DKCTpeMaJIbHbIE 331249 Ha O0€CKOHEIHBIX
nyTax rpada’

A. Cadbuymmun

B pabore paccmarpmBaioTcs OGeCKOHEYHBIE MYyTH KOHETHOTO
OPHUEHTUPOBAHHOTO IPada U MPeIaraeTcs CIeKTpP IKCTPEMATbHBIX
33724 HA MHOXKECTBE TAKWX TyTeii. /[Jist pe1IoyKeHHbBIX 3a/1a9 10~
Ka3bIBAETCs CYIIECTBOBAHUE AJITOPUTMOB HAXOXKIEHWS KOHCTPYK-
TUBHbBIX PELICHUN.

1. BBegenue

W3BecTHB pasmaHble SKCTPEMAJIbHBIE 3343491, (DOPMYIUPYEMBbIE LI
KOHEYHBIX IpadOB, HAITPUMED, HAXOXKIEHNE MUHUMAJIHHOTO T10 JIJIMHE NN
— B C/lyuae HAJIMYUS CTOMMOCTHON (pyHKImN Ha pebpax rpada — MUHU-
MaJIFHOTO TI0 CTOMMOCTH IIYTH MeXKy Bepinaamu rpada. O0bekT uccie-
TOBaHUsI B TAKWX 33/a9aX — KOHEUYHBIE TIyTH. B ganuoii pabore Mbl pac-
MPOCTPAHSIEM TTPUEMBI, UCIIO/IH3YEMbIE TIPU PEIIEHNN YIIOMSIHYThIX 33,144,
Ha 9KCTPEMAJIbHBIE 33291 HA MHOXKECTBE OECKOHEUHBIX TIyTeil KOHETHOTO
rpada.

HeobxomMoCTh 9TOTO BO3HUMKJIA B CBS3U C OIEHKON ONTUMAIbHOCTH
MOBEJICHNST ABTOMATA B IPOCTPAHCTBE €r0 BXOJIHBIX CBEPXCJIOB. Pacemor-
penne OECKOHEUIHBIX mMyTell Ha rpade WHIYIUpyeTcd mpoberanuemM CoCTO-
SHUSMU aBTOMAaTa COOTBETCTBYIOIINX IMyTeil Ha ero auarpamme Mypa o
BO3/IEICTBIEM TIO/IABAEMBIX HA BXOJ, CBEPXCJIOB.

B mpegaraemMom mccimeoBaHnn pacCMaTPUBAECTCS Jaxke bostee obTmast
CATyaIud.

*Pabora BBITIOJIHEHA TIPU TIOJepKKe rpanta PODPU 02-01-00162a.
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2. OnpenesieHust 1 06003HAYEHUSA

Pacemorpum koneunsrit opuentuposanubiii rpad S = (V, E), rue V —
MHOXKECTBO BepIuH rpada, a £ — MHOKeCTBO ero pebep. Cunmraem, 94To
Ha pebpax rpada onpenenena GpyHKnusa croumoctu ¢ : B — R, koTopyio
pacCIpoCTpaHsieM HA KOHEUYHBIE IMyTH rpada, moJiaras:

n

cla) = Zc(ei), e o =ejp...e, — nyth B rpacde S, ¢; € E.

i=1

Yepes ||a|| mng koreunoro mytu o 6ygaem 0603HAYATE €0 JIJIHHY, TO €CTh
qncao pebep B HEM.

OrpannanmMcst j1ajiee pacCMOTPEHUEM JIUIb TpadoB, HE HUMEOINX
kparabix pebep. Kak mbl yBuanMm majee B ¢Bs3u €O crenuduKoOil onpee-
JIEHUSI CTOMMOCTH KOHEYHOTO TYTH, BBEJEHHOE OPTAHWYEHWE HE MOBJINS-
er Ha O0IHOCTh paccyxaennii. [Insg Takux rpados MHOX)KecTBO pebep F
MOXKHO WHTEPIPETUPOBATH KaK MOJAMHOXKECTBO JEKapTOBOTO KBapipaTa
V x V mHOXkecTBa BEPIUH.

Hamnee 6ymem 0603HaUATH KOHEUHBIE TyTH Ipada KaK KOHEIHYIO TI0-
CJIeIOBATEHHOCTE BEPIIUH Tpada:

a=ag...an, a; €V, (aj,a+1)€E, |laf|=n.

QukcupyeMm HyMepaImo MHOXKECTBa V', TO ecTb OmekTmBHOE 0TOOpA-
JKeHue

w:V—=AL...,|V]}.

O6ozrarmv wepes V), MEOKECTBO MEHIMATBHBIX IO CTONMOCTH Ty Tel
JHBL 1 Meskry Beprmmaamu 4 (p) wop~ (). Onpenemum cemeicTro
marpur, M; pasmepa |V| x |V|: snement, crosiinuii Ha niepecedeHnu p-oii
CTPOKH W ¢-OTO CTOJONA MAaTpPHUIEl M;, TOJOKIM:

cla),a €V, ecm Vi #@

pa +00, nHaYe.

Cuuras mymepanuio p GUKCHPOBAHHOU, B JasbHefinleM OyjeM OIyCKaTb
JAaHHBIA CUMBOJI U NUCATh, HAIIPUMED, C v1,v9 € V, nmogpasymeBast

i
TOZL STUM €)1 (05) "

)
v1v27
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Qopmanuzyem nonsitre beckonewynoro nyru. Hazosem 6eckoHedHBIM
myrem Ha oprpade S = (V, E), rae V — 510 MHO)KeCTBO BepimH rpada,
a F — muo)kecTBO €ro pedep, pyHKIMIO

fIZ+—>V,

takyto, uro 11 (f(k), f(k+1)) € E na moboro k.

Boigennm Bo mMHOXKECTBE BCEX OECKOHEUHBIX IIyTEH IMOIMHOYKECTBO,
9JIEMEHTHI KOTOPOTO MOT'YT OBITh 3a/[aHbl KOHEYHBIM CJIOBOM U3 a/jihaBUTa
V. NabiMu cjoBamMu, HA30BeM OECKOHEUHBIN yTh f paldoHaIbHbBIM, €CJIN
CYIIECTBYIOT YUCJIa M U N TAKWe, YTO Jiisd J06010 k n3 Z BHINOJIHEHO:

fm+k)=f(m+k+n). (1)

Muave roBopsi, paluOHAIBHBIA IyTh COCTOUT W3 HEKOTOPOTO IIyTH
IJAUHBI M 1 0€CKOHEYHO TTOBTOPSIOIIETOCS UKIa AanHbl 1. Hazosem mu-
HUMAJIBHOE 7, JJIsi KOTOPOI'O CYIIECTBYeT Takoe M (n), 9T0 BBINOJIHSIETCS
cootHomernne (1), IIMHOM TEPUOUIECKOl YaCTH PAIMOHAIBLHOTO TIyTH,
WA [IEPHOJOM, a MUHWMAJIbHOE u3 m = m(n) — JJINHON HemepuoIn-
9eCKOl 9aCTh PAIMOHAIBHOrO myTu. Hagasmo [iwHbl m, COOTBETCTBEHHO,
6y,Z[eM Ha3bIBAThH HeﬂepHOﬂquCKOI;'I YaCThIO PAITUOHAJIBHOTO IIYTH, & ITUKJI
f(m)... f(m + n) HazOBeM MEPHOLMYECKON YACTHIO PAIMOHAILHOTO IIy-
. O603HAYUM [IjIsT PAITMOHAIBLHOTO IyTH f 4depe3 f.. ero Hemepuoande-
CKYIO JaCTh, Uepe3 fr) ero mepuojndecKyio 9acTb, a 4depes ||f|lg cymmy
m+n = ||fs]| + ||fol| n nHazsoBem 31y cymmy panmonanbHO JnHOM
My TH.

JIroboit parmmona bHBIN myTh [ MOXKeT OBITH 3ajaH TApOil KOHEd-
HbIX nyTeit (fo, foy), yaosaersopsitomeit ceoiictBy fou (|| fs|]) = for(0) =
follfoll), cremyrommy o6pasom:

fo(k), ecim k < ||fw]|,
fo(k? - ||f~»||), nHaJe.

Beckoneunble myTH, HE SIBJIAIONMECS PAIMOHATBLHBIMU, HA30BEM Hp-
PAIHOHAIHHBIMH.

Beesem ere HeckosibKo obozHauenuil. Jlis KOHEWYHOTO Myt o =
ap...ap depes «fi) Gymem 0003HAYATH BEPINUHY O modn, ¢ € L,
n = ||la]] = 0 (upu n = 0 wuMeem Tak Ha3bIBAEMBbIH BBIPOK I€HHBIH

fk) =
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MyTh, XapaKTePU3YIOIAHCA JNITh HAYAJIbHON, OHA YK€ KOHEIHAas, BePIIIN-
Hoii (0) m mmeron il HyJIeBBIE CTOMMOCTH U JIIMHY ), a 4depe3 la, | € N,
yTh, COCTOSAIINIT U3 TIOBTOPEHHOTO | pa3 nukia «, npudem (la)(i) = a(i).
Hazosem komkaTemamumein o3 AByX KOHEUHBIX IyTeil o m (3, YJAOBJIETBO-
pstorux yesosuio o||a||) = B(0), myTs 7y, OmpeeseHHbIH CIeayIOITIM
obpazom:

a(), ecan i < |||

V(i) = i = {0, el + IB]]}-

Bi = lal]),  mmage,

CkazkeM, 9TO MyTh Y COJEPKHUT TyTh (v, €CJU CYIIeCTBYIOT (BO3MOMKHO
BBIPOXKJIEHHBIE) TIyTH (31 U [Jo Takue, uTo 7 = F1afs.

