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Lg?2EY\OBDEh?2i	Jkj�?2ADJ5BleHIT\gNYEMBDbmIn_hNFoOBOpqNMIKJMBsrONtEHGKaONcb/JMLONMIKJMBsLOGKAXNYJHNYaDZu_
j�eXLDADvDBDdwrONMIT\gGTogNYEh?2JHGT\O]MLONMIKJHGKdxIT\OeX`g?2dDLDZu_wEHGT\OBD`DBDLtAtNYrDaOGTogGT\gGKLDLDZ7p
rONMIKJHNcb/LDLDZ7pzyz{|?2ADBOG}j�eXLDADvDBDBxNYrDaOGTogGT\Ob/i	J�rDag?2EMB/\~?�AXNMpq[YBDLDBDaONYEh?2LDBDb
IT\OeX`g?2dDLDZu_+Lg?Y[2\OiuogGKLDBDd9UXrONYCFEHN2\Ob/i	�=BOG�IzeXEHGT\OBD`OGKLDBOGFp�`DBOIT\~?�Lg?Y[2\OiuogGTf
LDBDde/pqGKLD]M^+?2JM]�EY\OBDb/LDBOG�B/_IT\OeX`g?2dDLDZu_IFNMIKJY?2EY\Ob/i	�=B/_BJHGFp�Ic?Yp;Z7p��
EMZzb/EY\Ob/JM]-E	ogNMIKJY?2JHNY`DLON-oD\OBDLDLDZu_�IFGKaDBDbX_=Lg?Y[2\OiuogGKLDBDd+CW?2AXNYLONMpqGKaDLONMIKJMB9U
IKAXN2\O]eX�cNFoOLON"[2\OBDCFADBOG�A�LOGFIT\OeX`g?2dDLDZ7pzy��@?2rDaDBOpqGKa9U~GFIT\OB

ξ1, . . . , ξn, . . .��rONMIT\gGTogNYEh?2JHGT\O]MLONMIKJM]�EMCW?2BOp;LON(LOGKCW?2EMBOIKBOp;Zu_�AXNYrDBDd�IT\OeX`g?2dDLONYd�EHGT\OB/f
`DBDLDZ

ξ
U)B�IKeX��GFIKJMEMeHGKJ�p�?2JHGFp�?2JMBD`OGFIKAXNMG"Nc�+B/o~?2LDBOG

E ξ
U�JHN�oD\Ob�\Oi-[MNY�cN

ε > 0
rDaDB

n→ ∞

Pr(|(ξ1 + . . . + ξn)/n−E ξ| > ε) → 0. � QW�
� NY��\~?YIKLON � QW�gEHGKaONcb/JMLONMIKJM]�\Oi-[MNY�cNzeXA/\gNYLOGKLDBDb@j�eXLDADvDBDB f (1)

n (ξ1, ξ2, . . .) =
(ξ1 + . . .+ ξn)/n

NYJ
E ξ
IKJMaOGFp;BDJHI�bA�LDeW\OixrDaDB

n→ ∞ UMB�E@�FJHNMp�IFp;Z7IT\gG
f

(1)
n (ξ1, ξ2, . . .)

IKAXN2\O](eX�cNFoOLON"JHNY`DLON�NYvOGKLDBDEh?YGKJ
E ξ
U~GFIT\OB

n
ogNMIKJY?2JHNY`DLON

EHGT\OBDAXNDy���IT\OB9U�ADaONMpqG=JHNY�cNDU�IKeX��GFIKJMEMeHGKJ�B�oOBOIKrOGKaOIKBDb
E(ξ − E ξ)2 = σ2 UJHN�j�?2ADJ�In_hNFoOBOpqNMIKJMB � QW�TUDBDCFEHGFIKJMLDZzd�A/?2A��2�Y�H�2�}�2�T�O�H���/���X�O�c ¡�gUDpqNc�+LONeXJHNY`DLDBDJM]OUDBO[MN+E+�FJHNMptIT\OeX`g?YG�rDaDB

n→ ∞
∗ ¢D£¥¤T¦T§T£©¨Tª)«Y¦¥¬2Y®¯M£©«Y°W±�²³±2M£�Y´¡¦¥¨K¦¥µ-«Y¦¡¶2¶M®¡°c·¹¸c®�¢~ºuº©»u¼c½n°Y£�Y§z¾K¿¡Àc¾cÁVÀc¾T¾¥ÂF¿�ÂWÃ



����� ��� ���	��
�������

Pr

(√
n

σ

(
ξ1 + . . .+ ξn

n
−E ξ

)
< x

)
→ 1√

2π

x∫

−∞

e−t2/2dt ��� �

ag?2EMLONMpqGKaDLON rON
x ∈ R1

y � NY��\~?YIKLON ��� �sag?YIKrDaOGTogGT\gGKLDBOG�j�eXLDADvDBDB
f

(2)
n (ξ1, ξ2, . . .) =

√
n

σ

(
f (1)

n (ξ1, ξ2, . . .) − E ξ
) rDaDB

n → ∞ In_hNFoOBDJHI�btALONYaOp�?W\O]MLONMp;e(ag?YIKrDaOGTogGT\gGKLDBDi
N(0, 1)

y��©JHNYJj�?2ADJ2UDBDCFEHGFIKJMLDZzd�A/?2A��g K���
��� �c�O�H�O���! �  #"Y ¡�O�H�O��� �  K� �  %$��MU~rONYCFEHN2\ObDGKJ�[MN2\gGFG�NYrDaOGTogGT\gGKLDLON�IKeWoOBDJM]N"_X?2ag?2ADJHGKaOG"In_hNFoOBOpqNMIKJMB � QW�TU9Lg?2rDaDBOpqGKa9U)��NYvOGKLDBDJM]�JHNY`DLONMIKJM]}?2rDrDaONYA/fIKBOp�?2vDBDB

E ξ
CFLg?F`OGKLDBDbDp;B

f
(1)
n (ξ1, ξ2, . . .)

rDaDB�ogNMIKJY?2JHNY`DLON"[MN2\O]M^=B/_
n
y

&-aDBDA/\~?WoOLONYd�?YIKrOGKADJ+rDaOGTogGT\O]MLDZu_(JHGFNYaOGFp � QW��B ��� �©rONcbDIKLDBOp�Lg?=rDaDB/fpqGKaOG�CW?Wo~?F`DB�NYvOGKLDBDEh?2LDBDb�oD\Ob�JHGFNYaOGKJMBDAXN2f EHGKaONcb/JMLONMIKJMLONYdtpqNFogGT\OB�BDCcpqGTf
aOGKLDBDd�EHGT\OBD`DBDLDZ

τ ∈ R1
U/EMZzrON2\OLDbDGFp;Zu_�rON+In_hGFpqG

ξi = τ + νi, i = 1, . . . , n, � � �
��ogG

ξi
� aOGKCFeW\O]WJY?2J2U"?

νi
� NY^=BO[YA/?

i
f �cNmBDCcpqGKaOGKLDBDb

τ
U

E νi = 0
U

i = 1, . . . , n
y � eXEHGT\OBD`OGKLDBOGFpw`DBOIT\~?=BDCcpqGKaOGKLDBDd

n f
(1)
n (ξ1, ξ2, . . .)

rON=EHGTf
aONcb/JMLONMIKJMB�In_hNFoOBDJHI�b�ABDCcpqGKahbDGFpqNYd�EHGT\OBD`DBDLOG

τ
BE��FJHNMp�IFp;Z7IT\gG�JHNY`DLOGFG

B�JHNY`DLOGFGrDaDBO[2\OBD��?YGKJ
τ
y'�©JHNYJ��cj@j@GKADJ�Lg?2AXNYr/\gGKLDBDb�BDLOj@NYaOp�?2vDBDB�rDaDB

rONYEMJHNYaOGKLDBDB � � � � �O� � �O�/ K�F�H�l�g ¥�2��(2�O�F�)$+*|�tBDCcpqGKaOGKLDBDd9U7_X?2ag?2ADJHGKaDLDZzdoD\Ob�IKJY?2JMBOIKJMBD`OGFIKADB/_�pqNFogGT\gGKd9UgAXN2\OBD`OGFIKJMEHGKLDLON"EMZzag?2��?YGKJHI�b�E�e/pqGKLD]M^�GTf
LDBDB�oOBOIKrOGKaOIKBDB�NY^=BO[YADB�NYvOGKLDBDEh?2LDBDb�,

E(f (1)
n (ξ1, ξ2, . . .) − τ) = σ2/n −−−→

n→∞
0,

rDaDBD`OGFp rDaDB [MN2\O]M^=B/_
n
ag?YIKrDaOGTogGT\gGKLDBOG LOGKEMb/CFADB NYvOGKLDBDEh?2LDBDb

f
(1)
n (ξ1, ξ2, . . .) − τ

[2\OBDCFA.-N�A(LONYaOp�?W\O]MLONMp;e
N(0, σ2/n)

y
/-JHN@A/?YIc?YGKJHI�bEHNYCcpqNc�+LONMIKJMB�P � SVUMJHN@rONMIKAXN2\O]MADe�rONMIT\gGToOLDb/b)UHE=NYJc\OBD`DBOGNYJ+EHGKaONcb/JMLONMIKJMB9UgLOG�BOpqGFGKJ`g?YIKJHNYJMLONYd�BDLDJHGKaDrDaOGKJY?2vDBDB9U~rDaOGTogGT\O]MLDZ7G@JHGFN2f

aOGFp;Z�oD\Ob5rONMIT\gGTogNYEh?2JHGT\O]MLONMIKJHGKd LOGKCW?2EMBOIKBOp;Zu_xLOGK`OGKJMADB/_k�K\gGFpqGKLDJHNYEwE
JHGFNYaDBDB�EHNYCcpqNc�+LONMIKJHGKd�CW?2LDBOp�?2i	J�IKeX��GFIKJMEHGKLDLON�[MN2\gGFGIKADaONMp;LONMG"pqGFIKJHNDy
/-JHNM[YZ bDIKLOGFG"rDaOGTogIKJY?2EMBDJM]�IFGF[MG"rDaDBD`DBDLDe�JY?2AXNY�cN�rON2\gNc�=GKLDBDb)U©NM[MIKeWoOBOp
EMADag?2JMvOG�LOGFj@NYaOp�?W\O]MLDeXi IKEMb/CF]�pqGK��oOe�rONYLDb/JMBDbDp;B�EHGKaONcb/JMLONMIKJMB�B�EHNYCKf
pqNc�+LONMIKJMB9y10;?YIFIFpqNYJMaDBOp aOGK�FeW\Ob/aDLDZzd5IKJHNF_X?YIKJMBD`OGFIKADBDdk�FAXIKrOGKaDBOpqGKLDJ2�-U
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NM[MNYCFLg?F`DBOp
ω1, ω2, . . .

GK�cN�BOIn_hNFoOZ@U
pr1, pr2, . . .

