OntumanbHbIi MOpTQeab IeHHbIX Oymar

E. MenBeneBa

1. BBenenue

Ha mepBbiii B3TVIsiT yrpaB/ieHNe WHBECTHUITUSIMU KAXKETCS TOBOJIHHO
pocThiM JesioM. Ho B mepros cTaHOB/IEHUS PBIHOYHON SKOHOMUKHY CYIIe-
CTBYET PUCK HEJOIOJIYUEHUs 3AIIAHNPOBAHHON MPUOBLIN B XOJ/I€ PeaJIu-
3aIuu WHBECTUIIMOHHBIX MPOEKTOB. B HACTOsIIEe BpeMs TeMa WHBECTHUIIN-
OHHBIX PUCKOB OY€Hb WHTEPECHA, TIOCKOJbKY CHUKEHNE PUCKOB TTOBBIIIA-
€T MPUBJIEKATEILHOCTh WHBECTHIINI, UTO BeCbMa aKTyaJbHO s Poccun.
WNuBecTurimontbie TPOEKTHI MOTYT ObITH CAMBIMU PA3HOOOPA3HBIMU — OT
IJTaHa TTPOU3BOJICTBA HOBOW MPOIYKITUHU JI0 11€/1eCO00PA3HOCTH TOKYIIKU
TeX WM WHBIX BUIOB IeHHBIX Oymar. B mannoit crarse Oymer paccmoTpe-
HO WHBECTUPOBAHUE B TIEHHBIE OyMaru.

IIpunumast perrenre B Ha9aIbHBI MOMEHT, WHBECTOD JIOJIZKEH TTOHU-
MaTh, UTO JOXOJHOCTD IEHHBIX OyMar B MPECTOSIIHUI Tepuol, BIaI€HU
vem3BecTHa. OJIHAKO OH MOXKET OIEHUTH OXKUJAEMYIO JOXOJHOCTH pas-
JIMIHBIX I[EHHBIX OyMar, a 3aTeM WHBECTUPOBATH CPEICTBA B Oymary c
HaubOJIBITIeN 0XKUTAEMOl JTOXOAHOCTRI0. Ho 3T0 Oymer HepaszyMmMHO, Tak
KaK WHBECTOP XOTd U JKEJIAET, YTOOBI JOXOJHOCTEH OBLIA BBICOKO, HO OJI-
HOBPEMEHHO XOUYeT, YTOOBI JOXOIHOCTH ObLIa OBl HACTOIHKO OIpEe/IeH-
HO¥1, HACKOJIBKO 3TO BO3MOXKHO. DTO 03HAYAET, 9TO WHBECTOP CTPEMUTCS
OJTHOBPEMEHHO MAaKCUMU3UPOBATH OXKWIAEMYIO JIOXOTHOCTH U MUHUMU3HU-
pOBATh HEONPEIEJIEHHOCTh, TO eCTh pucK. OOBIYHO JIJIsT TOTO, 9TO0BI cOa-
JIAHCUPOBATH 9TU JIBE 3aJ1a4ur, pa3pabaThIiBAeTCsl MPOrPAMMAa BJIOXKEHUSI
KammuTaa, obecreunBaomas TpedyeMyio JOXOIHOCTh TPU MUHUMAJTIHLHOM
YPOBHE PUCKA.

B psane cioydaeB mpuemieMoil Mepoit HEOTPEIeJIeHHOCTHU SIBJISETCS
CTaHJAPTHOE OTKJIOHEHHE (BOJATUILHOCTH) JIOXOAHOCTH MOPTdens nim
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mucnepcns (Bapuanus) goxogHocTH noprdensd. IToMumo 3Toro moaxoma
K OIIEHUBAHUIO PUCKOB, TpeaoKeHHoro ['. MapKoBuIiteM, mosiB/IsiioTCsT BCE
HOBBIE ¥ HOBBIE TTO/1X0/1bl. Hambosiee pacupoCcTpaneHHOl HA CErOHATITHUT
momenT B CIITA meromosiorneii oreHUBAHNS PHIHOYHBIX PUCKOB SBJISIETCS
«Crommocts nox puckom» (Value-at-Risk, VaR). Ona cocrout B pacuere
BEJIMUMHBI MaKCAMAaJIbHO BO3MOXKHBIX YOBITKOB mOpTdesis (pUHAHCOBBIX
WHCTPYMEHTOB B T€UEHUE 3aJaHHOT0 TePUOJIa ¢ 33JaHHON BepOsITHOCTHIO.
Ipyroit mepoii orienuBanusi pucka sisiasiercs Cpennsis Benmnauna YObIT-
ka (Conditional VaR, CVaR), korja naTEpECyIOTCS HE TOJIBKO TPAHUYHOT
BEJIMUMHON KAIuTaJa, HUXKE KOTOPOil CeyeT 0XKuaaTh YOBITOK C Ompe-
JIeJIEHHON 10J1eil BEPOSITHOCTH, & W Pa3MEPOM 3TOT0 yOBITKA.

Ho xak 6n1 Hu x0porIa 6pL1a TEOPUs, e He BCEera BO3MOXKHO UCIIOJIb-
30BaTh Ha MpakTuke. He cocTap/isieT UCKIIOUEHUS U Teopust (POPMUPOBaA-
Hust opTdess eHHbix Oymar. B Kjgaccudeckoii TeOpUU TPeInoIaraeTcs
TOPTOBJIA IEHHBIMIA OyMaraMu C TPAH3AKIMOHHBIMU PACXOJAMU, PABHbBI-
Mu Hysa0. B peanbrocTn 3710 He Tak. CTOUT yYUTHIBATH, YTO MOKYIIKA
MPOUCXOAUT TIO IIEHE CIIPOCca JUIEPa, a MPOIarKa 1O IEeHe TPEIJIOKEHUS.
Kpowme Toro, cyriectByer KoMuccuonHoe Bo3Harpaxkaenue. Hu ogua du-
HaHCOBasl MOJIeJb He OyaeT paboTaTh Ha PEaTbHOM PHIHKE, €CJIH HE YIeCTh
9TU yCJIOBUS.

2. PopMUpPOBAHNE ONTUMAJBHOro mopTdessd
IIeHHBIX OyMar, BApHMAITMOHHBIN I10IXO0/T

W3BectHo, uT0 uBepcuduKaIns CHIKAET PUCK BIoxkKeHus. VluBecTop
MOZKET BJIOKUTH CBOU JIEHBI'U HE B OJIUH BU/I [IEHHBIX OyMar, a B HECKOJIHKO
BUI0B, chOpMUpOBaB nMopTdesib MeHHBIX OyMar.

Byzaem wucnonb3oBarh craHgapTHBIE ONpe/ieeHnsi, Hanpumep, u3 [3].
[Tycts xj,j = 1,...,n — 1014 00IIETO BJIOYKEHNUS, TPUXO/ANIAACA Ha, J-bIit
BHJI IIEHHBIX OyMar, Tak dTo:

> mi=1. (1)

HoxopnocTs moprdens R, pasHa



OnrumabHb TOpTdEb MEHHBIX OyMar 129

n
Rp = Z le’j, (2)
j=1
. _ C1;—Coj L ;
eCJIH JIOXOJHOCTE j-0ro Buga I = —o Lae Coj — 1eHa MOKYTKH j-0r0
7

BU/IQ, Clj — IeHa MPOJIaXKu j-0ro Buja, d; — JIUBHUJIEH/IbI, TOJIy YeHHbIE 3a
BpeMsI BJIaJI€HNs IeHHO OyMaroi j-ro Buma. B manbHeiIneM IuBUICHIbI
HE YYUTBIBAIOTCS.

Oxkupaemasi JJOXOJHOCTh HOpTdesis paBHa

m, = E(R,) = Za:jE(Rj) = ijmj, (3)
j=1 j=1

a OTKJIOHEHHuE

Ry —mp =Y x;(R; — mj). (4)
j=1

MaremaTmyeckoe OXKHIaHNE KBaJIpaTa dTOTO OTKJIOHEHWS €CTh IHC-
repcust TOXOTHOCTH TOPTdheis

Vo = E(Ry—myp)* = > > wi i B[(Ry—my)(Rj—my)] = > > Vijmixj,

i=1 j=1 i=1 j=1
(5)

rae Vij = E[(R; — m;)(R; —m;)] — xoBapumanun R; u R;, Vj; = E(R; —

N2 — 52 .
mj)° = o; — nucnepcun R;.

Yacro Takke pacCMaTPUBAETCHA BEIUINHA

Op = \/va (6)

Ha3bIBaeMas CPEeTHEKBAIPATUIHLIM OTKJIOHEHWEM.

Torja MOXKHO cBeCTH 3324y BHIOOPA ONTUMATBHOM CTPYKTYPBI TIOPT-
desist K cieyroliei MaTeMaTu4uecKoil npobJieme, mpessiokennoit 'appu
MapkoBHIieM.

Haifitu x;, MUHUME3EPYIONHE BaPUAINIO JTOXOTHOCTH HOPTQeisd, Ipu
yCa0BUU ODecriedenns 3aJaHHOTO 3HAYEHUS OYKUIAEMOH JTOXOITHOCTH.
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[Tycrs permenne manHON 3ajaun 0603HAUYeHO 3HaKOM *. Kcm x;‘ > 0,
TO 3TO O3HAYAET PEKOMEHIAINIO BJIOXKHUTH JTOJIIO m;‘ HAJINYIHOTO KAIIATAIA
B rieaHbie Oymaru Buma j. Ecim x;‘ < 0, TO 3TO O3HAYAET PEKOMEHIAIINIO

B34ThH B JIOJIT [IEHHBIE OyMaru 5TOro BUIA B KOJIUIECTBE —I; (HA €IUHUITY

HAJIMYHOTO KAIUTAJIA), TO €CTh yYaCTBOBATH B ONEPAIIUY TJI/IHa short sale
(pacmopsizkerue KjreHTa 0 short sale Ha ompe/e/ieHHOE KOJIMIECTBO T1€H-
HBIX OyMar O3HAYAET, YTO ero OPOKeP JOJIYKEH OJI0JIKUTh 3TO KOJUIECTBO,
3aTeM Yepe3 HeIIPOIOIKATEILHOE BpeMs IIyCTUTh ero B IIPOIaKy, a 3aTeM
KOMIIEHCHPOBATH JIOJIT, BHOBb KYIINB PaHee 3aMMCTBOBAHHBIE [IEHHBIE OYy-
maru). Eciim 970 HEBO3MOXKHO, TO MPUXOIUTCS BBOJUTH JOTIOJTHUTETHEHOE
TpeboBaHme: x;‘ HE JIOJIXKHBI OBITh OTPUIATETHHBIMA.

Ecim orcyTCTBYIOT OrpaHUYEHUs] HEOTPHUIATEIBHOCTA TIEPEMEHHBIX,

TO BO3MOZKHO AdBHO€ DeEIIEHHE.

V, = 27 Va(min), (7)
mTz = m,, (8)
e =1, (9)

rae V = [V;;] — marpuna koBapmarnmii, i,5 = 1,...,n;

m = (mj) — Marpuia-cronber]; 0XKuIAeMBIX JTOXOAHOCTEM, j = 1,...,n;

I = (1) — marpuna-croaber] u3 eJIMHNII;

x = (xj) — MaTpuIa-cToI6el] HeM3BECTHBIX Jlostelt, j = 1,...,n.
Beenem dyuxmnmio Jlarpanxka:

L=2"Ve+\(ITe - 1)+ Xa(mTz —my). (10)

flBHOE TpencTaBIEHNE [ ONTUMAJIBHON CTPYKTYPBI TOpT(des:

_ V,lmp(UTv—lm —mITVAD +mITVim — ImTV—Im
B (ITV-1m)2 — ITVImTV-1m ‘
(11)

Eciu nanoxeno ycCji0BHu€ HEOTPUIATE/JILHOCTH Ha IIE€EPEMEHHBIE «T», TO

z=2z"

MCXO/IHAST 33/1a98 CTAHOBUTCSL NPOOJIEMO KBAJIPATUYHOIO IPOrPAMMUPO-
BaHus. B HacTosimell craTbe pa3obpaH aIrOpUTM PENIeHns STON 3a/ adu
¢ ucnosb3oBanneM Meroza Bosbda [5].
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V,, = 27 Va(min),

T, _
m°x = myp,

Iy =1
x> 0. (12)

Metox Bosibda ucnosnb3yercs s 3aadn MAKCAMEU3AIUAH ¢ OTPHUITA-
TeJILHO OMpeJeeHHON KBaApaTuIHOW (POpMOi. DTO HAM TOIXOJNUT, TAK
. - T
kak minl, = —max(—V,), u dopma z* (—V)x Oymer orpuIATEILHO
OTIpeZIeJIEHa, B CHJIy TOTO, 9TO V — IOJIOKUTENHLHO OMPEIETEHHAST MAT-
puna. TakuM 06pazoM, paccMaTpUBALTCS 3a1a9a;

2T (=V)z(max), (13)
(5)-(7),
>0

Ecym soimmcats dbynxmmio Jlarpamka L = 27 (=V)x + Ay (m, — mTz) +
Ao(1—1T2), (A= < il >), To yenoBust Kyna-Takkepa myis 97oit 3a1aum
2

BBITVIAIAT CJAEIYIONIAM 0OPA3OM:

v=_(m I)X+2Vz>0, (15)

2Ty =0 wm zjvj=0,7=1,...,n, (16)

(5 )= ()

A ecmm x* w \* yIOBJIETBOPAIOT 3TUM YCJIOBUAM, W IejeBast (PyHKIWST
BOTHYTA Ha HEOTPUIATETHHOM OKTaHTe (Y HAC 3TO TAK TTOTOMY, YTO KBa/I-
paruyHas (popma sABJISIeTCs BOPHYTO (DYHKITME, eC/In OHA SBJISIETCST OT-
PHIIATEIHHO OTPEIeTeHHOl (DOPMOIi), a i-0e OrpaHuYeHNe — BBIMyKJ/Iast
dbynkims, ecim XY > 0, n BormyTas, ecim A < 0, 4 = 1,2 (rak Kak
OTpPaHUYEHUs JIMHEHHBI, OHW MOTYT PACCMATPUBATHCS W KAK BBIMTYKJIBIE,
u kak BoruyThie), To ()T (—V)z* apasercs abCOTIOTHEIM MaKCHMyMOM
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x7(=V)z, korja & MPUHAIEKAT MHOKECTBY TOUYEK, Y/IOBJIETBOPSIONINX
OTPAHUIECHUSIM.
Takum obpaszom, ecau cymectByior x = 0, v = 0, A, KoTopbIie yaoBIIE-

TBOPAIOT YCJIOBUAM
T
m m

v—(m I)X—2Va=0, (17)
2Ty =0,

TO X ABJISIETCS ONITUMATBHBIM PeIeHneM 33 a9M.
st momyuenus pemrenns Mmerogom Bosibda ncmoab3yercs cuMIiiekc-

m?T my,
meron. Cucrema o) T= 1 peIaeTcss OOBITHBIM ITEPBBIM 3Ta-

TTOM CHUMILIEKC-METO/Ia, TO €CTh HaXOAWTCS MaTpuia B — moamarpnia
T
m
MaTPUIIbI ( T ), SIBJISTIONIASICST DA3MCHON MaTpuIleit, m xp — BEKTOP

m

0a3UCHBIX TIEPEMEHHBIX TaKoil, uto Brp = lp . 910 GasucHOe pe-
mieHre ya0BJIETBOPAET ABYM TIEPBBIM OTPDAHUYICHUAM CUCTEMbI
m” 0 0 O x myp
0 0 0 v |l=( 1 ], (18)
-2V —-m -1 E, A 0

riae E, — equnuunas marpuiia pasmepa n X n. [loatomy, ncrnoibsys ero,
J06ABIAIOTCA NCKYCCTBEHHBIE epEMEHHBIE JINIIb B MOCICTHIE 7 OTPAHH-
qennii (18). Dro memaercs caemyronmm obpazom. Buecro (18) paccemar-

pPUBaECTCA CUCTEMA
mT mp
IT T = 1 )

—2Vz—(m I )A+v+Su=0, (19)

rae S = ||A;d;j]| — nAmaronaspHAs MaTPUIA C AUATOHAIBHBIME 3JI€MEH-
tamu A; = %1, mpudem Tpebdyercs, aTo0®! u > 0.
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IIycrs Dp comepxkut crosbusl mMarpuibl (—V'), cooTBeTcTByIONIe

TeM CTOJIOIAM MATPHUITBI ( , KoTopsie o B B. IlycTs j-ag cTpo-

m
IT

ka Marpunsl Dp o6o3nauena 1epes dp,. Torga

+1, ecan 2d%xj <0

A — 20
J —1, ecan 2djx; >0 (20)

[Ipn Taxkux Aj, €CJIN TI0JIOXKUTh
uj = | —2d%x;| > 0,5 =1,...,n,A = 0,0 =0, (21)

HOJIydnTCst Jlonycrumoe perterne Jyist (14), (19).
MoxknO Hanmucarhb

(20 -((7))

0

[Moyuennoe pemienne siByisiercs 6aszucubiM 11 (14), (19), mOCKOIbKY
B 0 1 B! 0

ecn Bg = ( °Dp S >, TO BQ = ( _9SDsB-! § >, TO eCTh MaT-
puna Kosdpdunuentos By neocobennad. Vmes GasmcHoe pereHue s
(14), (19) czp = 0, u > 0, MO’KHO UCTIOIB30BATH CUMILIEKC-METOJT, YTOObI
CBECTH BbIpaykeHwue (— Z?:1 u), MAKCHMH3UPYS ero K Hymo. OTimdne oT
CTAHAPTHON CXeMBI CUMILIEKC-METOIa COCTOUT TOJBKO B TOM, UTO €CJIN
x; > 0, To 3amperiaerca BBOAUTEL B 6asuc v; > 0, 1 HA000POT.

