
� �����������
	��
�������������������
����������	��������� ∗

!#" $%"'&)(+*,(+-

.0/2143656748956:<;2=?>A@,148B76=DCE=?:<5,=?563F:<54G2HJI<8BK<;LCE56I<8BK<MN=OG25QPRK<54S
T 5U14/<;2VXWY8B74;<I<8Z=?[J5 T 5�@6>A/21\P]8BK<;LC_^Y`Z1Qa+14bdc
8 T 5�I<;2=OG25U:<56/<5 T 56@6>feVgHJK<[<h<;<i

Nn j
k
lnm_oZpqoZr_s_tvuJw6rqoQxLwzy|{Rwz}n~n�nsny�~+�,~��J�<�LuJmq�,�%oQ}ns_o

f : {−1, 1}n →
{−1, 1} � �%l_�Jm_�J�4�JxLwzyE{Rwz}n~n�nsny�uJw6pqo\t��6�6p��,x2�,�L��{��Jm_tfw6rq�J�

f(x1, . . . , xn) = sign(F (x1, . . . , xn)),

F (x1, . . . , xn) = a0 + a1x1 + . . . + anxn,

l_�,r��,�Q�,�
sign(0) = −1 � s_�Ql_�,r_�L�\wL��sn�\x<o\�Q�L}n�X�9{��,~n� � x�~+�\�_o\�Q�Lx<o�~z�J�4{��{Rsn�ns_oQ}n�<�Jx

a0, a1, . . . , an

tA�4�)}_��xL�\�+�L�%�_oZr_��o]�ns_�Zr����J�,~ns_o � �n�<� |ai| 6 l �
l =

[

(n + 1)
n+1

2

]

+ 1. � }q�\�nsn� F (x1, . . . , xn)
uJw6pqoQ��lnmnsn}ns_t��,�L���_oZr_��o

�\}q�\�_oQ}nsn� � lnmnsn�_o\t |F (x1, . . . , xn)| 6 (n + 1)l. � s_�Ql_�,r_�L�4�Jx2�,}ns_o\t�sn}+��<oQmnl_�,r_�+�ns_�J}n}_�J�4��tf}_�J�4�J�+rqoQ}q�UtA�4�)}_��l_�L�Q�Lm_�Jsn�L���z�,mq�,~n�<oQmns_�Q�Lsn�_o\�Q~nwzy
{Rwz}n~n�nsny��

χF (x1, . . . , xn) =

{

1, F (x1, . . . , xn) > 1
0, F (x1, . . . , xn) 6 0

.

  oRtA�4�)}_�¡lnm_oZpq�Q�J�,xLsn�L��x)xLs+pqo

χF (x1, . . . , xn) =
∑

β,β⊆{1,...,n}

uβ(a0, a1, . . . , an)
∏

i∈β

xi,
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�?pqo
uβ(a0, a1, . . . , an)

tf}_�J�4�J�+rqoQ}n�E�J�¡l_oQm_o\tAoQ}n}n�g�
a0, a1, . . . , an. � �,rq�,��)s_t��,}q�6rq�J�\sn�n}_�

G(x1, . . . , xn) = b0 + b1x1 + . . . + bnxn, g(x1, . . . , xn) =
sign(G(x1, . . . , xn))

s �Q�Lm_�Js_t
χG(x1, . . . , xn). � �J�?p��

|χF (x1, . . . , xn) − χG(x1, . . . , xn)| =

= χF (x1, . . . , xn) + χG(x1, . . . , xn) − 2χF (x1, . . . , xn)χG(x1, . . . , xn) =

=

{

1, f(x1, . . . , xn) 6= g(x1, . . . , xn)
0, f(x1, . . . , xn) = g(x1, . . . , xn)

.

k
lnm_oZpqoZr_s_t

∆(f, g) =
∑

x1,...,xn

∣

∣χF (x1, . . . , xn) − χG(x1, . . . , xn)
∣

∣ =

= 2n
(

u∅(a0, a1, . . . , an) + u∅(b0, b1, . . . , bn)−

− 2
∑

β

uβ(a0, a1, . . . , an)uβ(b0, b1, . . . , bn)
)

.

