Moaeasr caMOOdYuIIeHns JETOUHBIX
CTPYKTYyp*

FO.T". 'epacbkuna

BBenenue

B pabore cTpoutcs Moze/ib, UMUTUPYIOIIAs CTPYKTYPY U TIPOTIECC Ca-
MOOYUIIICHUA B JIECOYHBIX TKAHAX KUBBIX OPTraHU3MOB.

B peanbroil curyanuu jgérkue o6pasyoT JIPEBOBUIHYIO CTPYKTYDY,
B cerMeHTax OPOHXOB KOTOPOW MUMEIOTCS BOPCUHKW, UTPAIOIINE POJIb IC-
KaJIaTOPHOTO ME€XaHN3Ma BbIBO/JIa HAKOIIUBIIIETOCA B JIETKUX BenreCTBa BO
BHe. CerMeHThl UMEIOT pa3Hble MPOMYCKHbBIE CIIOCOOHOCTU U Pa3HY0 -
(beKTI/IBHOCTI) BOPCHHOK. qu BBIIIE OT aJIbBEOJI, TEM MOIITHEEC MEXaHU3M
mepeadn BeIecTBa N3HYTPU BO BHE.

Bozaukaer 3ajada mOCTPOEHUST MOJIEIU JETOUHOIO0 MEXaHU3Ma CaMO-
OUHITEHNs W U3YUEHUS €€ CBOWCTB.

B pabore mpemtaraercss Takast MOIENIb W JJIST HEE PeIraerTcs 3a1a9a
HaXOXK/IEHUS B CAMOM CJIOZKHOM CJIy4dae CKOPOCTH €€ OUUIIEHUS TP YIETE
3HAYEHU TaKMnx ITapaMeTpoOB MOAEJIN, KaK YHUC/JIO0O BOPCHUHOK B CErMeHTe,
ux 3¢ HEKTUBHOCTD, TJIyOWHA JPEBOBUIHON CTPYKTYPBhI U JIp., TO €CTh
BBIYUCTIAETCA COOTBETCTBYIOIIAYA CJIO2KHOCTHAA d)yHKL[I/IH IHeHHOHa.

1. OcHoBHBIE TOHATUA U IIOCTAHOBKA 3a/1aYU

IMycrs N = {1,2,...,n,...}, No = NU{0}, N, = {1,2,...,n} upn
n € N.

*Pabora BBHINOJIHEHA NPU MOep:kKe rpanTta PODU 02-01-00162a.
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Iycrs A = {a1,a9,...,a,}. Daement a; u3 A upu i € N, HazbiBaercs
sepwunoti. Ilycre B C A x A, Torjga napa (a;,a;) u3 B Ha3bIBaeTCs
pebpom, OPUEHTUPOBAHHBIM OT a; K j, IpH 1, ] € N,.

[Mapy G = (A, B) naszsiBaem zpagiom. Ero BepimHaMu SBJISIFOTCS 916~
MenThl n3 A, a pébpamu — mapsr u3 B. IIpo Bepmmny a; u3 (a;,a;) To-
BOPSAT, 9TO OHA WHITUMJEHTHA ITOMY pebpy, a Umcjo BCeX TaKuX pPEGep
SABJISIETCI €€ BETBJICHUEM.

Kaxaprit rpad T0mMycKaeT reoMeTpUYecKy0 WHTEPIPETAINIO CJIeTy-
FOIIIM 00pa3oM.

Kaxmoit Bepiune a; n3 A B3aUMHO OJTHOZHAYHO COMTOCTABJISETCS TOU-
K& @) B TPEXMEDHOM €BKJIMJIOBOM IPOCTPAHCTBE, MHOXKECTBO KOTODPBIX
o6o3nagaeM gepes A’

Kaxgomy pebpy (a;,a;) comocraBisieTcss OPHEHTHDOBAHHAs Jyra
OKPYKHOCTH <afi,a;), MIPU 9TOM pa3Hble JAYTH HE MEPEceKaroTCsI, KPoMe,
OBITH MOXKET, TOUEK, COOTBETCTBYIOIIUX OIHON ¥ TOi Ke BeprmHe. Boz-
nukatomas ¢urypa G’ HasbiBaercs zeomempuneckoli unmepnpemavuet
epada G.

NsgecrtHo [1], a0 Takas peanm3anus BCerga BO3MOXKHA.

B mammx paccMoTpeHuAX Tpad MOXKeT OBITH WHTEPIPETUPOBAH €ro
TeOMETPUYIECKON peam3anuei.

Hac 6yayT mnTepecoBarh crenuaibHble rpadbl, HA3BIBAEMbIE depe-
eévamu. OnpenennM X UHIYKTUBHO C WCIOIH30BAHUEM T€OMETPUIECKO
peain3aruu.

