¤W�b�p¢]�K�« 1

log2 1,5

���o���K�o��°�	���¥C���N��­G���@���W¤M�C¨ �  ��p�C�C�o´��p�N���

k ·
(

2

3

)zh(h)

= rh(k, h),
�P�

f(k, h) = rh(k, h) ·
(

(log2 1, 5)h−1 + . . .+ (log2 1, 5)2 + log2 1, 5 + 1
)

=

rh(k, h) · 1 − (log2 1, 5)h

1 − log2 1, 5
→ rh(k, h) · 1

1 − log2 1, 5

¥C�C�
h→ ∞.


/���K¢]���P�b¤M�C´�¥C�C�²� § �C�@¤T���W C�C�²���W®��W�K«K�C�P�N��°K C­Gµ²���
	��W C�C® zi(h) �W���W�P�p¢Z­
(3)

7 �C���-�P�b¤M�C´��C�P�K�b­  ��o®C�K�-£��N��­<�� ��K¢]�W���
li : |li − zi(h)| 6 0, 5,

 ��p�K�o¦
µR�p����¢Z­<��¥C�C�z¥��K�W�K���K�W C�C�z���W���W«R� 9N´

ri(k, h) · 2−0,5

(

2

3

)0,5

6 2li ·
(

2

3

)li−1

6 ri(k, h) · 20,5

(

2

3

)−0,5

,
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ri(k, h) ·
1√
3

6 2li

(

2

3

)li−1

6
√

3 · ri(k, h).

� ���p�W°
i = 1, . . . , h.

Dv���N���b«R�o�P�N��°K ��C´

f(k, h) · 1√
3

6 tk(l1, . . . , lh) 6 f(k, h) ·
√

3.

± � § ��¢.�K�b���o�M�K¢}´R���K�W�b�o�P�b�C ������p�N���N���b«R�o�K°��P�o��° § ��¥��K�N���N�� ��p�/�N���o¤W�b�N¦¢]�K�/«�¡��@  § £C�C� f(k, h).¶/�P�W�K°
c = − log3 1, 5 d = − log3 2, b = log3(log2 1, 5). ± �b¤T���+�W���W�P�p¢v�

(3)
¥C���N���W�b�o«b���C�W�P�T�²«+«K�X���



























1 d 0 . . . 0 0 0
c 1 d . . . 0 0 0¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨¨¨ ¨¨¨ ¨¨¨¨¨¨ ¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨¨¨ ¨¨¨¨¨¨ ¨¨¨ ¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨¨¨
0 0 0 . . . c 1 d
0 0 0 . . . 0 c 1



















































z1(h)
. . .
. . .
. . .
. . .
. . .
. . .
zh(h)

























=

























b
. . .
. . .
. . .
. . .
. . .
b

b+ log3 k

























�X���
Az = b̂.
�t�I���p¢ ���
	��o�K°�³p�K� �W���W�P�p¢Z� ¢]�W�P�p���K¢2¥C���b¤M�b  § ��´�¥C���N��«R�o�C�C�P�N��°K �����o�W���Mª��C«�¢v�o�K�C�C£C�

A
«+¥C���b�C�p«P�N���W C������«K�I�����o¤M�b ��I��°K C­Gµ'¢v�o�K�C�C£



























1 d 0 . . . 0 0 0
c 1 d . . . 0 0 0¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨¨¨ ¨¨¨ ¨¨¨¨¨¨ ¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨¨¨ ¨¨¨¨¨¨ ¨¨¨ ¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨¨¨
0 0 0 . . . c 1 d
0 0 0 . . . 0 c 1



























= Q× V, (4)
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¤T���

Q =



























q1(h) 0 . . . 0 0
1 q2(h) . . . 0 0¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨¨¨ ¨¨¨¨¨¨ ¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨¨¨¨¨¨ ¨¨¨ ¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨
0 0 . . . qh−1(h) 0
0 0 . . . 1 qh(h)



























,

V =





























v1(h) u1(h) . . . 0 0

0 v2(h)