Bce KOMTIOHEHTHI BEKTOpa, A HE UMEIOT OTpaHnyYeHuil Ha 3HaK. s To-
T0, 9TOORI B HOBOIT 33/1a9e HEJINHEINHOTO TTPOTPAMMUPOBAHNS CIe/IaTh BCE
mepeMeHHble HEOTPHUIATEILHBIMI, BBOJATCSI HOBBIE mepeMenubie £ = 0,
¢ 2 0 rakme, utro A = ( — £.

mf 0 0 00 0 0
Torua, ecan 0bo3HaunTh ) = IT 0 0o o0 o0 o o0 |,
-2V -m —-1I m I E, S

f=(mp,1,0,...,0),
w = ($7<7£7v7u)7
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TO HeJIMHEWHAd 33/1a49a, KOTOPYIO HAJIO0 PEIaTh, IPUHUMAET BU/T
n
Z = (= uj)(max), (23)
Jj=1

Qu = f, (24)

B 5Toii 3a/aUe HeMHEHHBIM ABIACTCS ML orpanmdenue x! v = 0.
Ona pemaercss CUMILIEKC-METOJOM C ONUCAHHBIM BBINIE BHIOU3ME-
HenneMm. Jlng perrerust yao0HO WCHOJIB30BATH MOAUMDUIUPOBAHHBII
cuminiekc-meros. Hy kHo onpeennts HadaabHoe 6a3nucHoe pereHne jiist
(23),(24), (25), (16). Cuavasia, UCHOIB3Ys MEPBbIil 9TAIl, HAXOIUTCA Ga-
3MCHOE PENIeHne T3 U Marpuna B mpu paccMOTpeHUH JIUIE OrPaHUYeHuit

mT m
o= lp . Ecrm 3arem monoxkuts v = E(—2Dpxp) > 0, To

g = (xp,u) Gyuer 6azucHbM perrerneM jyisi (23),(24), (25), (16) ¢ 6a-
3UCHOI MaTpuneil Bg, onpenensemMoil Kak u panbie. Janee HyKHO HaiiTi
Bél M WCIO0JIB30BATh €€ B UCXOJHON TabJiniie Jisd peasn3arnuy Mondu-
IIMPOBAHHOTO CUMILIIEKC-METO/TA.

Brir ommcan omgmH mar cuMILIeKCcHON wrepannu. Jlokazamo, 9TO ec-
M ovepeHas UTepalus MeToja, YIMThIBaiolero Tpebopanue x;jv; = 0
HEOCYIIECTBUMA, TO Ha IOC/JeJHEH WTepanyuyu BBINOJHACTCA DPABEHTBO
Z = 0, u moyJaercs KejJaeMoe pelleHue.

Nwmeercst mporpamma Ha sizbike C, peajnsyiomast JaHHbBINH aJTOPUTM.

3. Ucnonnp3oBanme mep pucka VaR m CVaR
JJg GopMHUPOBaHNsS ONTUMAJbLHOTO MopTde-
Jidg IIEHHBIX Oymar

ITycts B-VaR — 310 BemmuumHa Takasi, 9T0 C BEPOSTHOCTHIO [ abCo-
JiIoTHBIe TIoTepu He npeBbicaT B-VaR. Eme ogra mepa — sto CVaR. Mu-
mnmuzamysg CVaR Beger k munnvuzanyu VaR, tak kak VaR < CVaR.
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Byzaem wncnonbzosars onpexpesennsi u3 [10]. MoxHo ckazars, 4910
(-VaR — 310 (-KBaHTHW/Ib pachpe/iesieHus T0Teph, TO €CTh BEPOSITHOCTD
Toro, uro morepu upesbicaT [-VaR, pasma 1 — (. CooreercTBeHHO,
B-CVaR — sro oxnmaemas Benmunua (1 — 3) x 100% campix 60sbImmx
norepb. O6bIuHO paccmarpusaiorT Tpu 3Hadvenus G: = 0.90, 8 = 0.95,
8 = 0.99.

Iycrs f: R"xR™ — R — 3710 dyHKIINS TOTEPH, KOTOPasi 3aBUCUT OT
ympasjagiomniero BekTopa x € R" u ciayuaitnoro Bektopa y € R™. Ilpen-
TI0JIATAETCHA, YTO Y MMeeT IJIOTHOCTH pacupesenenus p : R” x R™ — R,
KOTOpasi 3aBUCUT OT BekTOpa X. O6o3naunm vepe3 V(x, ) BEpOATHOCT-

HYI0 DyHKIHIO
Wixa)= [ pxydy. (20)
fxy)sa

KOTOpas 110 ONpPE/IeIEHNI0 ABISETCS BEPOATHOCTBIO TOTO, UTO TOTEPH He
HPEBBICST HEKOTOPOii Besmunubl a. [$-VaR onpenensiercs kak a(x, 3):

a(x, f) = min{a € R: ¥(x,a) = [}. (27)

PaccmarpuBaercsa caemyiomas mnpenacrasagiomaa  (-CVaR  dymkims
ﬁ@(x), KOTOpast €CTh YCJOBHOE MATEMATHUIECKOE OXKWIAHWE TOTEPH
f(x,y) mpu ycoBumM, 9TO OHU MPEBBIMIAIOT (X, (3), T/1e

P(x) = f(x,y)p(x,y)dy. (28)

/f(x,y)>a(x,ﬁ)
CunTaercs, 9TO BEKTOP PeIeHnil X MPUHAIIEKNAT HEKOTOPOMY BEpOSIT-
HocTHOMYy MHOXkecTBY X C R™ (manpumep, 370 MOxkeT GbITh HAOOD BEK-
TOPOB CO CpeJHeil JO0XOAHOCTHI0, mpesbimaiornei 10%).
1
Teneps Gymer mokazano, 9T0 MUHMMA3AIUS (DYHKIUHA mfb(x) Ha
MHOXKeCTBe X MOXKET OBITh CBeJleHA K MUHUMU3AINUN (DYHKIHN

Flx,0) = (1— B)a+ /f ) ey (9

Ha MHOX)KecTBe X X R.
Oyukrus F(X, ) MoXKeT ObITh Mepenucana B CIeIyIOIMeM BUje:

Fx,a) = (1- fa+ / (fxy) - a) pixy)dy,  (30)

yeR™
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rae at = max{0,a}.

[Ipeanonaraercst, uro dyukius V(x,q), 3amaBaeMas ypaBHEHUEM
(26) mempepwiBEa o o € R gist mo6oro x € X. BepositHocThas dbyHk-
st W(X, ) MOHOTOHHO BO3DPACTAET W NMPUHUMAET 3HAUeHus Mexy 0 u
1. CrnemoBaresbho, st kaxkaoro X € X u € (0,1) MHOXKeCTBO

A(x, ) = {a: ¥(x,a) = 5} (31)
HEIyCTO, 1
a(x,0) =min{a: a € A(x,5)}. (32)

Hanee nokaswiBaercs, uro A(X,3) — 970 MHOXKECTBO TOYEK MUHUMYMa
dbyukmun F(x,a) no «. Ecim ecth TOJIBKO OIHA MUHUMAIBHAS TOUKA,
Torga 910 (X, ). Paccmorpum jse reopemser u3 [10].