Omnpenesiernue.

1. Touxka a} sBiastercs mepeBoM. OHa JKe SIBJISIETCST KODHEM JIEPEBA.

2. lyra (a;,a’;) ® BAjie OTPe3Ka sIB/IAETCS JIEPEBOM, U @; — KOPeHb 3TOTO
JlepeBa.

3. Eciim D aBastercst 1epeBoM, TOUKA az SIBJISIETCS €TI0 KOPHEM, U 3a/1aHO
nepeso (a;,a)), To dburypa suma

a

/

a;

TOXKE SIBJISIETCS JIEPEBOM C KODHEM ).
4. Ecimm 3amanb! 1Ba gepeBa D1 u Do, KOPHIMHU KOTOPBIX SBJISIETCS OJTHA
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W Ta Ke TOYKa afi, a Apyrux OOIMUX TOYEK Yy HUX HET, TO CJIeLYyIOIasd
dburypa Takzke SBISIETCS I€PEBOM C KOPHEM B TOUKE a.

/

a,

5. @urypa D Ha3bIBAETCS JIEPEBOM, €CJIM OHA MOXKET OBITH MOJIydYeHA C
TTOMOIIBI0 KOHEYHOIO TIPUMEHEeHHs MyHKTOB 1 — 4.

Orpeskun, U3 KOTOPHIX COCTOWUT JIEPEBO, B JAJbHEHIEM OyIeM Ha3bi-
BaTh péOpaMu, a TOUYKNA — BEPIINHAME, KAK U B Cjay4dae rpados.

PaccmorpuM reoMerpuueckyio mHTepuperanuio D! koTopas moy-
qaercd u3 gepeBa D myTém 3ameHbl opueHTanuu B [ Ha TPOTUBOIIOIOK-
HyI0, nojaras KopueM B D! xopens B D.

D~ nazosém I-gepeBom.

Knacc Bcex nepeBreB obo3zuaumm uepe3 D, a kiacc Bcex [-jiepeBbeB
— gepez D!, Beigesmy 8 D! monksace Bcex I-epeBreB, Kaykasi TOU-
Ka B KOTOPHIX WHIIMIEHTHa He Oojiee, deM TpéM pébpam, TO €CTh MMeeT
BeTBJIeHNE He Oojiee IBYX. DTu [-/1€peBbs HABBIBAEM JULOMOMUYECKUMU.

Hamee Oyaem paccMaTpuBaTh TOJBKO TaKUE IE€PEBbs, XOTs HAIIN
YTBEPKIEHUS I HAX OYAyT CIPABEIIUBBIMU W JJIsi TTOAKIacca [-je-
PEBBEB C 3a/IAHHBIM BeTBJeHUEM ¢, ¢ € N.

CrenaeM HECKOJBKO JOMOJHUTETBHBIX MPEIOI0KEHU OTHOCUTETh-
o I-mepeBnes.

[punumem KaxmoMmy pebpy I-mepesa D~ uncio usz N, Koropoe Ha-
30BEM 6eCcOoM pebpa. DTO TPUMUCHIBAHNE MOIINHAM TIPABUIIY: €CJIH JIBYM
pébpaM, «BXOALAIIUMY B ONHY U Ty K€ BEPIIUHY, TPUIUCAHBI, COOTBET-
CTBEHHO, BECA @ U b, TO «HUCXOALAIIEMY» U3 HUX PeOPYy HMPHUMUCHIBAEM BEC
c>a+b.

Hasee OyieM cIUTATh, YTO KaxK0€ PeOpo pa3/ie/ieHo Ha 1 YacTell, Tjie
n € N, KoTopble HA3BIBAEM GOPCUHKAMU, 3AHYMEPOBAHHBIMUA YUC/IAMU |
u3 N,,, BO3pacTaoiumMy B HAIPABJIEHUN 00PATHOM OpUeHTaIu pebpa.

BopcunkaM MOTyT NpUIHUCHIBATBCS Uncaa 3 Ng, HE TPEBOCXOIAIINE
Beca 9TOoro pebpa, Ha3bIBAEMbIE HAZPY3KOU HA BOPCUHKY.

[Tpunumem Takxke pebpy umcio r u3 N, Takoe 4TO 7 HE TPEBOCXOIUT
Beca pebpa, n HA30BEM ero Mmepoti nepebpoca.
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I-nepeso D~!, y xKoToporo kax<ioMy pebpy MpUITHCAHBI BeC b, Taxoit
aro ¢; < b < ¢, (¢1,c2) € N, mepa mepebpoca 7 U 9UCIO BOPCHHOK 7,
o6ozraumM wepes D~ 1(cy, co;r,m). CesizkeM ¢ HEM HEKOTOPBIET TTPOTIECC,
KOTOPBIH HA30BEM npoueccom owuuwerus. OH COCTOUT B CJIEIYIOIIEM.