Pacemorpum mexnit koneunstii nyts «. Ecim a(0) # «a(||al]), To onpe-
JIeJTUM HEIHKJIHYECKYH0 9acTh My TH (¢, KAK MUHUMAJILHBIN IO JIJTHHE 1y Th
u3 seprmabl «(0) B af|||]), aBasromuiicss mOAIOCIEI0BATEIBHOCTIO TI0-
cyieloBaTesIbHOCTH pebep ¢, = {(a(i), (i + 1))}l~|:a(‘)|71. N3 ceoiicTBa
MUHAMAJIBHOCTH CJIEYeT, YTO HEIMK/INIeCKas JacTh IIyTH HE COMEPIKUT
OUKJIOB, TO €CTh ABJIFAETCA TPOCTHIM ITIYTEM. MHO}KeCTBO OUKJIOB, TIOJIYy-
YEHHOE M3 TIOCJACJOBATEIBbHOCTU P, BBIYEPKUBAHUEM YJIEHOB, COCTABUB-
MIAX HEIUKJINIECKYIO0 JacTh MyTH (v, HA30BeM I[HKJIHIECKOH YaCThIO TIy-
. CTOMMOCTBIO (JJTMHO#) TIMKIMIECKON TaCTH HA30BEM CYMMY CTOMMO-
creit (ymH) BXOAAIMX B Hee IMKJIOB. QUeBHIHO, ITO CyMMa CTOMMOCTER
(TMH) TUKIMYECKO 1 HEIMK/IMYECKOl 9acTeil Iy Th COBIIaeT CO CTOU-
MOCTBIO (¢ mHOf) Beero mytn «. B cayuae xe, xorma a(0) = a(||«l]),
CKayKeM, UTO MYyTh (v MMeeT BBIPOKJIEHHYI0 HEINKINIECKYI0 YaCTh, CTO-
UMOCTH U JJJINHY KOTOpOf/i TIOJIOZKVM PAaBHBIMU HYJIIO, 1 9TO €TI0 HUKJINYe-
CKasl 9aCTh COBNA/AET C HUM CAMWM.

O6o3naunm 4gepe3 M u m, COOTBETCTBEHHO, MAKCUMYM U MUHHUMYM
dYHKIINYM CTOMMOCTHU, OTIPE/Ie/IEHHO Ha pebpax JaHHoro rpada, a depes
u(a) — dbynkuumio cpeaneit crommocTn pebpa myTH, ONpPEJIeSeHHYI0 Ha
MHOYKECTBE BCEX KOHEUHBIX myTeil rpada:

_d)
#@) = Ylalr

Torga B ganHbIX 0003HAYMEHUSX OUYEBHHO, ITO JJIA JIFOOOIO KOHEYHOTO
nyTu o Beinosieno m < pu(o) < M.
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3. IlocranoBKa 3KCTpeMaJIbHBIX 33Ja9 HA MHO-
KecTBe OECKOHEYHBIX MyTeit

PaccmoTrpuM cemeiticTBO 3KCTpPEMA/IBHBIX 33J1a9 HA MHOXKECTBE Oec-
koneuHbIXx myTel rpada. Ilog skcTpemanbHOil 3amadeit OyaeM mOHUMATH
3a7a4uy Ha HAXOXKJIEHHE OECKOHEYHOrO IIyTH, SKCTPEMAJILHOIO0 C TOYKHU
3pEeHUs] CTOUMMOCTHOM METPUKHU, HWHIYIITMPOBAHHO HA KOHEYHBIX ITYTIX T10-
CPEeJICTBOM 3aJIaHusi CTOMMOCTH pedep.

Kak 6ymer mokazamo HuzKe, g 1000 M3 pacCMOTPEHHBIX SKCTpe-
MaJIbHBIX 33/1a9 CYIIECTBOBAHUE PEIIEHUS BJIEUET CyIIECTBOBAHUE PAIlU-
OHAJILHOTO PEIEHUs, & M03TOMY OyIeM MCKATH JIUIIh PAMOHAIbLHBIE Pe-
IeHusi, Kak 6ojiee ymoOHbIE ¢ TOYKN 3pEHWs] WX TPEeICTaBaeHus (Tpej-
CTaBJISIIOTCS. KOHEUHBIM CJIOBOM 13 ajipasuta V).

[lepeitnem Temephb K (GhOpMyIHPOBKE 3a7ad Ha SKCTPEMYM, KOTOPBIil
MOJIOZKAM MHUHHMYMOM, UTO, OJHAKO, HE CKA3LIBAETCS HA OOIIHOCTH Pac-
Cy2K/IeHU.

3.1. OnTuMaJIBLHOCTL B CJIAOOM CMBICJIE

Hazosem GeckoHedHBINH TyTh ONTHMAJIBHBIM B CJa00M CMBICJIE, €CJU
(63
Jif00asi ero KOHEYHAsd YaCTh ( MPUHAJJIEKUAT MHOXKECTBY VH(Ol)|a(||a||)' n

(0%
MIEPBOIT SKCTPEMAIBHON 3ajatueil 0003HaAYNM 33129y HAXOXKIEHUST OITH-
MaJILHOTO B CJ1a00M CMBIC/IE PAIlMOHAILHOTO IIyTH, BBIXOASIIEr0 U3 JAH-
Hoii Bepmuubl. Vnn, B (bopMaIbHON IOCTAHOBKE, YUUTHLIBAS TO, YTO JIIO-
001l Ty Th, CO/IEPKAIAICT B MUHUMAJIHBHOM IIyTH TAKXKE MUHUMAJICH, TMe-
€M:
Hatimu na pacemampusaemom epage S = (V, E) ewzodawyut us dan-

HOU BEPWUHDL A PAUUOHAALHBLT nYyMb [ makot, wmo

c(f(0)...f(k) = Cl}(o)f(k) daa awbozo k € N.

WNubivMu clioBaMu, ONTUMAJIBHBIH B CJIA00M CMBICTIE Y Th 03HAYAET, 9TO
HaM HE BAXKHO «KyJa» Mbl UJIEM, BAXKHO JIUIIb, 9TO Kyda Obl MBI He TN
o rpady, MBI UJIEM TYJIa TI0 MUHUMAJbHOMY TyTu. OJHAKO, OBIBAET, UTO
IIyTH, BEAYINE B pa3Hble BEPIINHBI, MOI'YT CYIIECTBEHHO OTINYATHCA I10
CTOUMOCTH, XOTsi 00a OyIyT ABAATHCA JACTAMU ONTUMAIBLHBIX B C1aO0M
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cMbicsie OeckoHeuHbIx myTeit. U B ciemyrorieit 3a1ade Ha SKCTPEMYM MbI
3aTPOHEM JIAHHBIA ACIIEKT.

3.2. OnTuMaJIBLHOCTH B CUJIHHOM CMBbICJIE

Hazosem Geckomewuniii 1yTh ONTHMAJJbHBIM B CHIBHOM CMBICJIE WJIN
abCco/TFOTHO ONTHMAJIBHBIM, €CJIU CTOUMOCTD JIIOOOTO €ro Hadaja He Ipe-
BOCXOJIUT CTOMMOCTU HAdYaga TaKOil Ke JJUHBI JO0TO Jpyroro myTH,
BBIXO/IAIIET0 U3 JIaHHON BEPIIUHBI.

3a1aIUMCsT  TIETBI0 OTBICKATD IIYTU SIBJISIIONIHECST aOCOIOTHO OITH-
MaJIbHBIMU TI0 CTOUMOCTHU CPE€JIM BCEX IyTell, BHIXOASAIINX U3 HEKOTOPOi
Ha4aJIbHOI BEPIIUHBL:

Hatimu na paccmampusaemom epage S = (V) E) ewzodauwuti us dan-
HOU BEPWUHDL A PAUUOHAALHBLT nYyMb [ makol, uwmo

c(f(0)... (k) < c(f0)... f(k)) dan mobozo k u aobozo nymu f

makozo, wmo f(0) = a.

OueBuiHO, 9TO aOCOIOTHO ONTUMAJBHBIN TIYTh CYIIECTBYET HE BCe-
riaa. Bo3aMmoxkHO maxke, 9TO i Jit00OW BEPIWHBI HEKOTOPOTO Tpada He
CyIIecTByeT abCOIIOTHO ONITUMAIBLHOIO OECKOHEYHOTO TyTH, BBIXOIAIIETO
"3 Hee.

3.3. AcuMnrornueckasd ONTUMAJILHOCTH

Kak 0b110 moKa3aHo B MpeAbIAyINeM IMyHKTE, ObIBAIOT CJIydan, KOraa
JIJIT HEKOTOpO#l BepiuHbI Tpada He CYIECTBYyeT abCOJIOTHO ONTHMA/Ib-
HBIX 10 CTOMMOCTH IIyTei, BBIXOISIINX M3 Hee, a TaKKe KOIJa TaKOTO
MyTHU HE CYIIECTBYeT i 000 BEPIUHBI HEKOTOPOTo rpada. B cBazm
C 9TUM B JIAHHOM IYHKTE TepeijieM K PaCCMOTPEHUI0 OECKOHEUHBIX IIy-
Teit, He SBJSIONUXCS aOCOTIOTHO ONTUMATBHBIMU, OJHAKO 00JIaAI0NINX
CTIEIUAJIBHBIM CBOHCTBOM, TMPUOJIMKAIOTINM UX K TAKOBBIM.

Hazosem Geckoneunblit MyTh ACHMIITOTHIECKH OITHMAJIHHBIM, €CJIN
JUts JiF000T0 APYroro myTH JII0OOe €ro Hava 0 JJINHBI OOJIBIE HEKOTO-
poii 3ajaHHO#, MEHBIIE TI0 CTOUMOCTH HAda/ia TaKOW Ke JJIUHBI JII0O0T0
JIPYTOro MyTH, BBIXOIAIIEr0 U3 JAHHOW BEPIIUHBI.
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QukcupyeM HEKOTOPYIO BEPIIUHY U 33 UMCS 1160 HANTH PaIino-
HaJIbHBIN IIyTh, BBIXOAAIINNA U3 JAHHON BEPIIUHBbI U ABJIAIOIIANCA aCUMII-
TOTUYIECKU ONTUMAJIBHBIM, WK B (DOPMATHLHON MTOCTAHOBKE MMEEM:

Hatimu na paccmampusaemom epage S = (V) E) ewzodauwuti us dan-
HOT BEPUIUHDL G PAUUOHAABHBIT nymb [ u wucao kg maxue, 4mo

c(f(0)... f(k) < c(f(0)... f(k)) dan mobozo k > ko

u 4100020 nymu f, 6bix00AUWE20 U3 BEPULUHDL G.

N renepsn, chopmympoBaB 3aatuu Ha IKCTPEMYM HA MHOXKeCTBE Oec-
KOHEYHBIX TyTel rpada, mepeiieM K ONMCAHUIO MOIYyIEHHBIX Pe3yJIbTa-
TOB TI0 UX PEIIEHUIO.

4. MuHUMAaJbHBIE ITUKJIbI

[TocBsiTuM [aHHBIN TYHKT OMUCAHUIO MUKJIOB Ipada, HA3BAHHBIX MU-
HUMAJTBHBIME (B PA3IMIHBIX CMBIC/IAX) U 0013 TAIOIINX HEOE3bIHTEPECHBI-
MW B TIJIaHE PENeHNs MOCTaBJIEHHBIX 33/1a4 CBOWCTBAMMU.