¨ ¨ ¨
0 0¨¨¨ ¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨¨¨

¨¨¨ ¨¨¨ ¨¨¨ ¨ ¨ ¨ ¨ ¨ ¨
¨¨¨ ¨¨¨ ¨¨¨ ¨¨¨ ¨ ¨ ¨
0 0 . . . vh−1(h) uh−1(h)
0 0 . . . 0 vh(h)





























,

¤T���
qi(h), vi(h), i = 1, . . . , h, ui(h), i = 1, . . . , h − 1,

�C���p¢¼�N���N���@�&����¢
�K�b���o�M�K¢	�

v1(h) = c, q1(h) = 1/v1(h), u1(h) = d/q1(h);
vi(h) = c, qi(h) = (1 − ui−1(h))/vi(h), ui(h) = d/qi(h), i = 2, ..., h−1;
qh(h) · vh(h) = 1 − uh−1(h).

¶��o���Mª���¢
vh(h) = 1.

(5)�É�
	��W C���5�W���W�P�p¢Z­
Q(V l) = b̂

�W«P�p���C�P�T� § ���
	��W C�C� �W���W�P�p¢
Qy = b̂

�
V z = y,

y =







y1(h)¨¨¨
yh(h)






.

¯��b�K´Z«,�K�W ��b«K ��K¢}´]�C C�P�W���p�W�@�&�, ��W�C�p«P�p�W�K C­<�
yh(h)

�
zh(h)

«-¥��W�C«P�b® �
«P�'«K�P�b���b® �W���W�P�p¢v�Iµ.�p�K�b�K«P�W�P�W�K«P�W C �� 7 «,� § �K� § �Iµ.� § �o�p­}«R�b�W�P�T�����o�M¢]�W�X¦ ��K�W�K°,�W���W�P�p¢ 9N¨4½!���W«K�X�� ��C´Z�C�P�

zh(h) = yh(h)/vh(h) = yh(h), yh(h) =
(b+log3 k)−yh−1(h)

qh(h) .



� YPUM[Rw:Jp^RhIOPFIfGcPf y faOP[Pf}LNJWVXJWSP[�[POPUMfacP`oJp^RhIOPFIuaF&YPFI[R\THKJ �����

� ��
 

��� � � * � qh(h), A�@����&��� * ��� B�A�
 A ( A�A <'� A�% � �?= � B������ � ����� � A (+* �&� � >1�� ��� �

q2(2) = 1 − c · d, qh(h) = 1 − c · d
qh−1(h− 1)

� * � *�1 � A�
 A h ∈ N.

� ��� �����	� ��

��������� ��©/ X��� § £C���W®²¥������o�M¢]�W�C ��K�W�K�-�W���W�P�p¢Z­ j.� ¨
j = 2. v1(2) = c, v2(2) = 1, q1(2) = 1/c, u1(2) = cd, q2(2) = 1−cd.� ¨I¶/�P�W�K°!�C���

j < h
¥C���N��¥��o���Mª��W C���}«P�W�C ��C¨ ± �b¤T���<��¢]�p�p¢'�N���N���@�&���@��W���W�P�p¢Z�g�@���o«K ��W C�C®�´C�C� § �b�P�b���b®² ��IµR�p���C�P�T� qh−1(h− 1)

�










q1(h− 1) = 1
c
, u1(h− 1) = d

q1(h−1)

qi(h− 1) = 1−ui−1(h−1)
c

, ui(h− 1) = d
qi(h−1) , i = 1, ..., h − 2

qh−1(h− 1) = 1 − uh−2(h− 1).

� ¨K¶�� § �oª��p¢}´R�C�P��¥C���N��¥��o���Mª��W C���&�C X��� § £C�C�+«P�W�C ������C��� j = h.
º����

 ��IµR�Mª����W C�C�
qh(h)

��¢]�p�p¢ �N���N���@�&���@� �W���W�P�p¢Z�g�@���o«K ��W C�C®��






















q1(h) = 1
c

u1(h) = d
q1(h) ,

qi(h) = 1−ui−1(h)
c

, ui(h) = d
qi(h) , i = 2, . . . , h− 2

qh−1(h) = 1−uh−2(h)
c

, uh−1(h) = d
qh−1(h) ,

qh(h) = 1 − uh−1(h).