Cuntaem, uro B D7 (c1, co;7,m) 3aJaHbl pacmpe/e/ienns 3HaueHTil
HArPy30K MO BCEM BOPCHHKAM.

Kaskgas BOpCHHKA OCYIIECTBIAET NMepebpoc CBOel HArpy3KWM Ha CJIe-
JIYIOIIYIO C MEHBIIMM HOMEPOM BHYTpPHU pebpa 10 TaKOMY MPaBUIIY:

a) ec/Iu CJIeIyolnas BOPCUHKA MMeeT He HYJIeBYI0 HATDY3KY, TO mepebpoc
He OCYIIEeCTBIISAETCS;

) eci HArpy3Ka BOPCUHKM HE TIPEBOCXOMT 7, ¥ BBITIOJIHEHO YCJIOBUE a),
TO TIepedpaChIBAETCI Ha CJIEIYIONLYI0 BCS HArpy3Ka BOPCHUHKHU, U CUNUTA-
eTcst, 9TO eé Harpy3ka CTAHOBUTCA PaBHON HYJIIO;

B) €C/IM Ha BOPCUHKe HArpyska d 6osiee, ueM r, TO OHa epebpachiBaeT Ha
CJIEJIYIONIY 0 BOPCUHKY HATPY3KY, PABHYIO ', I OCTaBJISAET y cebst HATPY3KY
d—r;

eCJIH BOPCUHKA B pebpe sIBJISeTCs MOCe IHel, TO mepedbpoc Harpy3Ku Ocy-
HIECTBJISIETCS 110 IPaBUIam a), 0), B);

r) ecam pebpPO OKAHIMBAETCST KOPHEM, TO Mepedpoc ¢ HAMMEHbBIIEH 1Mo HO-
Mepy BOPCUHKU OCYIIECTBJISIETCS B «CPELy» IO MpaBuiaM 6) U B), B IpeJi-
IOJIOZKEHUM, YTO «CPpella» UrPpaeT POJib BOPCUHKU C HYJIeBON HAarpy3KOW;
1) eciu PeBPO 3aKAHIMBAETCS HE KOPHEM, TO €CTh €r0 BEPITMHA WHIH/IEHT-
Ha CJIeyoIeMy pebpy, ToO Harpy3Ka ¢ HauMeHbIIel 10 HOMePY BOPCHHKHI
9TOrO pebpa nepegaércess HanboJIbIel 10 HOMepy BOPCHHKE JAPYTOro ped-
pa 1o mpasuiaMm a), 6), B).

CunraeM, 94TO MPOIECC OUUIIEHUS PA3BUBAETCS B JUCKPETHBIE MOMEH-
Thl Bpemenu ¢, tne t =0,1,2,.. ..

B nynesoit Moment I-gepeso D1 (e, co; 7, n) mveer 3aanm0e pactpe-
JleJIeHIe HArpy30K 110 €r0 BOPCHHKAM.

K mepBoMy MOMEHTY OCYIIECTBJISETCS TepedpOC HAIPY30K ¢ BOPCUHKH
HA BOPCHHKY BO BCEM [-/1epeBe B COOTBETCTBHHU C TpaBUjiaMu a), 6), B),
r), a).

Ecmm 3a ¢ TakTOB Ha BOpcuHKax [-I1epeBa BOZHUKJIO HOBOE Pacrpesie-
JIEHWE HATPY30K, U XOTs Obl OfHA U3 HAIPY30K HE PaBHA HYJIIO, TO MPOIECC
[POJIOJIZKAETCSI B COOTBETCTBUM C TpaBUjiamu a), 6), B), 1), 1).
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Eciim B MOMeHT p BIEpBbIe HAarpy3Ka BCeX BOPCHHOK CTaJia, PaBHOI
HYJTIO, TO TIPOTIECC OCTAHABINBAETCS.

gleno, uro 3madenme p 3asucut ot D~ (cy, co;7,n) U HAYATBLHOTO pac-
npeJIe/IeHrs HArPY30K Ha €r0 BOPCUHKAX.

Hammreit rmaBHoit 3aga4eil OyaeT BhIABICHNIE 9TONH 3aBUCAMOCTH.