4.1. MuHNMAJIBLHOCTL B CJIaOOM CMBICJIE

[IycTsb st HEKOTOPOIL BEPIIUHBI @ pacCMaTPUBAEMOTo rpada ompejie-
JIeHHas BBINIE BeananHa ¢, < oo. Hazosem 11000it UK/ N3 MHOXKECTBA
V] MHHEMAJIBHBIM B CJ1a00M CMBICJIe, €CJIU JJ1s BCeX HaTyPaJIbHBIX | Bep-
HO PABEHCTBO

cn —en (2)

aa aa*

OboznaunM uepes a¢, OTMH U3 MEHUMAJILHBIX B C1a00M CMBIC/IE IHK-
JIOB JIJTUHBI 7, TIPOXOJISIIIUX depe3 BepImHy a. JlokaskeMm cJieryiolnee

Vreepxkaenue 1. Ilycmo yuka afy nporodum uepes 6epusuns a,ar, . . . ,
ap—1,a, mozda das awboeo i € {1,...,n — 1} umeem

In _ _In
Can = Caya; 014 6cex | € N.

HoxkazarenbctBo. Ilycts 310 He Tak. Ilpeamonoxkum BHAuUAME, uTO i

TaKoe, 4To Jyis HekoToporo | ¢ > cﬁgai. BospmeMm npou3BOIBHBIN UK
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o u3 Vcll?ai. W3 crnenaHHOrO IpeIO/IOyKEeHUs BBITEKAET, UYTO OH OTJIAYA-
erca or nwkaa laf, (BBUAY pasmuuHoil crommocTn: ¢y, = cln £ cg}al)
[Tycte myTh 3 HaumHaeTCa B BEPIIMHE @ M COBHAJAeT C IMKJIOM agy 10
BEPIIUHBI (; BKIOYNTEIbHO. Jlaee mycTsh myTh  COBIAIAET ¢ IIUKJIOM (v
U 3aBEPINAETCA MyTeM MEXKJY a; U G, COBIAJAIONIAM HA 3TOM OTPE3KE C
nukioM afy. Takum obpazoM mocrpoennsil myTh 3 nmveer gauny (I+1)n.

Onanako
. on _omn nl n nl __ n _ (I+1)n
C(B) - Caa + C(a) - Caa + Caiai < Caa + Caa - (l + 1)Caa - Caa )
(I+1)n
Y9TO IMPOTUBOPEYUT MUHHUMAJIBbHOCTHU BEJIUYIHNHBI Cqq .
Temephb TOMYCTHM, UTO J/Tsi HEKOTOPHIX i ¥ | BBITOJHEHO ) < cﬁgai.
n o__ n . n n n
Ouesnyro (mockonbky ¢y, = c(af,) m a; € agy), uro ¢, < Cpy, @ HOITOMY
nMeeM:

in In n n __ In
Caa < Caiai < lcaiai < lcaa - Caa’

TO €CTh IMOJIydYaeM IPOTUBOpeYre, KOTOPOe B IMape C MOJIYyYeHHBIM paHee
JIOKa3bIBAET yTBEPIKJICHUE.

CaenctBue 1. lonamue MUHUMAALHOCNY 8 CAGOOM CMBICAE ONA UUKAQ
HE 3ABUCUM, OM, BEPULUHDBL, OMHOCUMEABHO KOMOPOT NPOCEPAECMNCA YCAO-
sue €20 munumasorocmuy (2).

HokasarenbcTBO. B camom siesie, mycTh MUK agy NPOXOJUT HYepes Bep-
IIAHBL Ad1 . . . Gp_10, BCIEACTBHE JTOKA3AHHOTO YTBEPKIEHNS M II0 OIpe-
JIeJICHUIO TIMKJIA agy I HeKOTOPOTO ¢ M NPOM3BOJILHOTO | BEpHO cﬁ{},ai =
cn = cn, = lcy,q, (MOCTe e PaBeHCTBO eCTh IPUMEHEHHe JT0Ka3aHHOTO
yTBpex 1enus jst | = 1).

HaSOBeM IOUKJIbI @ "1 /8 NUKJINIHO-CBA3aHHBIMHA, €CJIn CYyHIeCTBYET
[UKJI 7Y, UX COAEepzKalluii.

Vreepxkaenue 2. [uxa o — MURUMAADHDIG 6 CAGBOM CMBICAE UUKA,
mozda u Moavko moezda, Ko2da OAs A106020 yuraa 3, UUKAUYHO-
ceasannozo ¢ «, eepro p(a) < u(B).

JokazarenbcTBO Heobxomumoctu. llpenmnosokum TPOTHUBHOE, TO
€CThb CYIIECTBOBaHUE IUKJA [3, TMUKINIHO-CBSI3AHHOTO C (v, TAKOTO, UTO

w(B) < p(a).
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Paccvorpum 1wk 7y, comepaKaimii 1ukasl « u 3. bes orpanudenust
OOIITHOCTH IUKJI Y MOYKHO MPEJICTABUTH KAK CJIEIYIOILYI0 KOHKATEHAIUIO:
v = ad1362, npudem myTh § = 0109 aBiasiercs 1ukaom. Obo3HaunM Ny =
[lal, ne :=|8|] u ng := ||d]| u permum muodanToBO ypaBHEHNIE

niki — naks = n3C, (3)

rae C' = (n1,ng), T0o ecTh HAMGOIBINUHA OOUIMI JIeJIUTENbh YUCeT Ny U No.
Ero pemenne nveer sus k;(k) = Cik +C2, k€ Z, C} > 0.!

O6o3naunm Bepmuny «(0) depes a. Paccmorpum mpoxomsiimii gepes
sepumnny a nukia e, = (C0)(k2(k)B3), k € N. Jdnmua jpannoro nukia
\lexll = ClIo]| + k2(K)[|B8]] = Cns + ka(k)ng = niki(k), B cuy coorser-
CTByOIIIEl 3aBucuMocTu k1 u ko OT k, JI€TAI0NNX UX KOPHAMY YPaBHEHUS
(3). OueruM CTOUMOCTD TUKJIA Ef:

(ex) = Cc(d) + ka(K)e(B) = Ce(6) + ka(k)nap(B) =
— Ce(d) + (niky (k) — Crg)u(B) = mip(B)ki (k) + C(e(5) — nan(B)).
)

Ucxona n3 upenmosnoxkenus, 910 ((F) < p(o), n BBUAY JnHEHHOI
3aBucuMoOCTH ¢(£)) OT k, mOJydaeM, 4TO HAYWHAsI C HEKOTOPOrO ko Bbl-
nosreno c(eg) < nip(a)ky (k), Vk > ko.

Taxum 06pas’oM, /I HEKOTOPOTO k mMeeM, aTo c(eg) < nip(a)ky (k).
Ternepb, M0IB3YSACH YCJIOBHEM MUHUMAJIBLHOCTH [UKJIA ( U CJIEJICTBUEM U3
yTBep:KIeHus 1, moydaem, 4ro

ky (k)ellell = cha®lled]

1, npogomkasi HEPABEHCTBO I C(El%)’ [O/Ty HaeM:
cley) < nap(a)ki (k) = ki (k)lell = @Il

Benovmmas, aTo aymHa MHKTa €4, eCTh ||e || = niki(k) = ki(k)||a||, mpu-

1(k)]|a|

XOAWM K IIPOTUBOPEYNIO C MUHUMAJIBHOCTHIO BEJIMYNMHDBI Cga , KOTOpPO€
U 3aBepIIaeT JAHHOE JOKA3ATeTbCTBO OT IPOTHBHOIO.
HokazaresnbcrBo mocraroynocru. Ilycts ||a|| = n, n muksa npoxogut
Yepe3 HEKOTOPYIO BepiinHy a. Jlokaxkem, 910

1 1 ny . 1 2 i-1 .

Tounee, C; = m, Cy = (m m), uC; = (=1)"'einz(ni,n2), i=1,2, rme
KOHCTAHTBHI C; y/I0BJIE€TBOPAIOT COOTHOIIEHHUIO cl(m—n?) + CQ(M”—";W) = 1 u cymiecTByoT
BBUY MU3BECTHOTO yTBep)K,I[eHI/Iﬂ (6] CymeCTBOBaHHH IIeJIbIX YUCeJI U U v, y,HOBHeTBopﬂ—

IOINX COOTHOTIEHNIO au + bv = 1, npwm ycsioBum Toro, uto (a,b) = 1.
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1) a eVl
U3 ycioBust yTBEPKA€HNST CTOMMOCTD [IUKJ/IA (¢ HE IPEBOCXOUT CTO-
MMOCTH JII000r0 IUKJIA, [UKJIXIHO-CBS3aHHOIO C (v U MMEIOIIEro Ta-
KYIO 2Ke JIJINHY, TO €CTh N, & 3HAYUT He IIPEBOCXOUT OHA CTOUMOCTH
M000T0 THK/IA JJINHBL 1, MPOXOJSINEro depe3 Bepiuny a. Mcxonsa
U3 9TOr0 U U3 TOro, 4ro ¢(a) He MOXKeT ObITh MEHBINE ¢, , MBI 3a-

aa?
KJovaem, uro c(a) = ¢l To ectb aw € VI .

2) cn = e, nna mo6oro HaTypasBHOTO I.

[IpeamosioxkuM TPOTUBHOE, MYCTHh IJIsi HEKOTOPOTO [ BEPHO, UTO
cdn < 1ch . Tlycrs Benmunna ¢/, jocTUraeTcs Ha HEKOTOPOM IIHKJIE

B €V, Nueew,

B dp leg,  cla)
H(ﬁ)—w—m< n —T—M(a%

TO €CTh TPHUXOAWM K TPOTUBOPEUMIO, TaK KaK IUKJIbBI « u [
MUKJIUIHO-CBSA3aHbBI, U0O0 MPOXOIAT Y€pe3 OHY BEPIIUHY.

Caenctsue 2. § — MUHUMAADHYT 6 CAGOOM CMBICAE UUKA, HE ABAA-
rowutica npocmuim. Toeda Oas aobozo wuxaa o, codepotrcausezoca 6 3,
MOICHO YMEEPHCOAND, YN0 O ACAACTNCA MUHUMANDHDIM 6 CAAOOM CMbIC-
A€,

HokazarenbcTBo. Cuntaem, 4To NMUKJ (¢ HE COBIagaeT co Bcem . [o-
kazkeM, 910 p(a) = (). Tak KaK IUKJI (v TUKIXIHO-CBA3AH ¢ [ U IUKJI
(B Muanmasien B caabom cmbicae, 1o pu(f) < p(a).