� B/_}EHGKaONcb/JMLONMIKJMB9y³��ITf
\OB}E�rONMIT\gGTogNYEh?2JHGT\O]MLONMIKJMB

n
LOGKCW?2EMBOIKBOp;Zu_}AXNYrDBDd ��P � S

ν(n)i
��`g?YIKJHNYJY?

i
f �cN+�K\gGFpqGKLDJY?2aDLONY�cN�BOIn_hNFo~? �	UDJHN�EIKB/\Oe � QW�urDaDB n → ∞ ν(n)i

In_hNFoOBDJHI�b
rON(EHGKaONcb/JMLONMIKJMB�A

pri
U�BO[MN

E ν(n)i = pri
U
i = 1, 2, . . .

y � \gGTogNYEh?2JHGT\O]MLONDU
�2�O�Y�/ K�O�g  (Y  � � � � �O�2� � � pri

$��
�l  � � * � �(�O�  O�T�O�Y�2� (2�Y�O� "F�)�  � � �¥�O�c�2��X�Y� � � � * ν(n)i
�O�T�D� "2�

ωi
(."2�2� � � � �2�X�O��"F�O�O�O�O��!+�c  � �O� n �O�  �* � �Y�O�"!gUW?GFIT\OB+EHGKaONcb/JMLONMIKJM]

pri
LOGKBDCFEHGFIKJMLg?/UMJHN-`g?YIKJHNYJY?

ν(n)i
$��
�l  � �n�"#$� � � �� F 

% �H�  g  � �)$@ K� � �c�O�H�O��!�� �g K�O�H��!gU i = 1, 2, . . .
y &�NFoO`OGKaDADLOGFpzUg`DJHN+E�ag?Yp;A/?W_

JHGFNYaDBDB�EHGKaONcb/JMLONMIKJHGKdtaOGK`D]}LOGB/ogGKJ}B�LOG�pqNc�=GKJ�B/oOJMBwN  �  #"2�F�H�W�2�Y�O�O��O�T�D� "2� ��B/\OB9UXGFIT\OBeX�cNFoOLONDUH� N�� � ��(2�g K�O�O� (2�c� $��
� �O�2� �  �!��O�T�D� "2� (+�-y
&upqGFIKJHGkI5JHGFp rDaDB \Oi-[MNMp NYrDaOGTogGT\gGKLDBDB EHNYCcpqNc�+LONMIKJMB

pi
BOIn_hNFo~?

ωi
A/?2AkpqGKaDZ@U�eX`DBDJMZzEh?2i	��GKdxNM[MIKJHNcb/JHGT\O]HIKJMEh?/UuNYrDaOGTogGT\Ob/i	�=BOG�NYJMLONMIKB/f
JHGT\O]MLDeXi rDaOGToOrONY`DJMBDJHGT\O]MLONMIKJM]5BOIn_hNFo~?

ωi
EwIKag?2EMLOGKLDBDB IFN�EHIFGFp;BxoOaDehf

�FBOp;B��K\gGFpqGKLDJY?2aDLDZ7p;B5BOIn_hNFo~?Yp;B �	U|IT\gGToOeHGKJ�IK`DBDJY?2JM]OUq`DJHN
pi > pj

U|GFITf
\OB

pri > prj
U
i, j = 1, 2, . . .

y¹��N�oD\Ob5JY?2AXNY�cN�CW?2A/\Oi	`OGKLDBDbkLOG�NM[cb/CW?Wf
JHGT\O]MLON�CFLg?2JM]tCFLg?F`OGKLDBDblEHGKaONcb/JMLONMIKJHGKd

pr1, pr2, . . .
U¹ogNMIKJY?2JHNY`DLONw\OBD^=]

CFLg?2JM]OU~A/?2A�NYLDB�eXrONYahbXogNY`OGKLDZ@y)��IT\OB9U)IKA/?2�=GFpzU
1 > pr1 > pr2 > . . . > 0

U
pr1 +pr2 + . . . = 1

UOJHN
1 = p1 > p2 > . . . > 0

UOB�GFIT\OB�rONMIT\gGToOLDb/b�eXrONYahbXf
ogNY`OGKLDLONMIKJM]�� GToOBDLOIKJMEHGKLDLONMG�NY�Fag?2LDBD`OGKLDBOG�Lg?�ag?YIKrDaOGTogGT\gGKLDBOG

p1, p2, . . .EHNYCcpqNc�+LONMIKJHGKd=BOIn_hNFogNYE
ω1, ω2, . . .

UFJHNDUFA/?2A�rONYA/?2CW?2LON7E�P � SVUFrON2\OeX`DBOp�NFoOBDL
BDC�Eh?2aDBg?2LDJHNYE5JHGFNYaDBDBlEHNYCcpqNc�+LONMIKJHGKd P � U � SVy'&��FJHNMp Eh?2aDBg?2LDJHG�^=A/?W\~?
L = ([0, 1], 6, max, min)

CFLg?F`OGKLDBDdlEHNYCcpqNc�+LONMIKJMBmNYrDaOGTogGT\gGKLg?wA/?2A
NYJMaOGKCcNYA

[0, 1] ⊂ R1
I-GFIKJHGFIKJMEHGKLDLONYd(eXrONYahbXogNY`OGKLDLONMIKJM]Mi

6
BoOEMe/p;b"rDag?Wf

EMB/\~?Yp;B�AXNMp;rONYCFBDvDBDB ,
max
A/?2A�IT\gNc�=GKLDBOG�B

min
A/?2A�e/p;LONc�=GKLDBOG (2y

&�NMIKAXN2\O]MADeEMLDeXJMaOGKLDLDb/b�IKJMaDeXADJMeXag?��FJHNY�cN�Eh?2aDBg?2LDJY?=JHGFNYaDBDB�EHNYCcpqNc��f
LONMIKJHGKd�B�GFGzIFNFogGKah��?2JHGT\O]MLONMG	JHN2\OAXNYEh?2LDBOG�E�CFLg?F`DBDJHGT\O]MLONYd�IKJHGKrOGKLDBNYrDaOGTf
ogGT\Ob/i	JHI�b=\OBD^=]�NYJMLONY^�GKLDBOGFp�eXrONYahbXogNY`OGKLDLONMIKJMB

6
U2LOGuIT\gGToOeHGKJ�Nc�+B/o~?2JM]OU

`DJHNrONYEMJHNYaOGKLDBOG�Lg?Y[2\OiuogGKLDBDd�pqNc�=GKJ(rDaDBDEHGFIKJMB}A}IKeX��GFIKJMEHGKLDLONYd}�FEHN2\Oi�f
vDBDB�ag?YIKrDaOGTogGT\gGKLDBDb)y*)@\Ob��FJHNY�cNDU³NM[Yag?2CFLON��cNYEHNYahb)U,+2NM[ -9GKADJ/.}IT\gGTogNYEh?W\gN
[YZ�Lg?Y[2\Oiuo~?2JM]0+2I;ag?2CFLDZu_@IKJHNYaONYL�.2UY?¹LOGqrONYEMJHNYahb/JM]�Lg?Y[2\OiuogGKLDBOG�+2IqNFoOLONYd
B�JHNYd��=G�IKJHNYaONYLDZ�.2y*1 Lg?2rDaONYJMBDEOU�rDaDB�JY?2AXNYd�IKJMag?2JHGK�FBDB}BOIFIT\gGTogNYEh?2LDBDd9U
IKEHNYdOIKJMEHGKLDLONYd9UhLg?2rDaDBOpqGKa9UX?2CW?2aDJMLDZ7p�BD�Fag?YpzUHE@AXNYJHNYaDZu_Nc�+B/o~?YGFp;Zzd"�cj-f
j@GKADJ-NYvOGKLDBDEh?YGKJHI�b2+WE�IKaOGToOLOGFp,.2UMaOGK^+?2i	�=eXitaON2\O]�BD�Fag?YGKJ�p;LONY�cNYADag?2JMLONMG
rONYEMJHNYaOGKLDBOG�NFoOLONYJMBDrDLDZu_�LOGKCW?2EMBOIKBOp;Zu_�Lg?Y[2\OiuogGKLDBDd9y

3
L 4 «Y¦¥¬2M£�5¶Y±Y´¡§K°W±Y¤�6W§T±2¨TM£�5°2®87�®¡§K¸W£c¼�±22¨F£¥°W±M£�Y§TM£�5"¦T§TY¦T´¯±Y§K®¯¬�9TY¦�½n°
6c«2«2ª± :¡¦T§K¦¥22ª�;�£�¨K§K¦�<O¦T°Y²³± :8<O¦¥¨�¦T§K°2®8:¡¸W£ [0, 1] Ã
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&upqGFIKJHG�I�JHGFpzUuGFIT\OBk^=A/?W\~?�CFLg?F`OGKLDBDdxEHNYCcpqNc�+LONMIKJMB
L
Lg?WogGT\ObDGKJHI�b

oOaDeX�FBOp;B�IKEHNYdOIKJMEh?Yp;B9UHNYrDaOGTogGT\ObDGFp;Z7p;BrDag?2EMB/\~?Yp;B�AXNMp;rONYCFBDvDBDB9UHJHNDUYA/?2A
rONYA/?2CW?2LONE�P � SVUDrONcb/EY\ObDGKJHI�b�B�+W�cj@j@GKADJ�Lg?2AXNYr/\gGKLDBDb�BDLOj@NYaOp�?2vDBDB�.rDaDB
rONYEMJHNYaDLDZu_5LOGKCW?2EMBOIKBOp;Zu_kLg?Y[2\OiuogGKLDBDbX_t� JHGFNYaOGKJMBDAXN2f EHNYCcpqNc�+LONMIKJMLDZzd
Eh?2aDBg?2LDJ�CW?2AXNYLg?�[MN2\O]M^=B/_(`DBOIFGT\³y

& �FJHNYd ag?Y[MNYJHG LOGKAXNYJHNYaDZ7G�rDaOGTogGT\O]MLDZ7G�JHGFNYaOGFp;Z ag?YIFIFpqNYJMaOGKLDZ
oD\OblEHNYCcpqNc�+LONMIKJMB9U�rDaDBDLDBOp�?2i	��GKdsCFLg?F`OGKLDBDbmEk^=A/?W\gG

L = ([0, 1],6,
max,min)

y

������� 6984�� � <	�¹6�
�z:�� 6�������6����z:=<��&<�� � <���6 � �
&}�FJHNMp�rg?2ag?2�Fag?Yj@G�ag?YIFIFpqNYJMaOGKLDZt?YIKBOp;rDJHNYJMBD`OGFIKADBOGuIKEHNYdOIKJMEh?7ag?YIKrDaOGTf

ogGT\gGKLDBDd�LOGKAXNYJHNYaDZu_}j�eXLDADvDBDd
fn(ξ1, . . . , ξn) , ζn

LOGKCW?2EMBOIKBOp;Zu_�LOGK`OGKJYf
ADB/_�K\gGFpqGKLDJHNYE

ξ1, . . . , ξn
UXA/?2��oOZzd(B/_"AXNYJHNYaDZu_�b/EY\ObDGKJHI�b�AXNYrDBOGKd(LOGKAXN2f

JHNYaONY�cN"LOGK`OGKJMAXNY�cN��K\gGFpqGKLDJY?
ξ
U~rDaDB

n → ∞ y���IT\OB ϕξ(·) : X → [0, 1]
�

ag?YIKrDaOGTogGT\gGKLDBOG��¹LOGK`OGKJMAXNY�cN-�K\gGFpqGKLDJY?
ξ
UcrDaDBDLDBOp�?2i	��GK�cN	CFLg?F`OGKLDBDb�E

X
UWB

fn(·, . . . , ·) : Xn → Z
U/JHN+ag?YIKrDaOGTogGT\gGKLDBOG

ϕζn(·) : Z → [0, 1]
LOGK`OGKJMAXNY�cN

�K\gGFpqGKLDJY?
ζn
o~?YGKJHI�b(ag?2EHGKLOIKJMEHNMp

ϕζn(z) = sup
{
min

(
ϕξ(x1), . . . , ϕ

ξ(xn)
)
| x1, . . . , xn ∈ X,

fn(x1, . . . , xn) = z
}
, z ∈ Z. ��� �

&-eHIKJM]OU;Lg?2rDaDBOpqGKa9U
ζ(n) = max(ξ1, . . . , ξn), X = Z = R1

yq{³NY��o~?/U
IFNY��\~?YIKLON ��� �

ϕζ(n)
(z) = sup

{
min

(
ϕξ(x1), . . . , ϕ

ξ(xn)
)
| x1, . . . , xn ∈ R1,

max(x1, . . . , xn) = z
}
, z ∈ R1.

