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@BA*CEDGF1HJILKMHJN,OQPERTSVUTC1FWA/HXPWDGY1ZED[Z1Y1H\D,]G^JZ1_1Z1R1`=ZVa.A/b?DG^\]QRcSWdXH\d/PEeJYEd

C1FEdJ]G^JI4`fSWDgPWdJ`Lh\@�d�H�CEDGF1ZEd,Si]G^XA/YEdXHXPWDGY1Z1R�F1ILYEdXj1YEdXK"k,aTdXYEdJ`=Z1a1Zi]GUTl�Dgm
]G^JHJU\DG^nF1ZE]GaoYEDgSWdXCEd/PEUTjEDGY1Z1R#NpA/C.PqA/Y1Z1FEdXHrA/Y1YEdXK[C1F1ZEsXItPEZ#H�urd,SWDvFEDwApPEZ.m
NpA/_1Z1Z�Z1Y1H\D,]G^JZ1_1ZEdXY1Y1Itu�C1FEdJDGa1^\dXHEh\x*YWAX]G^\dwR.l�D,DtHJFED,`=R�^\D,`yA�Z1Y1H\D,]G^JZ1_1Z.m
dXY1Y1ItunF1ZE]GaTdXH�dXjEDGY1e�Z1Y1^\DGFED,]GYWA.zECEdJ]GaTd/PEeJa1U{]GY1Z1b?DGY1ZED�F1ZE]GaTdXH"CEdXHJIL|�Apm
DG^vC1F1Z1HXPWDGa.A/^\DgPEeJYEdJ]G^Je�Z1Y1H\D,]G^JZ1_1Z1K;zTj1^\dvH\D,]Ge\`yA�A/a1^JUrApPEeJYEdvS1PERn}~dJ],]GZ1Z;h
��Y1H\D,]G^JZ1_1ZEdXY1Y1I4DvC1FEdJDGa1^JI�`�dXO,UT^"sXIL^Je�]wAX`=I4`=ZoFWA/N,YEdJdJsXFWA/N,Y1I4`=Zo��dX^
C.PqA/YWA�C1FEdXZ1N,H\d,SW]G^JHrAfYEdXH\dXK�C1FEd,SEUTa1_1Z1Z�SWdo_EDgPWD,],dJdJsXFWA/N,YEdJ]G^JZ�CEdXa1UTC1a1Z
^\Dgu�Z.PEZnZ1Y1ItunHJZ.SWdXH�_EDGY1Y1ItuisXU.`yA/Ogh.x�SqA/Y1YEdXK�]G^XA/^Je\D�sXUpSWDG^�FWAX],],`�dX^JFEDgm
YEd�Z1Y1H\D,]G^JZ1FEdXHrA/Y1ZEDvH�_EDGY1Y1I4DvsXU.`yA/O,Z;h
��F1Z1Y1ZE`yA/R#FEDG|�DGY1ZED�HnYWA,jWApPEeJY1ILK*`�dJ`�DGY1^/z�Z1Y1H\D,]G^\dXFfSWd/PEb?DGY[CEdXY1Z.m

`yA/^JeEz1j1^\d�SWd,urd,SEYEdJ]G^Jei_EDGY1Y1Itu�sXU.`yA/OvH"C1FEDgSW]G^\dwR.l?Z1K#CEDGF1ZEd,S#HXPqApSWDGY1Z1R
YEDGZ1N,H\D,]G^JYWA.hL�4SEYWA/aTd�dXY�`�dwb?DG^�dX_EDGY1Z1^Je�dwb�Z.SqAXD,`=UT��SWd,urd,SEYEdJ]G^Je�FWA/NGm
PEZ1j1Y1Itu8_EDGY1Y1Itu�sXU.`yA/OgzLA�NpA/^\D,`�Z1Y1H\D,]G^JZ1FEdXHrA/^Je�]GFEDgSW]G^JHrA*H�sXU.`yA/O,U8]
YWA/ZEsJd/PEeJ|�DGKcdwb�Z.SqAXD,`�dXK�SWd,urd,SEYEdJ]G^JeJ��hL@�d�k,^\d*sXUpSWDG^�YEDGFWA/N,U.`=YEd1z�^XA/a
a.A/aoZ1Y1H\D,]G^\dXF�urdX^pR�Z�b?DgPqAXDG^/zWj1^\dJsXIVSWd,urd,SEYEdJ]G^Je{sXItPqA�HJI4],dXaTdXK;zWYEd"d,S1m
YEdXHJFED,`�DGY1YEd�urdXjEDG^/z;j1^\dJsXI�SWd,urd,SEYEdJ]G^Je[sXItPqA�sXI�YWAX]G^\d/PEeJaTd#dXC1FEDgSWDgPWDGY.m
YEdXK;zEYWAX]GaTd/PEeJaTdnk,^\d�H\dXNw`�dwb�YEd1h;��^\d�dXN,YWA,jWAXDG^/zqj1^\d�Z1Y1H\D,]G^\dXFf]G^JFED,`=Z1^\]QR
d,SEYEdXHJFED,`�DGY1YEd�`yA/aT]GZE`=Z1N,Z1FEdXHrA/^Jendwb�Z.SqAXD,`=UT�VSWd,urd,SEYEdJ]G^Je"Zi`=Z1Y1ZE`=Z1N,Z.m
FEdXHrA/^Je�YED,dXC1FEDgSWDgPWDGY1YEdJ]G^JeEzE^\d�D,]G^Je�F1ZE]Ga;hW��sXILj1YEd?S1PERn^\dXOwd1zTj1^\dJsXIV],s\Apm
PqA/YE]GZ1FEdXHrA/^Je[k,^JZ�SEH\DnNpApSqA,j1Z;z=FWA/N,FWAXs\A/^JILHrAXDG^\]QR�C1FEdXO,FWAX`�`yA#HXPWdwb?DGY1Z1R
a.A/C1Z1^XApPqA.zqdJsJD,]GCEDGj1Z1HrA/��l�A/R�^JFED,sXU\D,`=UT��SWd,urd,SEYEdJ]G^JenC1F1Zo`=Z1Y1ZE`yApPEeJYEdJ`
UTFEdXHJYED�F1ZE]Ga.A.h
x�FrRTSWD�]gPEUTjWAXDGHVC1F1ZED,`~PWD,`�dXK�`�DGFEdXK�YED,dXC1FEDgSWDgPWDGY1YEdJ]G^JZ	R.HXPER1DG^\]QR

]G^XA/Y.SqA/F1^JYEdJDodX^Ja.PWdXYEDGY1ZED���H\d/PqA/^JZ.PEeJYEdJ]G^JeT��SWd,urd,SEYEdJ]G^JZ�CEdXF1^\�BDgPER�Z.PEZ
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SEZE]GCEDGFE]GZ1Rc��HrA/F1ZWA/_1Z1RW��SWd,urd,SEYEdJ]G^JZ�CEdXF1^\�BDgPER h~��dJ`=ZE`�dok,^\dXOwd�CEd,S1urd,SqA
a?dX_EDGY1Z1HrA/Y1Z1��F1ZE]GaTdXHEz/C1FEDgS1PWdwb?DGY1YEdXOwd��qh��fA/F1aTdXHJZ1_ED,`Lz/CEdwR.HXPER.��^\]QR?H\],D
YEdXHJI4DLZ"YEdXHJI4DLCEd,S1urd,SEIBhT@BA/ZEsJd/PWD,D4FWAX]GC1FEdJ]G^JFWA/YEDGY1YEdXKiYWA�],DGOwd,SEY1R.|?Y1Z1K
`�dJ`�DGY1^BH�������`�DG^\d,SWd/PWdXO,ZEDGKidX_EDGY1Z1HrA/Y1Z1R�F1ILYEdXj1Y1Itu�F1ZE]GaTdXHvR.HXPER1DG^\]QR
� ��^\dXZE`�dJ]G^Je�CEd,SiF1ZE]GaTdJ`����! #"�$&%('gm)"�* m,+.-0/
1�z	 #"2+��gh.� YWAv],dJ]G^\dXZ1^?HvFWAX]GjEDG^\DH\DgPEZ1j1Z1Y1I `yA/aT]GZE`yApPEeJYEd[H\dXNw`�dwb�Y1Itu�U.sXIL^JaTdXH[CEdXF1^\�BDgPER���Z1YWA/YE],dXHJItu
Z1YE]G^JF1U.`�DGY1^\dXHvHB^\DGjEDGY1ZEDLNpApSqA/Y1YEdXOwdvCEDGF1ZEd,SqAB]tNpApSqA/Y1YEdXKnH\DGFEdwR.^JYEdJ]G^JeJ��h
3vF1UTOwdXKf`�DGFEdXKfdX_EDGY1Z1HrA/Y1Z1R#F1ZE]Ga.A�R.HXPER1DG^\]QR54�FEDgSEY1R.RfxtDgPEZ1j1Z1YWA76�sXIL^Xm
a.A?�84�92:(;<-&*
-092:="�$> #"2+vz�4# #"2+��gz/aTdXOQSqA�Z1Y1^\DGFED,]GUT��^\]QR?YED�^\d/PEeJaTd�O,FWA/Y1Z1j1YEdXK
H\DgPEZ1j1Z1YEdXKfa.A/C1Z1^XApPqA.z Y1Z1b?D?aTdX^\dXFEdXK�]gPWDgSEU\DG^{dwb�Z.SqA/^JeiU.sXIL^\dXa[]?dXC1FEDgm
SWDgPWDGY1YEdXK{SWd/PWDGKoH\DGFEdwR.^JYEdJ]G^JZ;zqA�Z{FWA/Nw`�DGFEdJ`�k,^\dXOwd�U.sXIL^Ja.A.h
@�d�a.A/aisXI�Y1Z"urdXFEdX|�ABsXItPqA�^\D,dXF1Z1R zrD,D4YEDLH\],DGOQSqABH\dXNw`�dwb�YEdvZE]GCEd/PEeXm

NwdXHrA/^Je?YWABC1FWA/a1^JZ1aTDJh.@�D�],dJ]G^XA/HXPER1DG^�ZE]Ga.PE��jEDGY1Z1RnZn^\D,dXF1Z1Rn�BdXFE`=Z1FEdXHrApm
Y1Z1R{CEdXF1^\�BDgPER{_EDGY1Y1ItuosXU.`yA/OghWxca.PqAX],]GZ1jED,]GaTdXKf^\D,dXF1Z1ZoC1FEDgSECEd/PqA/OGAXDG^\]QR
^\dXF1OwdXHXPERf_EDGY1Y1I4`=Z�sXU.`yA/OGAX`=Z*]?^JFWA/Y1NpA/a1_1ZEdXY1Y1I4`=Z*FWAX] urd,SqAX`=Z;z;FWA/HJY1Itm
`=Z�Y1UpPE��hyx	FEDwApPEeJYEdJ]G^JZ�k,^\d[YED{^XA/a;h?��^\dXZ1^�UTj1Z1^JILHrA/^JeEz�j1^\d[CEdXa1UTC1a.A
C1FEdXZE] urd,SEZ1^iCEd"_EDGYEDv]GC1FEdJ]wA�SEZ.PWDGFWA.z�A�C1FEd,SqA/b�A�CEd"_EDGYEDvC1FEDgS1PWdwb?DGY1Z1R h
@�FEdJ`�D�^\dXOwd1zE]GUTl�D,]G^JHJU\DG^"aTdJ`=ZE],]GZEdXY1YEdJD?H\dXN,YWA/O,FWA/b�SWDGY1ZEDJhq@�Zod,SEYWA���Z.m
YWA/YE],dXHrA/R?`�d,SWDgPEe�YED�sXUpSWDG^�FWAXsJdX^XA/^Je�YWALFEDwApPEeJYEdJ`#F1ILY1aTDJzXD,]gPEZ?YEDyUTjED,]G^Je
k,^JZ{U\]gPWdXHJZ1R h

A�3CBED?FHG*>�FHD47.IL<?>�9 D?J�K�>HGLI�M�NL<HD.OPD JHD?F�K�Q�9RM�S
T 9=<?<HUWVYX?Z[GLI.O=\?7.I?F?>HI T >HDL<?<HU^]_JHD~:�V`D~:

��N,H\D,]G^JYEd1zXj1^\d4SEZ1H\DGFE]GZE��Z1a.A/_1Z1R"]GY1Z1b�AXDG^�F1ZE]Ga?HXPWdwb?DGY1Z1R h\��Y1H\D,]G^\dXF
`�dwb?DG^ HXPWdwb�Z1^Je�]GH\dXZBSWDGY1eJO,ZvYED�H d,SEZ1YvHJZ.S?_EDGY1Y1ItuBsXU.`yA/Ogz/AtH4YED,]GaTd/PEeJaTd
HJZ.SWdXHEzE],�BdXFE`=Z1FEdXHrA/H"CEdXF1^\�BDgPEe"_EDGY1Y1Itu�sXU.`yA/Ogh

a UpSWD,`MZE]GCEd/PEeJNwdXHrA/^Jef]G^XA/Y.SqA/F1^JY1I4DndXC1FEDgSWDgPWDGY1Z1R z(YWA/C1F1ZE`�DGF;z;Z1Ncb d�e h
��U\]G^Je

xj , j = 1, ..., n
��SWd/PER"dJsXl�DGOwdBHXPWdwb?DGY1Z1R zrC1F1Z.urd,SER.l�A/R1]QR�YWA

j
m ILK

HJZ.S�_EDGY1Y1Itu�sXU.`yA/OgzE^XA/a�j1^\d>f

n
∑

j=1

xj = 1.
� � �

3?d,urd,SEYEdJ]G^JenCEdXF1^\�BDgPER
Rp
FWA/HJYWA
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Rp =

n
∑

j=1

Rjxj,
� � �

D,]gPEZ�SWd,urd,SEYEdJ]G^Je
j
m dXOwdLHJZ.SqA

Rj =
C1j−C0j

C0j

zGOQSWD
C0j
�c_EDGYWAtCEdXa1UTC1a1Z

j
m dXOwd

HJZ.SqA.z
C1j
�6_EDGYWA C1FEd,SqA/b�Z

j
m dXOwd�HJZ.SqA.z

dj
�VSEZ1HJZ.SWDGY.SEIBzJCEd/PEUTjEDGY1Y1I4D NpA

HJFED,`=RiHXPqApSWDGY1Z1Ri_EDGY1YEdXK�sXU.`yA/OwdXK! m Owd?HJZ.SqA.h1x�SqApPEeJYEDGK1|�D,`�SEZ1HJZ.SWDGY.SEI
YED�UTj1Z1^JILHrA/��^\]QR h
� b�Z.SqAXD,`yA/R{SWd,urd,SEYEdJ]G^JenCEdXF1^\�BDgPERiFWA/HJYWA

mp = E(Rp) =

n
∑

j=1

xjE(Rj) =

n
∑

j=1

xjmj,
� d\�

A�dX^Ja.PWdXYEDGY1ZED

Rp − mp =

n
∑

j=1

xj(Rj − mj).
�#"T�

�fA/^\D,`yA/^JZ1jED,]GaTdJD�dwb�Z.SqA/Y1ZEDia1HrApSEFWA/^XA#k,^\dXOwdfdX^Ja.PWdXYEDGY1Z1R�D,]G^Je#SEZE]gm
CEDGFE]GZ1RiSWd,urd,SEYEdJ]G^JZ#CEdXF1^\�BDgPER

Vp = E(Rp−mp)
2 =

n
∑

i=1

n
∑

j=1

xixjE[(Ri−mi)(Rj−mj)] =

n
∑

i=1

n
∑

j=1

Vijxixj ,

�%$\�
OQSWD

Vij = E[(Ri − mi)(Rj − mj)]
�	aTdXHrA/F1ZWA/_1Z1Z

Ri
Z

Rj
z
Vjj = E(Rj −

mj)
2 = σ2

j

��SEZE]GCEDGFE]GZ1Z
Rj
h

&BAX]G^\d�^XA/a1b?DBFWAX],],`yA/^JF1Z1HrAXDG^\]QRoH\DgPEZ1j1Z1YWA

σp =
√

Vp,
�%'\�

YWA/N,ILHrAXD,`yA/Ro]GFEDgSEYEDGa1HrApSEFWA/^JZ1j1Y1I4`�dX^Ja.PWdXYEDGY1ZED,`Lh
((dXOQSqAB`�dwb�YEdB]GH\D,]G^JZ"NpApSqA,j1U�HJI4sJdXFWA�dXC1^JZE`yApPEeJYEdXKn]G^JF1UTa1^JUTF1I�CEdXF1^Xm

�BDgPER�a�]gPWDgSEUT��l�DGK�`yA/^\D,`yA/^JZ1jED,]GaTdXK�C1FEdJs/PWD,`�DJz=C1FEDgS1PWdwb?DGY1YEdXKW�.A/F1F1Z
�fA/F1aTdXHJZ1_ED,`Lh
@BA/K1^JZ

xj
zr`=Z1Y1ZE`=Z1N,Z1F1UT��l?ZED HrA/F1ZWA/_1Z1�cSWd,urd,SEYEdJ]G^JZ{CEdXF1^\�BDgPER z\C1F1Z

U\]gPWdXHJZ1Z�dJsJD,]GCEDGjEDGY1Z1R�NpApSqA/Y1YEdXOwd N,YWA,jEDGY1Z1R�dwb�Z.SqAXD,`�dXK�SWd,urd,SEYEdJ]G^JZ;h
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��U\]G^Je�FEDG|�DGY1ZEDfSqA/Y1YEdXKVNpApSqA,j1Z6dJsJdXN,YWA,jEDGYEd�N,YWA/aTdJ` ∗ h��y]gPEZ x∗
j > 0
z

^\dBk,^\d?dXN,YWA,jWAXDG^�FEDGaTdJ`�DGY.SqA/_1Z1�6HXPWdwb�Z1^Je�SWd/PE�
x∗

j

YWApPEZ1j1YEdXOwd?a.A/C1Z1^XApPqA
H�_EDGY1Y1I4DvsXU.`yA/O,Z�HJZ.SqA

j
h��y]gPEZ

x∗
j < 0
z1^\d�k,^\d"dXN,YWA,jWAXDG^�FEDGaTdJ`�DGY.SqA/_1Z1�

HJN,R.^JeBH�SWd/PEO _EDGY1Y1I4D4sXU.`yA/O,Z"k,^\dXOwdBHJZ.SqA�HBaTd/PEZ1jED,]G^JH\D −x∗
j

��YWA�DgSEZ1Y1Z1_1U
YWApPEZ1j1YEdXOwd�a.A/C1Z1^XApPqA\�gzW^\d�D,]G^Je"UTjWAX]G^JH\dXHrA/^Je"H"dXCEDGFWA/_1Z1Zo^JZ1CWAH/��(9��
*`/�"�$0'
��FWAX]GCEdXFrR.b?DGY1ZEDva.PEZEDGY1^XA"d7/��(9��
*`/�"�$0'�YWA�dXC1FEDgSWDgPWDGY1YEdJDBaTd/PEZ1jED,]G^JH\d�_EDGY.m
Y1Itu?sXU.`yA/OtdXN,YWA,jWAXDG^/zJj1^\d�DGOwd�sXFEdXaTDGF�SWd/PEb?DGY�d,SWd/PEb�Z1^JeBk,^\d aTd/PEZ1jED,]G^JH\d1z
NpA/^\D,`�jEDGFEDGN�YEDGC1FEd,SWd/PEb�Z1^\DgPEeJYEdJDLHJFED,`=RBC1U\]G^JZ1^Je�DGOwd4H C1FEd,SqA/b�U\zXALNpA/^\D,`
aTdJ`=CEDGYE]GZ1FEdXHrA/^Je"SWd/PEOgz1HJYEdXHJe"a1UTC1Z1H�FWA/YED,D�NpA/ZE`�]G^JH\dXHrA/Y1Y1I4DB_EDGY1Y1I4DBsXUrm
`yA/O,Zq�gh	�y]gPEZ�k,^\d�YEDGH\dXNw`�dwb�YEd1zE^\d�C1F1Z.urd,SEZ1^\]QRoHJH\d,SEZ1^Je�SWdXCEd/PEY1Z1^\DgPEeJYEdJD
^JFED,sJdXHrA/Y1ZED�f

x∗
j

YED�SWd/PEb�Y1I6sXIL^Je�dX^JF1Z1_WA/^\DgPEeJY1I4`=Z;h
�y]gPEZMdX^\]GUT^\]G^JHJUT��^�dXO,FWA/Y1Z1jEDGY1Z1RcYED,dX^JF1Z1_WA/^\DgPEeJYEdJ]G^JZVCEDGFED,`�DGY1Y1Itu z

^\d�H\dXNw`�dwb�YEd"R.HJYEdJD�FEDG|�DGY1ZEDJh

Vp = xT V x(min),
��
J�

mT x = mp,
� � �

IT x = 1,
� � �

OQSWD
V = [Vij ]

��`yA/^JF1Z1_WA�aTdXHrA/F1ZWA/_1Z1K;z
i, j = 1, ..., n �

m = (mj)
��`yA/^JF1Z1_WApm ]G^\d/PWsJDG_fdwb�Z.SqAXD,`=Itu{SWd,urd,SEYEdJ]G^\DGK;z

j = 1, ..., n �
I = (1)

��`yA/^JF1Z1_WApm ]G^\d/PWsJDG_#Z1NvDgSEZ1Y1Z1_
�

x = (xj)
��`yA/^JF1Z1_WApm ]G^\d/PWsJDG_#YEDGZ1N,H\D,]G^JY1Itu{SWd/PWDGK;z

j = 1, ..., n
h

x H\DgSWD,`���UTY1a1_1Z1��
vA/O,FWA/Y1b�A<f

L = xT V x + λ1(I
T x − 1) + λ2(m

T x − mp).
� � �\�

��HJYEdJD�C1FEDgSW]G^XA/HXPWDGY1ZEDBS1PER�dXC1^JZE`yApPEeJYEdXK#]G^JF1UTa1^JUTF1IVCEdXF1^\�BDgPER f

x = x∗ = V −1 mp(IIT V −1m − mIT V −1I) + mIT V −1m − ImT V −1m

(IT V −1m)2 − IT V −1ImT V −1m
.
� ��� �

�y]gPEZ�YWApPWdwb?DGYEdBU\]gPWdXHJZEDLYED,dX^JF1Z1_WA/^\DgPEeJYEdJ]G^JZnYWA�CEDGFED,`�DGY1Y1I4D � x �/zX^\dZE] urd,SEYWA/RnNpApSqA,jWA?]G^XA/YEdXHJZ1^\]QRiC1FEdJs/PWD,`�dXKia1HrApSEFWA/^JZ1j1YEdXOwd�C1FEdXO,FWAX`�`=Z1FEd/m
HrA/Y1Z1R h�xVYWAX]G^\dwR.l�DGK[]G^XA/^Je\D�FWA/NwdJsXFWA/Y*ApPEOwdXF1Z1^\`�FEDG|�DGY1Z1R#k,^\dXKfNpApSqA,j1Z
]�ZE]GCEd/PEeJNwdXHrA/Y1ZED,`�`�DG^\d,SqA"xtd/PEe/�vA b $�e h
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Vp = xT V x(min),

mT x = mp,

IT x = 1

x > 0.
� ��� �

�#DG^\d,S[xtd/PEe/�vA"ZE]GCEd/PEeJN,U\DG^\]QRoS1PERoNpApSqA,j1Z[`yA/aT]GZE`=Z1NpA/_1Z1Z�]vdX^JF1Z1_WApm
^\DgPEeJYEdodXC1FEDgSWDgPWDGY1YEdXK�a1HrApSEFWA/^JZ1j1YEdXK��BdXFE`�dXK;h~��^\d�YWAX`VCEd,S1urd,SEZ1^/z~^XA/a
a.A/a

minVp = −max(−Vp)
z Z��BdXFE`yA

xT (−V )x
sXUpSWDG^�dX^JF1Z1_WA/^\DgPEeJYEd

dXC1FEDgSWDgPWDGYWA#H[]GZ.PEU*^\dXOwd1z=j1^\d  ��CEd/PWdwb�Z1^\DgPEeJYEd*dXC1FEDgSWDgPWDGY1YWA/R�`yA/^Xm
F1Z1_WA.h (~A/a1ZE`�dJsXFWA/NwdJ`LzEFWAX],],`yA/^JF1Z1HrAXDG^\]QR#NpApSqA,jWA<f

xT (−V )x(max),
� � d\�

(

mT

IT

)

x =

(

mp

1

)

,
� � "T�

x > 0.
�y]gPEZ�HJILC1ZE]wA/^Jen��UTY1a1_1Z1��
vA/O,FWA/Y1b�A

L = xT (−V )x + λ1(mp − mTx) +

λ2(1− IT x)
z��

λ =

(

λ1

λ2

) �gzr^\dBU\]gPWdXHJZ1R @�UTYWApm (~A/a1aTDGFWAvS1PER"k,^\dXKnNpApSqA,j1Z
HJILOQPERTSER.^�]gPWDgSEUT��l?ZE`�dJsXFWA/NwdJ`?f

v =
(

m I
)

λ + 2V x > 0,
� � $\�

xT v = 0 ����� xjvj = 0, j = 1, ..., n,
� � '\�

(

mT

IT

)

x =

(

mp

1

)

.