[Mpexpnosnoxum reneps, uro pu(a) > wu(B). Huka F conepxur muki «,
a TO3TOMY TIpeJICTaB/IsieTcsi B Buje 5 = vy. VICnonb3ys mpenoioKenue,

MeeM:
o(8) _ elo) +er) _ clo)
1811 Mlell + 11l el
Homuoxkum obe gacru Ha ||3||:

M uc cla
= c(y) < c(a) ol = IRl (7) < ().

Iifl

cla) + c(y) < c(a) + c(a) el

[Tpubapum K obenm gacTsam c(7y):

I

< (@) +e() =¢B) = ply) <p®)

()
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YTO MPOTUBOPEYUT MUHUMAJILHOCTU B CaabOM cMmbicie nukiaa 3. Takum
obpasom, 3akiouaeM, 9ro () = p(F), 910 maer J0Ka3aTeIbCTBO JaH-
HOTO CJIeACTBUA, I/I6O OUKJI ¢ TUKJINYIHO-CBA3aH C TeMU W TOJIBKO C TeMU
IIUKJIAMH, ¢ KOTOPBIMU IUKJIMYHO-CBA3aH UK (3.

4.2. MuHIMAJIBLHOCTH B CUJILHOM CMBICJIE

HaszoBem 1k o MuHHMAIBHBIM (B CHJIBHOM CMBIC/IE), €CJIH JIJIS JTHO-
6oro nukia (3 BeImoOTHEHO HepaBeHCTBO () < (). B cumy yTBepke-
HUS 2 MAHAMAJIBHBINA B CHJIBHOM CMBICTIE TTHKJI ABJIAETCA MUHAMAJTHHBIM
B CJIaOOM CMBICTE. A ToceMy W B CUJIy CJI€ICTBUS U3 YTBEPIKIEHUSA 2, B
J1060M rpade CyIecTByeT MUHUMAJIBHBIN UK, U JJIsT €00 HAXOXKICHUST
JIOCTATOYHO CPABHUTHL 3HAYeHust (pyHKIMHU L) HA BCEX MPOCTHIX IUKJIAX
rpada, KOTOPBIX B KOHEYHOM Tpade KOHEUHOE UUC/IO.

A 3maunt, B m060M Tpade, B KOTOPOM CYIIECTBYIOT THKJIBI, CyTIIe-
CTBYeT W MUHUMAJBHBINA B CJTAOOM CMBIC/IE TIUKJI, KOO TAKOBBIM SIBJISIETCS
CYIIECTBYIOMNN B 9TOM rpade MUHUMATLHBIH THKJI.

CysuMm TMOHATHE MUHUMAJBHOCTH B CUJIBHOM CMBICTE OTHOCUTETHHO
HEKOTOPOU 3ajannoil BepmwmHbl. [lycts @ € V — Bepmmua rpada. Ha-
30BEM IMUKJI & A-MUHUMAAJIBHBIM, €CJIN & AJOCTHUXKHWUM W3 BEPINIWHBI 4, 1
p(a) < p(B) pst m0boro JOCTHKUMOTO U3 a nukiaa 3.

OueBniHO, 9TO ecJid Jjis HEKOTOPOH BEPIIUHBI ¢ CyIIecTByer Oec-
KOHEUHBIN TyTh, BBIXOAAIINI W3 Hee, TO CYIIECTBYeT U a-MUHUMATLHBIN
TTUKJT.

[Tycts f — GeckoHeUHBI My Th (HEOOA3ATENBHO PAIMOHAIBHBIN), BbI-
xomanmii m3 BepmmHbl a. CKaykeM, 9TO TyTh [ 3aBEpIIAETCS G-MHHH-
MAaJIBHBIM I[HKJIOM, €CJIU CYIIECTBYET HaTypaJbHas TOCIEI0BATEIHBHOCTD

ki,ka, ... ki, ... Takas, aro f(k;) = f(k;)

c(f(ki) ... f(kit1))
kiv1 — ki

= pu(er), s Beex 0,7 € N,

rame o« — a-MUHUMAJIbHBIN ITHUKJI.

VYreepxkaeuue 3. [Tycms nymov [ 3a6epwaemes a-MuHUMAADHbLM UUK-
aom. Tozda das a0boti nocaedosamenvrnocmu ly,lo ... 1, ... makot, wmo
dna ecex ee waenos evnosneno pasencmeo f(l;) = f(l;), cywecmeyem
makoe iy, YMo CnpPasediuso
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liv1 —1;

= p(a), daa ecex i > iy,

2de o — G- MUNUMAALHOIT YUKA.

JokazarenbcTBo. Pa3 nyTs f 3aBepInaercs a-MUHUMAIbBHBIM IUKJIOM,
TO TI0 OIPEJEJEHUI0 CYIIECTBYET IOCIeI0BATENbHOCT: ki, ko, ..., k;. ..
C COOTBETCTBYyOmMUMHU cBOiicTBamu. Kcau mociegoBareibHOCTD 1, lo, ...,
l; ... copmagaer c k1, ks, ..., k;... HagWHAs C KAKOTO-TO WIEHA C HOMEPOM
19, TO BCe I0OKa3aHO. B MPOTUBHOM CjIydae TMyCTh 4 PABHSIETCS] TIEPBOMY
i, JJIsI KOTOPOro BeImoJiHeHO k1 < I;. Torma mis ar0060ro j CyIecTByiOT
Takue ji U jo, uro kj < lj m i < kj,. Suaunt, muka f(l;) ... f(lj41)
copepzurcst B ke f(kj,) ... f(kj,), KOTOPBIil SBISETCS MEHIMATBHBIM
B cs1ab0M CMBICTIe, a 3Ha9nT 110 creacTsuio 1, muka f(1;) ... f(lj41) Takxke
MUHUMAJIBHBIN B CJIA00OM CMBICTIE, TO €CTh

c(fy) ... f(lj)) .

L1 =1

pla) = p(fly) ... flim)) =

5. OnTumMajgabHOCTh B CJIaA00OM CMBICJIE

Hepeﬁ;[eM K PEemeHnI0 3aJa9M O HaXOKIEeHUN ONTHUMAJBHBIX B CJjla-
OOM CMBICJIE TTyTell, BBIXOASIINX U3 JTaHHOM BepmuHb! a. Vin, BcrioMmunast
dopMaTbHYI0 TIOCTAHOBKY 3aja4u, nepedpasupyeM B CAEIYIOMIEM BHUIE:

Hatimu na pacemampusaemom epage S = (V, E) ewzodawut us dan-
HOU sepwundt a beckoneunwvild nymov f maxod, 4mo

c(f(0)... f(k) = cl}(o)f(k), das ecex k € N.

IIpoBenem ¢ paccmarpuBaembiM rpadoM CIeIyIONINe OMEPAIIAN:
e yrnanuM m3 rpada Kaxkgoe pedpo, Mo KOTOPOMY He IPOXOIUT XOTs
OBbI ONVMH TTUK.JI;

e YIA/JIMM KaXKJyI0 BEPIIUHY, C KOTOPOW He WHIWHJIEHTHO XOTsl OBl
0JIHO M3 OCTaBIIMXCs pebep.
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IMosyanm woewlii rpad Sry = (Viy, Ery), 110 NOCTPOEHUIO COCTOSIIIMN 13
HeNepeCeKaomnuXcs KOMIIOHEHT CBA3AHHOCTH S;:

q q
Si=Vi,B), Vo=||Vii Eo=|]E:.
=1 =1

OueBuiHO, YTO JIF0OO0I U3 TUKJIOB MCXOMAHOTO Tpada S COXpaHUJICT B
rpade Spy U IEJUKOM JIEXKUT B OJHOI M3 KOMIIOHEHT CBSI3aHHOCTH TIO-
caegnrero. Ilycts o — #ekoropsiit nmuky rpada S. @Paxt TOro, 910 OH
cojiepKuUTCst B KoMToHeHTe S;, Oymem obozHadarh Kak « € ;. [Ipogo-
KUM (DYHKIIUIO CpeHEd CTONMOCTH i) HA KOMIOHEHTHI CBA3AHHOCTH S;.
IIycts A — onna n3 KOMIOHEHT S;, TOT/IA TTOJIOKUAM

p(A) = min p(a).

Beuy Toro, uro Bce IUKIIB T1000§ 13 pacCMATPUBAEMBIX KOMIIOHEHT
CBSI3aHHOCTH I[MKJINYHO-CBSI3aHbI, U BCJIEJACTBUN YTBEPXK/EHUsT 2 IyHKTA
4 v CcJeJICTBUSI U3 HETO, JIAHHBI MUHUMYM CYIIECTBYeT M JOCTHIAeTCsl B
YaCTHOCTH HA TPOCTHIX IMKJAX JaHHOM KOMIOHEHTHI CBsizaHHOCTH. Ta-
KUM 00pa30M, B KaK/10ii KOMIOHEHTE CBS3AHHOCTH S; CYIIECTBYET HEKO-
TOPBIi MUHUMAJBHBI B c1aboM cmbicae ki 5 € S;, n u(8) = pu(S;). A
CpeJiHsisl CTOMMOCTh MUHUMAJILHOTO 1nKJIa ¥ rpada S, ecTh 09eBUJIHO

i u(S;).

ceey

p(y) =

Ho Bepremcs K mocTaBiaeHHON 3ajade. Bremem 9acTUYIHBIN TOPSATOK
Ha MHOXKECTBE KOMIIOHEHT CB3aHHOCTH Tpada Spy. CKaykeM, 4TO KOMIIO-
HeHTH A n B cocToar B otHOmEHNN <., ecan ((A) < pu(B), u cymectByer
yTh W3 BEPIIUHBI @, OKAHIMBAIOIINICS B KOMIIOHEHTE [3, TTPOXOIsIIIii
Tepe3 KOMTOHEHTY A.

Vreepxkaenue 4. Payuonasvnwd nymo f = (v, ) aeasemcs pewe-
HUEM PAcCMampueaemoti 3adauu, k0204 o — MUHUMAALHYITL 6 CAGOOM
CMBICAE YUKA, COOEPAHCAQUUTCA 6 JOCTRUNCUMOT U3 BEPUIUHDBL 4 KOMNO-
nenme ceasannocmu A epaga Sey, das Komopotl ne cyuecmeyem dpyzoli
xomnonenmo, B maxoti, wmo B <, A. a vop — mouka docmuoicenusa mu-
numyma svipasicerus c(y) — ||v||pu(a) no ecem npocmwm nymam v, 6vi-
TOOAULUM U3 BEPWUNHDL G U OKAHYUBAIOWUMCA 6 00HOT U3 6EPUUH YUKAQ
a.
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HoxkazaresnbcTBo gocrarounoctu. Ilycrs [ := ||y||, a n := ||a||. Pac-
CMOTPHM TIyTh [3 — Hadano jauHbl [+ pn (p € Z4) GeCKOHEYHOro IyTH
f W TpOW3BOJILHBIN KOHEUHBIN MyTh B TAKOW K€ JJINHBI, COCJTMHATOIITNNA
sepmmsr f(0) = a u f(I 4+ pn). Jokaxem, uto ¢(8) — ¢(8) < 0 as
Jir0boro p.