&�NMIKAXN2\O]MADe}eHIT\gNYEMBOG
max(x1, . . . , xn) = z

NYCFLg?F`g?YGKJ2U9`DJHN�EHIFG
xj 6 z

U
j = 1, . . . , n

U)rDaDBD`OGFpxoD\Ob�LOGKAXNYJHNYaONY�cN
jk xjk

= z
U)��ogG

xjk

pqNc�=GKJ}[YZzJM]
\Oi-[YZ7p�BDC

x1, . . . , xn
UDJHN

��� M£! Y®¯2±Y® ϕξ(x) ®¡´¡§�9	¨K¦�:8<O¦�·©Y¦T´¡§�9@°Y£�¨K®¯Y´¡§T¨F£ ξ = x ¼H¨K¦�:8<O¦�·©Y¦T´¡§�9�¨K¸W¬#"$ Y®¯2± 5
ξ ∈ A ⊂ X ®¡´¡§�9 P (ξ ∈ A) = sup

x∈A

ϕ
ξ(x) ¼&% ¿(' Ã
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ϕζ(n)
= max

16k6n

{
min

(
sup
x16z

ϕξ(x1), . . . , sup
xk−16z

ϕξ(xk−1), ϕ
ξ(z),

sup
xk+16z

ϕξ(xk+1), . . . , sup
xn6z

ϕξ(xn)
)}

= ϕξ(z), z ∈ R1, ��� �

BO[MN
sup
xk6z

ϕξ(xk) > ϕξ(z)
U
k = 1, . . . , n

y
1-JY?2A9U¹LOGK`OGKJMADBDd �K\gGFpqGKLDJ

ζ(n) = max(ξ1, . . . , ξn)
ag?YIKrDaOGTogGT\gGKL JY?2A

�=GMU/A/?2A
ξ
rDaDB�\Oi-[MNMp

n = 1, 2, . . .
��GKJMaDeWoOLON�rONYA/?2CW?2JM]OUO`DJHN��FJHN�EHGKaDLON+B

oD\Ob�LOGK`OGKJMAXNY�cN�K\gGFpqGKLDJY?
ζ(n) = min(ξ1, . . . , ξn)

UO?�BOpqGKLDLONDU

ϕζ(n)(z) = ϕξ(z), z ∈ R1, n = 1, 2, . . . � � �
0;?2EHGKLOIKJMEh? ��� ��B � � �qrDaOGTogIKJY?2EY\Ob/i	J  � �2� �  �!O���g � �  #"Y ¡�O�H��*�  �  K� �  #�$+* �  K� � �O� (2�c� $��
� �O�2� �  �!gy

�����
	�������
���¹�n�O�(�g K�/  � �H�g  % �g %$@ K� � * ξ1, . . . , ξn ∈ R1
(c�2�Y�)$��O���g ¥�2� �

(2�O�F�)$+*w��� "2�O�O�Y�H� (2� � �Y�  �  #"Y ¡�g K��*w�H�Y�"�g K�/  � �H�"! % �g %$@ K� � ξ ∈ R1 � � ����g K�/  � �H�g  % �g %$@ K� � * ζ(n) = max(ξ1, . . . , ξn)
�
ζ(n) = min(ξ1, . . . , ξn) � �����z�2� $ n = 1, 2, . . . � �Y�  �  #"Y ¡�g K��*t�H�Y� ξ � P � S��

& A/?F`OGFIKJMEHG(rDaDBOpqGKag?/U;E}AXNYJHNYaONMp EHIKJMaOGK`g?2i	JHI�bwLOGK`OGKJMADBOG��K\gGFpqGKLDJMZ
ζ(n) B ζ(n)

U³ag?YIFIFpqNYJMaDBOpmCW?Wo~?F`De�NYvOGKLDBDEh?2LDBDb�LOGK`OGKJMAXNY�cN}�K\gGFpqGKLDJY?
τ
Lg?

NMIKLONYEHGqBDCcpqGKaOGKLDBDd9UcEMZzrON2\OLOGKLDLDZu_@rON7In_hGFpqG � � �Ty�&-eHIKJM] ν1, . . . , νn
�xLOGKCW?Wf

EMBOIKBOp;Z7G+AXNYrDBDB�LOGK`OGKJMAXNY�cN��K\gGFpqGKLDJY?
ν
U
ϕν(·) : R1 → [0, 1]

��GK�cN�ag?YITf
rDaOGTogGT\gGKLDBOGMU

ϕτ (·) : R1 → [0, 1]
��ag?YIKrDaOGTogGT\gGKLDBOG

τ
U9B�LOGK`OGKJMADBOG�K\gGTf

pqGKLDJMZ
ν1, . . . , νn, τ

LOGKCW?2EMBOIKBOp;Z@y){³NY��o~?/U)IFNY��\~?YIKLON�In_hGFpqG � � �TUgeHIT\gNYEMLONMGag?YIKrDaOGTogGT\gGKLDBOG
ξi
rDaDB�eHIT\gNYEMBDB

τ = t
b/EY\ObDGKJHI�b +2InoOEMBD�cNMp5Lg?

t
.ag?YIKrDaOGTf

ogGT\gGKLDBDb
ν
,

ϕξi|τ (xi|t) = ϕν(xi − t), i = 1, . . . , n,B9UYrONMIKAXN2\O]MADe
ξ1, . . . , ξn

rDaDB�j�BDAXIKBDaONYEh?2LDLONMp�CFLg?F`OGKLDBDBrg?2ag?YpqGKJMag?�InoOEMB/f
�K?

τ = t
LOGKCW?2EMBOIKBOp;Z@U�eHIT\gNYEMLONMGtag?YIKrDaOGTogGT\gGKLDBOG5LOGK`OGKJMAXNY�cN EHGKADJHNYag?

ξ = (ξ1, . . . , ξn)
rDaDB(eHIT\gNYEMBDB

τ = t

ϕξ|τ (x|t) = min
16i6n

ϕν(xi − t), x = (x1, . . . , xn), t ∈ R1,
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B�IFNYEHpqGFIKJMLONMG@ag?YIKrDaOGTogGT\gGKLDBOG
ξ, τ

ϕξ, τ (x, t) = min(ϕξ|τ (x|t), ϕτ (t)), x ∈ Rn = (R1)
n, t ∈ R1, [ � ].

&-eHIKJM]wCFLg?F`OGKLDBDb
τ
?2rDaDBONYaDBlag?2EMLONYEHNYCcpqNc�+LDZ@U�JHNwGFIKJM]

ϕτ (t) = 1
U

t ∈ R1
yD{³NY��o~?

ϕξ, τ (x, t) = min
16i6n

ϕν(xi − t), x1, . . . , xn, t ∈ R1,

B9UYA/?2ABDCFEHGFIKJMLONP � SVUHNYvOGKLDA/? τ̂ = d(ξ)
UHp;BDLDBOp;BDCFBDaDeXi	�+?2b�LOGFNM[F_hNFoOBOpqNMIKJM]

NY^=BO[YADB�NYvOGKLDBDEh?2LDBDb
τ
UDrDaDB�ogNMIKJY?2JHNY`DLON�NM[Y�=B/_(rDaOGToOrON2\gNc�=GKLDBDbX_}NYrDaOGTf

ogGT\ObDGKJHI�b"IKJMag?2JHGK�FBOGKd�NYvOGKLDBDEh?2LDBDb
d(·) : (R1)

n → R1
UHeWogNYEY\gGKJMEHNYahb/i	��GKd

eXag?2EMLOGKLDBDi
ϕξ, τ (x, d(x)) = max

t∈R1

ϕξ, τ (x, t), x ∈ (R1)
n.

��IT\OB�j�eXLDADvDBDb
ϕν(·) ag?2EMLg?�GToOBDLDBDvOGE�LDeW\gGMU9`OGKJMLg?2b)U ϕν(x) = ϕν(|x|) U

x ∈ R1
U2B�IKJMaONY�cN@pqNYLONYJHNYLDLON�e/[YZzEh?YGKJ�Lg?

R+ = [0, ∞)
UYJHN-BOIKAXNMp�?2b�IKJMag?Wf

JHGK�FBDb(NYvOGKLDBDEh?2LDBDb
d(·) rg?2ag?YpqGKJMag?+InoOEMBD�K? t b/EY\ObDGKJHI�b�aOGK^�GKLDBOGFpwCW?Wo~?F`DB
max
16i6n

|xi − d(x)| = min
t∈R1

max
16i6n

|xi − t|
B�NYrDaOGTogGT\ObDGKJHI�b�ag?2EHGKLOIKJMEHNMp

d(x) =
(

max
16i6n

xi + min
16i6n

xi

)
/2.

& o~?2LDLONMp IT\OeX`g?YG
d(x)
��vOGKLDJMa�NYJMaOGKCFA/?�p;BDLDBOp�?W\O]MLONYd�oD\OBDLDZ@U³IFN2f

ogGKah��?2��GK�cN
x1, . . . , xn

y³��GK`OGKJMA/?2bwNY^=BO[YA/?�NYvOGKLDBDEh?2LDBDb
τ
rONMIKaOGTogIKJMEHNMp

τ̂ = d(ξ)

d(ξ)− τ =
((

max
16i6n

ξi− τ
)

+
(

min
16i6n

ξi− τ
))
/2 =

(
max
16i6n

νi + min
16i6n

νi

)
/2,

?�GFG-ag?YIKrDaOGTogGT\gGKLDBOG

ϕτ̂−τ (z) = sup
{

min(ϕν(x1), . . . , ϕ
ν(xn))|

x1, . . . , xn ∈ R1,
(

max
16i6n

xi + min
16i6n

xi

)
/2 = z

}
, z ∈ R1.
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&�NMIKAXN2\O]MADe+E@IKB/\Oe+NY�cNYEHNYaOGKLDLDZu_�EMZz^�G7IKEHNYdOIKJME�ag?YIKrDaOGTogGT\gGKLDBDb
ϕν(·)EHGT\OBD`DBDLg?

min
16i6n

ϕν(xi)
NYrDaOGTogGT\ObDGKJHI�b�\OBD^=]CFLg?F`OGKLDBDbDp;B

z1 = max
16i6n

xi
B

z2 = min
16i6n

xi
U/JHN

ϕτ̂−τ (z) = sup
{
min(ϕν(z1), ϕ

ν(z2))| z1, z2 ∈ R1, (z1+z2)/2=z
}
, z ∈ R1.

z1

z2

2z

z1 + z2 = 2z

� � ��������� � 	 ����� � ��
	�� {(z1, z2) ∈ (R1)
2 : min(ϕν(z1), ϕ

ν(z2)) = const} �
	"���
� 
� ��
 �)��� ��	� 	 � ���  � ������� ��	 ���	��	 � �

const �
����� � ��  � �� � � 	 ����� � ��
	�� � � � ��

� � � ���1�
��� � ��� � ��
�
z1 + z2 = 2z

�
>@?2A�LOGKJMaDeWoOLON+CW?YpqGKJMBDJM] � IFpzy/aDBOIMy9QW�

ϕτ̂−τ (z) = ϕν(z), z ∈ R1.