� D,]gPEZ
x∗ Z λ∗ UpSWdXHXPWDG^JH\dXFrR.��^�k,^JZE`�U\]gPWdXHJZ1R1`Lz�Z8_EDgPWDGHrA/R8��UTY1a1_1Z1RH\dXO,Y1UT^XA�YWA�YED,dX^JF1Z1_WA/^\DgPEeJYEdJ`�dXa1^XA/Y1^\D?��U?YWAX]Lk,^\d�^XA/a�CEdX^\dJ`=U\z\j1^\d�a1HrApS1m

FWA/^JZ1j1YWA/Ri�BdXFE`yAvR.HXPER1DG^\]QRnH\dXO,Y1UT^\dXK{��UTY1a1_1ZEDGK;z.D,]gPEZ{dXYWAvR.HXPER1DG^\]QRidX^Xm
F1Z1_WA/^\DgPEeJYEdfdXC1FEDgSWDgPWDGY1YEdXK��BdXFE`�dXKq�gz=A

i
m dJDndXO,FWA/Y1Z1jEDGY1ZEDn��HJILC1UTa.PqA/R

��UTY1a1_1Z1R zyD,]gPEZ
λ∗

i > 0
zyZ8H\dXO,Y1UT^XA/R ztD,]gPEZ

λ∗
i < 0
z
i = 1, 2

��^XA/a�a.A/a
dXO,FWA/Y1Z1jEDGY1Z1R[PEZ1YEDGK1Y1IBz;dXY1Z*`�dXO,UT^{FWAX],],`yA/^JF1Z1HrA/^Je\]QR*Z[a.A/a�HJILC1UTa.PEI4DJz
Z{a.A/aoH\dXO,Y1UT^JI4Dp�gzE^\d

(x∗)T (−V )x∗ R.HXPER1DG^\]QR#AXsJ],d/PE��^JY1I4`�`yA/aT]GZE`=U.`�dJ`
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xT (−V )x
z.aTdXOQSqA

x
C1F1Z1YWApS1PWDGb�Z1^n`=YEdwb?D,]G^JHJU{^\dXjEDGa;z1UpSWdXHXPWDG^JH\dXFrR.��l?Z.u

dXO,FWA/Y1Z1jEDGY1Z1R1`Lh
(~A/a1ZE`�dJsXFWA/NwdJ`Lz.D,]gPEZi]GUTl�D,]G^JHJUT��^

x > 0
z
v > 0
z
λ
zraTdX^\dXF1I4D�UpSWdXHXPWDgm

^JH\dXFrR.��^"U\]gPWdXHJZ1R1`
(

mT

IT

)

x =

(

mp

1

)

,

v −
(

m I
)

λ − 2V x = 0,
� � 
J�

xT v = 0,

^\d��iR.HXPER1DG^\]QR�dXC1^JZE`yApPEeJY1I4`8FEDG|�DGY1ZED,`�NpApSqA,j1Z;h
3BPER�CEd/PEUTjEDGY1Z1R�FEDG|�DGY1Z1R"`�DG^\d,SWdJ`�xtd/PEe/�vA�ZE]GCEd/PEeJN,U\DG^\]QRn]GZE`=C.PWDGaT]gm

`�DG^\d,S(h	��ZE]G^\D,`yA ( mT

IT

)

x =

(

mp

1

) FEDG|�AXDG^\]QR�dJsXILj1Y1I4`fCEDGF1HJI4`fk,^XApm
CEdJ`�]GZE`=C.PWDGaT]gm `�DG^\d,SqA.zL^\d*D,]G^Je�YWApurd,SEZ1^\]QRc`yA/^JF1Z1_WA��	� CEd,SW`yA/^JF1Z1_WA
`yA/^JF1Z1_1I (

mT

IT

) z(R.HXPER.��l�A/R1]QR�s\A/N,ZE]GYEdXK�`yA/^JF1Z1_EDGK;z=Z
xB
��H\DGa1^\dXF

s\A/N,ZE]GY1Itu*CEDGFED,`�DGY1Y1Itu*^XA/aTdXK;z~j1^\d
BxB =

(

mp

1

) h=��^\d#s\A/N,ZE]GYEdJD�FEDgm
|�DGY1ZED�UpSWdXHXPWDG^JH\dXFrR1DG^�SEHJU.`�CEDGF1HJI4`8dXO,FWA/Y1Z1jEDGY1Z1R1`8]GZE]G^\D,`=I





mT 0 0 0
IT 0 0 0
−2V −m −I En









x

v

λ



 =





mp

1
0



 ,
� ��� �

OQSWD
En
��DgSEZ1Y1Z1j1YWA/R{`yA/^JF1Z1_WA?FWA/Nw`�DGFWA

n×n
hT��dXk,^\dJ`=U\zTZE]GCEd/PEeJN,UJR{DGOwd1z

SWdJs\A/HXPER.��^\]QRnZE]Ga1U\],]G^JH\DGY1Y1I4D�CEDGFED,`�DGY1Y1I4D�PEZ1|?evH?CEdJ]gPWDgSEY1ZED
n
dXO,FWA/Y1Z.m

jEDGY1Z1K�� ��� �gh(��^\d�SWDgPqAXDG^\]QR�]gPWDgSEUT��l?ZE`cdJsXFWA/NwdJ`Lh xt`�D,]G^\d�� ��� �4FWAX],],`yA/^Xm
F1Z1HrAXDG^\]QRo]GZE]G^\D,`yA

(

mT

IT

)

x =

(

mp

1

)

,

−2V x −
(

m I
)

λ + v + Su = 0,
� ��� �

OQSWD
S = ‖4jδij‖

� SEZWA/OwdXYWApPEeJYWA/R�`yA/^JF1Z1_WA{]vSEZWA/OwdXYWApPEeJY1I4`=Z*kGPWD,`�DGY.m
^XAX`=Z 4j = ±1

z.C1F1Z1jED,`�^JFED,sXU\DG^\]QR zWj1^\dJsXI
u > 0
h
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� � ��� � d�d

��U\]G^Je
DB
],d,SWDGFrb�Z1^M]G^\d/PWsX_1I `yA/^JF1Z1_1I

(−V )
z ],dJdX^JH\DG^\]G^JHJUT��l?ZED

^\D,`#]G^\d/PWsX_WAX`f`yA/^JF1Z1_1I (

mT

IT

) zpaTdX^\dXF1I4DtH\dX|vPEZ?H ��h/��U\]G^Je
j
m A/R�]G^JFEd/m

a.A�`yA/^JF1Z1_1I
DB
dJsJdXN,YWA,jEDGYWA"jEDGFEDGN

d
j
B

h ((dXOQSqA

4j =

{

+1,
D,]gPEZ

2dj
Bxj 6 0

−1,
D,]gPEZ

2dj
Bxj > 0

.
� � �\�

��F1Z{^XA/a1Z.u 4j
z1D,]gPEZ�CEd/PWdwb�Z1^Je

uj = | − 2dj
Bxj| > 0, j = 1, ..., n, λ = 0, v = 0,

� �<� �
CEd/PEUTj1Z1^\]QRiSWdXC1U\]G^JZE`�dJDBFEDG|�DGY1ZED�S1PER�� � "T�gz(� ��� �gh

�#dwb�YEd�YWA/C1ZE]wA/^Je

(

B 0
2DB S

)(

xB

u

)

=





(

mp

1

)

0



 .
� ��� �

��d/PEUTjEDGY1YEdJD4FEDG|�DGY1ZEDLR.HXPER1DG^\]QR�s\A/N,ZE]GY1I4`[S1PERo� � "T�gzq� ��� �gzJCEdJ]GaTd/PEeJa1U
D,]gPEZ

BQ =

(

B 0
2DB S

) zT^\d
B−1

Q =

(

B−1 0
−2SDBB−1 S

) zT^\d�D,]G^Je�`yA/^Xm
F1Z1_WA[aTdXkw�B��Z1_1ZEDGY1^\dXH

BQ
YED,dJ],dJsJDGY1YWA/R h ��`�DGR8s\A/N,ZE]GYEdJD�FEDG|�DGY1ZED{S1PER

� � "T�gz.� ��� �;]
xB > 0

z
u > 0
z/`�dwb�YEd�ZE]GCEd/PEeJNwdXHrA/^JeB]GZE`=C.PWDGaT]gm `�DG^\d,S(zJj1^\dJsXI

]GH\D,]G^JZ�HJILFWA/b?DGY1ZEDB� −∑n
j=1 uj
�gz/`yA/aT]GZE`=Z1N,Z1F1UJR"DGOwd�a?Y1UpPE��hJ� ^wPEZ1j1ZEDLdX^

]G^XA/Y.SqA/F1^JYEdXK*] urD,`=I�]GZE`=C.PWDGaT]gm `�DG^\d,SqAo],dJ]G^\dXZ1^{^\d/PEeJaTdiHi^\dJ`Lz�j1^\diD,]gPEZ
xj > 0
z1^\d�NpA/C1FEDGl�AXDG^\]QR�HJH\d,SEZ1^Je�H"s\A/N,ZE]

vj > 0
z1Z{YWAXdJsJdXFEdX^/h

xt],D�aTdJ`=CEdXYEDGY1^JI�H\DGa1^\dXFWA
λ
YED�ZE`�DG��^�dXO,FWA/Y1Z1jEDGY1Z1K�YWA4N,YWA/a;h 3BPERv^\d/m

Owd1zJj1^\dJsXI8HBYEdXH\dXK�NpApSqA,jED YEDgPEZ1YEDGK1YEdXOwdvC1FEdXO,FWAX`�`=Z1FEdXHrA/Y1Z1Ri] SWDgPqA/^Je?H\],D
CEDGFED,`�DGY1Y1I4D*YED,dX^JF1Z1_WA/^\DgPEeJY1I4`=Z;z�HJH\d,SER.^\]QR6YEdXHJI4D�CEDGFED,`�DGY1Y1I4D

ξ > 0
z

ζ > 0
^XA/a1ZEDJzEj1^\d

λ = ζ − ξ
h

((dXOQSqA.zWD,]gPEZodJsJdXN,YWA,j1Z1^Je
Q =





mT 0 0 0 0 0 0
IT 0 0 0 0 0 0
−2V −m −I m I En S





z

f = (mp, 1, 0, ..., 0)
z

w = (x, ζ, ξ, v, u)
z
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^\d�YEDgPEZ1YEDGK1YWA/R�NpApSqA,jWA.zEaTdX^\dXF1UT��YWApSWd�FEDG|�A/^JeEz1C1F1Z1Y1ZE`yAXDG^�HJZ.S