OrernM caraeMbie O OTAETLHOCTH:

c(B) = c(vo) + pnp(a).

Jnst ouerku ¢(() BbIAEIMM B HEM HENUKIMYECKYIO YACTh [, KOTOPYIO
0603HAYNM 33 7y, U IUKIHYECKYIO 9acTh (). YCIOBHe, HAJOKEHHOE Ha
COJIEPIKAIIYTO TIUKJI (v KOMIIOHEHTY CB3aHHOCTH A BJI€YeT, UTo CpeaHss
CTOMMOCTD TIMKJINIECKOH "acTu J000ro myTH, mpuxojsimero 8 A, ne Mo-
xer Gurrh Menbie ui(a), mo3ToMy st By mosmydaem:

c(Be) = p(@)||Bol|

A smaunr qna o f) nveem:

c(B) = pa)llBoll + ().

Takum obpazom, mmeem:

c(B) = e(B) < e(v0) + prp(er) = p(@)||Boll = ely) =
= c(y0) — e(y) + ul@)(pn — [|Bo|l).

U3 ycnosus pasencrsa JUIMH 1UKJIOB (3 1 [ mMeeM COOTHOIIEHHE:
L4 np = ||Bol| + |6l = |Boll + |[v]], Beparas u3 xKoToporo Bemmmmy
pn— |60 kax —(||v0|| = ||7|]) # noxcrasasist nosyuenHoe B uccsepyemoe
HEPaBEHCTBO, NMeeM:

c(B) = e(B) < ¢(r0) — e(v) — @) ([oll = V) =
= ¢(70) — p(a)[ll = (c(v) — w(a@)[y]]) <0
B cuiy BBIOOpa myTH 7.

[Tonydennoe cooTHOIIEHNE BKYTE C MPOU3BOJILHOCTHIO BBIOOpA TIyTH
0 maer HaM TO, UTO

c(B) =c(f(0)... f(L+pn)) = cl]j(rg;c(“rpn) JUIs1 TI060r0 HEOTPUIIATE b
HOTO TIEJIOTO .
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Bsuy Toro, uro Jsiobas 4acTh MUHUMAJIHHOTO TYTH TAKKe sIBJISETCS MU-
HUMaJIbHBIM IIyTEM, TI0JIy4aeM TpebyeMoe, TO eCTh

c(f0)... f(k) = oypay Tk EN.

CaencrBue 3. PayuoHasbHOe PEWEHUE PACCMAMPUBAEMOT 30044 6Ce-
2da cywecmeyem u modcem Ovimb HATUOEHO 34 KOHEUHOE YUCAO ULG206.

JokazareabcTBO. [luki «, yI0BJIETBOPAIONINII yCJIOBUIM YTBEPIKIe-
HUSI, BCEDJIa CYIIECTBYET U MOXKeT OBbITh Hali/IeH 38 KOHEYHOE YHCJIO IIAr0B
B CHJLy CBO€il IpOCTOTHL. [Ij1s1 HAliIEHHOro MUKJIA (v 32 KOHETHOe THC/IO
IIAr0B BCE IPOCTBIE IyTH 7Y, BEJYIIHE B HETO, OIEHUBAIOTCS Ha IPEIMET
JIOCTHZKEHUs Ha HUX MUHUMYyMa Boipazkenus c(7y) — pu(a)||v|]-

6. AOCOJIIOTHAA ONITUMAJIBHOCTH

[Ipucrynum K HAXO0XKIEHWIO PEIeHns 3a/1a49n Ha aOCOJIOTHYIO OINTH-
MaJIbHOCTB, COCTOSIIEN 6 HATONCIEHUY PAtuoHasbHo20 nymu [ makozo,
Ymo

c(f(0)... f(k) <c(f(0)...f(k) Oan ecex k € N u ar060z0 nymu f,
umo f(0) = f(0).

Kak 6p1y10 mokazano B myHKTE 3, pelenne JaHHOi 3aa49n CyIIeCTBY-
€T He BCerja, a Mmo3ToMy OyJeM HMCKATh aJrOPUTM, KOTOPBIH 1O 3a/aH-
Homy rpady u (HbUKCUPOBAHHON HAaYaBHON BepiuHe @ OyIeT BbIIABATH
abCOJIIOTHO ONTHUMAJIBHBIE IIYTH, U3 HEE BBIXOAINNE, WK CO00maTs 00
ux orcyrcrBun. CyIecTBOBaHUe TIOJ00HOIO aJIrOPUTMa He OUEBUIHO, T0-
CKOJIbKY OH JIOJIZKEH 33 KOHEYHOE YHUCJIO IArOB BBISICHSITD, SIBJISIETCS JIU
HEKOTOPBI# OECKOHEUHBIN MyTh abOCOJIOTHO ONTUMAIbHBIM. OHAKO HU-
ke Oymer cchopMysmpoBaHa W JOKA3aHA TEOPEMa, rapaHTUPYIONAL, ITO
IPOBEPUTDH, ABJIACTCA JIN paHHOHaﬂbeIﬁ IyThb a6CO.HIOTHO ONITUMAJIBHBIM,
MOXKHO 33 YUCJIO IIAaroB, OTPAHUYEHHOEe KOHCTAHTO!, 3aBUCSIIe OT pac-
cMaTpuBaeMoro rpada.

CHa“Iaﬂa JOKazKeM HECKOJIBKO BCIIOMOTr'aTeJIbHBIX yTBep)KI[eHHfI.

YrBepxkaeune 5. [lycmv payuonasvrvil nymsv f asasemcs abcoiom-
HO onmumasvruim, mozda fry — f(0)-Munumasvrvl yuKa.
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JokazareabcTBo. IIpemmnoroxkum obparnoe. Torga cyimecTByer UK.
B, noctmkuMbIi u3 BepumwmHbl @, Takoi, 4yro u(f) < p(a). Beaex-
CTBHE JIOCTHXKUMOCTHU CYHIECTBYeT IIyTh <Y, COeJMHAIONINI BepIINHY a C

koM 3. Pacemorpum panmonasnbubiii myts f = (v, ). Iycts [ :=
max{||f|], |7}, & ¢ :== |||]||8]|- Torma mas mpousBosbHOTO HATYPATL-
Horo k

c(f(0)... fF+qk)) —c(F(0)... f(l +qk)) =
= (clF(0). .. 1) = e(FO)... F0))) +

c

+ 3 (e U+alG=1) - fU+a) = e(fU+aG=1) .. fU+a)) ) =

j=1
k
=C+> q(u(@) —u(B) = C+kq(p(e) — u(B) >0 (4)
j=1

HAYUHAS ¢ HEKOTOPOTO k. A 9TO TPOTHBOPEUYNT abCOJIOTHOM OMITHMAJIb-
HOCTH TIyTH f.

VYrBepxkaeuune 6. Ecau payuonasvuudi nymo f = (v,«) abcosommo
ONMUMANHBIT U NYMD Y HE ACAAEMCA NPOCTNBLM, MO ECNb NPEICTNABA-
emesa 6 sude v = 01362, 2de B — Hexomopwil yuKas, MO NYMob f = (01,0)
ABAACTNCA AOCONMOTIHO ONNUMAALHBLM,

JokazarennsctBo. OGosnaunm depe3 ey pebpo  f(|[01]] + 1 +
PIBIDFUGLI+ 1+ 1+ plIBI), 0 < I < |8l p € Z.. Towames: o m-
aykima, 910 c(eg;) = c(ep) Ana moboro 0 < I < [|B]| n moboro p € Zy.
Ilycts yrBepkaenue moxazano st Bcex [, mipu 0 < p < pou gua l < n
upu p = pg. Hokaxkem ero mia [ = n, p = pg. llycts unage, 1o ecthb
MPEZTIONOKIM, HAPUMED, 9T0 (€pyn) > ¢(epy—1,n) = c(eon). TIpoBepnm
ycaoBrue abCOTIOTHON ONTUMAJBLHOCTH TyTH f, CDABHUB CTOUMOCTH €ro
Havgasna JuymHebl k = pol|B|| + n + 1 co cromMocThiO HadaTa TAKON Ke
JuHbL nyTh @ = (01(23)d2, ).
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0(51);0(51)
= c(f(0)... f(lla1]])) = c(w(0) ... (l[n]]) +

po—1]8]]-1 n

+ Z Z C(epl)+zc(€pol)_
p=0 =0 1=0
l18l]—1 po—218l|-1 n

=2 ) clea) = Y D clep) =Y clepg-1a) (5)

1=0 p=1 1=0 1=0

Tlosp3ysich TPEAIOIOKEHNEM UHIYKITUHU, TIOJIY ITHM

c(f(0)... f(k)) = e(2(0)... ¢(k)) = c(epon) — clepg—1,n) > 0,

B CUJIy TIPEJINOJIOKEHNUS], TO €CTh TIPUXOJNM K TIPOTHBOPEUHIO € abCOIIOT-
HOM ONTMMAIBHOCTBIO yTH f. A 3HAYWT, HAIIE IPEAIOI0KEHNE HEBEPHO,
1 c(epon) < c(epy—1n). OJHAKO IPEATIONOKUB, ITO C(€pyn) < C(€py—1n), A
PaccMOTpeB pa3sHOCTh cToMMOCTel Hawan amuabl k = (po — 1)||B]| +n+ 1
nytu f u nyru (9102, ), AHAJOTUYHO MPHUJIEM K POTUBOPEYNIO, O3HAYA-
IOIEMY BKYTIe C TIOJTy9eHHBIM HEPABEHCTBOM, 9TO C(€pyn) = C(€pg—1,n)-

Takum 06pazom, Mbl JJoKas3asH, 910 ¢(eq) = ¢(ep) 1ist 106010 p € Zy
u o6oro 0 < I < ||f]]. A BBHIY J0KA3aHHOIO U B CUJTYy CTPYKTYDbI Iy Teil
fn f , IM€e€eM, UTO Jijisd JII000ro k mojydaem, 9To

c(f(0)... f(k)) = c(f(0)... f(K)),

a 3HAYUT IIyTh f SIBJISIETCST aDCOTFOTHO ONTUMAJIBHBIM.