∆(f, g) = 0
�<�J�?p�� s �<�,r_�L~z� �<�J�?p�� � ~z�J�?p�� f(x1, . . . , xn) ≡

g(x1, . . . , xn) � sn}q�\�_o ∆(f, g) ∈ {1, 2, . . . , 2n} . 	 }_�JxL���Q�Lm_�Js_tEsn}n�<oQmnl_�,�r_�+�ns_�J}n}n�X� tf}_�J�4�J�+rqoQ}

ξ(f, g) =
1

2n!

2n

∏

i=1

(∆(f, g) − i) =

{

1, f(x1, . . . , xn) ≡ g(x1, . . . , xn)
0, f(x1, . . . , xn) 6= g(x1, . . . , xn)

.

� �J�?p��
h(f) =

∑

b0,b1,...,bn,bi∈Z,|bi|≤l

ξ(f, g)

mq�,xL}q���ns_�Zr_w��_oZr_�g���<�J�_oQ~ xU~nw+uLo
[−l, l]n+1 � �6�6p��,y�
%s+���J�,~nwzy �%o � �n�<�s

f � ξ(f, g)
o\�Q�L�%tf}_�J�4�J�+rqoQ}U�J�

a0, a1, . . . , an � �X~z�J�4{�{Rsn�ns_oQ}n�J�JtfsUx�xLs+pqotf}_�J�4�J�+rqoQ}_�Jx��J�
b0, b1, . . . , bn �<� rqoZp_w<oQ���6�JtAoQ�Lsn�L� � �n�<�]pnr_��}q�,�Lwzmq�6r_�L}n�g�

j1, . . . , jr

s_tAo\oQ��tAo\�Q�<�)mq�,x<oQ}_�Q�Lx<�

∑

b0,b1,...,bn,bi∈Z,|bi|≤l

b
j1
i1

. . . b
jr

ir
= (2l + 1)n−r

r
∏

k=1

(

l
∑

−l

b
jk

ik

)

,
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�\}q�\�nsn� � o\�Zr_s �2�J�6��uJ���\p_}q�¡sn�%�Q�<oQl_oQ}_oQ��}_oQ�_oQ�L}q� � �<�¡xL�Xmq�,�%oQ}ns_o�mq�,xL}_�
� � �%lnmns �_oQ�L}n�g��s_tAo\o\t9�Qw+tAtfw��Q�<oQl_oQ}_oQ� }q�,�Lwzmq�6r_�L}n�g� �ns_�\oZr

(2l+1)n−r2r+1
r
∏

k=1

(

ljk+1

jk + 1
+

ljk

2
+

1

2

(

jk

1

)

B2l
jk−1 +

1

4

(

jk

3

)

B4l
jk−3+ ...

)

.

k
�_oQxLs+p_}_� � �n�<� h(f) > 1 � �<�J�?p��

Nn =
∑

a0,a1,...,an

1

h(f)
.

k�p_}q�,~z� � �n�<�LuJ� �L�Q�J�,x2�,�L�<�?��x�mq�Jtf~+�6��tf}_�J�4�J�+rqoQ}_�Jx �J� a0, a1, . . . , an,
�

wz�_oQ�<�Lt � �n�<� h(f) ∈
{

1, . . . , (2l + 1)n+1
} s �%s_�Ql_�,r_�L�4�Jx2�,}ns_o\tFsn}n�<oQmnl_�,�

r_�+�ns_�J}n}_�J�4��tf}_�J�4�J�+rqoQ}q� � s_tAo\o\t

Nn = −

(2l+1)n+1

∑

K=1

(−1)k

k

∑

a0 ,a1,...,an

1

(k − 1)! ((2l + 1)n+1 − k)!

(2l+1)n+1

∏

i=1,i6=k

(h(f) − i) .

� rqoZp_w<oQ���J�<tAoQ�Lsn�L� � �n�<��{��Jm_tfw6r���pnr_� Nn

x<oQmn}q� lnmns9x<�\oZ�
l
uL�,r_�J�

� s+��xL� � oQwz~+�,�6�,}n}_�J�4� �\}q�\�_oQ}nsn� � x �<�LtF�ns_�Zrqo¡s�lnmns l
�Q�Lm_o\tf� 
�o\tA�?��~

uLo\�Q~z�J}_oQ�n}_�L�Q�Ls �




