
�����������
	��
��
����������������������! "��# �$��
�
��&%
' ���(�
	*)�� +,��
���- '�'

.0/ 12/31�4657498;:=<

>@?BA0C@DFE�DHG�I�D
J3KMLNKPOQKSR7TUOWVYX[ZQ\^]WVW_�`baMZQ\^R7Tdc�e*a9]WfWgWVWh�]QK@]Y\PX^f9ijZYk7fWV=c�]Y\^lMKjR7VYX^VYmHTdc

]QKb`7ibnQKMc�oY\^nY\Pmp\^]W]WTdc�LQi7X^qbKjqribOW]Yi�VWlPRr\PX^q7]QK=s9t"KjoWnWVYmp\^nFu9VW]Wqr\^nY\PX^]WT@\SnY\[v
lPaMZYkMqbKjq7Tw`bTdZYV�oYijZYa9OY\^]WTxR�y{z[|}V�y ~M|�s;�@LY]QKjf9iWu;XPibRr\^nW��\^]W]Yi�]YibR7TUh�oYiPLWv
c6iPL$f�nY\^��\^]WVW��LNKj]W]Yibh$lMKMLNKPOWV�`bTdZ$nY\�KMZYVWl�ibR6Kj]�R$y �M|�sH���Pqribh$nQKb`7ibqr\
oWnY\[LQX^qbKjRbZQ\^]�oQKjnQKMZWZQ\[ZYk7]WTUh�KMZY��ibnWVWqrmwR7TUOWVYX[ZQ\^]WVW_�`baMZQ\^Rribh�e*a9]WfWgWVWV
]QK*]Y\PX^f9ijZYk7fWV=c�]Y\^lMKjR7VYX^VYmHTdc�]QKb`7ibnQKMc3u6f9ibqribnWTUh2mpi���\^q!`bTUq7k�VW]Wqr\^nWoWnY\[v
q7VWnYibR6Kj]�f=Kjf�KMZY��ibnWVWqrm�oQKjnQKMZWZQ\[ZYk7]Yib��i�VWlPRbZQ\^OY\^]WVW_�VW]Ye"ibnYm�KjgWVWV�VWl�`rKMv
lPT�LNKj]W]WTdc�oYi�]Y\PX^f9ijZYk7fWVYm�]Y\^lMKjR7VYX^VYmHT@m0KMLYnY\PX�KbmUsY�*XPX[ZQ\[LQibR6Kj]�X[ZYa9OQKjh
m�Kjf9X^VYm�KMZYk7]Yib��i�nQKbX^oQKjnQKMZWZQ\[ZYVWR6Kj]WVW_�KMZY��ibnWVWqrmpibR�oWnWV�oYijZYVW]Yi7mHVQKMZYk7]Yi
ib�PnQKj]WVWOY\^]W]Yi7m�f9ijZYVWOY\PX^q7Rr\�oWnYibgY\PXPXPibnYibRYsW�rZNKjR7]WT@m�ib�PnQKj]WVWOY\^]WVY\Pm�_=RbZY_9v
\^qrX�_�]Y\Pi7`Pc6iPLYVYmpi7X^q7k�X^OWVWq7TUR6Kj]WVW_�RrXP\[c�lMKjoWnQKj��VWR6Kb\PmHTdc2`bVWq�lMK�iPLY]Yi�i7`jv
nQKj��\^]WVY\�f�R7]Y\^��]Y\PmHa�]Yi7X^VWqr\[ZY��s���qri�ib�PnQKj]WVWOY\^]WVY\�X^R7_=lMKj]Yi2X�qr\PmUuNOWqri
X^f9ibnYi7X^q7k�qbKjf9ib��i�i7`bnQKj��\^]WVW_�X^a9��\PX^q7Rr\^]W]Yi�]WVW��\(X^f9ibnYi7X^q7V�nQKb`7ibq7TBoWnYijv
gY\PXPXPibnQK=s��*ib�Pqri7mHa$i7`b��\P\2R7nY\PmH_�LQi7X^q7a9oQK�f0`rKjl�\�LNKj]W]WTdc�mpi���\^q�`bTUq7k
mHVW]WVYm�KMZYk7]Yi�oWnWV�iPLY]Yi7m�i7`bnQKj��\^]WVWV�f2R7]Y\^��]Y\PmHa�]Yi7X^VWqr\[ZY��u=c6ibqM_2�Pqri!V
oYibq7nY\P`bar\^q!LQiboYijZY]WVWqr\[ZYk7]WTdc�R7TUOWVYX[ZQ\^]WVWhFs
��TUlPTUR6Kb\^q2VW]Wqr\^nY\PX!lMKMLNKPOQK�fWnWVWoWqrib�PnQKbe*VWOY\PX^f9ibh�lMKj��VWq7T�`rKjlPT�LNKj]=v

]WTdc�oWnWV�XPi7`jZY�dLQ\^]WVWV�RrXP\[c�iboWVYX�Kj]W]WTdc�R7TU��\!ib�PnQKj]WVWOY\^]WVWhFs}��nYi7mp\!qrijv
��iWur`7ijZYk7��i7\@oWnQKjfWq7VWOY\PX^f9i7\�lP]QKPOY\^]WVY\SVYmp\P\^q(lMKMLNKPOQK"mHVW]WVYmHVWlMKjgWVWV�OWVYX[ZNK
oWnYibgY\PXPXPibnYibR*oWnWV!XPi7`jZY�dLQ\^]WVWV���ZNKjR7]Yib��i*ib�PnQKj]WVWOY\^]WVW_�KMZY��ibnWVWqrmpibRYsj��Kj]=v
]QKj_�nQKb`7ibqbK!oYi7X^R7_=��\^]QK�nY\^��\^]WVW��a9f=KjlMKj]W]WTdc2lMKMLNKPOFs
  R7qribn�`jZNKj��iPLNKjnWVWq�oWnYi7e"\PXPXPibnQK   s ¡@s   ]=LYnY\P\^R6K*lMK�]QKPa9OW]Yi7\SnWa9f9ibRriPLWv

X^q7RriWu}K�qbKjfW��\���s ¢�s���aMLYn6_=R7gY\^R6K�V���s ��s��=KbX�Kj]YibR6K�lMK2R7]WVYm�Kj]WVY\�V�oYiPLWv
LQ\^n6�!fWars
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1 KbXPXPmpibq7nWVYm X^oY\^gWVQKMZYk7]Wa9� oQKjnQKMZWZQ\[ZYk7]Wa9� mpiPLQ\[ZYkYuSiboWVYX^TUR6Kj����a9�
]Y\^f9ibqribnWa9� Kb`7X^q7nQKjfWq7]Wa9� `rKjlPa�LNKj]W]WTdc3u�R�f9ibqribnYibh�VW]Ye"ibnYm�KjgWVW_�oWnY\[LWv
X^qbKjRbZQ\^]QK R,R7V=LQ\�qbKb`jZYVWg LWZY_ `baMZQ\^R7Tdc e*a9]WfWgWVWh

n
oY\^nY\Pmp\^]W]WTdc

f(x1, x2, . . . , xn)
sd¢dijZQ\P\�qribOW]YiWud`rKjlMK LNKj]W]WTdc0oWnY\[LQX^qbKjRbZY_W\^q0XPi7`7ibh�]QKMv

`7ibn$`baMZQ\^R7Tdc�e*a9]WfWgWVWh�nY\�KMZYVWl�ibR6Kj]W]WTdc$qbKb`jZYVWgQKbmHVFupRbc6iPLY]WT@\�oYi7X[ZQ\[LQijv
R6Kjqr\[ZYk7]Yi7X^q7V�f=Kj��LQibh�VWlUf9ibqribnWTdc�_=RbZY_=��qrX�_�]Y\^f9ibqribnYibh�e*VWf9X^VWnYibR6Kj]W]Yibh
i7`jZNKbX^q7k7��R�oQKbmH_=q7VFs}��nYibgY\PXPXPibnWT mpib�Pa9q�nQKjl^ZYVWOQKjq7k�VW]=LQ\^f9X^T �Pq7V=c�`ba6v
ZQ\^R7Tdc2e*a9]WfWgWVWh�V2oYijZYa9OQKjq7k!lP]QKPOY\^]WVY\(e*a9]WfWgWVWV32 iPLYVW]�`bVWq54�]QK�R7Tdc6iPLQ\7s
�(nWa9�PVYmHV2X[ZQibR6KbmHVFu=f=Kj��LYTUh2]QKb`7ibn�lP]QKPOY\^]WVWh�oY\^nY\Pmp\^]W]WTdc�_=RbZY_W\^qrX�_2KMLWv
nY\PXPi7mUu=oYi�f9ibqribnYi7mHa�c=nQKj]WVWqrX�_2iPLYVW]�`bVWq!VW]Ye"ibnYm�KjgWVWVFsW�*iPL2LQi7X^q7a9oYi7m$f
`rKjl�\SLNKj]W]WTdc�oYib]WVYm�Kb\^qrX�_�X^OWVWq7TUR6Kj]WVY\"VW]Ye"ibnYm�KjgWVWV�X�R7]Y\^��]WV=c�]Yi7X^VWqr\[v
ZQ\^h�oYi�iboWnY\[LQ\[ZQ\^]W]WT@m0KMLYnY\PX�KbmUu=OWqri�e(KjfWq7VWOY\PX^fWV2iblP]QKPOQKb\^q�R7TUOWVYX[ZQ\^]WVY\
`baMZQ\^Rribh�e*a9]WfWgWVWV0]QK lMKMLNKj]W]WTdc�]QKb`7ibnQKMc0oY\^nY\Pmp\^]W]WTdc3sU�Sqrmp\^q7VYmUu�OWqri
oWnYibgY\PXPXPibnWT mpib�Pa9q(R7TUoYijZY]W_=q7k�lMKjoWnYi7X^T�f�R7]Y\^��]Y\^h�oQKbmH_=q7V32 qri(\PX^q7k�`rKMv
l�\�LNKj]W]WTdc#4[uWlMKjq7nQKPOWVWR6Kj_�X^oY\^gWVQKMZYk7]Yi7\"R7nY\PmH_3uYi7`7iblP]QKPOY\^]W]Yi7\�6�798�:<;36Qs