3ameuanue 1. Tem cambiM, MbI TOKA3a/IU, 9TO PAIMOHAIBHBIE IYTH BU-
I (”)/, a), e IMyTh 7y He ABJIIeTCS IPOCTBIM, MOXKHO HE PaCCMATPUBATHL Ha
npeMeT abCOTIOTHOM ONTUMABLHOCTH, TAK KAK €CJU MyTh TAKOTO BUA
SIBJIETCS abOCOTIOTHO ONTUMAJIBHBIM, TO 0043aTETbHO HANIETCS PAIuo-
HaJILHBIN IIYTH C IPOCTON HEIEePUOANYIECCKON YaCThIO, TaKXKe ABJISAIONINNACT
abCOJIIOTHO ONITUMAJIHHBIM.

3ameuanmue 2. Tpebosanne TpOCTOTHI, HAKIAIBIBAEMOE HA IIUKJI (X B T€O-
peme 1, obbsicHIeTCs CaeayIoMuMu coobpazkenusamu. B ciaydae HermpocTo-
THI TUKJIA ¢ U3 aDCOTIOTHON OMTUMAJIBHOCTH MYTH f TPOBOJISI PACCY K-
A€HNA, CXOAHBbIE C PACCYXKJICHUAMU U3 JO0KA3aATEJIHBCTBA YTBEPXKIACHUA 6
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(oT/IMYMe MPAKTHYECKH JIUIb B BBIPOXKIEHHOCTH TIyTH 03 ), JIETKO BBIBE-
cTH, 9T0 abCOJIIOTHO ONTUMAJILHBIM Oy/er ji060ii myTh (yY, &), rae & —
MIPOCTOM TWKJI, COJIEPAKAIUNCT B (v, & ¥ — MIPOCTOHN TyTh, COJEPKAIITUNCI
B o u coeqmusiontuii Beprmast ¥(||v||) n &(0).

[Tpexkie YeM IPUCTYIIUTD K JI0KA3aTeIbCTBY TEOPEMBI 1 JOKayKeM CJie-

JYIOILLYIO JIEMMY.

JIemma 1. [las aro0bozo namypaavrnozo n < |V| natdemes wucao k,
3asucawee om n, 4mo 41000l nymov Y JAuHbL He Menvbwel k codep-
2HCUM T NPOCTBLT UYUKAOE 00UHAKOBOT OAUHDL U CMOUMOCTU MAKUT,
YMO NPU YOaACHUY PEOED IMUL YUKAOE U3 NOCACIOBAMEALHOCTIU pebep
{(v(@)v(i + 1))} ocmaswasnca wacmv nocaedosameavrocmu marsice 6y-
dem nymess us 4(0) 6 1(][7]])-

HokazaresibcTBo 1 (O1eHKA Yepe3 YuCJ/I0 MPOCThIX IUKJIOB I'pa-
&da). Bosbmenm
k=|V|+ Cs|Vin,

riae Cg — 9mCI0 MPOCTHIX MUKJIOB JAHHOTO rpada, U JTOKaXKeM JIJist JTaH-
HOTO k yTBEpXKJIEHUE JIEMMBL.

ITycrs v — Hekoropslit myTs B rpade u ||y|| > k. Tak xkak k > |V, To
IyTh 7 HE ABJIAETCS MPOCTBIM, TO €CTh COJEPIKUT MUKJIUIECKYI0 YaCTh,
JUTUHA KOTOPO# BCJIEJICTBUE TOTO, UTO JIJTAHA HEITUKINIECKONH YaCTH Orpa-
HUYeHa cBepxy Besqmunuoii V|, 6ymer Gosbine, yem k — |V|, To ecth

Ioll > Cs[Vn. (6)

KosimyecTBO MpPOCTHIX IUKJIOB, W3 KOTOPBIX COCTOUT TYTb ¢y, HE Tpe-
BOCXOJIUT YHUC/Ia IPOCTHIX IMKJIOB BO BceM rpade, 1o ectb Cy. nmna
KasKJIOr0 TIPOCTOro 1ukJa He Gosbie yem |V|, a tak kaxk ||[yn|| > Cs|V|n,
TO TIUKJT 7y JJIs1 KaXKJI0TO TIPOCTOTO TUKJIA (¢ B HEM COIEPIKAIIEr0Cs, COIEP-
JKUAT €ro o KpaiiHeil Mepe n pa3 OIpO#JICHHBIM, TO €CTh CONEPXKUT IIUKJI
na. A uz daxra crporoctn mepasencrsa (6) ciegayer TO, 9TO CyNIECTBY-
er mpocToit muka [, npoiigennsiii n + 1 pas. Takum obpasom, [ u ecthb
WCKOMBIN TTAKJI.

JlokaykeM KpUTEpHil TOTO, KOT/Ia PAIMOHAJBHBIN MyTh ABIAETCA ab-
COJIFOTHO OIITUMAJIBHBIM.

JIemma 2. Payuonasvnoii nymo f = (v, ) aeasemca abcoaommo on-
MUMAALHBIM MOUHO Mo20a, Koz2da
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1) Geckoneunviti nymov f onmumaner 6 caabom cmwicae,
2) yuka o f(0)-munumanen,
3) eeaununa cﬂf(o)f(l) ABAAECMCA MUHUMANLHOT 6 CMPOKE ¢ HOMEPOM

f(0) daa moboti mampuuw, My, | < ko, 2de kg = max{||vy||+|V|?, k},
a k — seaununa us aemmor 1.

HoxkazarenbcTBo. Heobxomumocts. [lynkTsl 1, 3 oueBUIHBI, TYHKT 2
celyeT U3 yTBEPKICHUS 5.

Hoxkarkem moctaTtoaHOCTh. 1t mr060ro | < kg m TpOU3BOIBLHOTO Iy TH
f , BbIxOzsiero u3 sepimubl f(0), BeegcTBre MyHKTA 3 BBITOJIHEHO

c(f(0).. f1) = choyray < oy < FO)- F@),  (7)

49T0 JaeT HaMm 6a3y WHIYKIIUU TPH JI0KA3ATETBCTBE 3TOT0 (haKTa JIJIsT JIFO-
6oro I.

MTar wagykmuu. Ilycrs mepaBeHcTBO (7) BBINOJHEHO i JIFOOOTO
I <lp, nokaxkem ero ewrmosaenue gisa [ = lg + 1. Ilycts v — BBIXO/IS-
it u3 sepmmabl f(0) nyrs pumusl [, n = ||a||. Beaeacreue semmbr 1,
Tak Kak ||[y|| =1 > ko = k B nyTu 7y cymecrByer n npocThIX IUKJIOB O/H-
HAKOBO# cTomMocTu U yinHbl. OG03HAYNM 3Ty CTOUMOCTH 3a €, & JTUHY
3a 7, a MyThb, MOJYUYEHHBINH yIaJeHreM 3TUX IUKJOB W3 MyTH Y, KaK 7.
Torna mist c(y) — ¢(7) nveem:

e(7) - c(7) = né > nivu(a),

TaK KaK « MO0 YCJIOBUIO — MUHUMAJIBHBIN OTHOCHTENBHO byHKIUH fi(-)
kT, goctrknmbli u3 f(0).

Bemmamra nf < |V |2, smaunt myts f(I—nf) ... f(I) ecTs 7 pas moBTO-
PEHHBIH IUKJI (v, & 3HAYUT ero croumocTh pasHa nnu(a). Takum obpazom,
HoJIydaeM:

e(£(0)... f(D)—ely) < c(f(0) ... fI—ni)) +inu(a)—c(F)—nip(a) =
=c(f(0)... f(l —nn)) —c(7) <O

BCJIEJICTBUE TIPEJIIONIOKEHUST WHAYKINUA, Tak Kak | — nn < lp. Takum
00pazoM, MBI JIOKA3aJu yCJI0BUE abCOMIOTHON ONTUMAJBHOCTA TyTH f U
aast I > kg, 970 M 3aBepIimaeT JOKa3aTeJhCTBO JAaHHONW JIEMMBI.
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JIerko 3aMeTuTh, UTO YCIOBHME ONMTUMAJBHOCTH B caaboMm myTtn f B
JIOKA3aTeIbCTBE JIEMMbl 2 HCIOJIB30BAJIOCh JIMITh KaK CIIPABE/IMBOCTh
pasencrsa ¢(f(0)... f(1)) = le(o)f(l) s Beex | < kg, a 3HAUNT, T0KA3aHO
CJIeJyIolee yTBEPKIeHNe.

Jlemma 3. Jlemma 2 ocmanemcsa 6ephna, €cay ycaosue 1 mooicHo same-
_ Al

numo na boaee caaboe ycaosue mozo, wmo c(f(0)... f(1)) = Croyf(1) O

ecex | < ky.

WNmes nmamublil pe3yibTaT, Mbl MOXKeM CHOPMYIUPOBATH CJIEIYIONTY IO
TeopeMy.

Teopema 1. Ecau f = (y,a) — payuonasvnod nymo, 6urodauyud
U3 BEPUWIUHDL G U UYUKA O G-MUHUMAALHDOIG, M0200 CYWECMEYEM YUC-
10 k, saeucauee om oaunv, yuksa > makoe, wmo no nabopy mampuyy
{My,... My} 3a Koneunoe wucs0 Wa208 603MONCHO ONPEICAUMD, ABAM-
emesa AU nymo f abcosmommo onmuMasLHbIM.

Hdoxka3zaresibectBo. UT00OBI MPOBEPUTH, dBJsieTcsa Jiu nyTh f = (v, )
abCOJIIOTHO ONTUMAJIBHBIM, HYZKHO NPOBEPUTH BBHITTOJHEHNE yCIOBUil 1—
3 nemmbl 2. YcaoBusi 2, 3 NMPOBEPSAIOTCH 33 KOHEYHOE UHUCJIO IIMaroB, a
ycaoBue 1 MOXKHO, B COOTBETCTBHU C JIEMMOI 3, 3aMEHUTHh Ha yCJIOBUE
c(f(O) e f(l)) = le(o)f(l)’ KOTOPOe TaK¥Ke TIPOBEPSIETCS 33 KOHETHOE UNC-
JIO 111aroB.

Teopema 2. Ecau 0aa dannoti 6epuiunot a4 CYwecmeyem abcoitommo on-
MUMAALHOIT OECKOHEYHbIT NYMb, SBLOOAUUT U3 Hee, MO CYWECMEYem
MaKdice ABAAOUUTCA AOCONOMHO ONMUMAALHUM, BUTO0AWUT U3 ep-
wunv, a nymo euda (7Y, ), 206 NYMb Y U YUKA O ABAAOMCA NPOCTNVMU.