�©JHNYJtaOGKCFeW\O]WJY?2JxrONYA/?2CFZzEh?YGKJ2U	`DJHN � �Y�  �  #"Y ¡�g K�O�g ��2���O�2�H� � �g K�O� (2�Y�O�)�
τ̂ − τ � �����(2�O���H�Y�w� � �Y�  �  #"Y ¡�g K�O�)� �g K�/  � �H�/� % �g %$@ K� � � ( ζ(n) � ζ(n) ��g ��2��(2�O��� � � � �X�O�n�O�+�/� $@  �  K�O�"!gy �©JMB(j�?2ADJMZkag?2CFBDJHGT\O]MLON�NYJc\OBD`g?2i	JHI�bNYJ+B/_(IKJY?2JMBOIKJMBD`OGFIKADB/_�B(JHGFNYaOGKJMBDAXN2f EHGKaONcb/JMLONMIKJMLDZu_�?2Lg?W\gNY�cNYE�P � SVy&-eHIKJM]�JHGKrOGKaD]�E � � �tNY^=BO[YADB BDCcpqGKaOGKLDBDd νi

U
i = 1, . . . , n

UrON2f
rDaOGK�+LOGFp;e�LOGKCW?2EMBOIKBOp;Z@U;LON�BOpqGKi	J�ag?2CFLDZ7G"ag?YIKrDaOGTogGT\gGKLDBDb)UqLg?2rDaDBOpqGKa9U
ϕνi(x) = ρ

( |x|
σi

) U
x ∈ R1

U
i = 1, . . . , n

U)��ogG"j�eXLDADvDBDb
ρ(·) : [0, ∞) →

[0, 1]
U
ρ(0) = 1

UgIKJMaONY�cN"pqNYLONYJHNYLDLON"e/[YZzEh?YGKJ"Lg?
[0, 1]
B
ρ(z) = 0

U
z > 1
y

&-eHIKJM]�rON2f rDaOGK�+LOGFp;e
ϕτ (t) = 1

U
t ∈ R1
U/B�oD\Ob(rDaONMIKJHNYJMZ

n = 2
yD{³NY��o~?

ϕξ, τ (x, t) = min

(
ρ

( |x1 − t|
σ1

)
, ρ

( |x2 − t|
σ2

))
=
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x1 x2

σ1
σ2

ρ
(
|x1−t|

σ1

)

ρ
(
|x2−t|

σ2

)

t̂

ϕξ,τ (x, t)

1

� � ��������� � ��� � � � � � 	 ��� � � ρ
( |x1 − t|

σ1

)
� ρ
( |x2 − t|

σ2

)
�
ϕξ, τ (x, t) � t ∈ R1 �

�
��� � � ���

σ2 > σ1 � x2 > x1 � x1 − σ1 < x2 − σ2 � t̂ = (x1σ2 + x2σ1)/(σ1 + σ2)
�

	 � ��� ���� ��
 �)��� ��	 ��� � � � �
x1 − σ1 > x2 − σ2

�

= ρ

(
max

( |x1 − t|
σ1

,
|x2 − t|
σ2

))
, ξ = (ξ1, ξ2), x = (x1, x2), x1, x2, t ∈ R1.


 vOGKLDA/?
τ̂
InoOEMBD�K?

τ
U/p;BDLDBOp;BDCFBDaDeXi	�+?2b"LOGFNM[F_hNFoOBOpqNMIKJM]NY^=BO[YADB(NYvOGTf

LDBDEh?2LDBDb)UOGFIKJM]
τ̂ =

ξ1σ2 + ξ2σ1

σ1 + σ2
,

IFNMNYJMEHGKJHIKJMEHGKLDLONNY^=BO[YA/?�NYvOGKLDBDEh?2LDBDb

τ̂ − τ =
ν1σ2 + ν2σ1

σ1 + σ2B�GFG-ag?YIKrDaOGTogGT\gGKLDBOG � IFpzyDaDBOIMy � U � U � �

ϕτ̂−τ (z) = sup

{
min

(
ρ

( |x1|
σ1

)
, ρ

( |x2|
σ2

)) ∣∣∣ x1, x2 ∈ R1,

x1σ2 + x2σ1

σ1 + σ2
= z

}
= ρ

(
z

2σ1σ2/(σ1 + σ2)

)
, z ∈ R1. � � �

{|?2A�A/?2A(oD\Ob
σ1 < σ2

σ1 <
2σ1σ2

σ1 + σ2
< σ2,
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� � (2�c� $��
� �O�2� � �����z�2� �¥���2�O�Y�/ K�O�)���2���O�2�H�(� �g K�O� (2�Y�O�)��� #H�/  � � $ �  #���#2�O� � � � � ( " (�#Y���/� $@  �  K�O�"!�2�T�O�H�+ �� �g �$@ K�O�H�+ �� � �/ %$m� #H�/  � � $x�O�O��� g  � (2� �¥���/� $@  �  K�O�)� � �H� ��"2� τ̂ = ξ1 � τ̂ − τ = ν1
UOIFpzy/aDBOIMy � y

x1

x2

ϕν(x) = const

(x1(z), x2(z))

(σ1+σ2)z
σ1

(σ1+σ2)z
σ2
x1

� � �����	� � � 	 ��� � � ��
	��
ϕν(x) = const � x = (x1, x2) � ν = (ν1, ν2)

� ��� � ��� �

x1σ2 + x2σ1

σ1 + σ2
= z �

� �� � 
� (x1(z), x2(z))
��
 �)��� ��	� ��	 ���	��	 � �

x = (x1, x2) �
	 �

� ��  � �� � �� � ��� �����
���
sup

�	��
� � x1(z)

σ1
=
x2(z)

σ2
= z

σ1 + σ2

2σ1σ2

�

ϕν1(·)

ϕν2(·)

σ1

σ22 σ1σ2
σ1+σ2

ϕτ̂−τ (·)

1

0

� � ����� ���'��� �

�������	��� � � ��� �  � 0��	 ���	��	 � �
z ∈ R1 � |z| <

2σ1σ2

σ1 + σ2

�� ��� � �

τ̂−τ ��
 �  � 		��		
 		� � ������	 � �����
ϕν1(z) < ϕτ̂−τ (z) < ϕν2(z) �

� ��� ��� �  � 
z ∈ R1 �

ϕν1(z) 6 ϕτ̂−τ (z) 6 ϕν2(z)
�



��� � ��� ���	��
�������

x2 − σ2 x1 + σ1x1 x2

t̂0 = (x1 + x2 + σ1 − σ2)/2

1

0

� � ������� � � ��	 � � τ̂0 �
� ��		� � �� � ��� � � � � 
	 � 
 � ��  �  �  � � ���

ξ1 + σ1
�
ξ2 − σ2

�

−σ2 −(σ2 − σ1)
σ1 σ2

ϕτ̂0−τ (·)

ϕν1(·)

ϕν2(·)
1

0
� � �����	� � �
� ��� ���)��� ��	 � �

ϕν1(·) � ϕν2(·) �� ���  � ν1 � ν2
� � �
� ��� ���)��� ��	 � �

ϕτ̂0−τ (·)�� ��� � �  � ��	 � ��� 	 � ���

�©JHNYJ+aOGKCFeW\O]WJY?2JrDaONYJMBDEHNYaOGK`DBDJ"JHNMp;eHU/`DJHN�IKEHNYdOIKJMEHGKLDLONNYrDJMBOp�?W\O]MLON2f
p;e�NYvOGKLDBDEh?2LDBDi�rDaDB�JHGFNYaOGKJMBDAXN2f EHGKaONcb/JMLONMIKJMLONYdwpqNFogGT\OB � � �TU�AXNY��o~?/U)A/?2ABDCFEHGFIKJMLON � IFpzyRU9Lg?2rDaDBOpqGKa9U©P � S �TU)eX`OGKJ�\Oi-[MNY�cN�ogNYrON2\OLDBDJHGT\O]MLONY�cN�BDCcpqGKaOGTfLDBDb�LOG@pqNc�=GKJeXEHGT\OBD`DBDJM]NY^=BO[YADe(NYvOGKLDBDEh?2LDBDb)y

0;?YIFIFpqNYJMaDBOpzUuLg?2AXNYLOGKv9UzNYvOGKLDADe
τ̂0
U¹p;BDLDBOp;BDCFBDaDeXi	�=eXi p�?2AXIKBOp�?W\O]Yf

LDeXi BDC@EHNYCcpqNc�+LDZu_�NY^=BO[MNYA�NYvOGKLDBDEh?2LDBDb � IFpzyDaDBOIMy � �

τ̂0 =
1

2
(ξ1 + ξ2 + σ1 − σ2).

)@\Ob�LOGFG
τ̂0 − τ =

1

2
(ν1 + ν2 + σ1 − σ2)

B

ϕτ̂0−τ (z) = ρ

( |2z + σ2 − σ1|
σ1 + σ2

)
, z ∈ R1.
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1 E�FJHNMpkIT\OeX`g?YG@eX`OGKJ"pqGKLOGFG +WA/?F`OGFIKJMEHGKLDLONY�cN .�BDCcpqGKaOGKLDBDb
ξ2
rDaDBDEHNFoOBDJ

A+eXEHGT\OBD`OGKLDBDi EHNYCcpqNc�+LONMIKJMB�NY^=BO[YADBNYvOGKLDBDEh?2LDBDb � IFpzyMaDBOIMy � �TUHNMIKLONYEh?2L/fLONYd�\OBD^=]�Lg?=BDCcpqGKaOGKLDBDB
ξ1
y

)�?W\gGFGuIFNMIKaOGTogNYJHNY`DBOp�EMLDBOp�?2LDBOGuLg?-?YIKBOp;rDJHNYJMBD`OGFIKADB/_�IKEHNYdOIKJMEh?W_�ag?YITf
rDaOGTogGT\gGKLDBDd�LOGK`OGKJMADB/_(�K\gGFpqGKLDJHNYE

ζk =
ξ1 + . . .+ ξk

k
, ξ1, . . . , ξk, ζk ∈ Rn, k = 1, 2, . . . � � �

rDaDB
k → ∞ y
� ��� 
������� � 6986�
�z:���� � ���$� � 6986�
+6;:=<	�
)@\Ob�JHNY�cNDUY`DJHNM[YZtNF_X?2ag?2ADJHGKaDBDCcNYEh?2JM]+?YIKBOp;rDJHNYJMBDADe+ag?YIKrDaOGTogGT\gGKLDBDb

ζk� � �@rDaDB k → ∞ U|Lg?YpmrONYJMaOGF[YeXi	JHI�b�ogNYrON2\OLDBDJHGT\O]MLDZ7G�p�?2JHGFp�?2JMBD`OGFIKADBOGAXNYLOIKJMaDeXADvDBDB9y &-eHIKJM]
D
�sEMZzrDeXA/\gNMG7p;LONc�=GFIKJMEHN�E

Rn
y 
 [MNYCFLg?F`DBOp

Φ(D)A/\~?YIFI+j�eXLDADvDBDd
ϕ(·) : D → [0, 1]

U)JY?2ADB/_)U)`DJHN"oD\Ob}\Oi-[YZu_
x0, x1 ∈ D

U
λ0, λ1 > 0

U
λ0 + λ1 = 1

ϕ(λ0x0 + λ1x1) > min(ϕ(x0), ϕ(x1)). � � �

 [MNYCFLg?F`DBOp
co{x0, . . . , xk} , {λ0x0 + . . .+ λkxk| λ0, . . . , λk > 0, λ0 + . . .+ λk = 1}
EMZzrDeXA/\OeXi5NM[MN2\gNY`DADe�p;LONc�=GFIKJMEh? {x0, . . . , xk}

JHNY`OGKA
x0, . . . , xk ∈ Rn

y &
`g?YIKJMLONMIKJMB9U

co{x0, x1}
� NYJMaOGKCcNYA�rDahbDpqNYd9U

x0, x1
� GK�cNzAXNYLDvDZ@UcB�eHIT\gNYEMBOG

� � ���FADEMBDEh?W\gGKLDJMLON�IT\gGToOeXi	��GFp;e ,)j�eXLDADvDBDb ϕ(·) ∈ Φ(D)
U9GFIT\OB�B�JHN2\O]MAXN

GFIT\OB(oD\Ob"\Oi-[YZu_
x0, x1 ∈ D

B
x ∈ co{x0, x1}

ϕ(x) > min(ϕ(x0), ϕ(x1)).