��³p�P�b®5�W���W�P�p¢]�&«P�p�!«K­}�C���N���W C�C�����
(h− 2)

¦ ¤M��	��o¤W��« § ���&�C�C�P�N��°K ����p�b«b¦¥��I���o�&�/�t«K­}�C���N���W C�C�C¢Z��´b¥C���b�C�p«P�p����¢Z­<¢Z�+«��W���W�P�p¢]�4�C����¢v�o�K�C�C£C­.���o�W¦
¢]�W���

(h−1)×(h−1) : qh−2(h−1)(c, d) = qh−2(h)(c, d), uh−2(h−1)(c, d) =
uh−2(h)(c, d) = uh−2.

º��I���p�
qh−1(h−1) = 1−uh−2; qh−1(h) =

1−uh−2

c
=

qh−1(h−1)
c

, uh−1(h) = cd
qh−1(h−1) ,

�
qh(h) = 1 − cd

qh−1(h−1) .
/�P���5�K���p�K�b«R�I���K�W°+��� § �o�I�o�K°�¨
� ��
 

�	� ��� (+*?=

qh(h) A�@����&��� * � � � ( A�A <'� A�% � �?= � B 7 � 9 � < A lim
h→∞

qh(h) =

log2 3.

� ��� �����	� ��

��������� ��¶����C X��� § £C�C��¨
� ¨
q1(1) = 1, q2(2) = 1 − cd = 1 − log3 2 · log3 1, 5 < 1.� ¨C¶/�P�W�K°

qi(i) < qi−1(i− 1),
�P�b¤T���
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� ¨
qi+1(i+ 1) = 1 − cd

qi(i)
< 1 − cd

qi−1(i−1) = qi(i).¶/�P�W�K°
lim

h→∞
qh(h) = q 5 �K�p� § �b ��W�C ��o�z�����K�b°�´X�C��� § �b�P�b���b®²«P�W�C ����p�o¦

�b�K ��;	��W C���
q = 1− cd

q

�X���
q2−q+cd = 0.

�É�
	��o� § «R�I�����o�K ��K�4�@���o«K ��W C���v�
¥��p���W�b�o«b���X�5�p ��p���W C�C�

c, d
«����
	��W C���K´X¥��o���@���b�p¢	�

q = 1+
√

1−4cd
2 = log3 2;

q = 1−
√

1−4cd
2 = log3 1, 5.¶�� § �oª��p¢}´É�C�P�z ��b¢¹¥��p�CµR�p���C�,�P�o��° § �²¥��W�C«K­}®��C��³p�K�Xµ § �b�C ��W®�¨É¶��o¦�N���N���b«R�o�P�N��°K ��K�W�K° {qh(h)} �X�b­}«R�b�W�5�b�5�N���C C�C£C­ �'����¥��o���Mª��C�P�N��°K ��b¤M��C���N��� 7 �p�� ��b¤M�'�C�� ���	��Xµ § �b�C ��W®:9N´É� qh+1(h + 1) = 1 − cd

qh(h) .
�  ��p�C�C�o´

1 − cd
qh(h) − qh(h) > 0

�
q2
h(h) − qh(h) + cd < 0,

�P�5�p�W�K°
qh(h) > log3 2�X���

qh(h) < log3 1, 5.
½!���W«K�X�� ��C´@�C�P��«K�P�b���b®�«R�o�C���o C�� ��!�I���b«b���W�K«P�b�R�C�W�

�P�N���b«K�C�
q1(1) = 1.

�  ��p�C�C�
lim

h→∞
qh(h) = q = log3 2.


/�P���5�K���p�K�b«R�I���K�W°+��� § �o�I�o�K°�¨
� ��
 

��� ��� ��( <'-

qi(h), i = 1, . . . , h − 1, A�@����&��� * � � � ( A�A <'� A�% � �?= � B
7 � 9 � � A�
 ��	 � � @?A *�� � � � (+* �&� ��1���= � ��(+* A�� = � �
� � q1(h) = − log1,5 3;
� � qi(h) < 0 ∀i = 1, . . . h− 1;
� � 1 < |qi(h)| < |qi−1(h)|, i = 2, . . . , h− 1;
� � lim

h→∞
i→∞
i6=h

qi(h) = − log1,5 2.