Jlannas Teopema Oy/eT J0Ka3aHA B CAEIYIOIIEM MTyHKTE.
CaencrBue 4. Cywecmsyem aazopumm, HaTo0AWul aOCOMOMHO ON-

MUMAALHOIT NYMb, GBIL00AUULT U3 JaHHOT sepuunvl, AUOO onpedens-
0WUL, 4IMO MaK020 NYMU He CYWECMBYEm.

2TToMuMO 3TOro, MMEeTCs 3aBUCKMOCTh OT CTPYKTYPBI PAcCMaTpuBaeMoro rpada, a
TOYHEE OT BEJINYNH, €0 XapaKTEePU3YIOIINXCs, HATTPUMED, KOJUIEeCTBA BEPIINH rpada
TJI MOITHOCTH MHOYKECTBA IIPOCTHIX ITNKJIOB.
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JokazaTeabcTBO. BBuy Teopemsbr 2 u 3ameuanuit 1 u 2 MOXKHO mPOBeE-
PSITh JIMIIb CYIIECTBOBaHME abCOIOTHO ONTUMAJIBHOIO Ty TH BHIa (7, ),
rje MyTh 7Y W OUKJ ¢ SIBJSIOTCS TpOCThiMu. QUeBMIHO, 9TO 3a KOHEU-
HOe YHCJIO IIAroB BO3MOXKHO HATHU BCE IMYTU TAKOTO BUIA U OTOPOCUTH
(ucxos u3 yTBepK/IeHus 1) U3 X MHOYXKECTBA T€, Y KOTOPBIX MePUOnIe-
CKas 9aCTh (v HE ABJISETCS MUHUMAJIBHBIM, JJOCTUKUMBIM U3 BEPIITUHBI G
IUKJIOM. A BCJIeJCTBUN TeopeMbl 1, Jijist KayK0TO OCTABINEroCs MyTH, 33,
KOHEYHOE YHUCJIO0 MAaroB MOYXKHO TPOBEPUTH, SBJISETCA JIU OH aOCOJIOTHO
ONITUMAJIbHBIM.

7. AcuMmnToTm4deckasi OITUMAJIbLHOCTD

Ilepeiinem x 3amade 00 OTHICKAHWM ACUMITOTHIECKW OMTUMAIBHBIX
OECKOHEUHBIX Iy Teil, BRIXOAAIINX U3 33/ IaHHOM HAYAIbHOM BepIUHbL. ITO
B GOpMAJIbHON TTOCTAHOBKE 3BYUUT, KaK 3ada4a 0 HATONCOERUU WA PAC-
emampusaemom epage S = (V, E) eviwodawezo uz dannot eepwunst a
payuonasvbrozo nymu f u wucsa kg maxux, wmo

c(f(0)... f(k)) < c(f(0)... f(k), daa mobozo k > ko u ar0bozo

nymu f, 6uxodaweao u3 epuuHsl a.

Jlokaxkem OCHOBHYIO JIEMMY JIAHHOI'O Iy HKTA.

Jlemma 4. [Iycmv nepuoduueckas wacmo fry HeKOMOPo2o, 6blL00AUE20
U3 BEPWUNDL O, PAUUOHAADHO20 NYMU [ ABAAEMCA A-MUHUMAALHBIM UUK-
A0M, T020a Oas 106020 APY2020 NYMU |, GUTO0AUE20 U3 GEPUUNYL A U HE
OKOHYUBANOUWE20CH A-MUHUMAADHOM YUKAOM, CYUECMEYEM MaKOE YUC-
a0 k= lAc(f), ymo cyuecmeyem nociedosamenrvrocms ki, ko, ... ki ...,
sasucawan om nymu f, yooeAemeopAIOUaA CACOYIOUUM CEOTCMEaM:

1) ki >k dna ecex i,

2) ki —kj =0 mod n dasr ecex i,j,

3) c(f(0)... f(k;)) < c(£(0)... f(ki)),

4) npu C > 0 cywecmeyem i maxoe, 4mo 0 6CEL i > T 6LINOANACTNCA

c(f(0) ... f(ki)) = e(£(0) ... f(ki)) > C.



176 A. Caduynnun

HokazaresabcTBo. O003HAYNM 33, M JJINHY HETTEPUOANIECKON TaCTH TIy-
™ f, 1o ectb m := ||f..||, m paccMoTpUM MPOM3BOIBLHEII, y/I0BIETBODSI-
foIuMii HameMy yeIoBuio myTh f. B mocaeposaremsaoctn { f(m4kn)}eo oy
CYIIECTBYeT 3JIEMEHT, TOBTOpSIIuiicss OeckoneuHnoe [ncio pal3. O6o3Ha-
4uM ero 3a v. 113 nocrenoBaressroct {m + kn}go , BeIGepeM Mo/ moce-
JIOBaTEILHOCTE [1,lo,...,[;... TaKyio, 4TO f(lz) = v. Obo3nauum 3a ¢;
CJIETYIOTIYI0 JPOOE:

ne(fs) - Fllisn))

lir —1;

Paccmorpum pazuOCTD:

c(f(0)... f({i))—C(f(O) o f() = e(F(0) . f(I) = e(f0) . f()) +

BeresicTBre a-MUHEMAIBHOCTH NHKJIA fry mMeeM, 910 ¢j — ¢( fry) = 0 ana
J1060r0 j. YCI0BUE TOTO, UTO MyTh f HE 3aKAHIMBAETCS G-MAHAMAIHHBIM
ITUKJIOM BKyHe C yTBep}K,Z[eHI/IeM 3 HyHKTa 4 1 a-MUHHUMaJIBHOCTBIO ITUKJIA
foy 03HAYaeT, 9TO Cpe/y YIEHOB TOCIeJ0BaTeIbHOCTH {¢; } Haifijgercs Gec-
KOHEYHO MHOTO 3JIEMEHTOB MpeBocxoasimx seanunny ¢ fr)). 3 qannoro
daxTa BEITEKAET, YTO CyIIECTBYET HEKOTOPOe HATYPAJLHOE iy TAKOe, UTO

BeJINYNHA ]
O Sl — L
ot (%@j - C(fo))> >0,
j=1

Ucxons u3 sroro, nonoxxuM k= l;, — 1, ky =liso41, 0= 1,2, .. ..
Jlokaxkem BbITIOJTHEHUE CBOMCTB 1-4 171 TIOJIyYeHHOTO Yucaa k U 1mo-
ciaemoBarenvHocTu ki, ko, ... k.. .:
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1) mo nocrpoennto ki, ko, ... k;...
2) mocnenoBaTenbHOCTh ki, ko, ..., ki... €CThb TNOANOCTETOBATE/ b
HOCTH IIOCJEI0BATEILHOCTH [1,l9,...,[;..., KOTOpas B CBOIO OdYe-

peJb  SABJISIETCS  TIOANOCIIEI0BATENBHOCTBIO  [OCTIEI0BATEIBHOCTH
{m +nk}2,, 9ro u 0Ka3BIBAET BBINOIHEHNE JJAHHOTO CBOMCTBA.

~

3) ciemyer m3 IemOYKH PaBeHCTB (8) m BHIOOPA BEJMYIHHEI k.

4) mpuemMoM, MOCPEJCTBOM KOTOPOTO ObLIO HAMIEHO YUCIIO i), MBI MO-
2KEeM JI0Ka3aTh, YTO JJIsl BCEX j, HAUMHASA C HEKOTOPOTO jg, MOYXKHO
JIJTs HEKOTOPOIi Harmepes| 331aHHol KOHCTAHTHl C' TOCTUYDb BBITIOJI-
HEeHUsl HepaBEHCTBA

c(f(0)... f(1j)) = e(f(0)... f(1j)) > C,

KOTOpOE TPHUBOJUT K JOKA3aTeJbCTBY BBIMOJHEHUS JAHHOTO CBOM-
CTBa, €CJIA TOJIOXKUTh UCKOMOE % PaBHBIM jo — 0.

Jlokaxkem He TOKA3aHHYIO B TMPEIBIAYIIEM IIYHKTE Teopemy 2.
JokazareabcTBO Teopembl 2. [lycrs f — abCOMIOTHO OTTUMAIBHBIN
yTh, BBIXOJSIINI U3 BEpIIUHBI ¢. 10T B CUJIY TOBKO 9TO JOKA3AHHOMN
JIEMMBbI, OH JIOJIZKEH 3aBEPIIATHCI G-MUHUMAJIbHBIM IUKJIOM, & 3HAYUT CY-
IECTBYET CKOJIb yrojHO Gosbinoe [, uro uuka o = f(I) ... f(l+||«a||) 8-
JigeTca a-MuHUMaIbHBIM. Bo3bMmeM [, Gosibitiee uem k u3 jemMMbl 2, TOTIA
15 IyTH f = (f(0)...f(l),a) 6ymyT, OUEBUIHO, BBIMOJHEHBI YCI0BUSA 1
(u3 JtleMMBbl 3) U 2-3 U3 JIEMMBI 2, & 3HAYUT B CHJTy KPUTEPHs abCOTIOTHOI
OINTHMAIBHOCTH PALMOHATIBHOTO MyTH — JjieMMbl 2 u 2 — myTh f Gyzer
abCOJIIOTHO ONITUMAJIHHBIM.

YrBepxkaeuune 7. [Iycmv nepuoduyeckad 4acmv payuoHaAbHO20 NYMU
[ — munumasvnod yuxa, mozda cywecmeyem xoncmanma C, sa6uca-
wasn om f, wmo das 4106020 nymu f, 6uT00AUE20 U3 BEPUIUNDL f(0) uw
0as 1106020 HAMYPAALHO20 K, BEPHO HEPABEHCMEO

e(f(0)... F(R)) = e(f0) ... (k) < C.

HokazarenbcTBo. Pukcupyem HEKOTOpoe HaTypaabHoe k. O6o3HAUNM
3a | jMHYy Henepuoanveckoii acru nytu f, To ectb | = || f]], 3a n —
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JUIMHY €ro nepuoanveckoii gacru: n = |||, a 3a u — Besmanny p(fr).
Ouennwm csepxy sesmunty c(f(0)... f(k)). Eciu | < k, umeewm:

) ) = eF0) . F0) 7). £+ |2 )

+c(f(l+n [%})...f(k:)) < Ml+npu [%] +M((k—1) mod n).

(9)

O6o3naunm uepes k... aumny Henpkandeckoit wactu mytu f(0)... f(k),
a 3a ke JIMHY €ro IUK/IWYeCKOl YaCTH ¥ ONEHUM CHU3Y BEJUIUHY

c(f(0)... f(k)):
c(f(0)... f(k)) = mhkes + pkey = mkoy 4 pu(k — ko).