Teopema 1. ITycmov dynryua V(X, ) nenpepviena no o na R daa ecex
x € X, ¢pynxyus F(x,a) dudpepenyupyema no o € R dan scex x € X,
mozda

Ax,0) ={a: F(x,a) = glel]% F(x,a)} (33)
a(x,0) =min{a: a € A(x,5)}. (34)

JoxkazarennbcTBo. Boinykiocrs dyukimn (f(x,y)—a) no o nogpasy-

MeBaeT BBIMYKJIOCTh dbyHKInn F (X, ) mo a. Pyukima F (X, ) BHITyKIa
u guddepennmpyema mo ¢, T03TOMY MUHUMYM MOYKeT ObITh HAIeH npu-
pPaBHUBAaHUEM YaCTHOI mpousBogHoil V, F(X, ) K HYITO.

VaF(x,0) = Va((l = B)a+ [ cpm(f(x,¥) — a)Tp(x,y)dy) =

=1=B+4Va [yepn(f(xy) — )" p(x,y)dy =

= 1= 8+ [fxysa Valf(x,¥) — a)p(x,y)dy =

=1-p5- ff(x,y)}a p(XaY>dy =1-0- (1 - ‘IJ(X’ a)) =

=¥(x,a) —

To ectb V,F(x,0) =0 < ¥(x,a) — 3 =0, 910 gokasbiBaer (33).

Oynkuns V(x,q), onpejensiemas ypasHerneMm (26), HenpepbiBHA U
MoHOTOHHA 10 . OHa mpuanMaer Bee 3uadenus B uarepsase (0,1). ITo-
sTomy st Kaxkoro X € X u 3 € (0,1) ypasuenne ¥(x, a) = (3 umeer, mo
KpaiiHeil Mepe, 0JIHO perienne oTHOCUTENbHO . 1o onpexenennto a(x, (3)
9TO MHUHUMAJbHAS BEJUYMHA, YIOBIETBOPAIONIAA TOCIETHEMY ypaBHe-
HUIO, TO eCTh ToJryvaercst (34).
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Teopema 2. B ycaosuar meopemvs 1 daa awbozo x € X dynxuyua
F(x,a) nocmoanna npu o € A(x,3) u

O(x) = F(x,a),a € A(x, ). (35)

Hoxka3zaresberBo. [To Teopeme 1 dbyuknug F(x, ) sBisieTcs KOHCTaH-
Toit Ha muoxkectBe A(X, ). IMockonbky a(x, 3) € A(x, ), To mus Toro,
9T00BI 0Ka3aTh (35), JocTaTouHo moKasarh, uto P(x) = F (X, a(x, 3)).
ITo onpenenennto dbyuxipn F(x, ) Mbl nmeem

Flx.a(,0) = (1= Oatx0)+ [ (fxy) - ale9)pexy)dy.

f(xy)2a

W3 ypaprenwnii (31) u (32) caexyer, uro = ¥(x, a(x, 3)).

(1 - ﬁ)a(xvﬁ) = O‘(X7ﬁ)(1 - \I/(X,CK(X,ﬁ)) =

— a(x, B)(1- / p(x,y)dy) = a(x, 3) / p(x, y)dy,
(x,8)2f(x,y) f(xy)2a(x,5)

/ (F0x.y) — ., B))plx,y)dy =
F(xy)za(x,0)

fx,y)p(x,y)dy — a(x, B) / p(x,y)dy.

/f(x,y)>a(x7ﬁ) fxy)za(x,3)

B pesyabrare momyuaem

F(x,a(x,3)) = ff(x,y»a(x,g) f(x,y)p(x,y)dy = ®(x),
9TO JIOKA3BIBAET TEOpeMy 2.

Teopembl 1 u 2 MOKA3LIBAIOT, UTO 337398 MUHUMHU3AMMH (DyHKITII
®(x) na mHO)kecTBe X MOXKeT ObITH CBeJleHa K 3ajade MUHUMU3AIMN
dbyukmun F(x, ) va maO)KecTBe X X R. JleiicTBuresnbHo,

in F = min min F = min I = min P(x).
¥t 00 ) = R TIR FO00) = FEoaGo ) = g o)
(36)
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[TpemosioKuM, 9T0 UCTIOIb3Ysi METOJIbI OTITHUMUBAIN, Mbl HAITLJIA OT-
TUMAJIBHBIE BeKTOp (X, a*), To ectp F(Xx*,*) = mingex acr F(X, @).
Torpa x* — 910 TOuKa, rje gocruraercss Muanmym yakunn P(x) Ha
muOKecTBe X. (X, ) = argmin{a : F(x*,a) = F(x*,a*)}. Takum 06-
pasom, MuHnME3UPYs F(X, ), Mbl MOXeMm ojHOBpemeHHO Haiitn VaR u
ontumasbHblit CVaR.

Ecmu uarerpan B8 dopmyse (30) mMoxkeT ObITH mMOCYMTAH UM TTPUOJIU-
JKEH aHAJUTUIECKH, TOTJA MOXKHO MUHUMU3UPOBATh (GyHKImO F(X,a)
C TMOMOINBIO TEXHWKHU HeJuHeiHoro mporpamvuposBanus [10]. 3xecs pac-
CMaTpHUBaeTCs CJIydail, Korjga WHTerpaj MpubJInKaeTcs ¢ TMOMOIIbIO0 M-
HOJIL30BAHNUS CIleHapHueB y;,j = 1,..,J, KOTopele BEIOpaHBI 110 (DyHKINN
wiorHocTn p(X,y) = p(y), KoTOopasi He 3aBUCHT OT X, TO €CTh

J
/ Uy~ ) by Y (fys) ) (@D
yeR™ j=1

Ecnn dbynkims moteps f(X,y;) BBIIyKIa, MHOKECTBO X BBIMYKJIO, TO
JTIO2KHA OBITH peITieHa CJIeIYIONIasi BBIMTYKIasi ONTUMI3AIMOHHAS 33,1294,

J
- _ . N _
Fx,a)=(1-pa+J E (f(x,yj) —@)” — min . (38)
X xeX,aeR
J=1
[Tpu perrernu 3To#t 3a1a49n Oy1eT HANIEH BEKTOP MO3UIUI ONITUMAIHHOTO
noptdestsa X*, orBeuaromuit 3Tromy nmoprdeao VaR, koropsiit pasen o u
ontuvansabiii CVaR, paprbrii ﬁF (x*, a*). Kpome Toro, eciin dyHKIus
norepb f(X,y;) JuHeiiHa 1O X, 1 MHOXKeCTBO X 3a/aeTcd JUHEHHbIMH
HEPABEHCTBAMU, TOTJa MOYKHO CBECTH ONTUMHI3AIMOHHYIO 3aja4y (38) K
3ajade JUHEHHOTO TPOrPAMMUPOBAHUST

J
1 . .
(1-PRa+J ]Zl 2 xeRn,IzrgﬂgJ,aeR (39)

TPU OTPAHWUYIEHUIX

x € X, (40)

zj 2 f(x,y;) —a, 2,20, j=1,..,J, (41)
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rae zj,j = 1,...,J — BCKycCTBeHHbBIE IepeMeHHbIE.