� ��� �����	� ��

��������� �

q1(h) = 1
c

= − log1,5 3.
º��I���p�K´}���b�p�W�@ª����o���P�p¢	ª��,�K�b���o�M�K¢}´}�C�P�

�	« ���p¢]¢]� � ´�¥��o���@���b�p¢¸�N���N���@�&���p� ��� § �@�C���W C�K ��K��«K­}���oª��W C��� �C���
qi(h), i = 2, . . . , h− 1

�

qi(h) =
1 − cd

c·qi−1(h)

c
.

�t­}���oª��W C���K´P�W�P�M�X���p�}«��C���N���C�P�N���}³p�P�b®������K�b�+�P�/ª��K´b�C�P�/�
qi(i),

�N���N���o¦
«R�o�P�N��°K ��C´�¥C�C�z���K�W�P�

i
�b ����X�b­}«R�b�W���b���N���C C�C£C­¹���

log3 2
¨?
/���K¢]���P�b¤M�C´

�C�������/�K�b¤M�
i = 2, . . . , h − 1

�C���N���C�P�N��°.¥��o���Mª��C�P�N���W �´}�,�p ��p�C�C�$�C���
�b� § �Xµ i qi(h) < qi−1(h).

lim
h→∞
i→∞
i6=h

qi(h) =
log3 2

− log3 1, 5
= − log1,5 2 < −1,
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�p ��p�C�C� ∀i = 2, . . . , h− 1 |qi(h)| > 1.
/�P���5�K���p�K�b«R�I���K�W°+��� § �o�I�o�K°�¨
� ��
 

��� ��� � = ���&% � �?=?= � �"	�� � � �?= � Qy = b̂, 
 ��� B
	 < � = ��	 QA�@����&��� * ��� <'( � ( A�A <'� A�% � �?= � B (4), @?A *�� �"	�� B (+* �&� ��1�� ��� A�
 �"	 �?= � � �?= � �
1
6 < |yh−1(h)| < 3

2
�

� ��� �����	� ��

��������� ���t­}�C���N����¢
yh−1(h)

�C X��� § �K�C«K ������W���W�&¥C���N��­G���@�����¥��W���p¢]�W C C­<�����b�p�p¢v�o�K�C�C«R�b�p¢]�b®-�W���W�P�p¢Z­�´��@�C�P�p¢}´C�C�P�
y1(h) = b

q1(h) .

yh−1(h) =
b− yh−2(h)

qh−1(h)
=
b− b−yh−3(h)

qh−2(h)

qh−1(h)
=

= b ·
(

1

qh−1(h)
− 1

qh−1(h) · qh−2(h)

)

+
yh−2(h)

qh−1(h) · qh−2(h)
=

= b ·
(

1

qh−1(h)
− 1

qh−1(h) · qh−2(h)
+ . . .+ (−1)h 1

qh−1(h) . . . q1(h)

)

.

�&�C�C�K­}«R�o�¹���W�p�I��°I�b�o�¼���p¢]¢Z­ � ´<¥��o���@���b�p¢}´!�C�P� �b� §�§ � § qi < 0
¥C�C�

i < h− 1
´X�

b < 0,
�P�

yh−1(h) > 0
�

yh−1(h) = |b|
(

1

|qh−1|
+ . . . +

1

|qh−1| · |qh−2| · · · |q1|

)

.

½!£��W C��¢��K�o���p���P�b�C ���³p�K� «P�N���C�C�C C�P¨�©��W¥��o��°K�p�P�p¢��P�C´��C�P�
log1,5 2 <

|qi(h)| < log1,5 3, i = 1, . . . , h− 1. ± �b¤T���
yh−1(h) > |b|

(

log3 1, 5 + (log3 1, 5)2 + . . .+ (log3 1, 5)h−1
)

=

|b| · log3 1, 5 ·
(

1−(log3 1,5)h−1

1−log 31,5

)

> |b| · log3 1, 5 > 1
6 .D ���C�@¤M�b®²�W�P�b���b C­�´

yh−1(h) < |b|
(

log2 1, 5 + (log2 1, 5)2 + . . .+ (log2 1, 5)h−1
)