�SoWVW��\Pm�]Y\^f9ibqribnWT@\�oWnY\[LYR6KjnWVWqr\[ZYk7]WT@\dnY\^lPaMZYkMqbKjq7T
VWl�y �M|�u�a9OWVWq7TUR6Kj_3u
OWqri!X[ZQi��!]Yi7X^q7k�RrXP\[c�KMZY��ibnWVWqrmpibR�ibgY\^]WVWR6Kb\^qrX�_�oYi!q7nY\Pm$oQKjnQKbmp\^q7nQKbm	=

> 8�:<;36+? R7nY\PmH_2VWlPRbZQ\^OY\^]WVW_�VW]Ye"ibnYm�KjgWVWV�VWl(`rKjlPT LNKj]W]WTdc9@
A > ? f9ijZYVWOY\PX^q7Rri�oWnYibgY\PXPXPibnYibRB@
;365;C? nQKjl�mp\^n�`rKjlPT LNKj]W]WTdc3s
��arX^q7k

GF (q)
? oYijZQ\��=KMZYa6K$nQKjl�mp\^nW]Yi7X^q7V

q = 2k (k > 0)
s 1 KbX[v

XPmpibq7nWVYmBmH]Yi���\PX^q7Rri
GF (q)4

f=Kjf�OY\^q7TUnY\[cWmp\^nW]Yi7\�ZYVW]Y\^hW]Yi7\�oWnYi7X^q7nQKj]=v
X^q7RriWsED*\^nY\^l

l(A, u)
i7`7iblP]QKPOWVYm oWn6_WmHa9��u�oWnYiPc6iPLY_=��a9� OY\^nY\^l�qribOWfWa

AoQKjnQKMZWZQ\[ZYk7]Yi Rr\^fWqribnWa ~h = (1, u, u2, u3)
sp¡�X[ZYV

U
_=RbZY_W\^qrX�_�oYiPLQmH]Yi���\[v

X^q7Rri7m
GF (q)

nQKjl�mp\^nW]Yi7X^q7V
r3 uWqri�OY\^nY\^l SL4(U)

i7`7iblP]QKPOWVYm�mH]Yi���\PX^q7Rri
RrXP\[c$oWn6_WmHTdc

l(A, u)
qbKjfWV=c3u�OWqri

A ∈ GF (q)4
V

u ∈ U
s���nYi7mp\�qrib��iWu

iboWnY\[LQ\[ZYVYm ]QKb`7ibn�qribOY\^f
l#(A, u) = l(A, u) \ A

s�� nQKb`7ibqr\�y �j|*iboWVYX�Kj]
KMZY��ibnWVWqrm

A
u;f9ibqribnWTUh LWZY_�ZY��`7ibh Rbc6iPLY]Yibh�oYi7X[ZQ\[LQibR6Kjqr\[ZYk7]Yi7X^q7V
]QKb`7ijv

nYibR
A1, A2, . . . , Ar

uF��LQ\
Ai ∈ GF (q)4

RriblPR7nQKj�!Kb\^q�oYi7X[ZQ\[LQibR6Kjqr\[ZYk7]Yi7X^q7k
u1, u2, . . . , ur

u
(ui ∈ U ⊆ GF (q))

qbKjfWa9��upOWqri�LWZY_�ZY��`7ibh�oQKjnWT
j1, j2

u
(j1 6= j2)

R7TUoYijZY]Y\^]Yi

l#(Aj1, uj1) ∩ l#(Aj2, uj2) = ∅.
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�Sqrmp\^q7VYmUuYOWqri��Pqribq�KMZY��ibnWVWqrm�VYmp\P\^q�X[ZQ\[LYa9����a9��X[ZQi��!]Yi7X^q7kB=

bp(A) = O(r7k2),

ptime(A) = O(log r + log k).
�SoWVW��\Pm2qr\^oY\^nWkSoWnYibgY\[LYa9nWT"u�]Y\Pi7`Pc6iPLYVYmHT@\�LWZY_*oYi7X^q7nYi7\^]WVW_�KMZY��ibnWVWqbv

m�K
DPr,f

y �M|�uYf9ibqribnWTUh�oWnYibVWlPRriPLYVWq�oQKjnQKMZWZQ\[ZYk7]Yi7\�R7TUOWVYX[ZQ\^]WVY\�`baMZQ\^Rribh
e*a9]WfWgWVWV

f : {0, 1}n → {0, 1}
]QK

r
]Y\^lMKjR7VYX^VYmHTdc�]QKb`7ibnQKMc�oY\^nY\Pmp\^]W]WTdc

X1, X2, . . . , Xr

s
�*X c6iPLY]Yi7\"oWnYi7X^q7nQKj]YX^q7Rri

{0, 1}n nQKjl�i7`bkr\Pm�]QK�LYR6K�oYiPLYoWnYi7X^q7nQKj]YX^q7R6K

{0, 1}n = {0, 1}4k × {0, 1}n−4k,��LQ\
k = d3 log r + log ne

s���ib��LNK�RrXP\"Rbc6iPLYT
X1, X2, . . . , Xr

mpi��!]Yi�oWnY\[LWv
X^qbKjR7VWq7kwR�R7V=LQ\

Xi = AiBi

u
i = 1, 2, . . . , r

u(��LQ\
Ai ∈ {0, 1}4k u!K

Bi ∈ {0, 1}n−4k s��*\^nWRri7\�oYiPLYoWnYi7X^q7nQKj]YX^q7Rri�nQKbXPXPmpibq7nWVYm f=Kjf0OY\^q7TUnY\[c9vmp\^nW]Yi7\�ZYVW]Y\^hW]Yi7\"oWnYi7X^q7nQKj]YX^q7Rri
GF (q)4

u=��LQ\
q = 2k

s
�"ZY_�RrXP\[c

A ∈ GF (q)4
nQKbXPXPmpibq7nWVYm0`baMZQ\^R7TBe*a9]WfWgWVWV

fA : {0, 1}n−4k → {0, 1}
qbKjfWVY\7uWOWqri

fA(B) = f(A,B)
s

�"ZY_�RrXP\[c
l ∈ SL4(U)

nQKbXPXPmpibq7nWVYm0`baMZQ\^R7TBe*a9]WfWgWVWV
gl : {0, 1}n−4k → {0, 1}

qbKjfWVY\7uYOWqri
gl(B) =

⊕

A∈l

fA

s
��arX^q7k�f=Kj��LQibh e*a9]WfWgWVWV

fA

V
gl

XPi7ibq7Rr\^qrX^q7R7ar\^q�X^Rri�_�qbKb`jZYVWgQK=uNc=nQKMv
]WVYm�Kj_�]QK(ibq�LQ\[ZYk7]Yi7m
R7]Y\^��]Y\Pm
]Yi7X^VWqr\[ZQ\�V�i7`bnQKb`rKjq7TUR6Kb\Pm�Kj_2X^RribVYm�oWnYijv
gY\PXPXPibnYi7mUs! �ibRribfWa9oW]Yi7X^q7k��Pq7V=c�e*a9]WfWgWVWh�oWnY\[LQX^qbKjRbZY_W\^q�XPi7`7ibh�RrX^� `rKjlPa
LNKj]W]WTdc3u3qri�\PX^q7k�oYiblPRrijZY_W\^q�nY\�KMZYVWl�ibR6Kjq7k�`baMZQ\^R7a e*a9]WfWgWVW�

f
s3��nYibgY\PX[v

XPibn�mpi���\^q�i7`bnQKjq7VWq7krX�_�f�ZY��`7ibh�VWl��Pq7V=c�e*a9]WfWgWVWhFu6lMKjq7nQKjq7VWR!]Y\^f9ibqribnYi7\
R7nY\PmH_�6�798�:<;36Qs9�"ZY_�]QKj��ZY_9LY]Yi7X^q7V�mpi��!]Yi�i7`�"F\[LYVW]WVWq7k�RrXP\��Pq7V�qbKb`jZYVWgWT
R�iPLY]Wa V�oYijZYa9OWVWq7k�oWnY\[LQX^qbKjRbZQ\^]WVY\2e*a9]WfWgWVWV

f
2 `rKjlPT�LNKj]W]WTdc#4�R�R7V=LQ\

qbKb`jZYVWgWTx`baMZQ\^R7Tdc2e*a9]WfWgWVWh�ibq
n − 4k

oY\^nY\Pmp\^]W]WTdc3s
JQLQ\PX^k

m
nQKjR7]W_W\^qrX�_$f9ijZYVWOY\PX^q7R7a�qribOY\^f$R oY\^nWRri7m�oYiPLYoWnYi7X^q7nQKj]YX^q7Rr\

nQKjl�`bVY\^]WVW_3u�qri�\PX^q7k
m = |GF (q)4| = 24k

u�K
p
nQKjR7]W_W\^qrX�_�f9ijZYVWOY\PX^q7R7a

oWn6_WmHTdc�R�mH]Yi���\PX^q7Rr\
SL4(U)

upqri \PX^q7k
p = |SL4(U)|

s��"Kj��LYTUh0X^qrijZWv
`7\^g�qbKb`jZYVWgWT c=nQKj]WVWqrX�_�]QK�X^Rri7\Pm ]Yi7X^VWqr\[ZQ\�V�i7`7X[ZYa9�!VWR6Kb\^qrX�_ ibq�LQ\[ZYkbv
]WT@m
oWnYibgY\PXPXPibnYi7mUsQ�rZNKjR7]Yi7\"ib�PnQKj]WVWOY\^]WVY\�KMZY��ibnWVWqrm�K!iblP]QKPOQKb\^qjuYOWqri(LWZY_
ZY��`bTdc

r
Rbc6iPLQibR�VWl"f=Kj��LQib��i�X^qrijZQ`bgQK!qbKb`jZYVWgWTwmpi��!]Yi�VWlPRbZQ\^OWk�qrijZYk7f9i

iPLYVW]�`bVWqjs
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y1 y2
sPsPs

yn−4k fA1 fA2
sPsPs

fAm g1 g2
sPsPs

gp
� � sPsPs �

∗ ∗
sPsPs

∗ ∗ ∗
sPsPs

∗
� � sPsPs z

∗ ∗
sPsPs

∗ ∗ ∗
sPsPs

∗sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs
z z sPsPs z

∗ ∗
sPsPs

∗ ∗ ∗
sPsPs

∗

�}Kb`jZYVWgQK�z7s

�*X^oYijZYk7lPar\Pm�iboWVYX�Kj]W]WT@\@e*a9]WfWgWVWV�LWZY_�nY\�KMZYVWlMKjgWVWV
f
s7J3Kbmp\^q7VYmUu7oWnY\[v

��LQ\�RrXP\^��iWuYOWqri

gl(B)⊕





⊕

A∗∈l\{A}

fA∗(B)



 =

(

⊕

A∈l

fA

)

⊕





⊕

A∗∈l\{A}

fA∗(B)



 = fA(B).