Jng mpumepa 6yIeT pacCMaTpUBATHCS TTPOBIEMa ONITUMUBATIAN TTOPT-
densg ¢ HopMaTbHO PACTPEIETeHHBIMA JTOXOAHOCTSIMA. Byser goka3aHo,
YTO B OTOM CJIy4ae TOMXOAB MUHUMATHHON BAPUAIUH, MUHHUMAIBLHOTO
VaR w muammansaoro CVaR skBuBajleHTHBI, TO €CTh OJUH MOPTQETh
ONTMMaJIeH I BCEX TpeX KpuTepweB. [loaxom MUHUMATILHON Bapua-
UM PACCMATPUBAJICS BBIIIE, OH OyJeT UCIOJb30BaH B KadecTBe Oas3bl.
[Iycts x = (21, ..., Ty) — 9T0 TOPT(DEIL U3 N AKTUBOB, & Y = (Y1, .., Yn)
— BEKTOP COOTBETCTBYIOIINX JOXOAHOCTEH. DYHKINSA MOTEPH TOPTdEJIs,
f(x,y) = —y'x onpenengerca kax oTpumaTebHAS JOXOTHOCTH. HyKHO
HaJIOKUTh HECKOJBKO OTPAHUYEHUI:

Ha CPeJTHUE TTOTepn

px) = E(f(x,y)) < —R, (42)

Ha 107
n
> ai=1, (43)
j=1

2;20,j=1,...,n. (44)

PaccmarpuBaioTcs Tpu 3a1at:
Bamaua 1. 02(X) — mingegn ¢ orpanmaennsavu (42), (43), (44).
Banmaua 2. J-VaR(x) — mingepn ¢ orpanmdennsavn (42), (43), (44).
Bamaua 3. §-CVaR(x) — mingegn ¢ orpannuenusivu (42), (43), (44).
DopMmyIUpOBKY CyeyIonIeii TeopeMbl MokHO Haiitu B [10]. Jokaza-
TeJILCTBO TIPOBEJIEHO CAMOCTOSITEIIBHO.

Teopema 3. IIpednonosicum, wmo nomepu nopmdgeas f(X,y) nopmano-
1o pacnpedenenvt. Ecau > 0.5 6 3adavwax 1, 2, 3, mo smu 3adauu 9x6u-
BAAEHMMHDL: Y HUT 00U U MOM dice 8eKmop pewerut X, omeeuwarouut
ONMUMANDHOMY NOPMPENIO.

JlokazaTejbCTBO.
B-VaR = p(x) + a(B)o(x),a(8) = V2h 1 (28 - 1), (45)

rie h(z) = % Jo exp{—t*}dt.
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Heiicteurenbno, [ = ff(x,y)g(ﬁ—VaR)p(y)dy‘ IMycrs f(x,y) =u, n
TaK KaK IMOTePH HOPMAJILHO PACIpe/Ie/IeHEl,

w—Vaf{;—Mx) 22
= p(u)du = — exp{—— }du =
/ug(ﬁ—VaR) V2T ) o 2
-VaR)—u(x
R AU
=V s =5 M 5 = amva
(B'V;{RX—)M(X) )
. L 20(x . 2 L
= (a=v/3t) 7= . exp{—t-}dt + 5
5 <6—V3_R(>—)u<x)
20(x
26—1:—/ exp{—t2}dt,
VT Jo =

(B-VaR) — p(x)
V20 (x)

=h71(26 1), ecim B> 0.5.

B-CVaR = pu(x) + al(B)o(x), al(B) =
= (V2mexp{h~'(26 - 1)}*(1 - 9))"", (46)

rae h(z) = % Jo exp{—t?}dt.

HeiicTBUTEIBHO,
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1
ﬁ—CVaR:—/ up(u)du =
1= 8 Jus-VaR) (u)
_ 2
_ 1 — exp{—%}du —
1 =08 Jux(g-VaR) V2mo(x) 20%(x)

1 2
= T t —— Yt =
(u=p(x)+o(x)t, v/_27r(1 —8) /t>a(M(X) + o(x)t) exp{ 5 }
(8-VaR)=p(x)+ao(x))

1 o
=(t=v322) m/@%(M(X) +V20(x)z) exp{—2*}dz =

_ﬂ exp{ —221dz M zexp{—z2}dz =
a ﬂ)/ﬁ% P! }d+ﬁ(1ﬂ)/ ploedz =

B W o V) e
“o= o g T o ﬂ>/k>2 pikydh =

a2
= pu(x) + (V2r(1 = B) exp{—}) o (x) =
— (Varexp{h1 (268 — D1 - ) (%) + u(x).

22%

aZ
2

Mozxmo 3amennts (42) Ha
n(x) = —R. (47)

CrenoBaresbHO, 3a7a<H MOTYT OBITH [IEPEIICAHbl B CIEYIONEM BHUJIE:
Bamaua 1(a). 0%(x) — mingern ¢ orpammuenmavm (47), (43), (44).
Bamaua 2(a). —R+ a(f)o(x) — mingern ¢ orpannvennsvm (47), (43),

(44).
Bapaya 3(a). —R+«al(f)o(x) — mingegrn ¢ orpannaennsvu (47), (43),
(44).

OueBnHO, 9TO BCE TPH 3a7a9H SKBUBAIEHTHDI, UTO JOKA3BIBAET TEO-
pemy.