=

|b| ·
(

log2 1,5−(log2 1,5)h

1−log2 1,5

)

< |b| log2 1,5
1−log2 1,5 <

3
2 .
/�P���5�K���p�K�b«R�I���K�W°+��� § �o�I�o�K°�¨

¶/�C���W�K�@¥C��¢� ��W¥��K�W���N���W�K«P�W C �� § ��� § �o�I�o�P�N��°P�W�K«K�z�P�p�b���p¢Z­ � ¨
º��I���p�5�b�I���p¢ ¥��o��°K�M�b«R�o�K°P�T�����W�p�I��°I�b�o�P�K¢ ���p¢]¢Z­ � ´É�@�C�C�K­}«R�o�:´Z�C�P�

¥C�C�$�W�K���p¢É���W C�C� § �K�p� § �b ��W�C ��K�W�K�.¢]�b�� ��K�W�K���b���o�����b�P� § � k «K­<�p�b�b� h0
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�b¥C�K��¢v�I��°K ��b¤M�g���W���W«R���b� § ª������b�W�P�W�o¨:©��p�N���N���P�p¢�¥��b�R�@��� § ¥�� k �N���o¤W�b�N¦¢]�b¤M�
k ·
(

2
3

)zh0 ,
¤T���

zh0

 ��o®X���W $�C�+�W���W�P�p¢Z­
(3)

�b¥C�K��¢v�I��°K ��b®$���o�M¢]�W�X¦
 ��K�W�K�

h0.

�� § �b­G���'�I�b¢]�W���W ��'���o ��p�K´É¥C�C��¥��K�W�K���K�W C ��K¢  ��b¢Z� Q − V

¦
���o�W���Mª��W C�C�

(4) zh0
(h0) = yh0

(h0),
���C���

yh0
(h0)

�W¥C���o«P�N�C���C«R�g�b£��W  § �X´�K�W ��b«R�o C ��o�5 ������W�p�I��°I�b�o�b�Iµz���p¢]¢ � � � �

yh0
(h0) =

log3 k

qh0
(h0)

+
b+ yh0−1(h0)

qh0
(h0)

,

log2 k +
−1

2 + 1
6

log3 2
< lim

h0→∞
yh0

(h0) < log2 k +
−1

2 + 3
2

log3 2
,

log2 k −
1

3
· log2 3 < lim

h0→∞
yh0

(h0) < log2 k + log2 3,

log2

k√
3
< lim

h0→∞
yh0

(h0) < log2 3k.

� �p ��p�C�C���C�������p�N���N���P�p¢]�b¤M�� ��b¢Z�5�N���o¤W�b�p¢]�b¤M��¡��@  § £C�C�5�N���Mª� ��K�W�K�5¥��o¦���@���b�p¢	�Z¥C�C�.���K�W�P�
k h0

�
zh0

= yh0
(h0)

«P�b�p���b�W�b�o�&�o´4�N���N���b«R�o�P�N��°K ��C´
�W�P�W¥��W C°+¥��b�R�@� § �+�M�b¢]�b¤M���N���o¤W�b�p¢]�b¤M�+�X�b­}«R�b�W�+�

k ·
k√
3

klog3 2 · 2 < lim
h0→∞

k ·
(

2

3

)zh0

< k · 3k

klog3 2 · 1√
2

,

1

2
√

3
· k2−log2 3 < lim

h0→∞
k ·
(

2

3

)lh0

< 3
√

2 · k2−log3 2.

± � §z§ � § f(k, h0) = 1−(log2 1,5)h

1−log2 1,5 · k ·
(

2
3

)zh0 ,
�P�

1

2
√

3 · (1 − log2 1, 5)
· k2−log2 3 < lim

h0→∞
f(k, h0) <

3
√

2

1 − log2 1, 5
· k2−log2 3.

Dv���N���b«R�o�P�N��°K ��C´
1√
3
· 1

2
√

3 · (1 − log2 1, 5)
· k2−log2 3 < lim

h0→∞
tk(l1, . . . , lh0

) <

√
3 · 3

√
2

1 − log2 1, 5
· k2−log2 3.