>	\~?YIFI
Φ(D)
eWogNM[YLON�NF_X?2ag?2ADJHGKaDBDCcNYEh?2JM]OU¹EMZuogGT\OBDE�GK�cN�BDC�[MN2\gGFG�NM[2f

^=BDaDLONY�cNA/\~?YIFIc?
Ψ(D)
EHIFGT_�j�eXLDADvDBDd

ψ(·) : D → [0, 1]
y � �FJHNYd�vOGT\O]Mi

NYrDaOGTogGT\OBOp5NYrOGKag?2JHNYa
Tk : Ψ(D) → Ψ(D)

(Tkψ)(x) = sup{min(ψ(x0), . . . , ψ(xk))|
x0, . . . , xk ∈ D, x ∈ co{x0, . . . , xk}}, x ∈ D, k = 1, 2, . . . � Q � �



����� ��� ���	��
�������

�����
	������� ���+�)� � � �¥� � � � �2� *�� #H�O�	�O�)�
ϕ(·) ∈ Φ(D) � "2�2� � � � �2�X�O� �� � �2� *w�D� � ��� * "F�)�}� "2�O� �¥�

k = 1, 2, . . .
���g K�2�c�D� "2�)$�� � � � �2� * "F�)����� �

�2� �¥�
k = 1, 2, . . .

( * O�T�O�)�X�O�2�F��� "2�O�}�/�}�n�g #"�# �����/� � % � (2� (2�c�g K� � ��*|� �
#H�n�O� (2�"!��
QMy�"F�)�����z� *|�

x0, . . . , xk ∈ D
�(���z�2� �¥�

x ∈ co{x0, . . . , xk}

ϕ(x) > min(ϕ(x0), . . . , ϕ(xk)); � QMQW�

� y (Tkϕ)(x) = ϕ(x), x ∈ D
� � Q � �

	 ��
 ������ ����������
� �zQMy")=NMIKJY?2JHNY`DLONMIKJM]�eHIT\gNYEMBDb � QMQW�	NY`OGKEMB/oOLg?/y)��GFNM[F_hN2foOBOpqNMIKJM]trDaONYEHGKaDBOp rON�BDL/oOeXADvDBDB9y�&-eHIKJM] � QMQW�"EMZzrON2\OLOGKLONDU�JHNY��o~?�oD\Ob\Oi-[YZu_
x0, . . . , xk+1 ∈ D

U;\Oi-[MNY�cN
z ∈ co{x0, . . . , xk}

Bw\Oi-[MNY�cN
x ∈

co{z, xk+1}

min(ϕ(x0), . . . , ϕ(xk), ϕ(xk+1)) 6 min(ϕ(z), ϕ(xk+1)) 6 ϕ(x). � Q � �
&�NMIKAXN2\O]MADe�E � Q � � z ∈ co{x0, . . . , xk}

B9UMIT\gGTogNYEh?2JHGT\O]MLONDUhrDaDBDLDBOp�?YGKJ@\Oi�f
[MNMG�CFLg?F`OGKLDBOG

λ0x0 + . . . + λkxk
rDaDB

λ0, . . . , λk > 0
U
λ0 + . . . + λk = 1

U
?
x
rDaDBDLDBOp�?YGKJ�\Oi-[MNMG@CFLg?F`OGKLDBOG

µ0z + µ1xk+1
U
µ0, µ1 > 0

U
µ0 + µ1 = 1

U
JHN

x = µ0(λ0x0 + . . . + λkxk) + µ1xk+1 = θ0x0 + . . . + θk+1xk+1
U;��ogG

θ0 = µ0λ0 > 0
U|yFyFyFU

θk = µ0λk > 0
U
θk+1 = µ1 > 0

U
θ0 + . . . + θk+1 = 1

U
JHN+GFIKJM]�E � Q � � x ��\Oi-[MNYd��K\gGFpqGKLDJBDC co{x0, . . . , xk+1}

y
� y &-eHIKJM] ϕ(·) ∈ Φ(D)

UDJHNY��o~?�EMZzrON2\OLOGKLONeHIT\gNYEMBOG � QMQW�TUDB�IFNY��\~?YIKLON � Q � �

(Tkϕ)(x) 6 ϕ(x), x ∈ D.

� oOaDeX�cNYdkIKJHNYaONYLDZ@U�EMZ7[Yag?2E�E � QMQW� x0 = . . . = xk = x
UqrON2\OeX`DBOp ag?Wf

EHGKLOIKJMEHNDy)�@?YNM[MNYaONYJ2U³GFIT\OB}EHGKaDLON � Q � �TU�JHN�IFNY��\~?YIKLON � Q � �	NYJHIKiuo~?�IT\gGToOeHGKJ
� QMQW�Ty �©JMB"�=G�ag?YIFIKeX��ogGKLDBDb�ogNYA/?2CFZzEh?2i	J��FADEMBDEh?W\gGKLDJMLONMIKJM]+eHIT\gNYEMBDd � QMQW�B � Q � �Ty� 	�� ����	 �
����i-[H?2b�j�eXLDADvDBDb

ϕ(·) : D → [0, 1]
UgEHNY�FLDeXJY?2b�Lg?

D
UDJHN�GFIKJM]

JY?2A/?2b)UO`DJHN

ϕ(λ1x1 + λ2x2) > λ1ϕ(x1) + λ2ϕ(x2),

x1, x2 ∈ D, λ1, λ2 > 0, λ1 + λ2 = 1,



����� ���)��� �
		
�� ���� � ������� ���� ����� �

�������	��� ����� �����

D

ϕ(·)

� � ��� 
 ���  � 	 � ��� ��	 �
D

� � 	 ��� � � ϕ(·)����� 	 ��� � ��� � � � � �
��� � Φ(D)
�

D

ψ(·)

� � �����	��� � 	 ��� � � ψ(·) : D → [0, 1] �� � � ��� � �0� � �  ��� � �  � ��� �
		
 �0� � 	 � 
� � � �
 �
	 � � � ��	�		��� � �� � �

D �
		� ����� 

	 ��� � ��� � �
Φ(D

� �

rDaDBDLg?WoD\gGK�+BDJ-A/\~?YIFIKe
Φ(D)
U2BO[MN

λ1ϕ(x1)+λ2ϕ(x2) > min(ϕ(x1), ϕ(x2))
U

IFpzy/aDBOIMy � y
� 	�� ����	 � � &-eHIKJM]

x̊ ∈ D
� JHNY`DA/?�IKJMaONY�cNY�cN�\gNYA/?W\O]MLONY�cN�p;BDLDBOp;e/p�?

j�eXLDADvDBDB
ψ(·) : D → [0, 1]

UqrDaDBD`OGFpsrDeHIKJM]
x̊
� EMLDeXJMaOGKLDLDb/b�JHNY`DA/?

D
U

rDaDBDLg?WoD\gGK��?2�+?2b
D
EHpqGFIKJHG+I�LOGKAXNYJHNYaDZ7plNYJMaOGKCFAXNMp

co{x0, x1} 3 x̊, x̊ 6=
x0, x̊ 6= x1

y7{³NY��o~?
ψ(̊x) 6 min(ψ(x0), ψ(x1))

U7JHNtGFIKJM]
ψ(·) /∈ Φ(D)

U
IFpzy/aDBOIMy � y
� 	�� ����		� � &-eHIKJM]

ϕ1(·), ϕ2(·) ∈ Φ(D)
U�JHNY��o~?�


ϕ(·) = min(ϕ1, ϕ2)(·) ∈
Φ(D)
UuIFpzy¹aDBOIMy � y )=GKdOIKJMEMBDJHGT\O]MLONDUuoD\Ob5\Oi-[YZu_

x0, x1 ∈ D
Bk\Oi-[MNY�cN

x ∈ co{x0, x1}

ϕ(x) = min(ϕ1(x), ϕ2(x)) >

> min [min(ϕ1(x0), ϕ1(x1)),min(ϕ2(x0), ϕ2(x1))] =

= min [min(ϕ1(x0), ϕ2(x0)),min(ϕ1(x1), ϕ2(x1))] = min(ϕ(x0), ϕ(x1)).

� 	�� ����	�� � &-eHIKJM]
ϕ̃(·) : Rn → [0, 1]

� rDaONFogN2\O�=GKLDBOG
ϕ(·) : D → [0, 1],

D ⊂ Rn,
Lg?

Rn


min(ϕ1, ϕ2)(x) , min(ϕ1(x), ϕ2(x)) ¼ max(ϕ1, ϕ2)(x) , max(ϕ1(x), ϕ2(x))



����� ��� ���	��
�������

D

ϕ1(·) ϕ2(·)

� � �����	�
ϕ(·) = min(ϕ1, ϕ2)(·) ∈ Φ(D) ������ �

ϕ1(·) ∈ Φ(D), ϕ2(·) ∈ Φ(D) �
	�

max(ϕ1, ϕ2)(·)
����.��� � 		� ����� 	 ��� � ��

� �����
Φ(D)

� � � � � ����� � � � �� � � �

D

ϕ(·)

� � ��� ���	�	� ��� � � � � � 	 ��� ��� ϕ(·) � ����� 	 ��� � ��� � ����� � � �
��� � Φ(D)
�

ϕ̃(x) =

{
ϕ(x), x ∈ D,

0, x ∈ Rn\D.