IMocaenosarensrocts pébep B I-gepese Buma (ai, @iy )( iy, Gis) - - -
(@iyy Qig oy @iy Qi s) - - - (@, 5 @7, ) HABOBEM yenvto B HEM OT a;jy JI0 G4,
u Oymem camrtarh § eé qymuoi. Haubosbinyto gauny meru B [-gepese Ha-
BBIBAEM €ro 24ybunoti. [lonaTre rayOMHBI pacIpOCTPAHUM HA BEpITHHBI
I-nepeBa.

[ycts a; — mexoropas sepmmna B D~ !(cy, co;7,n). Tosopmm, |aTo
OHa WMeeT HEKOTOPYI0 TIyOwHy h, ecjiu Kpardailiiasi Iernb OT Heé 10
kopus B D~ !(cy,co;7,n) umeer mmmmy h. Tem cambiv, rayGuHa KOpHS
pasna mymo. Ecim rmy6una D1 (cy, c2; 7, n) paBHa [, TO BCe €10 BEPITHHEI
paccaamBaloTca Ha Kaaccel Ko, Ky, ..., Kj, tae K COCTONT U3 BCeX Tex
seprmE w3 D~ 1(cy, co;7, 1), KOTOpBIE TMEIOT TTyGHHY j.

Ipu 3agamnom b uz N cunraenm D~ (cy, co;7,n) b-npasuavrvim, ecmm
KaxKJIoMy peOpy, ucxojdiieMy u3 jio0oit BepmuHb! Kiacca K, npunmcan
Bec 2/77b. Takum 06paszomM, pébpaM, HCXOASIIAM U3 BEpIIMH Kiaacca K,
Oyaer nmpunucan Bec b, a pebpy, BXOAdAIIEMy B KOPEHb — 2!=1p. Takoe
I-nepeso OGynem oboznawaTs yepes D, Lb,7,n).

O6o3znaunm uepes Dy (b, r,n) xiaacc Beex I-jepeBbes Dl_l(b, T, M), a ge-
pe3 L(D;(b,r,n)) — nanbosblee n3 BpeMEH, 33 KOTOPOe 3aKAHINBACTCS
nporecc ounmenns D) L(b,r,n) npu MPOM3BOIEHOM HAYATBHOM pACIIpe-
JIeJIEHNN HATPY30K €r0 BOPCHUHOK.

O6o3unaunm wepe3 L(b,r,n,l) nanbGosbinee u3 3HauYeHUil (HyHKIHNA
L(Dy(b,7,n)) no scem D; ' (b,7,n) ws Dy(b,r,n). Takum ofpasom, Ha-
meli TIaBHOM 3a/adeli OyaeT yCTaHOBIEHNE BUIA ITONW PYHKIUN, OOBITHO
Ha3bIBaeMoit ciiokHOCTHON dyuknueit [lerrona.

2. OcHOBHBIE PE3YJIbTATHI

3ameuanwue. [lycts b, k,r;s € Ng, b = kr + s, tme 0 < s < r, Torma B
MIPOTIeCcCe OUUCTKY BOPCUHOK pebpa Ha Ji000it (GUKCHPOBAHHON BOPCUHKE,
OY€BUIHO, HACTYIIUT MOMEHT, KOT/1a Ha Hell ocTaHeTCcsd TOYHO S TOBIJINHOK,
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a TeM CaMbIM, B CJIydYae, KOTJa COCEIHss BOPCUHKA CTAHET CBOOOIHOI,
HaIlla BOPCUHKA COBEPIIUT aKT Tepeiadn eif Harpy3ku s. Takum obpazom,
9UCJI0 TAKTOB, HEOOXOAMMBIX JIJIsT OCBODOXK I€HUsT BOPCUHKHY, PaBHO Kk + 1,
ectu s > (0, u paBHo k, eciu s = 0. 3HAYUT, MOYKHO CUUTAThH, UTO BCET/IA
b xparHO 7.

OrmernM cieayomiee 09eBUIHOE, HO TEXHUIECKN BaXKHOE YTBEPIKIe-
HUE.

Jlemma 1. Ecau pebpo (a1, a2) umeem eec b, mepy nepebpoca r, wucio
BOPCUHOK N U HAUAABHOE PACNPEdeseHue HAZDY30K NO HUM UMEEM 6UJD

2de byr,n,k e N, b=kr,x #y uxz,y € {0,r}, mo 3a speman npuy =r
u 3a epema n — 1 npu y = 0, coomeemcmeento, amu pacnpedesenus
nepetidym 6 pacnpedesenue caedyrouLezo 6uda, U 3mMoz20 He NPousotidém
30 MENDUWEE BPEMA.

Jlemma 2. Ecau pebpo (a1,a2) umeem eec b, mepy nepebpoca r, wucio
BOPCUHOK N, U UL HAYAALHOE Pachpedesenue Ha2py3or umeem 6ud
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2de byn,k € N ub=kr, mo sa epems k ono nepetidém 6 pacnpedeserue
caedyrou,ezo 6uda, u IMO20 He NPOU3OTOEM 30 MEHDULEE EPEMA.