± �p�b���p¢v� � ��� § �o�I�o ��X¨
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� ����������� �����	� ���

log2 k > h0 >

[

log2 k − log2 3

3

]

.

� ��� �����	� ��

���������
	 ����������� ������� ��� ¥C���b£��p�p�p�!��� § �o�I�o�P�N��°P�W�K«R�����p¢]¢Z­
� �b­G����¥�� § �o�I�o ��C´��C�P� h0 >

lh0

3 ,
�
lh0

> log2 k − log2 3,
�b� § �I���+�N���N���P�W� C�Cª� C�X�z�b£��W  § ���C��� h0.

º�� § �oª��p¢m�P�W¥��W�C°+«P�W�PµX C�&� �b£��W  § �P¨
�Z�b�p�p¢]�b�K�C��¢ �b¥C�K��¢v�I��°K ��K�,���W���W«P�

D
´}�N���Mª� ��K�W�K°m��«K�Rµ ¥��K�N���N�� C�Xµ

�X�C�P�p�b«��W¤M�����p�K�W�'���o«K ��
2lh0

(

2
3

)lh0−1 + k ·
(

2
3

)lh0 . ± �W¥��W�C°�¥��K�W�K���b��¢ ���N¦���W«P�
D′,

�I���I���X���C�!���W���W«R�
D
�X�C�P�!���p�K�W�z�! ��K¢]�W���K¢

h0,
�g¥��p���p�K�N���C C�X�

k
���p�K�W��¥��K�N���N�� ��W¤M���X�C�P�M�����W���W«R�

D § �X�C�P�W���< ��K¢]�W���K¢ (h0 − 1).
º��b¥C�R¦

�W�K��¢}´
lh0

> log2 k. ± �b¤T���

T (D) − T (D′) = 2lh0 ·
(

2

3

)lh0−1

+ k ·
(

2

3

)lh0

− k ·
(

2

3

)lh0−1

>

k ·
(

2

3

)lh0−1

+ k ·
(

2

3

)lh0

− k ·
(

2

3

)lh0−1

= k ·
(

2

3

)lh0

> 0.

¶��o���@�C�X���z¥C���b�K�C«P�b���W�C�������b¥C�K��¢v�I��°K ��K�W�K°K� ���W���W«R�X¨ � �b� §z§ � §

lh0
=

h0
∑

i=2

(li − li−1) + l1 > h0,

�P�
h0 6 log2 k.�&�K«P�W�Rª����W C������� § �o�I�o ��C¨


 � 

���	�����	� �>�� �� § �b�P�b�C­Gµ'�W�C�K�R�o£C�C�@µ:´�¥C�C�'¡�� § �W�C���b«R�o C ��K¢ h �C���5 ��I¦µR�Mª����W C�C�� ��o�X���@� 	��Xµ�£��N��­Gµ� ��K¢]�W���b«
li, i = 1, . . . , h

´I���K�W�b�o�P�b�C ��/«K�p�X�K°
�o���Cª��o® 	��p��£��N���K� § �p�K�b�K«P�W�P�W�K«K�@�&���p¢Z�5���
	��W C�C� �W���W�P�p¢Z­ (3)

¨
�Z�b�p�p¢]�b�K�C��¢ ¢Z�C C��¢v�I��°K C­<� �p ��p���W C�C� ¡��@  § £C�C® Tl2(f1(l2))

´
Tli−1,li+1

(fi(li−1, li+1)), i = 2, . . . , h − 1, T k
lh−1

(fh(lh−1, k))
´4�b¥C���N���N���C�N¦

¢Z­<�+�p�K�b�K ��;	��W C�C�C¢Z�
(1).

º����
Tli−1,li+1

(fi(li−1, li+1)), i = 2, . . . , h − 1,¥��o���Mª���¢
∆+ = Tli−1,li+1

(fi(li−1, li+1)+0, 5)−Tli−1,li+1
(fi(li−1, li+1)), i =

2, . . . , h− 1, ∆− = Tli−1,li+1
(fi(li−1, li+1)− 0, 5)−Tli−1 ,li+1

(fi(li−1, li+1)),
i = 2, . . . , h−1.