��nWV�oYi7mpib��V KMZY��ibnWVWqrm�K
A(A1, A2, . . . , Ar)

u!a9oYi7mH_=]Wa9qrib��iwR7TU��\7u
mpi��!]Yi�]QKjhWq7V

r
�^ZQ\Pmp\^]WqribR

(u1, u2, . . . , ur)
VWl

U
qbKjfWV=c3uQOWqri�LWZY_�ZY��`7ibh

oQKjnWT
j1 6= j2

l#(Aj1, uj1) ∩ l#(Aj2, uj2) = ∅.

 �ZQ\[LQibR6Kjqr\[ZYk7]YiWuNmpi��!]Yi!oYi7X^q7nYibVWq7k�X[ZQ\[LYa9����a9��X^VYX^qr\PmHa

f(Ai, Bi) = gl(Ai,ui)(Bi) ⊕





⊕

A∗∈l#(Ai,ui)

fA∗(Bi)



 , i = 1, 2, . . . , r.

��l�X^RribhYX^q7R�KMZY��ibnWVWqrm�K���X[ZQ\[LYar\^qjuFOWqri�ZY��`rKj_�VWl�e*a9]WfWgWVWh
fA

V=ZYV
gl

mpi���\^q�a9OQKbX^q7RribR6Kjq7k�qrijZYk7f9i�R�iPLY]Yi7m�a9nQKjR7]Y\^]WVWV�oYi7X[ZQ\[LY]Y\^h�X^VYX^qr\PmHT"s
��]QKPOY\7uHoWnWV$oY\^nY\PXP\^OY\^]WVWV�oWn6_WmHTdc$mpib��ZNK�RriblP]WVWfW]Wa9q7k�X^VWq7a6KjgWVW_3upf9ib��LNK
]Y\Pi7`Pc6iPLYVYmpi�`bTdZQi `bT R7TUOWVYX[ZYVWq7k LYR6K�lP]QKPOY\^]WVW_

fA(B1)
V

fA(B2)
LWZY_

iPLY]Yibh�qribOWfWV
A
uW]Yi�]QK!nQKjl^ZYVWOW]WTdc�]QKb`7ibnQKMc

B1
V

B2
uQK!�Pqri�oWnWVWRr\[ZQi�`bT

f2]QKjnWa9��\^]WVW����ZNKjR7]Yib��i�ib�PnQKj]WVWOY\^]WVW_�KMZY��ibnWVWqrm�K=s
��KMLYVYm ]Y\^oYi7X^nY\[LQX^q7Rr\^]W]Yi7\xiboWVYX�Kj]WVY\ oWnYibgY\[LYa9n KMZY��ibnWVWqrm�K

DPr,f

u
X[ZQ\[LYa7_2nQKb`7ibqr\�y �M|�s
��Rr\[LQ\Pm�X[ZQ\[LYa9����VY\*i7`7iblP]QKPOY\^]WVW_9=

~A=(A1, A2, . . . , Ar), ~B=(B1, B2, . . . , Br), ~u = (u1, u2, . . . , ur) = A( ~A).
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�SoWnY\[LQ\[ZYVYm$LYRr\*RrX^oYi7mpib�^Kjqr\[ZYk7]WT@\(oWnYibgY\[LYa9nWT =

B1(A, u,A∗) =

{

1, A∗ ∈ l#(A, u);

0, A∗ /∈ l#(A, u).

B2(A, u, l) =

{

1, l = l(A, u);

0, l 6= l(A, u).

��KMZQ\P\*oYi7X^q7nYibVYm�oWnYibgY\[LYa9nWT =

B3(A, ~A, ~B, ~u) =

r
∨

i=1

�
1(Ai, ui, A) · Bi,

B4(l, ~A, ~B, ~u) =

r
∨

i=1

�
2(Ai, ui, l) · Bi.

J3Kbmp\^q7VYmUuWOWqri(LYRr\�oYi7X[ZQ\[LY]WVY\*oWnYibgY\[LYa9nWT oYijZYa9OQKj��q!]QK�R7Tdc6iPLQ\*f9ibn=v
nY\^fWq7]WT@\�Rbc6iPLYT�LWZY_�X^VYX^qr\PmHT"u=nY\�KMZYVWlPa9����\^h

f(Ai, Bi)
sr��\^hYX^q7R7VWqr\[ZYk7]YiWu

LWZY_(ZY��`7ib��i
A ∈ GF (q)4

R7TUoYijZY]Y\^]Yi"X[ZQ\[LYa9����\P\7u7\PX[ZYV
A ∈ l#(Ai, ui)

ujqri
B3(A, ~A, ~B, ~u) = Bi

V
B4(l(Ai, ui), ~A, ~B, ~u) = Bi

sY��Rr\[LQ\Pm�i7`7iblP]QKPOY\^]WVW_

BA = B3(A, ~A, ~B, ~u)
V

Bl = B4(l(Ai, ui), ~A, ~B, ~u).

�SoWnY\[LQ\[ZYVYm�oY\^nY\Pmp\^]W]WT@\

YA = fA(BA), A ∈ GF (q)4
V

Zl = gl(Bl), l ∈ SL4(U).

��arX^q7k ~Z
oWnY\[LQX^qbKjRbZY_W\^q(XPi7`7ibh�]QKb`7ibn�oY\^nY\Pmp\^]W]WTdc

Zl

uM��LQ\
l ∈ SL4(U)

u
K ~Y

? �Pqri!]QKb`7ibn�oY\^nY\Pmp\^]W]WTdc
YA

uW��LQ\
A ∈ GF (q)4

s
�*i7X^q7nYibVYm�oWnYibgY\[LYa9nWa

B6(A, u, ~Z, ~Y )=





∨

l∈SL4(U)

Zl ·B2(A, u, l)



⊕





⊕

A∗∈GF (q)4

YA∗ ·B1(A, u,A∗)



.

J3Kbmp\^q7VYmUuFOWqri�R�oY\^nWR7Tdc�X^f9i7`bf=KMc�nY\�KMZYVWlPar\^qrX�_
Zl(A,u)

u�K�Rri2R7qribnWTdc
X^f9i7`bf=KMc�? ⊕

A∗∈l#(A,u)

YA∗

s  �ZQ\[LQibR6Kjqr\[ZYk7]YiWu
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B6(Ai, ui, ~Z, ~Y ) = Zl(Ai,ui) ⊕





⊕

A∈l#(Ai,ui)

YA



 =

= gl(Ai,ui)(Bi) ⊕





⊕

A∈l#(Ai,ui)

fA(Bi)



 = f(Ai, Bi).

�}KjfWVYm i7`bnQKjl�i7mUu3oYijZYa9OY\^]WTwRrXP\�oWnYibgY\[LYa9nWT"u3]Y\Pi7`Pc6iPLYVYmHT@\!LWZY_ iboWV=v
X�Kj]WVW_�KMZY��ibnWVWqrm�K!V�nY\^��\^]WVW_2oYi7X^qbKjRbZQ\^]W]WTdc�lMKMLNKPOFs
���������
	
�
�

DPr,fz�4���nWVYmp\^]WVYm�KMZY��ibnWVWqrm ��f9i!Rbc6iPLYa
(A1, A2, . . . , Ar)

uWqri�\PX^q7k
~u = A( ~A).~�4���nWVYmp\^]WVYm�oWnYibgY\[LYa9nWa

B5
urOWqri7`bT0oYi7X^q7nYibVWq7k�RrXP\@f9ibnWnY\^fWq7]WT@\�Rbc6ijv

LYT�LWZY_�`baMZQ\^R7Tdc�e*a9]WfWgWVWh�`rKjlPT LNKj]W]WTdc3uWqri!\PX^q7k
B5
=

� 4�LWZY_�ZY��`bTdc
A ∈ GF (q)4

R7TUOWVYX[ZYVYm
BA = B3(A, ~A, ~B, ~u)

@
��� 4�LWZY_�ZY��`bTdc

l ∈ SL4(U)
R7TUOWVYX[ZYVYm

Bl = B4(l, ~A, ~B, ~u)
s

��4���TUOWVYX[ZYVYm�R7Tdc6iPLYTx`baMZQ\^R7Tdc2e*a9]WfWgWVWh�`rKjlPT LNKj]W]WTdc3uWqri�\PX^q7k
� 4�LWZY_�ZY��`bTdc

A ∈ GF (q)4
R7TUOWVYX[ZYVYm

YA = fA(BA)
@

��� 4�LWZY_�ZY��`bTdc
l ∈ SL4(U)

R7TUOWVYX[ZYVYm
Zl = gl(Bl)

s
J3Kbmp\^q7VYmUu7OWqri*�Pqri*\[LYVW]YX^q7Rr\^]W]WTUh��!Kj�[u7]QK�f9ibqribnYi7m�oWnYibVYX c6iPLYVWq(oYijv
oQKjnW]Yi�]Y\^lMKjR7VYX^VYmpi7\7ujR�X^V=ZYa"oWnWVYmp\^]Y\^]WVW_�KMZY��ibnWVWqrm�K ��uji7`bnQKj��\^]WVY\
f2R7]Y\^��]WVYm$]Yi7X^VWqr\[ZY_WmUs

� 4���nWVYmp\^]WVYm$oWnYibgY\[LYa9nWa
B7

LWZY_�R7TUOWVYX[ZQ\^]WVW_2R7Tdc6iPLY]Yibh�oYi7X[ZQ\[LQibR6KMv
qr\[ZYk7]Yi7X^q7V�KMZY��ibnWVWqrm�K=uYqri!\PX^q7k

B7
=

LWZY_�ZY��`bTdc
i = 1, 2, . . . , r

R7TUOWVYX[ZYVYm
f(Ai, Bi) = B6(A, u, ~Z, ~Y ).

�"?�� � �,/�����������I���/.� * ��'���I���D ����I�� '�� I � DHG�G��	%
! '"�HD�E 'UG�G�� "

1 KbXPXPmpibq7nWVYm�lMKMLNKPOWa�fWnWVWoWqrib�PnQKbe*VWOY\PX^f9ibh�lMKj��VWq7T0`rKjlPT�LNKj]W]WTdc!oWnWV
XPi7`jZY�dLQ\^]WVWV�RrXP\[c&ib�PnQKj]WVWOY\^]WVWh KMZY��ibnWVWqrm�K

DPr,f

s2�"Kjf�X[ZQ\[LYar\^q�VWl
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oWnY\[LYTdLYa9��\^��i�nQKjl^LQ\[ZNK=u}LWZY_��Pqrib��i�]Y\Pi7`Pc6iPLYVYmpi fWnWVWoWqrib�PnQKbe*VWOY\PX^fWV$lMKMv
��VWq7VWq7k�qbKb`jZYVWgWa z7s���T@`7ibnwf9ib]WfWnY\^q7]Yibh�fWnWVWoWqri7X^VYX^qr\PmHT R7Tdc6iPLYVWq lMK
nQKbmHfWV�LNKj]W]Yibh�nQKb`7ibq7T"u9oYib�Pqri7mHa�LWZY_�]QKbX@LQi7X^qbKjqribOW]Yi�qrijZYk7f9i�oWnY\[LYoYijZQijv
�!VWq7kYuQOWqri�]QKMLQ\^�!]Yi7X^q7k�VYX^oYijZYk7lPar\Pmpibh fWnWVWoWqri7X^VYX^qr\PmHT�LQi7X^qbKjqribOW]Yi�R7Tdv
XPibf=K=sF�SOY\^R7V=LY]YiWu;OWqri�R2X[ZYa9OQKb\(��VYe*nYibR6Kj]WVW_�X^qrijZQ`bgYibR2]QKj��\^h�qbKb`jZYVWgWT
oWnYibVWl�ibh=LQ\^q�]QKjnWa9��\^]WVY\���ZNKjR7]Yib��i�ib�PnQKj]WVWOY\^]WVW_�KMZY��ibnWVWqrm�K=uWqbKjf�f=Kjf2oY\[v
nY\[L0VWlPRbZQ\^OY\^]WVY\Pm�]Wa9�!]Yibh0VW]Ye"ibnYm�KjgWVWV0oYibq7nY\P`bar\^qrX�_�X^OWVWqbKjq7k�]Y\^f9ibqrijv
nWT@\*X^qrijZQ`bgWTBgY\[ZYVWf9i7m$LWZY_2V=c�nQKbX^��VYe*nYibR7fWVFs
¢�aMLQ\Pm�lMKj��VYe*nYibR7TUR6Kjq7k�LYRribVWOW]WT@\�oYi7X[ZQ\[LQibR6Kjqr\[ZYk7]Yi7X^q7VFu�XPi7ibq7Rr\^qbv

X^q7R7a9����VY\�X^q7nYibf=Kbm qbKb`jZYVWgWT z7s��}KjfWVYm i7`bnQKjl�i7mUu�VYX c6iPLY]WT@\ XPi7i7`b��\[v
]WVW_wLWZY_�fWnWVWoWqri7X^VYX^qr\PmHT �Pqri LYRribVWOW]WT@\�oYi7X[ZQ\[LQibR6Kjqr\[ZYk7]Yi7X^q7V LWZYVW]WT
|GF (q)4| + |SL4(U)|

s��"Kj��LNKj_0X^q7nYibf=K�lMKbmp\^]W_W\^qrX�_0]QK \P\�fWnWVWoWqrib�PnQKbm}v
mHars��wVYe*nYibR6Kj]WVY\�`rKjlPTwLNKj]W]WTdc�`baMLQ\Pm oWnYibVWlPRriPLYVWq7k�oWnWV�\P\!oWnY\[LYR6KjnWV=v
qr\[ZYk7]Yibh�i7`bnQKb`7ibq7f9\"LWZY_�KMZY��ibnWVWqrm�K

DPr,f

uWoYib�Pqri7mHa�l^LQ\PX^k��Pqribq�oWnYibgY\PXPX
nQKbXPXPm�Kjq7nWVWR6Kjq7krX�_�]Y\"`baMLQ\^qjs
t*\^q7nWaMLY]Yi�oYibf=KjlMKjq7kYu3OWqri�KMZY��ibnWVWqrm

DPr,f

VYX^oYijZYk7lPar\^q�qrijZYk7f9i�XPi7ibqbv
Rr\^qrX^q7R7a9����VY\

r
X^q7nYibf
qbKb`jZYVWgWT z!LWZY_ ZY��`bTdc

r
Rbc6iPLQibRYs� �ZQ\[LQibR6Kjqr\[ZYkbv

]YiWujLWZY_�f9ibnWnY\^fWq7]Yibh�nQKb`7ibq7T�KMZY��ibnWVWqrm�K*]Y\Pi7`Pc6iPLYVYmpi"nQKbX^��VYe*nYibR6Kjq7k"�Pq7V
X^q7nYibfWVFsWJN]QKPOWVWqjuWlMK�iPLYVW]2�!Kj�"KMZY��ibnWVWqrm�K�oYibq7nY\P`bar\^qrX�_�X^OWVWqbKjq7k

r
`bVWq�VWl

f=Kj��LQib��i2X^qrijZQ`bgQK�qbKb`jZYVWgWT�z7uNOWqri�LQ\[ZNKb\^q2]Y\^Rribl�mpi��!]WT@m iPLY]Yi�i7`bnQKj��\[v
]WVY\�f�R7]Y\^��]WVYm$]Yi7X^VWqr\[ZY_WmUs=�"ZY_2arX^q7nQKj]Y\^]WVW_�oWnYibq7VWRribnY\^OWVW_�X*��ZNKjR7]WT@m
ib�PnQKj]WVWOY\^]WVY\Pm�R7]YibR7k Rri7X^oYijZYk7lPar\PmpX�_0mp\^qriPLNKbmHV�KMZY��ibnWVWqrm�K

DPr,f

sp¢�a6v
LQ\Pm�X^OWVWqbKjq7kYuNOWqri�]QKbm0]Y\Pi7`Pc6iPLYVYmpi�R7TUOWVYX[ZYVWq7k�lP]QKPOY\^]WVW_�f=Kj��LQibh `baMZQ\[v
Rribh e*a9]WfWgWVWV

fA

V
gl

ibq
r
]Y\^lMKjR7VYX^VYmHTdc ]QKb`7ibnYibR2oY\^nY\Pmp\^]W]WTdc

B1
u
B2
u

sPsPsPu
Br

s	��ib��LNKSmHT�oYijZYa9OWVYm�lMKMLNKPOWaruMnY\^�!Kb\PmHa9��KMZY��ibnWVWqrmpi7m
DPr,f

u�V"]QKbm
]Y\Pi7`Pc6iPLYVYmpi�X^oY\^gWVQKMZYk7]WT@m0i7`bnQKjl�i7m�oWnY\[LQX^qbKjR7VWq7k�qbKb`jZYVWgWa z7s
�"Kj��LYTUh�X^qrijZQ`7\^gFuYXPi7ibq7Rr\^qrX^q7R7a9����VWh

fA

V
gl

u9nQKjl�i7`bkr\Pm0Kj]QKMZQib�PVWOW]Yi
nQKjl�`bVY\^]WVW� e*a9]WfWgWVWV

f
ubiboWVYX�Kj]W]Yi7mHa!Rri�R7qribnYi7m nQKjl^LQ\[ZQ\7u7a9OWVWq7TUR6Kj_3u7OWqri

Rbc6iPLY]WT@\�e*a9]WfWgWVWV�lMKjR7VYX�_=q�qr\^oY\^nWk�ibq
n − 4k

oY\^nY\Pmp\^]W]WTdc�VFuFX[ZQ\[LQibR6KMv
qr\[ZYk7]YiWuboYi7mp\^]W_=��qrX�_!lP]QKPOY\^]WVW_!Rr\[ZYVWOWVW]

n
V

k
s �}KjfWVYm�i7`bnQKjl�i7mUu7f=Kj��LYTUh

X^qrijZQ`7\^g�qbKb`jZYVWgWT z!`baMLQ\^q2oWnY\[LQX^qbKjRbZQ\^]�]Y\PX^f9ijZYk7fWVYmHV
`baMZQ\^R7T@mHV�e*a9]Wf=v
gWVW_WmHVFu6f=Kj��LQibh�VWl�f9ibqribnWTdc�XPi7ibq7Rr\^qrX^q7R7ar\^q�X^Rribh�R7]Y\^��]WVWh�]Yi7X^VWqr\[ZYk�VW]=v
e"ibnYm�KjgWVWV�V�X^Rribh�oWnYibgY\PXPXPibnFs ��ibOW]Yi7\�f9ijZYVWOY\PX^q7Rri�qbKjfWV=c�OQKbX^qr\^h
`baMLQ\^q
ibgY\^]Y\^]Yi!]WVW��\7s
��ldRrXP\^��i�X^f=KjlMKj]W]Yib��i"X[ZQ\[LYar\^qju7OWqri�fWnWVWoWqrib�PnQKbe*VWOY\PX^f=Kj_!lMKj��VWqbK�`rKjlPT

LNKj]W]WTdc�lMKjf=ZY��OQKb\^qrX�_�R���VYe*nYibR6Kj]WVWV�RrXP\[c�X^q7nYibf�qbKb`jZYVWgWT�zSV�oYi7X[ZQ\[LYa6v
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����\Pm�nQKjl�`bVY\^]WVWV�f=Kj��LQib��i�X^qrijZQ`bgQK�]QK�OQKbX^q7VFs
�*i7X^q7nYibVYm qr\^oY\^nWk(KMZY��ibnWVWqrmUuribnW�^Kj]WVWlPa9����VWh!LQi7X^q7a9o!f!lMKj��VYe*nYibR6Kj]=v

]Yibh�`rKjl�\�LNKj]W]WTdc3sYt"Kjl�ibRr\Pm��Pqribq�KMZY��ibnWVWqrm
CDPr,f

s
���������
	
�
�

CDPr,fz�4���nWVYmp\^]WVYm oWnYibgY\[LYa9nWaru f9ibqribnWa9� i7`7iblP]QKPOWVYm OY\^nY\^l�� uwLWZY_
X^OWVWq7TUR6Kj]WVW_

r
X^q7nYibf qbKb`jZYVWgWT z7u�XPi7ibq7Rr\^qrX^q7R7a9����V=c ]QKb`7ibnQKbm

B1, B2, . . . , Br

VWl(`rKjlPT LNKj]W]WTdc3s
� 4

∀A ∈ GF (q)4
oWnWVYmp\^]WVYm�KMZY��ibnWVWqrm

DPr,fA

LWZY_�R7TUOWVYX[ZQ\[v
]WVW_Bf=Kj��LQibh�e*a9]WfWgWVWV

fA

]QK�Rbc6iPLQ\ ~B = (B1, B2, . . . , Br)V VWl nY\^lPaMZYkMqbKjqribR&XPe"ibnYmHVWnWar\Pm `baMZQ\^R7a&e*a9]WfWgWVW�
FA =

(fA(B1), fA(B2), . . . , fA(Br))
s

��� 4
∀l ∈ SL4(U)

oWnWVYmp\^]WVYm KMZY��ibnWVWqrm
DPr,gl

LWZY_ R7TUOWVYX[ZQ\[v
]WVW_�f=Kj��LQibh e*a9]WfWgWVWV

gl

]QK�Rbc6iPLQ\ ~B = (B1, B2, . . . , Br)V VWl nY\^lPaMZYkMqbKjqribR�XPe"ibnYmHVWnWar\Pm `baMZQ\^R7a e*a9]WfWgWVW�
Gl =

(gl(B1), gl(B2), . . . , gl(Br))
s

�*ijZYa9OY\^]W]WT@\*nY\^lPaMZYkMqbKjq7T�i7`�"F\[LYVW]WVYm�R!R7V=LQ\*qbKb`jZYVWgWTBVWl
r
X^q7nYibfFu

XPi7ibq7Rr\^qrX^q7R7a9����V=c2]QKb`7ibnQKbm
B1, B2, . . . , Br

s

y1 y2
sPsPs

yn−4k FA1 FA2
sPsPs

FAm Gl1 Gl2
sPsPs

Glp]QKb`7ibn
B1 ∗ ∗

sPsPs
∗ ∗ ∗

sPsPs
∗]QKb`7ibn

B2 ∗ ∗
sPsPs

∗ ∗ ∗
sPsPs

∗sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs sPsPs
]QKb`7ibn

Br ∗ ∗
sPsPs

∗ ∗ ∗
sPsPs

∗

�}Kb`jZYVWgQK�~=s
��Kj]W]QKj_�qbKb`jZYVWgQK�oWnY\[LQX^qbKjRbZY_W\^q�XPi7`7ibh

r
lMKj��VYe*nYibR6Kj]W]WTdc X^q7nYibf

qbKb`jZYVWgWT z7uWXPi7ibq7Rr\^qrX^q7R7a9����V=c�]QKb`7ibnQKbm
B1, B2, . . . , Br

s
~�4���nWVYmp\^]WVYm�oWnYibgY\[LYa9nWaru�f9ibqribnWa9�$i7`7iblP]QKPOWVYm�OY\^nY\^l���u[LWZY_*nQKbX^��VYe�v
nYibR7fWVBRrXP\[c X^q7nYibfBqbKb`jZYVWgWT ~=s 1 KbX^��VYe*nYibR6Kj]W]WT@\
X^q7nYibfWVxiboW_=q7k
nQKjl�mp\PX^q7VYm�R!�Pqribh���\*qbKb`jZYVWgY\7s

��4���nWVYmp\^]WVYm�oWnYibgY\[LYa9nWa � f2Rbc6iPLY]Yi7mHa2Rr\^fWqribnWa ~A
u=qri�\PX^q7k

~u = A( ~A).
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� 4���nWVYmp\^]WVYm oWnYibgY\[LYa9nWa
B5

LWZY_�oYi7X^q7nYi7\^]WVW_ oWnQKjR7V=ZYk7]WTdc Rbc6iPLQibR
`baMZQ\^R7Tdc2e*a9]WfWgWVWh�`rKjlPT LNKj]W]WTdc3uWqri!\PX^q7k

B5
=

� 4�LWZY_�ZY��`bTdc
A ∈ GF (q)4

R7TUOWVYX[ZYVYm
BA = B3(A, ~A, ~B, ~u)

@
��� 4�LWZY_�ZY��`bTdc

l ∈ SL4(U)
R7TUOWVYX[ZYVYm

Bl = B4(l, ~A, ~B, ~u)
s

� 4���TUOWVYX[ZYVYm RrXP\!e*a9]WfWgWVWVFu;]Y\Pi7`Pc6iPLYVYmHT@\�LWZY_�LNKMZYk7]Y\^hW��\^h�nQKb`7ibq7T
KMZY��ibnWVWqrm�K
� 4�LWZY_�ZY��`bTdc

A ∈ GF (q)4
R7TUOWVYX[ZYVYm

YA = FA(BA)
@

��� 4�LWZY_�ZY��`bTdc
l ∈ SL4(U)

R7TUOWVYX[ZYVYm
Zl = Gl(Bl)

s
�Sqrmp\^q7VYmUubOWqri�]QKS�Pqri7m��!Kj��\�]Y\di7X^a9��\PX^q7RbZY_W\^qrX�_!i7`bnQKj��\^]WVY\�f!`rKjl�\
LNKj]W]WTdc3sY�dXP\�]Y\Pi7`Pc6iPLYVYmHT@\�lP]QKPOY\^]WVW_�R7T@`bVWnQKj��qrX�_�R!qbKb`jZYVWgY\�~=s

��4���nWVYmp\^]WVYm$oWnYibgY\[LYa9nWa
B7

LWZY_�R7TUOWVYX[ZQ\^]WVW_2R7Tdc6iPLY]Yibh�oYi7X[ZQ\[LQibR6KMv
qr\[ZYk7]Yi7X^q7V�KMZY��ibnWVWqrm�K=uYqri!\PX^q7k

B7
=

LWZY_�ZY��`bTdc
i = 1, 2, . . . , r

R7TUOWVYX[ZYVYm
f(Ai, Bi) = B6(A, u, ~Z, ~Y )

s
�SgY\^]WVYm X[ZQi��!]Yi7X^q7k KMZY��ibnWVWqrm�K

CDPr,f

oYi2q7nY\Pm oQKjnQKbmp\^q7nQKbmUu�a9f=KMv
lMKj]W]WT@m R�oY\^nWRri7m nQKjl^LQ\[ZQ\7sS�"ZY_x�Pqrib��i0LQibf=Kj��\Pm X[ZQ\[LYa9����a9� qr\PibnY\[v
mHaru�a9OWVWq7TUR6Kj_3u!OWqri

U
? oYiPLQmH]Yi���\PX^q7Rri

GF (q)4
nQKjl�mp\^nW]Yi7X^q7V

r3 V
k = d3 log r + log ne

s
��� ��� � �����	��

�������������������������� 
!"��#%$����'&	!"�����

n
�

r ( r 6 2
n

16
�')*���

���������+��,��	!*-����/.0,%$�1%&���2
f
�� 

n
�	!435!"67!8$�$�����-��0������$	!8$��%9

ptime(CDPr,f ) = O(log r + log n) + extime + crypttime,

bp(CDPr,f) = O((r25n4)(n − 12 log r − 4 log n)5·
·(log r + log(n − 12 log r − 4 log n))2),

mem(CDPr,f ) 6 2n
(

1 + 1
n

)

(

1 + 1
n−12 log r−4 log n

)

.

: �	;<�>=?�
� � �0@	A �>B��C� ��ibf=Kj��\Pm�oWnWVWRr\[LQ\^]W]WT@\!ibgY\^]WfWVFuNVYX^oYijZYk7lPa7_�ibgY\^]WfWV
LWZY_�KMZY��ibnWVWqrm�K

DPr,f

VWl!y �M|�s 1 KbXPXPmpibq7nWVYm$oY\^nWR7TUh��!Kj�*KMZY��ibnWVWqrm�K=s6�"ZY_
f=Kj��LQib��i�f9ib]WfWnY\^q7]Yib��i

A ∈ GF (q)4
mHT VYmp\P\Pm

bp(DPr,fA) = O((r13(n − 4k)5)(log r + log(n − 4k))2),

ptime(DPr,fA) = O(log r + log(n − 4k)) + extime.



��� � ��� �����	��
���
����

�"ZY_�f=Kj��LQib��i�f9ib]WfWnY\^q7]Yib��i
l ∈ SL4(U)

=

bp(DPr,gl) = bp(DPr,fA) = O((r13(n − 4k)5)(log r + log(n − 4k))2),

ptime(DPr,gl) = ptime(DPr,fA) = O(log r + log(n − 4k)) + extime.

� OWVWq7TUR6Kj_3uWOWqri

|GF (q)4| = 24k V |SL4(U)| =
|GF (q)4| · |U |

|GF (q)|
= 24k ·

|U |

2k
6 24k ·

1

n
,

oYijZYa9OQKb\Pm

bp(D) = (|GF (q)4| + |SL4(U)|) · bp(DPr,fA) =

= O(24k

(

1 +
1

n

)

r13(n − 4k)5(log r + log(n − 4k))2),

��LQ\
k = d3 log r + log ne

s �}KjfWVYm0i7`bnQKjl�i7mUu

bp(D) = O(24k

(

1 +
1

n

)

r13(n − 4k)5(log r + log(n − 4k))2) =

= O(r12n4

(

1 +
1

n

)

r13(n − 12 log r − 4 log n)5(log r + log(n − 4k))2) =

= O(r25n4(n− 12 log r − 4 log n)5(log r + log(n− 12 log r − 4 log n))2),

ptime(D) = O(log r + log(n − 4k)) + extime =

= O(log r + log(n − 12 log r − 4 log n)) + extime.

t"K�R7qribnYi7mx�!Kj��\�mHT nQKbX^��VYe*nYibR7TUR6Kb\Pm�X^q7nYibfWV�qbKb`jZYVWgWT ~=sH¢�aMLQ\Pm
X^OWVWqbKjq7kYubOWqri@LWZY_��Pqrib��i�]QKbm�]Y\�q7nY\P`bar\^qrX�_!]YibR7Tdc(oWnYibgY\PXPXPibnYibR"V��PqbKSoWnYijv
gY\[LYa9nQK�R7TUoYijZY]W_W\^qrX�_�lMK�R7nY\PmH_������ > 8 8�:<;36Qs���ibOW]Yi7\@lP]QKPOY\^]WVY\@oYi7X[ZQ\[LY]Y\^hRr\[ZYVWOWVW]WT�lMKjR7VYX^VWq�ibq(VYX^oYijZYk7lPar\Pmpibh�fWnWVWoWqri7X^VYX^qr\PmHT�V�Rribl�mpi��!]Yi7X^q7V2\P\
nQKbX^oQKjnQKMZWZQ\[ZYVWR6Kj]WVW_3sN�*ijZYa9OQKb\PmUuYOWqri

bp(C) = bp(D),ptime(C) = crypttime.

�"ZY_�q7nY\^q7kr\^��i��!Kj�^K�KMZY��ibnWVWqrm�K=uQXPib��ZNKbX^]Yi�ibgY\^]Wf=Kbm$LWZY_
DPr,f

u=VYmp\P\Pm

bp(A) = O(r7k2), ptime(A) = O(log r + log k).
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�"ZY_�OY\^q7Rr\^nWqrib��i��!Kj�^K�VWl�y �M|�X[ZQ\[LYar\^q

bp(B5) = O(|GF (q)4| · (rk2 + rn)) + O(|SL4(U)| · (rk + rn)),

ptime(B5) = O(log k + log r).

� OWVWq7TUR6Kj_3uWOWqri

|GF (q)4| = 24k V |SL4(U)| 6 24k ·
1

n
,

oYijZYa9OQKb\Pm

bp(B5) = O(r24k · (k2 + n)) + O(r24k ·

(

1 +
k

n

)

).

t"K2oW_=qri7m �!Kj��\�oYibq7nY\P`bar\^qrX�_�i7`bnQKjq7VWq7krX�_
f�f=Kj��LQi7mHa�X^qrijZQ`bgWa�qbKb`jv
ZYVWgWT ~=u�c=nQKj]W_=��\^hYX�_�R iboY\^nQKjq7VWR7]Yibh�oQKbmH_=q7VFs �}Kjf$f=Kjf$f=Kj��LYTUh0X^qrijZWv
`7\^g�i7`bnQKb`rKjq7TUR6Kb\^qrX�_�X^RribVYm�oWnYibgY\PXPXPibnYi7mUu9qri"mpi��!]Yi�ibgY\^]WVWq7k(R7nY\PmH_�f=Kjf
O(1)

sY�*ijZYVWOY\PX^q7Rri�oWnYibgY\PXPXPibnYibR�]Y\*a9Rr\[ZYVWOWVWqrX�_3s
t"K���\PX^qri7m$�!Kj��\(KMZY��ibnWVWqrm�K

CDPr,f

VYmp\P\Pm

bp(B7) = r · bp(B6), ptime(B7) = ptime(B6),

��LQ\

bp(B6) = O(|SL4(U)| · k + |GF (q)4| · k2) = O(k24k ·

(

k +
1

n

)

),

ptime(B6) = O(k).

��l*RrXP\^��i!R7TU��\^VWl^ZQi���\^]W]Yib��i�X[ZQ\[LYa9��q�ibgY\^]WfWV2LWZY_�KMZY��ibnWVWqrm�K
CDPr,f

s

bp(CDPr,f ) = max(bp(D),bp(C),bp(A),bp(B5),bp(B7)) =

= O((r25n4)(n−12 log r−4 log n)5(log r+log(n−12 log r−4 log n))2).

ptime(CDPr,f ) =

= ptime(D) + ptime(C) + ptime(A) + ptime(B5) + ptime(B7) =

= O(log r + log(n − 12 log r − 4 log n)) + extime + crypttime+

+ O(log r + log k) + O(k) = O(log r + log n) + extime + crypttime.
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�"ZY_(ibgY\^]WfWV�Rr\[ZYVWOWVW]WT
mem(CDPr,f )

RrX^oYi7mH]WVYmUujOWqri@f=Kj��LYTUh!X^qrijZWv
`7\^g2qbKb`jZYVWgWT z*nQKjl�`bVWR6Kb\^qrX�_�oYi�KMZY��ibnWVWqrmHa

DPr,f

s � OWVWq7TUR6Kj_3uWOWqri

m = |GF (q)4|, p = |SL4(U)|
V

mem(DPr,fA) 6 2n−4k ·

(

1 +
1

n − 4k

)

,

oYijZYa9OQKb\Pm

mem(CDPr,f ) 6 (|GF (q)4| + |SL4(U)|) · 2n−4k ·

(

1 +
1

n − 4k

)

6

6 24k

(

1 +
1

n

)

· 2n−4k

(

1 +
1

n − 4k

)

= 2n

(

1 +
1

n

)

·

(

1 +
1

n − 4k

)

=

= 2n

(

1 +
1

n

)

·

(

1 +
1

n − 12 log r − 4 log n

)

.

D�qri!V2q7nY\P`7ibR6KMZQi7X^k�LQibf=KjlMKjq7kYs

� ?�� �+��� G�� �,/��(')�+*,�	��I�/.0 '
DPr,f

����I � * ��'UG�I -
��DHG�G�� 0 ��I�� �!D ��������D �����	���@C

�Sqrmp\^q7VYmUu�OWqriUlMKMLNKPOQKULQi7X^q7a9oQKdf(`rKjl�\HLNKj]W]WTdc�y �M|6nY\^�!KMZNKbX^kSoWnWV"arX[ZQijv
R7VWV
m�Kjf9X^VYm�KMZYk7]Yib��i nQKbX^oQKjnQKMZWZQ\[ZYVWR6Kj]WVW_�KMZY��ibnWVWqrmpibRYu}OWqri�X^a9��\PX^q7Rr\^]=v
]Yi�a9Rr\[ZYVWOWV=ZQi�f9ijZYVWOY\PX^q7Rri oWnYibgY\PXPXPibnYibR�R�ibgY\^]Wf9\2X[ZQi��!]Yi7X^q7VFs�t"Kjh=LQ\Pm
mHVW]WVYm�KMZYk7]Yi7\*f9ijZYVWOY\PX^q7Rri�oWnYibgY\PXPXPibnYibRYuY]Y\Pi7`Pc6iPLYVYmpi7\�KMZY��ibnWVWqrmHa

DPr,fLWZY_�XPi7`jZY�dLQ\^]WVW_���ZNKjR7]Yib��i!ib�PnQKj]WVWOY\^]WVW_�lMKMLNKPOWVFuYK*VYmp\^]W]Yi�iPLY]YibfWnQKjq7]Yijv
��i!i7`bnQKj��\^]WVW_2f�`rKjl�\�LNKj]W]WTdc3uWV2oYijZYa9OWVYm$]YibR7T@\"ibgY\^]WfWV�X[ZQi��!]Yi7X^q7VFs

1 KbXPXPmpibq7nWVYm lMKMLNKPOWa(oQKjnQKMZWZQ\[ZYk7]Yib��i*VWlPRbZQ\^OY\^]WVW_�VW]Ye"ibnYm�KjgWVWV�VWld`rKMv
lPT�LNKj]W]WTdc2oYi

r
]Y\^lMKjR7VYX^VYmHT@m�KMLYnY\PX�Kbm$lMK�iPLY]Yi!i7`bnQKj��\^]WVY\*f2R7]Y\^��]WVYm

]Yi7X^VWqr\[ZY_Wm$oWnWV�mHVW]WVYm�KMZYk7]Yi�Rribl�mpi��!]Yi7m0f9ijZYVWOY\PX^q7Rr\(oWnYibgY\PXPXPibnYibRYs
  ZY��ibnWVWqrm

DPr,f

nQKjl�`bVWR6Kb\^q2`rKjlPa�LNKj]W]WTdc�]QK�iboWnY\[LQ\[ZQ\^]W]Yi7\�f9ijZYVWOY\[v
X^q7Rri�OQKbX^qr\^hFu;f=Kj��LNKj_ VWl�f9ibqribnWTdc i7`7X[ZYa9�!VWR6Kb\^qrX�_�X^RribVYm�oWnYibgY\PXPXPibnYi7mUs
��nWV�i7`bnQKj��\^]WVWV�f�`rKjl�\�LNKj]W]WT@m�oYi@ZY��`bT@m

r
KMLYnY\PX�Kbm�LQiboWarX^f=Kb\^qrX�_�qrijZYkbv

f9i�iPLY]Yi�i7`bnQKj��\^]WVY\df=Kj��LQib��i*oWnYibgY\PXPXPibnQK�f�XPi7ibq7Rr\^qrX^q7R7a9����\^h�\PmHa(OQKbX^q7V
V�RrX�_�VW]Ye"ibnYm�KjgWVW_�LQijZY�!]QK�`bTUq7k�X^OWVWqbKj]QK�lMK�iPLYVW] �!Kj�[s3�*ib�Pqri7mHaruNLWZY_
R7TUoYijZY]Y\^]WVW_$��ZNKjR7]Yib��i�ib�PnQKj]WVWOY\^]WVW_�KMZY��ibnWVWqrm�K ]Y\Pi7`Pc6iPLYVYmpi
mHVW]WVYmHa=m
X^qrijZYk7f9i�oWnYibgY\PXPXPibnYibRYu;]QK�X^f9ijZYk7f9i2OQKbX^qr\^h�nQKjl�`bVWqbK�`rKjlMK�LNKj]W]WTdc3s3J3Kbmp\[v
q7VYmUuYOWqri�LWZY_�nQKb`7ibq7TwKMZY��ibnWVWqrm�K

DPr,f

q7nY\P`bar\^qrX�_�oWnY\[LQX^qbKjR7VWq7k�`baMZQ\^R7a



� ��
������������	��
���
5������������� ��
��	��
 ������
�� ��� �

e*a9]WfWgWVW�
f
OY\^nY\^l�`baMZQ\^R7T�e*a9]WfWgWVWV

f
(j)
A

V
g
(j)
l : {0, 1}n−4k → {0, 1}

uP��LQ\
A ∈ GF (q)4

u
l ∈ SL4(U)

sr�"Kj��LNKj_�qbKjf=Kj_�e*a9]WfWgWVW_��Pqri*OQKbX^q7k"nQKjl�`bVY\^]WVW_
`rKjlPT�LNKj]W]WTdc3uWi7`7X[ZYa9�!VWR6Kb\Pm�Kj_�ibq�LQ\[ZYk7]WT@m$oWnYibgY\PXPXPibnYi7mUs  �ZQ\[LQibR6Kjqr\[ZYkbv
]YiWu=f9ijZYVWOY\PX^q7Rri�OQKbX^qr\^h�R

DPr,f

]Y\*mpi���\^q�oWnY\^R7TU�!Kjq7k�Rr\[ZYVWOWVW]Wa

|GF (q)4|+|SL4(U)| 6 (24k+24k ·
1

n
) = 24k ·

(

1 +
1

n

)

6 16r12n4

(

1 +
1

n

)

.

�}KjfWVYmxi7`bnQKjl�i7mUu�f9ijZYVWOY\PX^q7Rri�oWnYibgY\PXPXPibnYibR KMZY��ibnWVWqrm�K�mpi��!]Yi�ib�PnQKMv
]WVWOWVWq7k�Rr\[ZYVWOWVW]Yibh

O(r12n4)
s

�SgY\^]WVYm�R7nY\PmH_�nQKb`7ibq7T�KMZY��ibnWVWqrm�K�oWnWV�qbKjf9i7m ib�PnQKj]WVWOY\^]W]Yi7m�f9ijZYV=v
OY\PX^q7Rr\doWnYibgY\PXPXPibnYibRYsb�"ZY_��Pqrib��i*]QKbm�oYibq7nY\P`bar\^qrX�_�nQKbXPXPmpibq7nY\^q7k(RrXP\��!Kj�PV
KMZY��ibnWVWqrm�K

DPr,f

uWiboWVYX�Kj]W]Yib��i�Rri!R7qribnYi7m$nQKjl^LQ\[ZQ\�LNKj]W]Yibh�nQKb`7ibq7T"s
��� ��� � �����5��

������������� ������������ 
!"��#%$���� &	!"�����

n
�

r ( r 6 2
n

16
�

)*��� ���������'��,��	!*-����'.0,%$�1%&���2
f
�� 

n
�	!435!"67!8$�$���� - 35!"6 � 3�� ���� ��� ��� ���

3 �� 76	�
DPr,f

� 3 � 1%������
>!
�* 
- ! � 3 ��&	!
���*� 3 � - ( ��� 3�� $���
>!8$�$���6 - !"����
���$���2

O(r12n4) ( 6 ����$��
��&	!8$��� # 1�� 1

ptime(DPr,f ) =

= O(r(n + log2 r + log2 n + log r log n)(log r + log n)) + extime.
: �	;<�>=?�
� � �0@	A �>B��C� 1 KbXPXPmpibq7nWVYm oY\^nWR7TUh��!Kj�0KMZY��ibnWVWqrm�K

DPr,f

s*¡p��i
X[ZQi��!]Yi7X^q7k�mpi��!]Yi�ibgY\^]WVWq7k�X[ZQ\[LYa9����VYm�i7`bnQKjl�i7mBy �M|�s
bp(A) = O(r7(log r+log n)2), ptime(A) = O(log r+log(log r+log n)).

�*ijZYVWOY\PX^q7Rri�oWnYibgY\PXPXPibnYibRYub]Y\Pi7`Pc6iPLYVYmpi7\U]QKULNKj]W]Yi7m��!Kj��\7uMaMLQibRbZQ\^q7Rrijv
n6_W\^q�]QKj��\PmHa�ib�PnQKj]WVWOY\^]WVW� VFu}X[ZQ\[LQibR6Kjqr\[ZYk7]YiWupibgY\^]Wf=K�R7nY\Pmp\^]WV�]Y\�VWl^v
mp\^]WVWqrX�_3s
�"ZY_�R7qribnYib��i��!Kj�^K�KMZY��ibnWVWqrm�K

DPr,f

nQKj]Y\P\"mHT VYmp\[ZYV�ibgY\^]WfWV
bp(B5) 6 O(r13n5) + O(r13n4(log r + log n)2),

ptime(B5) = O(log r + log(log r + log n)).
� f=KjlMKj]W]Yi7\�f9ijZYVWOY\PX^q7RriSoWnYibgY\PXPXPibnYibR�oWnY\^R7TU�!Kb\^q�ib�PnQKj]WVWOY\^]WVY\�qr\PibnY\[v

mHT"uNK�lP]QKPOWVWq�]Y\Pi7`Pc6iPLYVYmpi�lMKj]YibRri�ibgY\^]WVWq7k�R7nY\PmH_��Pqribh�oWnYibgY\[LYa9nWTxoWnWV
ib�PnQKj]WVWOY\^]W]Yi7m�OWVYX[ZQ\*oWnYibgY\PXPXPibnYibRYs

1 KbXPXPmpibq7nWVYmx�Pqribq��!Kj��oYiPLYnYi7`b]Y\P\7sH��nYibgY\[LYa9nQK
B5

XPi7X^qribVWq�VWl�LYR7a6c
oYiPLYoWa9]WfWqribRB=
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� 4�LWZY_�ZY��`bTdc
A ∈ GF (q)4

R7TUOWVYX[ZYVYm
BA = B3(A, ~A, ~B, ~u)

@
��� 4�LWZY_�ZY��`bTdc

l ∈ SL4(U)
R7TUOWVYX[ZYVYm

Bl = B4(l, ~A, ~B, ~u)
s

�"ZY_(oY\^nWRrib��i�oYiPLYoWa9]WfWqbK�]Y\Pi7`Pc6iPLYVYmpi
|GF (q)4|·bp(B3)

oWnYibgY\PXPXPibnYibRYu
f9ibqribnWT@\�R7TUoYijZY]W_=q�\^��i(lMK"R7nY\PmH_

ptime(B3)
u=K*LWZY_�R7qribnYib��i�oYiPLYoWa9]WfWqbK

q7nY\P`bar\^qrX�_
|SL4(U)| · bp(B4)

oWnYibgY\PXPXPibnYibR�V�R7nY\PmH_�R7TUoYijZY]Y\^]WVW_ nQKjR7]Yi
ptime(B4)

sY�"Kjf�`bTdZQi�ibqrmp\^OY\^]Yi�R7TU��\7uWf9ijZYVWOY\PX^q7Rri�oWnYibgY\PXPXPibnYibR�a�]QKbX
ib�PnQKj]WVWOY\^]Yi�Rr\[ZYVWOWVW]Yibh

|GF (q)4| + |SL4(U)| 6 O(r12n4)
s���TdLQ\[ZYVYm VWl

�Pqribh2Rr\[ZYVWOWVW]WT
|GF (q)4|

oWnYibgY\PXPXPibnYibR�]QK�oY\^nWR7TUh�oYiPLYoWa9]WfWq�V
|SL4(U)|]QK(R7qribnYibhFs �}Kjf�f=Kjf

|GF (q)4| · bp(B3)
oWnYibgY\PXPXPibnYibR�R7TUoYijZY]W_W\^q�oY\^nWR7TUh

oYiPLYoWa9]WfWq"lMKSR7nY\PmH_
ptime(B3)

ubqri
|GF (q)4|

oWnYibgY\PXPXPibnYibR(R7TUoYijZY]WVWq"�Pq7a
��\UoWnYibgY\[LYa9nWa�lMK�R7nY\PmH_

ptime(B3) ·bp(B3)
s   ]QKMZQib�PVWOW]YiWu7LWZY_�R7qribnYib��i

oYiPLYoWa9]WfWqbK�oYijZYa9OQKb\PmBR7nY\PmH_
ptime(B4) · bp(B4)

s}�di7X^oYijZYk7lPar\PmpX�_�LWZY_
oWnYibgY\[LYa9n

B3
V

B4
ibgY\^]Wf=KbmHV�VWl�y �M|�s

bp(B3) = O(r · (k2 + n)), ptime(B3) = O(log k + log r),

bp(B4) = O(r · (k + n)), ptime(B4) = O(log k + log r).
�}KjfWVYm�i7`bnQKjl�i7mUuYoWnWV�ib�PnQKj]WVWOY\^]W]Yi7m0f9ijZYVWOY\PX^q7Rr\"oWnYibgY\PXPXPibnYibR

ptime(B5) = O(r·(k2+n)·(log k+log r))+O(r·(k+n)·(log k+log r)) =

= O(r · (n + (log r + log n)2) · (log r + log(log r + log n))).
t"K@q7nY\^q7kr\Pm��!Kj��\dKMZY��ibnWVWqrm�K�oWnYibVYX c6iPLYVWq(i7`bnQKj��\^]WVY\�f�`rKjl�\�LNKj]W]WTdc3s

t"Kj��\�ib�PnQKj]WVWOY\^]WVY\!]QK�OWVYX[ZQi�oWnYibgY\PXPXPibnYibR2arX^qbKj]QKjRbZYVWR6KMZQi7X^k�VYX c6iPLY_�VWl
�Pqrib��i��!Kj�^K=uNoYib�Pqri7mHa�]YibR7Tdc�oWnYibgY\PXPXPibnYibR2]Y\(q7nY\P`bar\^qrX�_3s3��nY\PmH_�R7TUoYijZWv
]Y\^]WVW_2ibgY\^]WVWR6Kb\^qrX�_�f=Kjf 6�798�:<;36Qs

1 KbXPXPmpibq7nWVYm0OY\^q7Rr\^nWq7TUh��!Kj� 2 oWnYibgY\[LYa9nQK
B7
4[s

�"ZY_�RrXP\[c
i = 1, 2, . . . , r

R7TUOWVYX[ZY_W\^qrX�_

f(Ai, Bi) = B6(Ai, ui, ~Z, ~Y ) =

=





∨

l∈SL4(U)

Zl · B2(A, u, l)



⊕





⊕

A∗∈GF (q)4

YA∗ · B1(A, u,A∗)



 .

�SgY\^]WfWV X[ZQi��!]Yi7X^q7V �Pqribh�oWnYibgY\[LYa9nWT LQi�ib�PnQKj]WVWOY\^]WVW_�f9ijZYVWOY\PX^q7R6K
oWnYibgY\PXPXPibnYibR�`bTdZYV�qbKjf9ibR7T
bp(B7) = O(s · r13n4(log r + log n)2), ptime(B7) = O(log r + log n).
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� f=KjlMKj]W]Yi7\2f9ijZYVWOY\PX^q7Rri�oWnYibgY\PXPXPibnYibR�oWnY\^R7TU�!Kb\^q�ib�PnQKj]WVWOY\^]WVY\2qr\Pijv
nY\PmHT"uWoYib�Pqri7mHa�]Y\Pi7`Pc6iPLYVYmpi�lMKj]YibRri�iboWnY\[LQ\[ZYVWq7k�Rr\[ZYVWOWVW]Wa

ptime(B7)
s

�"ZY_�R7TUOWVYX[ZQ\^]WVW_2f=Kj��LQib��i�oWnYibVWlPRr\[LQ\^]WVW_
Zl ·B2(A, u, l)

R�KMZY��ibnWVWqbv
mp\

DPr,f

VYX^oYijZYk7l�ibR6KMZQi7X^k
bp(B2)

oWnYibgY\PXPXPibnYibR V
oWnYibVYX c6iPLYV=ZQi �Pqri�lMK
R7nY\PmH_

ptime(B2)
u}K�LWZY_�ZY��`7ib��i�oWnYibVWlPRr\[LQ\^]WVW_

YA∗ · B1(A, u,A∗)
VYX[v

oYijZYk7l�ibR6KMZQi7X^k
bp(B1)

oWnYibgY\PXPXPibnYibR(V�lMKjq7nQKPOWVWR6KMZQi7X^k(R7nY\PmH_
ptime(B1)

s
��nYibVWlPRr\[LQ\^]WVWh�oY\^nWRrib��i(q7VWoQK�LQijZY�!]Yi�`bTUq7k�R7TUOWVYX[ZQ\^]Yi

|SL4(U)|
u9K*oWnYijv

VWlPRr\[LQ\^]WVWh�R7qribnYib��i2q7VWoQK
|GF (q)4|

s}�@LY]QKjf9iWuFoYi2ib�PnQKj]WVWOY\^]WVW� qr\PibnY\PmHT
a2]QKbX(RrXP\^��i

|GF (q)4| + |SL4(U)|
oWnYibgY\PXPXPibnYibRYu;qri�\PX^q7k�oYi�iPLY]Yi7mHa�oWnYijv

gY\PXPXPibnWa!]QK�oWnYibVWlPRr\[LQ\^]WVY\�f=Kj��LQib��i(q7VWoQK=s6t"K*R7TUOWVYX[ZQ\^]WVY\Sf=Kj��LQib��i(oWnYijv
VWlPRr\[LQ\^]WVW_

Zl · B2(A, u, l)
iPLY]WVYmBoWnYibgY\PXPXPibnYi7m�`baMLQ\^q�lMKjq7nQKPOY\^]Yi�R7nY\PmH_

bp(B2) · ptime(B2)
u�K�]QK�f=Kj��LQi7\

YA∗ · B1(A, u,A∗)
R7nY\PmH_

bp(B1) ·
ptime(B1)

s��}KjfWVYm�i7`bnQKjl�i7mUupRrXP\�a9f=KjlMKj]W]WT@\2oWnYibVWlPRr\[LQ\^]WVW_0`baMLYa9q�R7Tdv
OWVYX[ZQ\^]WT�lMKdR7nY\PmH_

max(bp(B2)·ptime(B2),bp(B1)·ptime(B1))
s[��KMZQ\P\

ZQ\^�Pf9i*LQibf=KjlMKjq7kYu9OWqri*R7nY\PmH_�R7TUOWVYX[ZQ\^]WVW_�RrXP\[c!LYVWl�"3��]WfWgWVWh�ibgY\^]WVWR6Kb\^qrX�_
f=Kjf

O(log |SL4(U)|)
u�K�]QK�R7TUOWVYX[ZQ\^]WVY\2RrXP\[c$X^a=mpmxoYi mpiPLYaMZY�&~�]Y\Pi7`jv

c6iPLYVYmpi R7nY\Pmp\^]WV
O(log |GF (q)4|)

s  �ZQ\[LQibR6Kjqr\[ZYk7]YiWu�R7nY\PmH_$R7TUoYijZY]Y\^]WVW_
RrXP\^h2oWnYibgY\[LYa9nWT

B6
mpi��!]Yi�ibgY\^]WVWq7k�f=Kjf

ptime(B6) = max(bp(B2) · ptime(B2),bp(B1) · ptime(B1))+

+ max(O(log |SL4(U)|),O(log |GF (q)4|)).

��l�y �j|�mHT VYmp\P\Pm�X[ZQ\[LYa9����VY\*ibgY\^]WfWV

bp(B1) = O((log r + log n)2), ptime(B1) = O(log(log r + log n)),

bp(B2) = O(log r + log n), ptime(B2) = O(log(log r + log n)),

log |SL4(U)| = O(log r + log n), log |GF (q)4| = O(log r + log n).

�SqrX^�dLNK�oYijZYa9OQKb\PmUuYOWqri

ptime(B6) = O((log r + log n)2 · log(log r + log n)).

�Sf9ib]WOQKjqr\[ZYk7]YiWuYLWZY_2OY\^q7Rr\^nWqrib��i��!Kj�^K�KMZY��ibnWVWqrm�K�iboWnY\[LQ\[ZY_W\Pm

ptime(B7) = O(r · (log r + log n)2 · log(log r + log n)).

��nY\PmH_(nQKb`7ibq7T
RrXP\^��i�KMZY��ibnWVWqrm�K�oWnWV�ib�PnQKj]WVWOY\^]W]Yi7m�f9ijZYVWOY\PX^q7Rr\doWnYijv
gY\PXPXPibnYibR�iboWnY\[LQ\[ZY_W\^qrX�_�f=Kjf
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ptime(DPr,f ) = ptime(A) + ptime(B5) + extime + ptime(B7) =

= O(log r + log(log r + log n))+

+ O(r · (n + (log r + log n)2) · (log r + log(log r + log n)))+

+ extime + O(r · (log r + log n)2 · log(log r + log n)) =

= O(r · (n + (log r + log n)2) · (log r + log(log r + log n))) + extime.
D�qri!V2q7nY\P`7ibR6KMZQi7X^k�LQibf=KjlMKjq7kYs
�SOY\^R7V=LY]YiWuQOWqri�nQKjl�mp\^n�`rKjlPT LNKj]W]WTdc�]Y\"a9Rr\[ZYVWOWVWqrX�_�oWnWV�ib�PnQKj]WVWOY\[v

]WVWV2f9ijZYVWOY\PX^q7R6K�oWnYibgY\PXPXPibnYibRYs���i�\PX^q7k
mem(DPr,f ) 6 2n

(

1 + 1
n

)

.
 �ZQ\[LQibR6Kjqr\[ZYk7]YiWu=ibf9ib]WOQKjqr\[ZYk7]Yi�oYijZYa9OQKb\Pm
X[ZQ\[LYa9����VY\@]YibR7T@\�ibgY\^]WfWV

KMZY��ibnWVWqrm�K
DPr,f

oWnWV�ib�PnQKj]WVWOY\^]W]Yi7m�f9ijZYVWOY\PX^q7Rr\(oWnYibgY\PXPXPibnYibRB=
ptime(DPr,f ) = O(r(n + log2 r + log2 n + log r log n)(log r + log n)),

bp(DPr,f ) = O(r12n4),
mem(DPr,f ) 6 2n

(

1 + 1
n

)

.
�}KjfWVYmBi7`bnQKjl�i7mUuFi7`b��\P\!f9ijZYVWOY\PX^q7Rri�oWnYibgY\PXPXPibnYibR�R�ibgY\^]Wf=KMc a=mp\^]Wkbv

�!Kb\^qrX�_2R
O(rn(log r + log n)2)

nQKjl*oYi�X^nQKjR7]Y\^]WVW�wX(KMZY��ibnWVWqrmpi7m
DPr,f

u
K*R7nY\PmH_�nQKb`7ibq7T�oWnYibgY\PXPXPibnYibR!a9Rr\[ZYVWOWVWR6Kb\^qrX�_�R

O(r(n+log2 r +log2 n+
log r log n))

nQKjlrsj�@LY]QKjf9iWuMqbKjf9i7\�a9Rr\[ZYVWOY\^]WVY\�R7nY\Pmp\^]WV(nQKb`7ibq7T�mpi���\^q�ibf=KMv
lMKjq7krX�_�]Y\�X^a9��\PX^q7Rr\^]W]WT@mBoYi�ibq7]Yib��\^]WVW��f9i�R7nY\Pmp\^]WV$X^OWVWq7TUR6Kj]WVW_�VW]=v
e"ibnYm�KjgWVWV�X�R7]Y\^��]WV=c�]Yi7X^VWqr\[ZQ\^hFs
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