{³NY��o~? EMA/\Oi	`OGKLDBDb
ϕ(·) ∈ Φ(D)

B
ϕ̃(·) ∈ Φ(Rn)

�FADEMBDEh?W\gGKLDJMLDZ ,
ϕ(·) ∈ Φ(D)

U¹GFIT\OB5B5JHN2\O]MAXN�GFIT\OB
ϕ̃(·) ∈ Φ(Rn)

y�)=GKdOIKJMEMBDJHGT\O]MLONDUuGFITf
\OB

x0, x1 ∈ D
U;JHN

ϕ̃(x0) = ϕ(x0), ϕ̃(x1) = ϕ(x1)
B
ϕ̃(x) = ϕ(x), x ∈

co{x0, x1} ⊂ D
yu��IT\OB �=G�_hNYJWb [YZ�NFoOLg?�JHNY`DA/?/UzIKA/?2�=GFp

x0 /∈ D
U¹JHN

ϕ̃(x) > min(ϕ̃(x0), ϕ̃(x1)) = 0, x ∈ co{x0, x1}
y

)�?W\gGFG
D
EHIKiuoOe�NYJHNc��ogGFIKJMEY\ObDGKJHI�b}I

Rn
y

� 	�� ����	�� � &-eHIKJM]
ψ̃(·) : D̃ → [0, 1]

��IKeX�=GKLDBOG
ψ(·) : D → [0, 1]

U
D̃
�

EMZzrDeXA/\gNMG}rONFogp;LONc�=GFIKJMEHN
D
U
ψ̃(x) = ψ(x), x ∈ D̃

yz{³NY��o~?/U7NY`OGKEMB/oOLONDU
EMA/\Oi	`OGKLDBOG

ψ(·) ∈ Φ(D)
EY\gGK`OGKJ�EMA/\Oi	`OGKLDBOG

ψ̃(·) ∈ Φ(D̃)
y

�q��G�NFoOBDL�rDaDBOpqGKa�j�eXLDADvDBDB
ϕ(·) ∈ Φ(D)

rDaDBDEHGTogGKL�Lg?=aDBOIMy9Q � y
)�?W\gGFG�[YeWogGKJ(rONYA/?2CW?2LONDU9`DJHN

Φ(Rn)
� A/\~?YIFI+rDaOGTogGT\O]MLDZu_�ag?YIKrDaOGTogGTf

\gGKLDBDd(oD\Ob�LOGK`OGKJMAXNY�cN�K\gGFpqGKLDJY?
ζk =

ξ0 + . . .+ ξk
k + 1

rDaDB
k → ∞ y



����� ���)��� �
		
�� ���� � ������� ���� ����� �

�������	��� ����� �����

� ��� 4�� � �$�¹4�� �|6 ��6 � �$�¹4���� ��6 � � ��� � �74
Tk,

(k = 1, 2, ...)
0;?YIFIFpqNYJMaDBOp�rDaDBOIKJY?W\O]MLOGFG�IKEHNYdOIKJMEh?�NYrOGKag?2JHNYaONYE

Tk : Ψ(Rn)→Ψ(Rn),
k = 1, 2, . . . � Q � �Ty�&-eHIKJM] ψ(·) ∈ Ψ(Rn)

UONYrDaOGTogGT\OBOp5IFGFpqGKdOIKJMEHNp;LONc�=GFIKJME
Et , ψ−1(t) = {x ∈ Rn, ψ(x) = t}, t ∈ [0, 1].

� �� �����
���+�)�����z�2��! � #H�O�	�O�O�
ψ(·) ∈ Ψ(Rn)QMy

(T1ψ)(x) 6 (T2ψ)(x) 6 . . . 6 (Tnψ)(x) = (Tn+1ψ)(x) = . . . , x ∈ Rn;
� y (Tkψ)(x) = sup{t | t ∈ [0, 1], co Et 3 x}, x ∈ Rn, k = n, n+ 1, . . .

	 ��
 ������ ����������
� ��QMy � NY��\~?YIKLON�rDaOGTogIKJY?2EY\gGKLDBDi � Q � �

(Tkψ)(x) = sup{min(ψ(x0), . . . , ψ(xk))|x0, . . . , xk ∈ Rn,

x ∈ co{x0, . . . , xk}} >

> sup{min(ψ(x0), . . . , ψ(xk))|x0, . . . , xk ∈ Rn, x ∈ co{x0, . . . , xk},
xk−1 = xk} = (Tk−1ψ)(x), x ∈ Rn, k = 2, 3, . . .

� yD{|?2A�A/?2A
Rn =

⋃

t∈[0,1]

Et =
⋃

t∈[0,1]

co Et,

JHN�EMZzag?2�=GKLDBDi � Q � ��rDaDB k = n, n + 1, . . .
pqNc�+LON(rDaDB/o~?2JM]�IT\gGToOeXi	�=BDd

EMB/o ,

(Tkψ)(x) = sup
t∈[0,1]

sup{min(ψ(x0), . . . , ψ(xk))|x0, . . . , xk ∈ Et,

x ∈ co{x0, . . . , xk}} =

= sup
t∈[0,1]

sup{min(ψ(x0), . . . , ψ(xk))|x0, . . . , xk ∈ Et, x ∈ co Et},

x ∈ Rn � Q � �
&�rDaOGTogIKJY?2EY\gGKLDBDB � Q � �9BOIKrON2\O]MCcNYEh?2L+JHNYJ-j�?2ADJ2UW`DJHN	rDaDB�\Oi-[MNMp k = n,

n + 1, . . .
oD\Ob�\Oi-[YZu_

x0, . . . , xk ∈ Et
EMA/\Oi	`OGKLDBOG

x ∈ co{x0, . . . , xk} ⇒



� ��� ��� ���	��
�������

x ∈ co Et
B@Lg?YNM[MNYaONYJ2Uc\Oi-[MNYd��K\gGFpqGKLDJ

x ∈ co Et
pqNc�=GKJ-[YZzJM]�rDaOGTogIKJY?2EY\gGKL

E�EMB/ogG�EMZzrDeXA/\gNYd�AXNMpq[YBDLg?2vDBDB�LOG¹[MN2\gGFG�`OGFp
n+1
�K\gGFpqGKLDJHNYE

x0, . . . , xk ∈
Et
y � \gGTogNYEh?2JHGT\O]MLONDUOoD\Ob�JHGT_

t ∈ [0, 1]
UDoD\Ob(AXNYJHNYaDZu_

x ∈ co Et

ψk(x, t) , sup{min(ψ(x0), . . . , ψ(xk))| x0, . . . , xk ∈ Et, x ∈ co Et} = t,

GFIT\OB��=G
x /∈ co Et

U~JHN
ψk(x, t) = 0

A/?2A�JHNY`DLg?2b}EHGKaH_/LDb/b}�Fag?2LD](rDeHIKJHNY�cN
p;LONc�=GFIKJMEh?

∅ ∈ [0, 1]
y &�NY�FJHNMp;e"oD\Ob"\Oi-[MNY�cN

k = n, n+ 1, . . .

(Tkψ)(x)=sup{ψk(x, t)|t ∈ [0, 1]}=sup{t|x ∈ co Et}=(Tnψ)(x), x ∈ Rn.

�����
	����� � ���+�)�����z�2��! � #H�O�	�O�O�
ψ(·) ∈ Ψ(Rn) � � k = n, n + 1, . . . �� #H�O�	�O�)�

(Tkψ)(·) ∈ Φ(Rn)
�

	 ��
 ������ ����������
� � &¹Z7[MGKaOGFptrDaONYBDCFEHN2\O]MLON
z0, z1 ∈ Rn

B
x ∈ co{z0, z1}

U
JY?2At`DJHN}rDaDBtLOGKAXNYJHNYaDZu_

µ0, µ1 > 0
U
µ0 + µ1 = 1 x = µ0x0 + µ1x1

y
� NY��\~?YIKLONwj@NYaOp;eW\gG � Q � ��oD\Ob5\Oi-[YZu_ k = 1, 2, . . .

B
x0, . . . , xk ∈ Rn

U
JY?2ADB/_)UD`DJHN+rDaDB(LOGKAXNYJHNYaDZu_

λ0, . . . , λk > 0
U
λ0 + . . . + λk = 1

x = µ0z0 + µ1z1 = λ0x0 + . . . + λkxk,

rON2\OeX`DBOptIFNMNYJMLONY^�GKLDBDb�,
(Tkψ)(x) = (Tkψ)(µ0z0 + µ1z1) > min(ψ(x0), . . . , ψ(xk)). � Q � �

&�N2\gNc�+BOptE � Q � �
µ0z0 = λ0x0 + . . . + λsxs, µ0 = λ0 + . . .+ λs,

µ1z1 = λs+1xs+1 + . . .+ λkxk, µ1 = λs+1 + . . . + λk, 1 6 s < k,

JY?2A�`DJHN
z0 ∈ co{x0, . . . , xs}, z1 ∈ co{xs+1, . . . , xk}.

1-C � Q � �uIT\gGToOeHGKJ2UO`DJHN+rDaDB(\Oi-[MNMp s ∈ [1, k)

(Tkψ)(µ0z0 + µ1z1) > min[sup{min(ψ(x0), . . . , ψ(xs))|x0, . . . , xs ∈ Rn,

z0 ∈ co{x0, . . . , xs}}, sup{min(ψ(xs+1), . . . , ψ(xk))|xs+1, . . . , xk ∈ Rn,

z1 ∈ co{xs+1, . . . , xk}}] = min[(Tsψ)(z0), (Tk−s−1ψ)(z1)], z0, z1 ∈ Rn.� Q � �
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�������	��� ����� � � Q
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���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

x0 x0 x0

x1 x1 x1

x2 x2 x2

ψ(·) ψ1(·) ψ2(·)

?H� [h� EX�

� � ��� ������� 	���.��� ����� � ��	� � x ∈ R2 �
� � ��  � 
������ � ψ(x) = 1 �

� �
ψ1(x) =

(T1ψ)(x) = 1 �
� �
ψ2(x) = (T2ψ)(x) = 1

�

&¹Z7[MGKaOGFp E � Q � � k > 2n + 1
U
s > n
U
k − s > n + 1

U)JHNY��o~?
(Tkψ)(·) =

(Tsψ)(·) = (Tk−s−1ψ)(·) = (Tnψ)(·) U9A/?2A��FJHN�IT\gGToOeHGKJ�BDC�\gGFpqp;Z QMy�&�N2f�FJHNMp;e�oD\Ob�\Oi-[YZu_
z0, z1 ∈ Rn (Tnψ)(z) > min((Tnψ)(z0), (Tnψ)(z1))

U
GFIT\OB

z ∈ co{z0, z1}
y

� \gGToOeXi	�=BDd�rDaDBOpqGKa�B/\D\Oi-IKJMaDBDaDeHGKJ�aOGKCFeW\O]WJY?2J2U³rON2\OeX`OGKLDLDZzd�E�JHGFN2f
aOGFpqG � y
� 	�� ����	�� � &-eHIKJM]

ψ(·) : R2 → R1
U
ψ(x) = 1

rDaDB
x = x0, x1

B
x2 ∈ R2B

ψ(x) = 0
E�NMIKJY?W\O]MLDZu_�JHNY`DA/?W_

R2 � IFpzyDaDBOIMy9QMQc?H�Ty{³NY��o~?j�eXLDADvDBDb
ψ1(·) = (T1ψ)(·) ag?2EMLg?GToOBDLDBDvOG@\OBD^=]Lg?�IKJHNYaONYLg?W_JMaOGKeX�cN2\O]MLDBDA/?�IuEHGKaD^=BDLg?Yp;B

x0, x1, x2 � aDBOIMyOQMQF[h�TU ψ2(·) = (T2ψ)(·) ag?2EMLg?GToOBDLDBDvOG@\OBD^=]"EHIKiuoOe�E�FJHNMp5JMaOGKeX�cN2\O]MLDBDAXGMU�ag?2EMLONA/?2A}B�EHIFG=j�eXLDADvDBDB
(Tkψ)(·), k = 2, 3, . . . � IFpzyDaDBOI�QMQKEX�Ty

�����
	����� � �
	 #H� � � � #H�O�	�O�)� ψ(·) ∈ Ψ(Rn) � �g # �   � * (2�O�+�

(Mkψ)(x) , sup
{

min(ψ(x0), . . . , ψ(xk))|x0, . . . , xk ∈ Rn,

x =
x0 + . . .+ xk

k + 1

}
, x ∈ Rn.