Vaanock mogobparhk Ha POCCHICKOM PBIHKE aKIIMN C HOPMAJIBHO pac-
MIpeIeIeHHBIMI  JTOXOAHOCTAMU. PaccMoTpuM moprdesib, COCTOAIMi u3
akmwmit Tpex Komnauwnii: PAO E9C, Pocrenekoma u Cypryrraedrerasa.
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O6o03Ha4nM Yepe3 m BEeKTOP CPEJHUX JOXOAHOCTEN, a depe3 V wmar-
pHUIly KOBapuaIuii JOXOIHOCTEH /I TpeX aKTUBOB.
m = (0.001248838;0.000168551; 0.001523505)
0.001377956 0.000967002 0.001048420
V =1 0.000967002 0.001204755 0.000810129
0.001048420 0.000810129 0.001165746
[Iycts Tpebyemast moxomauocts R = 0.001. Torga onTtumanbHbIN TOPT-
dep — 9T0 perenue CaeayIomeil ONTUMA3AINOHHON 33, a4n:

xT'Vx — min
xERS3

p(x) = —m’x < —R,

2;>0,5=1,2,3.

Haiinem ontuMaabHBI TOpTdEIhb IJId 3aJaHHOT0 YPOBHS JTOXOIHOCTH
C MMOMOIIBIO TPOTrPAMMBI, ONMUCAHHON BBIIIIE.

x* = (0;0.386364;0.613636),

o?(x*) = (0*)? = 0.001002945.
Torma

0.95-VaR = —R + 1.644850* = 0.051091267,

0.90-VaR = —R + 1.281550* = 0.039585806.
CooTBeTCTBEHHO,

0.95-CVaR = 0.064325084,

0.90-CVaR = 0.054579225.

Kaxk yxe 6110 ckazano, muanvusarnus CVaR u moncaer VaR moryt
OCYIIECTBIATHCS TMOCPEICTBOM TEXHUKHU JUHEHHOrO IPOrpaMMIPOBAHMSI.
JList 3TOrO JOJIKHA, PEaThCsd 33 a49a;

J
F =(1- I (—ylx—a)f in. 48
(x,a) = (1 — B+ ;( yIx - a) - min. (48)

OHa, B CBOIO OUY€pe/b, CBOJNUTCS K 3ajade:
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J
1-BRa+J ! 2 min 49
ot I Yy i, (49)

IpU OTPAHUYIEHUSIX:
T -

Zj>7ijiav Zj)O, ]_1""7‘]7

rae zj,j = 1,...,J — HCKyCCTBeHHbBIE IIepeMeHHBIE,

n (47), (43), (44).

CymectByer nporpammva Ha sizbike C JJIs peIeHust 3TOi 3a/a9u.
Hy>xno nmers cuenapun y;,j = 1,..,J B mpocTpancTse R3, pacmpeenen-
HBIE C IJIOTHOCTBHIO P(Y), KOTOpasl sIBJISIETCSI IIJIOTHOCTHIO MHOI'OMEPHOTO
HOpMasbHOTrO pactupeenenns N(m, V) B R3. [lanee pacckaspiBaeTcs, Ka-
KUM 00Pa30oM MOIEJUPYIOTCS TU CIIEHAPUHN.

p(y) = ———exp{3 (V- ww). (50)
(2m)z|V| 2

Ecin seramesmts Matpuny A takyio, uro V! = AT A (sra marpuma
HAXOJUTCS C MOMOIIBIO aJTOPUTMa PA3JIOKEHNsT XOJIEIKOT0), TO 3aMeHa
mepeMeHHbIX 1Mo popMmysie Zz = Au NpHUBEIET K CHUCTEME HE3aBUCHUMBIX
HOPMAJIbHO pachpejiesieHHsix ¢ napamerpavu (0,1) cayvaiiHBIX BeTHanH
21, 22, 23 [7]. TIpn arom ciyvaiiHblii BEKTOP y MOJEIUPYIOTCS CJIeLYIOIIUM
obpaszom. 13 ¢popmyT u =y —m,z = Au ciegyer y = m + A 'z, A
CAydaiHbIl BEKTOD Z WMEET KOOPAWHATHI 21, 29,23, HE3ABUCUMBIE HOD-
MaJIbHO pacmpesenentbie ¢ mapaverpamu (0,1), KOTOpbIe MOJETUPYIOTCS
¢ noMomipo nakera Statistica 5.0. Cama 3aj1a4a ABIsI€TCS BBIPOXK JEHHOI
3aJIavell TMHEHHOTO TPOrPAMMUPOBAHNS, KOTOPAS PEIIAeTC ¢ TIOMOIIHIO
cumIuterc-meroza [1].

B wueit qa J= 750 nosiyuens! ciie/yoliye pe3yabTaTh:

£ =10.90

x* = (0.002726;0.385811;0.611463)

0.90-VaR = 0.041819

0.90-CVaR = 0.054753;

£ =0.95

x* = (0;0.386364;0.613636)

0.95-VaR = 0.049940

0.95-CVaR = 0.064857.
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Taknm 0bpazomM, MOXKHO CIeJIaTh BBIBOI O TOM, UTO IBa TOIXO0Ia Ha-
xoxaennss VaR n ontumansaoro CVaR skBuBajeHTHEL.

4. Ha npakTuke...

Kak y»ke OBLIO CKa3aHO BBIIIE, IIOKYIKA IEHHBIX OyMar Ha BTOPHY-
HOM PBIHKE 00BITHO MPOMCXOUT 110 TIeHe crpoca aunepa (ask), a mpomaska
no nene npeanoxkenns (bid). Ipu 9ToM B3MMaeTcss KOMUCCUOHHOE BO3HA-
TpaxKaeHune. HOK&)KGM, KaK MOXKHO yquTb 9TO B KJIACCUYECKOM TEOPUH.