0] — 1
b1 —
[b]— n
Puc. 2.

JokazaresabCcTBO. flcHO, ITO pacrnpejenenne Ha puc. 1 B MOMEHTHI t C
HYJIEBOT'O TI0 k-1 110C/I€/I0BATEIHLHO OYy/IeT MEHATHCS TaK:

b| |br]| |b2r] ... |bir [bGiDx| ... [r] |0
i i 1 E i
5| [5] [® b] [ 5] [5]

=0 1 =2 t=i t=i+1 t=k-1 t=k

OTKyﬂa BBITEKAECT YTBEPZKIACHUE JIEMMBbI.

Jlemma 3. Ecau pebpo (ai,as) umeem eec b, mepy nepebpoca r, “ucao
BOPCUHOK M, U UL HAYAALHOE pacnpedeseHrue Ha2pY30kK umeem 6ud

a — 1

a e

r

0

T

0 — i1
b —1i

b —n

Puc. 3.

2de byr,n,k € Nub=kr, i€ N,\ {1}, ( Z, ) 6{(2);(8)},7710

3a epemsa 2k — 1 ono mepetidém 6 pacnpedesenue, 6ud KOMOPO20 NOKA3AH
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c 0 r e
Ha puc. 4, 2de ( o ) € {( . ) ; ( 0 >}, U 9MO020 He NPousotidém 3a

MEHDUWIEE BPEMA.

c — 1

¢’ — 2

r

0

r — 1-1
0 — 1

b — i+l
b — n

Puc. 4.

HokazareabcTBo. Bocmosip3yemcss nHayKmmeit mo 4.
IIpm ¢ = 2 mmeeMm TaKyIo TIOC/IEIOBATENHHOCTD PacIpeeeHnii Harpy-

30K, KOTOPBIE TToJIydatoTcss B MomenTol ¢t = 0,1,... ¢,
0 r 0 r 0 r
b b-r br| |b-21] |b-2r 0
b b b b b b
b b b b b b
=0 =1 =2 =3 =4 t=q

Otkyna caemyet, 9To B 9TOi mocieoBaresbHocT ¢ = 2k — 1. 3Ha9uT,
HaIlle YTBEPK/IEHNE YCTAHOBJIEHO TIpw ¢ = 2 jiuid Jiroboro n = 2.
IIpu n = 7 = 3 moy9aeM TaKyro MOCIETOBATETLHOCTD:

r 0 r 0 r .. r 0
10| r 0 r 0
I! b-r b-r b-21r] [b-2r lﬂ
=0 t=1 t=2 t3 t4 t=¢-1 t=q

Otkyna caemyet, 9TO B 3TO mocaeoBaresbroctu ¢ = 2k — 1.

Takum obpasom, HaIlle yTBEPKIEHNE JTOKA3AHO I N = 3.

IIycts ¢ > 2,n > 3 m Harme yTBepxKaeHNe TOKA3aHO g BCeX %, TAKUX
qro 2 <1 <l < n.
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Veramnosum ero st ¢ =1+ 1.
Takum 06pa3oM, nMeeM CIeayIONiee paclIpene/eHne, MOKA3aHHOe Ha
puc. 5.

a — 1
a' — 2
0

T

0 — 1
b — 1+1
b —  n
Puc. 5.

B mpomecce oumimenns 3Toro crosbna g0 MOABICHAS B IEPBLIH pas
HyJist Ha | + 1 BOPCUHKE Pa3BUBAIOTCS JBA MOAMPOIECCA.

IlepBoIii TOAIPOIECC COCTOUT B TOM, YTO B KayKIbIii MOMEHT BpEMEHN
Ha BopcuHKaxX ¢ 1-it mo (I — 1)-yio B cuty depenoBanust 3uadenuii 0 u r
Ha HUX TPOUCXOIUT MEPEMEIeHre I ¢ OJHON BOPCUHKU HA COCEIHIOI.

Bropoii mosmporiecc cocrout B nepenade (I+ 1)-oit BopcuuKkoii Ha [-y0
BOPCHUHKY B HEYETHBIE MOMEHTBI BpeMeHUn 3HAYCHUA T°.

Takum 06pa3oM, B KayKIblii MOMEHT, HAUMHAs C IEPBOT0, IepBas BOP-
CUHKA TIepeqaér B «cpemay» moouepénuo r uian (. Tak b6ymer npogokaTh-
e 10 Tex Tmop, moka (I 4 1)-as BOpCHHKA He CTaHeT IMyCTOil, TO eCcTb
norpebyercs 2k — 1 takTos. IIpu 5T0M mostygaercs crosder Buga, Kak HA
puc. 5, Ha KOTOPOM CaMblil HUXKHUI HOJb cTouT Ha (I + 1)-0it Bopcumke,
a HU2KEe PACMOJIOKEHbI 3Hadenud b. Jlemma gokasama.