�D� ��"2�
(Mkψ)(x) −−−→

k→∞
(Tnψ)(x) � x ∈ Rn

�



� � � ��� ���	��
�������

	 ��
 ������ ����������
� ���)?YpqGKJMBOptrDaOGK��ogG�EHIFGK�cNDUD`DJHN
(Mkψ)(x) = sup

{
min(ψ(x0), ..., ψ(xk))|x0, ..., xk ∈ Rn, x = x0+...+xk

k+1 ,

x ∈ co{x0, . . . , xk}
}

6 sup{min(ψ(x0), . . . , ψ(xk))|x0, . . . , xk ∈ Rn,

x ∈ co{x0, . . . , xk}} = (Tkψ)(x) 6 (Tnψ)(x), x ∈ Rn, k = 1, 2, . . .
(17))�?W\gGFG+EMZ7[MGKaOGFp rDaONYBDCFEHN2\O]MLON

ε > 0
U
x ∈ Rn

B�NYrDaOGTogGT\OBOplEMZzrDeXA/\OeXi
AXNMpq[YBDLg?2vDBDi

λ
(ε)
0 x

(ε)
0 + . . . + λ

(ε)
n x

(ε)
n = x

JY?2A9UD`DJHNM[YZ
min(ψ(x

(ε)
0 ), . . . , ψ(x(ε)

n )) > (Tnψ)(x) − ε. � Q � �
)@\Ob@ogNMIKJY?2JHNY`DLON@[MN2\O]M^�NY�cN

k
CW?2rDBD^�GFp}IT\gGToOeXi	��GFG¹rDaOGTogIKJY?2EY\gGKLDBOGuoD\Ob

x

x =
x

(k)
0 + . . .+ x

(k)
k

k + 1
=
k0(k)

k + 1
y

(k)
0 + . . .+

kn(k)

k + 1
y(k)

n ,

��ogGlIKaOGToOB
x

(k)
0 , . . . , x

(k)
k k0(k)

ag?2EMLDZu_
y

(k)
0

U
. . .
U
kn(k)

ag?2EMLDZu_
y

(k)
n
y

)@\Ob �FJHNY�cN�ogNMIKJY?2JHNY`DLON EMZ7[Yag?2JM]
y

(k)
0 =

x
(ε)
0 λ

(ε)
0

k0(k)/(k + 1)
, . . . , y

(k)
n =

x
(ε)
n λ

(ε)
n

kn(k)/(k + 1)

y/&¹Z7[Yag?2E
k0(k), . . . , kn(k)

JY?2A9UO`DJHNM[YZlrDaDB
k → ∞

k0(k)

k + 1
→ λ

(ε)
0 , . . . ,

kn(k)

k + 1
→ λ(ε)

n ,

Lg?2d/ogGFpzU|`DJHN
y

(k)
0 → x

(ε)
0 , . . . , y

(k)
n → x

(ε)
n
B9U³eX`DBDJMZzEh?2b�LOGKrDaOGKaDZzEMLONMIKJM]

ψ(·) B�IFNMNYJMLONY^�GKLDBDb � Q � �TU � Q � �KU/Lg?2d/ogGFp ,
(Tnψ)(x) > (Mkψ)(x) > min(ψ(x

(k)
0 ), ..., ψ(x

(k)
k )) =

=min(ψ(y
(k)
0 ), ..., ψ(y

(k)
n ))−−−→

k→∞
min(ψ(x

(ε)
0 ), ..., ψ(x

(ε)
n ))>(Tnψ)(x)−ε.


 JHIKiuo~?+IT\gGToOeHGKJ2UO`DJHN
(Tnψ)(x) = lim

k→∞
(Mkψ)(x), x ∈ Rn

y

� ��� �³<�� �	��� �©<�� � � ���$� � 6986�
+6;:=<��s:�6���6���� �	� ��
 
+6��
��6;:	���

ζk
���� � � <

k → ∞
&�NYA/?2�=GFpzUX`DJHN

Φ(Rn)
� A/\~?YIFI7rDaOGTogGT\O]MLDZu_"rDaDB

k → ∞ ag?YIKrDaOGTogGT\gGTfLDBDd(LOGK`OGKJMAXNY�cN�K\gGFpqGKLDJY?
ζk � � �Ty
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��� 	���� ��� ����������&�NMIT\gGTogNYEh?2JHGT\O]MLONMIKJM]	LOGK`OGKJMADB/_@�K\gGFpqGKLDJHNYE
ξ1, . . . , ξk, . . .Lg?2CcNYEHGFpwIn_hNFoOb/��GKdOI�b�rON=ag?YIKrDaOGTogGT\gGKLDBDi A�LOGK`OGKJMAXNMp;e��K\gGFpqGKLDJMe

ζ
U/GFIT\OB

ϕξk(x) −−−→
k→∞

ϕζ(x), x ∈ Rn
y

� \gGToOeXi	�=BDdsaOGKCFeW\O]WJY?2J2U�AXNYJHNYaDZzd b/EY\ObDGKJHI�bsrDaOGTogGT\O]MLONYd JHGFNYaOGFpqNYd
oD\Ob(ag?YIKrDaOGTogGT\gGKLDBDd

ζk � � �urDaDB k → ∞ U/rON2\OeX`g?YGKJHI�b�A/?2A�IT\gGTogIKJMEMBOG@JHGFN2faOGFp � U � y
�����
	����� � �
	 #H� � � ξ1, . . . , ξk, . . . �

 O�2�n�g #"2� (2� �  ¡�O�H�O�2� � � (c�2�Y�)$��O�
�g ¥�2��(2�O�F�)$+*|� �g K�/  � �H�/� % �g %$@ K� � � ( � �H��� " * ! �/���H� � � � *|� � (F�)�g  � ���
�H�  O�g �!��g K�/  � �H� �¥� % �g %$@ K� � � ξ � � ζk =

ξ1 + . . .+ ξk

k

���D� ��"2� �  K�n�O�QMy
ϕξ(·) : Rn → [0, 1] �

�g # �   � * (2�O��� � #H�O�	�O�)� � � �  � � k → ∞

ϕζk(x) −→ (Tnϕ
ξ)(x) x ∈ Rn,

� �� K� � � ζk  � � k → ∞ �T�D� "2� � ���  O� � �Y�  �  #"Y ¡�g K�O��� �5�g K�/  � �H� $�#

% �g %$@ K� � #
ζ � � �Y�  �  #"Y ¡�g K�O�g ��H� � � � � �¥� ϕζ(·) = (Tnϕ

ξ)(·) ∈ Φ(Rn)
�

� y �¹�n�O� ϕξ(·) ∈ Φ(Rn) � � � ϕζk(x) = ϕξ(x), x ∈ Rn, k = 1, 2 . . .

�@?�aDBOIMy)Q � rDaDBDEHGTogGKL�rDaDBOpqGKa(BOIn_hNFoOLONY�cN ϕξ(·) B(rDaOGTogGT\O]MLONY�cN ϕζ(·) ag?YITfrDaOGTogGT\gGKLDBDd9y

� �
	 � � 6986�
�z:���� �¹6 � � 6 � � � 8
	� � ��� 
+698 �74�� �
�¹6�
�z: ���$�¹6 �����74z< �³<�� ���&:���� 
�t86;:=<	�

0;?YIFIFpqNYJMaOGKLDLDZ7G�rDaOGTogGT\O]MLDZ7G+JHGFNYaOGFp;Z Lg?"Ic?YpqNMpkogGT\gG�LOG�_X?2ag?2ADJHGKa/f
LDZ�oD\Ob�rONMIT\gGTogNYEh?2JHGT\O]MLONMIKJHGKd�LOGK`OGKJMADB/_��K\gGFpqGKLDJHNYEOUYpqNFogGT\OBDaDeXi	�=B/_=j�B/f
CFBD`OGFIKADBOG�BDCcpqGKaOGKLDBDb)y')=GT\gN5EkJHNMpzU�`DJHNkE5�FJMB/_mIT\OeX`g?2bX_ ag?YIKrDaOGTogGT\gGTf
LDBDb�EHNYCcpqNc�+LONMIKJHGKd�E�CFLg?F`DBDJHGT\O]MLONYd�IKJHGKrOGKLDB�NYrDaOGTogGT\Ob/i	JHI�b�j�BDCFBD`OGFIKADB/f
p;B�CW?2AXNYLONMpqGKaDLONMIKJWbDp;B9U)AXNYJHNYaDZ7GMUgA/?2A�rDag?2EMB/\gNDUgrDaDBDEHNFoOb/J"A�JHGFNYaOGKJMBDAXN2f
EHNYCcpqNc�+LONMIKJMLONYd�CW?2EMBOIKBOpqNMIKJMB"BDCcpqGKaOGKLDBDd9y )=GKdOIKJMEMBDJHGT\O]MLONDUXrDaDBj�BDCFBD`OGTf
IKADB/_=BDCcpqGKaOGKLDBDbX_)UYEMZzrON2\OLDbDGFp;Zu_+rON-In_hGFpqG � � �TUYIKJY?2JMBOIKJMBD`OGFIKA/?2brDaDBDaONFo~?B�[MN2\gGFG	JHNY�cN@��IKJY?2JMBOIKJMBD`OGFIKA/?2b�LOGKCW?2EMBOIKBOpqNMIKJM]�NY^=BO[MNYA

ν1, ν2, . . .
Uhag?YITf

IFp�?2JMaDBDEh?YGFp;Zu_(A/?2A�IT\OeX`g?2dDLDZ7G�EHGT\OBD`DBDLDZ@UONM[YZz`DLON�LOG-EMZzCFZzEh?YGKJIFNMp;LOGTf
LDBDd�o~?2�=G(JHNY��o~?/UqAXNY��o~?�ag?YIKrDaOGTogGT\gGKLDBDbtEHGKaONcb/JMLONMIKJHGKd

ν1, ν2, . . .
LOGKBDCKf

EHGFIKJMLDZ@y��s�FJHNrDaDB�ogNMIKJY?2JHNY`DLON(GFIKJHGFIKJMEHGKLDLDZu_}rDaOGToOrON2\gNc�=GKLDBDbX_�rDaDBDEHN2f
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�������

oOBDJwA JHNMp;eHUu`DJHNtNY^=BO[YADB
ν1, ν2, . . .