JomycTnM, y HAC B yIPABJICHIH HAXOAUTCA TOPTQEIb IeHHBIX OyMar
X1y ey Ty, U €I€ B JTAHHBIH MOMEHT MBI PACIOJIATAEM CyMMON HAJTUIHBIX
nener S. To ectn,

n
I:S—i-P:S—i-E CiQ;, (51)
i=1
rie I — BemuWHA WHBECTHUITNH, S — CyMMa HaJMIHBIMU, P — cTomMoCTh
noprdens, ¢; — IeHa 3aKPBITHs AKIUU -I0 Buja (€M Mbl IEpecMaTpu-
BaeM TOpTQEsb MOCIe OKOHYAHNS TOPrOBON CECCUHU, TO TO TeHa 3aKPhI-
THSA), ¢; — IUCJIO AKIUiT §-T0 BUIA, N — KOJMYECTBO BUOB akimit. Takum
G
obpazom, x; = “5*.
Wrak, mepecmarpuBaem moprdesb, TaK KaK OH C TEYCHUEM BPEMEHU
mepecTas ObITh ONTUMATBHBIM.

new

n
Jrew — gnew | pnew _ gnew Z Ciqnew Y Ciq; (52)
=1

? ) ? Prew

T
i
KOMUCCHOHHOE Bo3HArpaxkjeuwue. [lycts npu mepedopMupoBaHuu mopT-

IIycts 27°*,4 = 1,...,n — pemenne 3amaan Mapkosura. HyxH0 ydyecTsb
destst MBI CHaUasIa MpojaeM, a MOTOM MOKYTIaeM IeHHbIE OyMaru.

[Tycts ¢ — KOMUCCHOHHBIE, ask; — TieHa crpoca (MOKYIKM) i-0if OyMa-
ru, bid; — nena npeanoxenus (npogaxwn) i-oit 6ymarn. rax, npm mpo-
nazxe i-oit 6ymaru nosgygaem (1 — ¢)bid;q;, a npu mokymke j-oit Gymaru
tparim (1 + c)ask;g;.

Coprupyem akmum mo =X

110 BO3PACTaHUIO, TaK KaK COPTHUPOBATH
’(LB’UJ A new

AKIIMM 110 —L— TOXKe CaMoe, 9TO COPTUPOBATH MO 4
1

k3
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Jlokaxkem 3T0:

new q; " qi
— o (2i _ %
Aﬁi - C’L(pnew p)
. new new
Agj Ag; PN Cj4; /P > ciqpe” /P

> <>
G 7 a4 cjq; = Cigi
(™ /P —a;/P)  ei(af /P —qi/P) To ecTp 2% > A
¢jd;/P Z ciqi/P ’ z 7w

[IpenoozKuM, 9TO MBI TIPOJAeM MEepBble M U TOKYIAeM I0CJIeTHIe
(n —m) Gywmar.

SV = S+ (1—c) Z (gi— g )bid; — (1+c¢) Z (¢ —aqi)ask; (53)

sell(m) buy(n—m)

SneY + (1 — C) Z q?ewbidi + (1 + C) Z q;wwaskji =

sell(m) buy(n—m)
=S+ (L—c) > gbidi+(1+c) Y gask = f(m) (54)
sell(m) buy(n—m)

new b de Pnew new k;’L Pnew
S"U(1me) 3 T () Y T e = f(m)

C; G
sell(m) buy(n—m)
(55)
new new xbid; x%ask;,
snew 4 p Z . +(1+e) > T)—f(m).
ell(m) buy(n—m)
(56)

new
OTHOmeHHe %o 0GBIIHO YCTAHABIMBACTCS HHBECTOPOM, TYCTh B Ha-
IeM C/Iydae OHO PABHO T (T M3BECTHO).

Snew — _[’IIE’LU,),,7 P’I’LE’LU — I’II€’LU(1 _ T). (57)

Yarewm (57) u mosryanm

newbd new k’L
[ [ (1) Z T (e Y CQS ) = f(m)

ell(m) buy(n—m)
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new

e (1-r)((1-¢) Y Le:b“l"+(1+c) y o b

sell(m) !

ask;

) = f(m).

(59)

Ci
buy(n—m)

Yuaursisas (59), mosydaem

new

» % bid; % ask;
Jrew — I—cz qibldi+cz QiGSkiJFCZ %702 ZT

sell(m) buy(n—m) sell(m) t buy(n—m)
(60)
new new z " bid; zPaskiy
I - C(l - T)I (Zsell(m) T Zbuy(nfm) T) -
=]—-c Z q;bid; + ¢ Z g;ask;. (61)
sell(m) buy(n—m)
Orcrona

I[—c Zsell(m) g;bid; + ¢ Zbuy(n—m) giask;

% bid; T ask; *
1=l =7) Y seum) = — + 1 =7) Xpuy(nem) o —
(62)
[Ipenmonaraem, aro m=1. Haxogum I™°"; cantaem ¢'°" — g1, 9TOOBI
yboennThes, uTo ¢¢Y < qq; MpoBepsieM, BBITOIHSACTCA JIH, 9TO g5°Y = qo.

Ecnu Bpmmosmsgercsa, To m™e?
Ine'w

Ine'w —

= 1, unade nyctb m = 2. CHOBa HaXOUM
u T.J.

B pesynbraTe Haxomum Te IeHHBIE DyMaru, KOTOpble HYYKHO TPOJIa-
BaTh W Te I€HHbIE OyMaru, KOTOPbIe HYYKHO MOKYTIATh; TAKUM 00Pa3oM,
MBI TIOJTYYaeM ONTUMAJBHBIN MOPTQE/b, YINTHIBAIONINN peaibHble (haK-
TOPBI.

[Ipusemem mpumep, TOKA3BIBAIOIIHI, YTO ONTHMAJIbHBIN TOPTdETH U3
KJIACCUIECKON TEOPUHU U ONTUMAJIBHBIN MOPTdE/Ib, yINTHIBAIOIINI PeaIb-
Hble (PAKTOPHI, JEHCTBUTETHHO OTINYA0TCsI. PaccmMorpum noprdens, co-
crosituii w3 aknwmit nstu komnanuit: Coepbanka, Mocauepro, JIVKoiira,
Pocrenekoma u CypryrHedrerasa.

Hauasnpuerit moprdens (KOauIecTBoO akmmii):

Coepbank 3,296
Mocsuepro 4,192,646
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JIVKoitr 19,041
Pocrenexom 140,869
Cypryraedreras 0

Knaccuuecknit onmumabHbIN 1OpTdE/Ih:

Coepbank 2,393 (-903)

Mocamnepro 3,982,529 (-210,117)
TTYKotir 19,713 (+672)
Pocrenexom 220,978 (+80,109)
Cypryrredreras 30,623 (+30,623)

[Moprdens, yanTeiBatonmii peanbabie dhakTopbl (komuccns — 10%):

[5]

[6]
7]

CBepbark 2,307 (-989)

Mocanepro 3,840,535 (-352,111)
TTYKotir 19,010 (-31)

Pocrenexom 213,099 (+72,230)
Cypryrredreras 29,531 (+29,531)
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