Jlemma 4. Ecau pebpo (ay,as) umeem eec b, mepy nepebpoca r u 4ucio
eéopcunor n, 2de byn,r. k € N u b = kr, mo navwasvrnoe pacnpedeserue
HAZPY30K €20 BOPCUHOK, NPUBEIEHHOE Ha puc. 1, 3a 8pemas %(Qn -1) -
n + 1 nepetidém 6 pacnpedesenue, nokasannoe wa puc. 6, u M0O20 He

npousotidém 3a menvuiee Pems.

Hoxka3zaresibecTBo. B mporecce ountenus pebpa (a1, az) Ipu 3aJaHHOM
pacripejiesIeHMu Harpy30K BBIJEINM JIBA TAllA.
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Slm o= e -

Puc. 6.

TlepBwrIit 5TAT COCTONT B OYUIIIEHNHT BEPXHEHl BOPCUHKN W 3aBEPITAETCS
nosiBieHreM Ha, Heii HyJis. [1o emme 2 310 mpons0iiAéT PoBHO 3a k TAKTOB
7 FICXOJTHOE PACTIPE/IeSIeHne TPUMEeT BU/I, KaK Ha PHC. 2.

Bropoit sTam cocrout B miepeBojie 3TOTO pacupesesieHnsl B pacipejie-
JIeHme, KaK Ha puc. 6. DTOT TepeBO JOCTUTAETCS 33 CIET TMPUMEHEHWST
n — 1 pa3 jieMMbl 3, 9TO MO3BOJISIET YKA3aTh BPEMs YIIOMSHYTOTO TIepe-
Boza. Ono pasuo (n — 1)(2k — 1).

Takum obpazom, obiiee BpeMs Tepexojia paCIpeeseHns, Kak Ha
puc. 1, B pacnpejiesieane, Kak Ha puc. 6, B CHJTy YKa3aHHBIX JeMM 2 U 3 1
CKa3aHHOIO BBIIIE, TOYHO paBHO k+ (n—1)(2k—1) = k(2n—1)—n+1=
%(2n —1) —n+ 1. Yro u TpeboBaIOCH TOKA3ATD.

I-nepeso u3 Dy(b,r,n) riaybunb! [, B KOTOPOM KaxKJasi BEpPIINHA WH-
nugeHTHa He OoJiee, UeM IByM pedpaM, Ha3bIBAETCS TUPJISHION 1 0003HA-
vaercst yepe3 ['y(b,r,n).

JIemma 5. Bpema owuwenua eupaando, Uy(b,r,n) npu l,b,r,n,k € N u
b = kr pasno 1(2n — 1)% + 1 — 1, u amozo ne npousotidém 3a menvuiee
e8pema.

JokazaTeabcTBO. fcHO, 9TO yKa3aHHAS TUPJISHIA UMEET BUJ, KaK Ha
puc. 7. Paccmorpum cHavanma pebpo (ag,ai), a; umeer riybuny 1. OmoO
MMeeT 1 BOPCHHOK, Mepa mepebpoca B mém pasua 2/ 717, u ero Bec pasen
2!=1p. TIo remwme 4 Toumo 3a (2n — 1)% —n+ 1 TaKTOB pacipe/iesienne
pebpa (ap,a1) npumer Buj, Kak Ha PUC. 7a, a ocrajbHbIe PEGpa OyayT
UMeTh MpeKHee PacrpeieaeHue.

C sTOro MoMeHTa HAUMHAETCS OumIneHne pebpa (ai, ag) U MPOIOJIZKA-
ercsi ouninenne pebpa (ag, ai). Bo3nukinee B HéM pacipejiesieHne TakoBo,
9TO KazKJasd BOPCHHKA B HEM HMMEET HAIPY3Ky He 6ojiee €€ Mepel Imepe-
Opoca u mpu 9TOM €€ COCeHre BOPCUHKHN 00JIaJaf0T HYJIEBOW HATPY3KOiA.
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To ectb, B TakoMm pebpe peann3yercs MPOIECC OYHUIIEHUsI, COCTOIIINN B
DOTAKTOBOM MAPAJUIEJILHOM IIEPEHOCE €ro PACIPEeSIeHUsS HA OSHY BOP-
CHUHKY BBepx. TeM cambiM, ¢ yI€TOM TOTO, 9TO Mepa nepebpoca B pedpe
(a1,az) menbIre, uem B pebpe (ag,aq), MOKHO CUYATATH, UTO MO OTHOIIE-
HUIO K Pebpy (a1, az) pebpo (ag,a1) Gymer urparh pPoJib «CPeJbl».

21—1b - 1
(ao, a1) : :
27 | —— n :
2[72 b 1 2[*1 r
(a1, a) : (a0, ay) 0
2171 r
2’?b| —— n 0
: Puc. 7a.
27b | —— 1
(a1, @) : :
27b| —— n 27
: (a1, @) 0
2172 r
: 0
b — 1 Puc. 76.
(ar1, @)
b —— n
Puc. 7.

ITpumensiem BHOBL Jiemmy 4 yxke K pebpy (ai,az), rue ay wume-
er riaybuny 2. Ilosydaem, uTo mcxomHOe pacmpesenenune pebpa (aq,asz)
mepeitaéT B pacrupeesieHne BHOa, KaK Ha PHUC. 70, 3a BpeMs paBHOe
(2n— 1)5,1 z —n+1. Jasee 6ymeT mpoaoaKaThCst ountierne pébep (ag, ai)
u (ay,a9). Tenepb oHM OyJIyT UIPaTh POJIb «Cpebl» st pebpa (ag,as).

DTOT MPOIECC PaCIPOCTPAHNM Ha OCTaJIbHBIE pEOpa. B pesysbrare 3a
BpeMsI, PABHOE CYMMe BPEeMEH Tepex0/IOB KayKI0ro pebpa OT ero MCXoj-
HO¥ HArpy3KW JI0 HArpy3KW BWJia YepejOBaHUs HyJeil u Mep nepebpoca
ero BOPCUHOK (CM. puc. 6), B TUPJISIH/IE BOSHUKHET PACIIPEIEIeHIe, B KO-
Topom pebpo (a;—1,a;), e a; umeer raybuny [, Oyjger uMerb yKazaHHOe
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qepeioBaHUEe KaK pacrpejeseHne, a OCTaabHbie PEOpa UrparoT Jjisd HEro
POJIb «CPEbI». DTO BpeMs PaBHO

2171[) 2l72b
<—2l_1r(2n—1)—n+1) + (W(Qn—l)—n—i-l) + ...+
2l—(l—1)b b
+ <72l—(l—1)r(2n —1)—n+ 1) + (;(Qn —1)—n+ 1) =
b

BaBepiienue Mporecca OYMINeHusT OyerT JOCTUIHYTO 3a CUET TOTO,
9T0 BO3HMKIIEe B pebpe (a;—1,a;) pacipejiesienne HaqHET OTaKTOBOe T1a~
paJlIesIbHOE TlepeMelienne B cTopony pebpa (ag,aq). Io semme 1, npu-
MEHEHHOM K KazKJIOMy peOpy, MoJydaeM, 9TO JJis 3aBepIleHus Mporecca
norpebyercsi Bpemsi, pasHoe (n — 1) +n(l —1).

Takum 06pazoM, 00IIee BpeMsl OUUINEHNs] TUPJISHIBI PABHO

(@n -2 —nt )4 =) +n(—1)=
T
b b
:l(2n—1);—ln—i—l—l—n—1—|—ln—n:l(2n—1);—|—l—1.

JlemMa JoKa3aHa.

Paccmorpum I-nepeso Dfl(b, r,n) u3 Dy(b,r,n). Bymem cuntarh, 910
B €10 i-M cyroe mmeetcst 2071 pébep, st Beex i € N;. Takoe i-1epeBo HazbI-
BaeM [-TOHEIM, T o603rasmM ero D)t (b,r,n). Hycts Ty (b, 7, n) — mobas
CaMad JJINHHaA HEIb B 3TOM J€PEBE, KOTOPYIO Ha3bIBAEM FHpﬂHHﬂOﬁ JJIA
HETO.

Jlemma 6. Bpemsa owuwenus I-depesa Dl_l(b, r,n) € HAUAALHOLM DPAC-
npedeseHuem 8 Hém, co8nadarowum Ha KaHcdom pebpe ¢ e20 6ecoM, PABHO
epemeny, ovuwenus mobot ezo eupasndw L'y(b,r,n).

JokazareabcTBo. Vcnomp3yem nHIyKnio no rrybune gepesa.
1) I = 1. Torma I-nepeBo sBisiercst pebpoM, a MOTOMY THDJISHION, ©
YTBEP2KJCHUE BEPHO.
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2) TlycTh Hame yTBepzKaeHne BEPHO st Beex ¢ < [, [ > 1.

[Tokazkem, aTo ono BepHO u jjis [ + 1.