Brrurem gBa mosydeHHBIX HepaBeHCTBA APYT W3 IPYTa:

c(f(0)... f(k)) = e(f(0).. f()) <
< Ml+np [%] + M((k—1) modn)—mk., —pulk—ks)=

=M+ ((k—1) mod n))+ u(n [%] —k)+ Eks(p—m) < (10)

Buag, aro g —m > 0 u uro k., < |V, mpomo/KuM HEpaBEHCTBO:
< (M = )l + M+ (u—m)|V],

TO €CTh B KOHII€ KOHIIOB MOJIyYUJIN, ITO

c(f(0) ... f(k) =e(f(0)... f(k) < (M —=p)l| foul [+ M| fo| [+ (=) |V,

Takmm o6pazom, obosmaums 3a C(f) = (M — p)||fw|| + M||foll + (u —
m)|V|, nosyaum rpebyemoe.
B ciydae xe, xorma k < [, umeem OIeHKY

c(f(0)... f(k)) < MI,

U aHAJIOTUYIHO TIOJIyYa€eM, 9TO

c(f(0) ... f(k) = e(f(0)... f(k)) < (M = p)||fosl [+ (e =m) V] < C(f)-
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YrBeprkaeune 8. Ecau nepuoduueckas 4acmov fry HeKOMOPo20 6ulT00s-
We20 U3 BEPUWUNDL G PAUUOHAALHO20 NYMU [ ABAACNCA MUHUMAALHBIM
yukaom, mozda das mobozo dpyzozo nymu f, 6uL00AWE20 U3 GEPULU-
HoL 4 U HE OKAHYUGAIOULE20CA MUHUMANLHOLM YUKAOM, CYULCMEYem ma-

xoe wucao ko = ko(f), wmo c(f(0)... f(k)) < c(f(0)... f(k)) daa ecex
k> k.

JokazarenbcTBo. IlyTh f ynoBieTBOpsieT yCa0BUSAM JTOKAZAHHON BBITIIE
JIEMMBI, TIOSTOMY [IJisi HETO CYIECTBYET UUCI0 k U MOCJIeIOBATETHLHOCTD

ki,ko,...,ki... ¢ coorBercTByItommmu cBoficrBamu. Onpenennm kg, Kak
nepeoe u3 k;, Ha KOTOPOM BBITIOJTHEHO
e(f(0)... f(k) = e(£(0)... f(ke)) > C, (11)

rie C' — xoHCTaHTa W3 yTBepXKjaeHusi 7. Torma Jjist TpoM3BOIBLHOTO K,
TTPEBOCXOISIIETO Koy MTMeeM:

c(f(0)... f(k) = e(f(0)... f(k)) =
= (c(f(0) ... f(ko)) = e(f(0)... f(ko)))+

+ (c(f (ko) - .. f(K)) — c(f (ko) ... f(K))).- (12)

IIyre f(ko)... f(k) yaoenerBopsier yCaOBHIO yTBEPXKJIEHUs 7, a 110CEMY
JIIST HETO MMEEM:

o(f(ko) ... f(k)) = c(f(ko)... f(k)) < C, (13)

9T0 BKyIe ¢ coorHomenreM (11) mo3Bosisier HaM NPOJOIKUTH HEPABEH-
crBo (12):

e(F(0)... F(k)) = e(£(0)... f(k)) > € = C =0,

YTO ¥ JIOKA3BIBAET JIAHHOE YTBEPKICHNE.

Mo2KHO 3aMETHTB, 9TO JTOKA3AHHOE YTBEDPIK/ICHAE TADAHTUPYET CyTIe-
crBoBanme uucaa kg, 3apucsinero ot nytu f. Bo3amoxna cuTyarus, 9TO
JUTsT TAHHOTO Ty TH f MOYKET CyIIeCTBOBATH MyTh f, 9TO COOTBETCTBYIOIIEE
emy ko MOXKeT ObITH CKOJIb YI'OJIHO OOJIBIITNM.

Opnmako, ecqiv paccMaTpuBarh myTu f, palnoHa bHAs JIUHA KOTO-
PBIX OTpaHUYEHa HAIepes] 33JaHHON KOHCTAHTOI, TO MOM00HOM CHTYAITIN
MOXKHO n3bexkarh. VIHbIMU C/TOBAMU, BEPHO CJIEIYIONIEE YTBEPXK ICHUE.



180 A. Caduymnmun

YrBepxkaenue 9. Ecau nepuoduyeckas wacms payuonasvrozo nymu f
— MUHUMAADHUT YUKA, MO OAA NPOUZBOALHO20 HAMYPAALHO20 K cyule-
cmeyem ko = ko(f, k) maxoe, wmo dasn 6cexr payuonasvrux nymed f,
NEPUOJUYECKAA HACTND KOMOPHLL HE AGAACMCA MUHUMAALHOIM UUKAOM,
U YJOBAEMBOPAIOULUT YCAOBUAM:

1) J(0) = f(0),
2) Iflle <k

6N OAHEHO

ona ecex Kk > k.

JlokasaTtesabcTBo. PuKCHpyeM IPOM3BONBHBIN IIyTh [, YAOBIETBOPSIO-
muiit yeaoBusaM yTBep:Kaerus. Haiiem BbipaskeHue Jisi BeJuanHbl ko f ),
a JlaJee BO3bMEM MAKCHMYM 110 BCEM [, CyIIECTBOBAHME KOTOPOTO, Kak
Oy/eT moKa3aHo HUXKe, 00YCIOBIEHO 3aTPEOOBAHHBIM B Y TBEPIKIEHUN CITe-
IIHABHBIM BUJIOM IyTeH f.

O6osnaunm uepes o UK fr), a vepes (3 — NEPUOJMYECKYIO 4acCTh
wyrn J. Tyers n = max{||f]l, 1[I}, p = HOK(llall, 181}, a =

p(al.
Beamunna r :=p (\C\(Tgl)l — %), BBIPasKaIoIas Pa3HUIy B CTOUMOCTH
MeXK/Ty IIAKJIAMHU OJUHAKOBOHW JIJIMHBI P — IIUKJIOM ﬁ 0 ¥ IUKJIOM ﬁa,

SIBJISIETCST TIOJIOYKUTETHLHON BCJIECTBHUE TOTO, UTO THKJ (3 HEe MUHUMAJIb-
HBIN 110 YCJIOBUIO.

Honowum k = l%( f) =n-+p [%}, TOra 718 TOCJeA0BaTeIbHOCTI

ki,ko, ..., ki ..., 9I€HB] KOTOPOIi MOJIOKUM PaBHbIMY k; = kl(f) = l%(f)—i—

pi, Gyaer semoneno ¢(f(0)... f(k)) — c(£(0)... f(ki)) > (i — 1)r.
B camom gere,
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Benovmnas onpeenienre BEIUUNHBI 7, 3aKII0YTAEM, TTO

1 i—1

(e(fky) - fkjan)) = e(f(kj) .. f(kje1))) = D v = (i = D)r,

1 j=1

i

J

a mocemy ocranoch gokazarh, aro (¢(f(0)... f(k1)) — ¢(f(0)... f(k1)))
> 0. )
Ucnone3ys to, uto k1 = n+p {%—‘, TTOJTy IUM:

(e(F0) - F(hk)) = e(£(0)... f (k1)) =
— (O F) = 7). S+
7]

+) (e(f(ntpj)... flntp(i+1) —e(f(n+pj)... fln+p(i+1))) =
7=0

S

(15)

Teneps, HCIOIBL3ys OIpeIe/eHIe BeJIHIHHBI 7' I BOCIO/IB30BABIIICH TEM,
9TO TIYyTh f yIOBAETBOPSET YCAOBUIO YTBEPKICHWS 7, & 3HAUNAT I HETO
semosmsiercs ¢ f(0)... f(n)) — e(f(0)... f(n)) < C, uponomxuy Hepa-
BeHCTBO (15):

g

>-C+ r:—C’—i-r{g
-

) c [C C
:_c+r<__{ }H):r(l_{_})m
r r r
Takum oOpazom, mMmeeM, 9TO IJs TIOCJedOBATEIRHOCTH ki, ko, ...,

ki ..., BEpHO

c(f(0)... f(ki)) = e(f(0)... f(ki)) > (i = Dr. (16)
ITonoxum Teneps kg = ko(f) = k[%

(e}

1 JOKazKeM BBIITOJTHCHUA

HEPABEHCTBA

e(f(0 0).. f( ) —c(f(0)...f(k)) =0 nns Becex k > ko.
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c(f(0)... f(r) = e(f(0)... f(r)) =
= (c(f(0) ... (ko)) = e(f(0).. f(ko)))+
+(e(f(ko) ... f(k) = e f (ko) ... f(K))) <

OrneHnM mepBoe cjaaraeMoe, MoJIb3ysICh ONpe/IeIeHNeM BeJIMUUHbI kg U CO-
ornoreruem (16), a Bropoe cyiaraeMoe — TOJIB3YSCh YTBEPKICHUEM 7

] (i {)) o

r
Wrax, MBI HAILTH BEJTUIWHY ko(f) =n +p[ } +p({ —‘ +1). Insa

yI00CTBa HAXOXKJEHUS MAKCUMyMa JAHHOTO BBIPAXKEHUs 10 BceM f orie-
HUM €ro CBEPXY:

. C C C
ko(f) Sn+p—+2p+p— =n+2—+2p,
pro pro To

e 1o = ro(f) = (§i5t = fisp)

O1eHnM UCKOMBIHT MaKCHMYM

~

c
max (n + 2— + 2p) < max{k, wau}+2c +2]<:HfOH
1 fllo<k T

rie
A (8)
fo = min (Ta7 — 1)
B He MUHHMAaJbHBIH ’ ‘ﬁ’ ‘

U remeps ocraercst Toabko o6o3HaUMTH 3a ko(f, k) mosyuennyio Be-
JITIUHY:

1
ko(f, k) = max{k, || f-[[} + 20% + 2k | foll-

VrBepxgerue 9 mpeacTaBisieT HEKOTOPBIM YaCTHBIN, HO OY€Hb BaXK-
HBIIT PE3yJIbTaT, TMOJYYEHHBIN PN PEIICHNN 33Ja9W ITONCKA aCHMITOTH-
YeCKU ONTUMAJbHBIX MyTei.

B zakstouenue aBTOp BBIpaxkaer buarogapuocth mpod. KympsiBiie-
By B.B. 3a nocranoBky 3ajilaun u Hay4HOE PYKOBOJCTBO.