¶/�P�W�K°
f, g 5 �P�Gª��K´P�C�P����¥C�C����� § �o�I�o�P�N��°P�W�K«P�!�P�p�b���p¢Z­� �C���

Tli−1,li+1
(x). ± �b¤T���
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∆+ =
√

2 · f +

√

2

3
· g − f − g = (

√
2 − 1) · f +

(

√

2

3
− 1

)

· g =

(

(
√

2 − 1) + log1,5 2 ·
(

√

2

3
− 1

))

· f ≈ 0, 1004 · f
�/�P�b�C ��K�W�K°K� �������W�K«P�W�C�P�b¤M�+�p �� § ��¥��K�N�����I�o¥C�X�P�b®�¨

∆− =
1√
2
· f +

√

3

2
· g − f − g =

(

(

1√
2
− 1

)

+ log1,5 2 ·
(

√

3

2
− 1

))

· f ≈ 0, 0912 · f.

∆+ − ∆− ≈ 0, 009 · f.
�  ��I���b¤p�C�C C­<�&���W�p�I��°I�b�o�K­¹¥��o���@���o�&�P�T�����C��� Tl2 , T

k
lh−1

«�� § ���p�W�K ��K�W�I�@µ
�P�b��� § ¢Z�C C��¢Z�X¢]�b«$�����I���C�P�p�K¢ 1

2 . ±
� § § � § f = (log2 1, 5)h−i ·

(

2
3

)lh ·k ´
5 ���C ��W®C ����I�o«K���W�C���b�+�N���Mª� ��K�W�K��´��P��¥C�C�5 ��p�K�o��°�	��Xµ5¢]�b�� ��K�W�I�@µz�b���o¦�����b�P� § 7 ¥��b�R�@� § �z�p�b�K C�:9!« § �p���p�W�K«P�� ��o�X���@� 	��W¤M�5£��N���b¤M�g ��K¢]�W��� li �K�W��K�o��°�	��Xµ�¥��b�P�W�C°�¢]�Mª� ����b���o�K°�� § �C�@¤T���W C���/�b���p�K�b�K«P�W�P�W�K«K�@�&���W¤M�����
	��N¦ C�C�5�W���W�P�p¢Z­��@���o«K ��W C�C®

(3).�����b�W�K ��K�W�K��´B¥C�C�,�K�o��°�	��Xµ
n
�
h, § �b¤T�����N���Mª� ��K�W�K°5¥��b�R�@� § �X´B���@�X¦	��W¤M�C´Z���p¢ √

k,
¥C�C�

k 6 10000
¢]�Mª� ���« § �p���p�W�K«P�² ��o�X���@� 	��Xµ.£��N��­Gµ�b���o�K°��o���Cª��o® 	�����£��N��­<�� ��K¢]�W���X¨

� �I� § ���&���W C�����o«K�P�b� «K­}���oª��b�W� �o���o¤M�p���o�C ��K�W�K°  &¨  &¨��X�b�M�o ��b«K�m�I�
¥��K�W�b�o ��b« § �5�I�I���p�C�²�5 ��p�@�C ��K���C� § �b«P�p���W�K«P�C¨

� ����� � ' $��&�t�.��( � " ���
1 �32 �X�b�M�o ��b«  &¨  &¨C©/ �¡��b��¢v�o£C���b C ��o¦ ¤p���b¡��b«R�o�z¢]�p���N��°�µX���o ��W C�C�g�5¥��b���N¦
§ �²���o C C­Gµ����'©/ C�P�N�C��� § �K�R�I��°K C­<�²�W���W�P�p¢Z­�¨ � ����� ¨ ± ¨ � ¨]�t­}¥�¨ ����� ¨D&¨ � �����:� ��� ¨

1 � 2 �G�b¤W�p���W« 
�¨ � ¨ 0'�W�P�p��­»���
	��W C�C�$���C ��W®C C­Gµ��W���W�P�p¢ �$ ��IµR�Mª����W C�C�
�p�K�K�W�K«P�W C C­Gµz�p ��p���W C�C®�¨:0�¨ ´ � ����� ¨