I-nepeso D rnybunst [ + 1 uMeer Buj, Kak HA PUC. 8, I/e TIyOWHBI
D1 u Dy paBubr (.

Puc. 8.

IIponecc ounmenuss I-gepeBa D HadumHaeTcs ¢ OunIIeHns pebpa
(ag,a1), y xoToporo n Bopcuuok, Bec 2/7'b, mepa mepeGpoca 27 lr m
HavaIbHOE paclpeeNenne Harpy30K Ha BOPCHHKAX COBIAJAeT C BECOM
pebpa. ITo slemme 4 9T0 pacmpejesieHue MepeiieT B pacipeieaeHne de-
pesoBaHus HyJs W Mephl nepebpoca BopcmHKHM B HEM. [locae [ero, 3To
pebpo HaUYMHAET UT'PATh POJb «Cpeabl» i [-nepesbeB Dy u Do. C 3T0-
TO MOMEHTa HAYMHAECTCA TPOIECC OYUIIECHUA ITUX AePEBHEB, W IIPOIJ0JI-
JKaeTCsl mporiece oumiienusi pebpa (ag,ai), TO €CTh MPOIECC OUUIIEHUST
Bcero siepesa D. Tak kak pe6po (ag,a1) ¥Meer Bec, PaBHBIN CyMMe BECOB
pébep (a1,az2) u (a1, ah), T0 m0bast BOPCUHKA B HEM, HAIDYKEHHAsI Hy-
JIEM, MOKET NIPUHSTH OJJHOBPEMEHHO JI00bIe 1epedpockl u3 pébep (a1, ag)
u (a1, ab). BuaunT, OJHOBpEeMEHHBIH mporecc ounmienuss Dy u Dy 9K-
BUBAJIEHTEH 10 BpeMeHH mporeccy ouminenus Di. ITo mpeamosnokeHuto
WHIYKITUU TIPOIECC ouuniieHus [)] 10 BPEMEHU SKBUBAJIEHTEH ITPOIECCY
OYUINEHNUs] B HEM TUPJAHIBL. 3aMedas, 4TO THp/dHIa B D obpasyercs
rupsista 1ot 8 Dy 1yTém npucoennnenust K Heil peGpa (ag, aq), mosydaem,
YTO OYHINEHNE STON TUPJSH/IB SKBUBAJEHTHO OYUINEHHWIO BCErO JiepeBa
D. Jlemma joka3ana.

Teopema 1. Ecau k,b,r,n,l € N u b= kr, mo umeem mecmo caedyio-
wee pasencmeo
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L(b,r,n,l) =1(2n — 1)2 +1—-1
HoxkazaresanscrBo. [lycrs D — npoussoasroe I-gepeso uz Di(b,r,n).
OueBumiHO, eciu 33a/aHbI JBA HAYAJIBHBIX PACIPEIE/IEHUs] er0 HArpy30K
TakuWe, 9TO0 Ha OJMHAKOBBIX PEOPAX y BTOPOTO PaCIpEIeeHUs HArPY3-
KU HE MEHbIIle, YeM y MEPBOTO, TO OUMINEHUE BO BTOPOM Cjaydae OyaeT
OCYIIECTBJISITHCST HE CKOpEe, 9YeM B MEPBOM CJIydae.

Paccmorpum l-nonoe I-1epeso Dl_l(b,r,n) u3 Dy(b,r,n). fcro, aro
D gaBjistercst 9acTbhio Df L(b,7,n). I3 ykazanubIx BBIIeE (BAKTOB BHITEKA-
€T, 9TO BPeMs €ro OuUnIlenns OyIeT He TPEBOCXOIUTh BPEMEHU OUUIICHUS
[-mostHOTO I-11EpEBa Df L(b,7,n), B KOTOpOM HAYAILHOE pACIIpEsIeeHIze
Harpy30K B KaXKJOM pebpe pPaBHO €ro Becy. SHAUWT, 3HAUEHUE (PYHKIINN
L(b,r,n,l) nocruraercs wa nosuom [-gepese. Ilo semme 6 Bpems ounriie-
nua [-nonmoro I-gepesa Dl_l(b, r,n) PABHO BPEMEHU OYMIIEHMUsI ero M'Mp-
aguel. [lo temme 5 9ta rupsisiaga ounnaercs 3a spems [(2n — 1) g +1—1.
Teopema mokazana.

B zakmtouenue aBrop Osmarogaput akajgemukoB B.B. Kympsisuea u
AT. Yyganuna 3a HayIHOE PYKOBOJCTEO.

Criucok aurepaTypbl

[1] fA6monckuii C.B. Beesenne B quckpernyio maremaruky. M.: Boicras
mKosa, 2002.