UuEweHIT\gNYEMBDbX_xLOGTogNMIKJY?2JHNY`DLONYdsIKJHN2f
_X?YIKJMBD`OGFIKAXNYd�BDLOj@NYaOp�?2vDBDB�ag?YIFIFp�?2JMaDBDEh?YGFp;Z7G"A/?2A�LOGK`OGKJMADBOG�EHGT\OBD`DBDLDZ@U
NYA/?2CFZzEh?2i	JHI�b�CW?2EMBOIKBOp;Z7p;B�E+JHGFNYaOGKJMBDAXN2f EHNYCcpqNc�+LONMIKJMLONMplIFp;Z7IT\gGMy

ϕζ(·)
ϕξ(·)

R1

� � ��� � ��� � ��� � � � � � ���� 	� � 
ϕξ(·) � � 
	 � � � � � � �� 	 � � � � ��� ���)��� �
	� � 

ϕζ(·)� �  � � � ��� 		
 � ��� 	 � � ��� � � �
� ��� ���)��� ��	 � ���
&-eHIKJM]OU7Lg?2rDaDBOpqGKa9U

ν1, ν2, . . .
� EMCW?2BOp;LONtLOGKCW?2EMBOIKBOp;Z7G�AXNYrDBDBsIT\Oehf

`g?2dDLONYd�EHGT\OBD`DBDLDZ
ν
UOr/\gNYJMLONMIKJM]�ag?YIKrDaOGTogGT\gGKLDBDb}EHGKaONcb/JMLONMIKJHGKd�AXNYJHNYaONYd

ρν(·) : R1 → [0,∞)
LOGKBDCFEHGFIKJMLg?/U	BDCFEHGFIKJMLONt\OBD^=]OU�`DJHN

max
x∈R1

ρν(x) =

ρν(0) <∞ B9UDGFIKJHGFIKJMEHGKLDLONDU ρν(x) → 0
rDaDB |x| → ∞ UXBO[MN ∫

R1

ρν(x)dx = 1
y


 [MNYCFLg?F`DBOp
ρν1,...,νn(x1, . . . , xn) = ρν(x1) . . . ρ

ν(xn)
U
x1, . . . , xn ∈ R1

U
r/\gNYJMLONMIKJM]�ag?YIKrDaOGTogGT\gGKLDBDb(EHGKaONcb/JMLONMIKJHGKd

ν1, . . . , νn
y � ?YpqNMG-NM[Y��GFG	rDaOGToDf

rON2\gNc�=GKLDBOGtNkag?YIKrDaOGTogGT\gGKLDBDB EHNYCcpqNc�+LONMIKJHGKd
ϕν1,...,νn(·, . . . , ·) NY^=BO[MNYA

ν1, . . . , νn
U)ag?YIFIFp�?2JMaDBDEh?YGFp;Zu_�A/?2A�LOGK`OGKJMADBOGEHGT\OBD`DBDLDZ@U;IFNMIKJHNYBDJ�E�JHNMpzU

`DJHN ,
• ϕν1,...,νn(x1, . . . , xn) = f(ρ) � = const

�7oD\Ob}EHIFGT_
x1, . . . , xn ∈ R1

U
oD\Ob�AXNYJHNYaDZu_

ρν1,...,νn(x1, . . . , xn) = ρ � = const
�TU/B

• f(ρ1) 6 f(ρ2)
UDGFIT\OB

ρ1 6 ρ2
y

{³NY`DLOGFGMUwrDaOGToOrON2\gNc�+BOpzUk`DJHN
ϕν(x) = F (ρν(x)/ρν(0))

U
x ∈ R1

U
ϕν1,...,νn(x1, . . . , xn) = F

(
ρν(x1) . . . ρ

ν(xn)

(ρν(0))n

) U
x1, . . . , xn ∈ R1

U
n =

1, 2, . . .
UH��ogG	j�eXLDADvDBDb

F (·) : [0, 1] → [0, 1]
LOGKrDaOGKaDZzEMLg?=Lg?

(0, 1]
UXpqNYLON2f

JHNYLDLON+LOG-e/[YZzEh?YGKJ2U
F (0) = 0

U
F (1) = 1

y
&-eHIKJM]

ρν(·) U x ∈ (−∞, 0]
U|pqNYLONYJHNYLDLON�LOG�e/[YZzEh?YGKJ2y;{³NY��o~?�oD\Ob�ag?YITf

rDaOGTogGT\gGKLDBDb�EHNYCcpqNc�+LONMIKJHGKd�LOGK`OGKJMAXNYd�EHGT\OBD`DBDLDZ
ζ(n) = max(ν1, . . . , νn)

U
ag?YIFIFpqNYJMaOGKLDLONYd�E�ag?2CKogGT\gG�QMUDLg?2d/ogGFp
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�������	��� ����� � � �

ϕζ(n)
(z) = sup

{
F
(ρν(x1) . . . ρ

ν(xn)

(ρν(0))n

)
| x1, . . . , xn ∈ R1,

max(x1, . . . , xn) = z
}

=

= F

(
(
sup
x6z

ρν(x)
)n−1

ρν(z)

(ρν(0))n

)
=

{
F (ρν(z)/ρν(0)), z > 0,

F ((ρν(z)/ρν(0))n), z < 0.
� Q � �

� NMNYJMEHGKJHIKJMEHGKLDLONDU|GFIT\OB
ρν(x)
U
x ∈ [0,∞)

U³pqNYLONYJHNYLDLON�LOG+EHNYCFag?YIKJY?YGKJ2U³JHN
oD\Ob�ag?YIKrDaOGTogGT\gGKLDBDb

ζ(n) = min(ν1, . . . , νn)
rON2\OeX`DBOp

ϕζ(n)(z) = sup
{
F
(ρν(x1) . . . ρ

ν(xn)

(ρν(0))n

)
| x1, . . . , xn ∈ R1,

min(x1, . . . , xn) = z
}

=

= F

(
(
sup
x>z

ρν(x)
)n−1

ρν(z)

(ρν(0))n

)
=

{
F ((ρν(z)/ρν(0))n), z > 0,

F (ρν(z)/ρν(0)), z 6 0.
��� � �

�=NYaOp;eW\OZ � Q � �(B ��� � �(rDaDB NY�cNYEHNYaOGKLDLDZu_seHIT\gNYEMBDbX_mpqNYLONYJHNYLDLONMIKJMB
ρν(·) rONYCFEHN2\Ob/i	J rON2\OeX`DBDJM]�?YIKBOp;rDJHNYJMBDADB ag?YIKrDaOGTogGT\gGKLDBDd ϕζ(n)

(·) B
ϕζ(n)(·) rDaDB n→ ∞ UO?=BOpqGKLDLONDUgGFIT\OB�rDaDB z 6= 0 ρν(z)/ρν(0) < 1

U/JHN

ϕζ(n)
(z) →

{
F (ρν(z)/ρν(0)) = ϕν(z), z > 0,

F (+0), z < 0,
��� QW�

ϕζ(n)(z) →
{
F (+0), z > 0,

F (ρν(z)/ρν(0)) = ϕν(z), z 6 0,
����� �

��ogG
F (+0) , lim

t→0
F (t) > F (0) = 0

y
��NzrDaOGTogGT\O]MLDeXitJHGFNYaOGFp;e-oD\Ob�ag?YIKrDaOGTogGT\gGKLDBDd

ζ(n) = max(ν1, . . . , νn)B
ζ(n) = min(ν1, . . . , νn)

pqNc�+LON"IFj@NYaOp;eW\OBDaONYEh?2JM]OUgLOG@JMaOGF[YeMb�pqNYLONYJHNYL/f
LONMIKJMB

ρν(·) IKrDag?2Eh?�B�IT\gGKEh?+NYJ+JHNY`DADB�p�?2AXIKBOp;e/p�?/y
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1

1
x1

x2

α < 1

α = 1

α = 2α > 2

� � ��� � �	� � � 	 ��� |x1|α + |x2|α = 1 � x1, x2 ∈ R1 � α < 1 � α = 1 � α = 2 �
α > 2 �

� �� � ���	�		
�� ��	 ���	��	 � � � � �� 	��� � �
ρν1,ν2(x1, x2) ∼ e−(|x1|

α+|x2|
α)
�

� � � 	 � � � � ����� � ����� max(|x1|, |x2|) = 1
� ��� ���)��� �
	 � � �����

α → ∞ � ��� ��� �
|x1|α + |x2|α = 1

� �	� ���	���
��� � � 	 � ��� � �� � ���	�	� �  ��	 ���	��	 � � � �
� ��� ���)��� ��	 � �
min(e−|x1|, e−|x2|) = emin(−|x1|,−|x2|) = e−max(|x1|, |x2|) � x1, x2 ∈ R1 �

��
�������� 
� ��� � ����� � .���� � ��� � � � �

�������	��� � 	�
� 		������� � � � ���� � �

ν1
�
ν2
�

�����
	����� � �
	 #H� � �

ϕν1, ..., νn(x1, . . . , xn) = F

(
ρν(x1) · · · ρν(xn)

(ρν(0))n

)
, x1, . . . , xn ∈ R1

� � �Y�  �  #"Y ¡�g K�O�g ��g K�/  � �H�/� (Y ¡�O�O�X�O� ν1, . . . , νn � n = 1, 2, . . .
�D� ��"2�

•  K�n�O��"F�)� z < 0 sup
x6z

ρν(x) < ρν(0) � � �  � � n → ∞ "F�)� � �Y�  �  #"Y #�
�g K�O�)�

ϕζ(n)
(·) �)$@ F  � $@ K� � �+�T�D� "2�)$��2� � � ��� QW���

•  K�n�O��"F�)� z > 0 sup
x>z

ρν(x) < ρν(0) � � �  � � n → ∞ "F�)� � �Y�  �  #"Y #�
�g K�O�)�

ϕζ(n)(·) �)$@ F  � $@ K� � ���T�D� "2�)$��2� � � ����� � �
	 ��
 ������ ����������
�mIT\gGToOeHGKJwBDC�rOGKaDEMZu_ ag?2EHGKLOIKJMEtE � Q � �B ��� � �KU¹AXNYJHN2faDZ7G@EHGKaDLDZm[MGKC�rDaOGToOrON2\gNc�=GKLDBDd�N�pqNYLONYJHNYLDLONMIKJMB

ρν(·) Lg? (−∞, 0]
B�Lg?

[0, ∞)
y
��IT\OB9UDE+`g?YIKJMLONMIKJMB9U

ρν(x) ∼ e−|x|α U α > 0
UDB�IFNMNYJMEHGKJHIKJMEHGKLDLON

ρν1,...,νn(x1, . . . , xn) ∼ e−(|x1|α+...+|xn|α), x1, . . . , xn ∈ R1, α > 0, ��� � �
JHNDUDIFNY��\~?YIKLON � Q � �KU ��� � �
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x1

x2

z

z

4z

4z

z′

z′

max(x1, x2) = z < 0

max(x1, x2) = z′ > 0

|x1|α + |x2|α = 2|z|α

|x1|α + |x2|α = |z′|α

� � ��� � � � � � ����	 � � � � � ��� ���
ϕζ(2)

(z) � z ∈ R1 �
�����

α = 1/2 �
���'� ��� ��� � �	��� ��� 	�

��
 �)��� ��		
 � � � � � ��		��
 � � 	 � � � �� � ���	�		
�� ��	 ���	��	 � � � � �� 	��� � �
ρν1,ν2(·, ·) � 	 �

� ��  � 
�� � �� � ��� �����
���
sup

� � ��� � �����
z < 0

�
z′ > 0 � 2|z|1/2 � |z′|1/2

� � ���
	 � � � ��		��� � � ��	 ���	��	 � �

const �
����� � ��  � 
�� ��	���.��� ���
 |x1|1/2+|x2|1/2 = const� � � ��� � � �����
��� � ��	���.��� �����
� �
max(x1, x2) = z < 0

�
max(x1, x2) = z′ > 0��
��������
� ������	�	� �

ϕζ(2)
(z) =

{
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F (e−(|x1|α+...+|xn|α)) � x1, . . . , xn ∈ R1 � α > 0 � n = 1, 2, . . . � � ζn =
ν1 + . . .+ νn

n
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ϕζn(z) →
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z 6= 0
, z ∈ R1.
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x1 + x2 = 2zx1 + x2 = 2z
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