Z = (−
n

∑

j=1

uj)(max),
� � d\�

Qw = f,
� � "T�

w > 0,
� � $\�

xT v = 0.

x�k,^\dXK*NpApSqA,jED�YEDgPEZ1YEDGK1Y1I4`�R.HXPER1DG^\]QR[PEZ1|?e#dXO,FWA/Y1Z1jEDGY1ZED
xT v = 0

h
� YWA FEDG|�AXDG^\]QR ]GZE`=C.PWDGaT]gm `�DG^\d,SWdJ` ]�dXC1ZE]wA/Y1Y1I4` HJIL|�D�HJZ.SWdXZ1Nw`�Dgm
YEDGY1ZED,`Lh 3BPER FEDG|�DGY1Z1R UpSWdJsXYEd ZE]GCEd/PEeJNwdXHrA/^Je `�d,SEZE��Z1_1Z1FEdXHrA/Y1Y1ILK
]GZE`=C.PWDGaT]gm `�DG^\d,S(h1@�UTb�YEd?dXC1FEDgSWDgPEZ1^Je?YWA,jWApPEeJYEdJD�s\A/N,ZE]GYEdJD�FEDG|�DGY1ZEDLS1PER
(23), (24), (25), (16)

h ��YWA,jWApPqA.z�ZE]GCEd/PEeJN,UJR�CEDGF1HJILK�k,^XA/C;z�YWApurd,SEZ1^\]QR�s\Apm
N,ZE]GYEdJDtFEDG|�DGY1ZED

xB
Z"`yA/^JF1Z1_WA�x*C1F1Z�FWAX],],`�dX^JFEDGY1Z1Z�PEZ1|?eBdXO,FWA/Y1Z1jEDGY1Z1K

(

mT

IT

)

x =

(

mp

1

) h��y]gPEZ�NpA/^\D,`�CEd/PWdwb�Z1^Je
u = E(−2DBxB) > 0

z1^\d
qB = (xB , u)

sXUpSWDG^�s\A/N,ZE]GY1I4`MFEDG|�DGY1ZED,`cS1PER
(23), (24), (25), (16)

]�s\Apm
N,ZE]GYEdXK?`yA/^JF1Z1_EDGK

BQ
zwdXC1FEDgSWDgPER1D,`�dXK?a.A/avZBFWA/Y1eJ|�DJh 3�ApPWD,DyY1UTb�YEd4YWA/K1^JZ

B−1
Q

Z#ZE]GCEd/PEeJNwdXHrA/^JeoD,DvHnZE] urd,SEYEdXK�^XAXs/PEZ1_ED?S1PERoFEDwApPEZ1NpA/_1Z1Z�`�d,SEZE��Z.m
_1Z1FEdXHrA/Y1YEdXOwd�]GZE`=C.PWDGaT]gm `�DG^\d,SqA.h

a ItP�dXC1ZE]wA/Y�d,SEZ1Y�|�A/O{]GZE`=C.PWDGaT]GYEdXK�Z1^\DGFWA/_1Z1Z;hP3?dXa.A/NpA/YEd1z�j1^\dfD,]gm
PEZ*dXjEDGFEDgSEYWA/R�Z1^\DGFWA/_1Z1R*`�DG^\d,SqA.z~UTj1Z1^JILHrA/��l�DGOwd�^JFED,sJdXHrA/Y1ZED

xjvj = 0YED,dJ]GUTl�D,]G^JHJZE`yA.z"^\d YWA�CEdJ]gPWDgSEYEDGK Z1^\DGFWA/_1Z1Z HJILCEd/PEY1R1DG^\]QR FWA/H\DGY1^JH\d
Z = 0
z.Z{CEd/PEUTjWAXDG^\]QR�b?DgPqAXD,`�dJDvFEDG|�DGY1ZEDJh
��`�D,DG^\]QR�C1FEdXO,FWAX`�`yA�YWA?R.N,ILaTDH��z.FEDwApPEZ1N,UT��l�A/RiSqA/Y1Y1ILK#ApPEOwdXF1Z1^\`Lh

�B3����PJHD�M�N�� D47.IL<?>�9 G�9 F F?>��	�[I�

��� > ��

���
:�M�S Q D?FHG*>�FHD47.IL<?> S_D?J�K�>HGLI�M�NL<HD.OPD JHD?F�K�Q�9	�
M�S T 9=<?<HUWVYX?Z[GLI.O

��U\]G^Je
β
m8 #"2+���k,^\d�H\DgPEZ1j1Z1YWA�^XA/a.A/R z(j1^\do]"H\DGFEdwR.^JYEdJ]G^JeJ�

β
AXsJ],d/m

PE��^JY1I4D�CEdX^\DGF1Z{YED�C1FEDGHJI4]QR.^
β
m8 #"2+vh ��l�D�d,SEYWA�`�DGFWAB��k,^\d74# #"2+vh<�oZ.m

Y1ZE`=Z1NpA/_1Z1R 4# #"2+6H\DgSWDG^"a�`=Z1Y1ZE`=Z1NpA/_1Z1Z  #"2+vz.^XA/a�a.A/a  #"2+
6
4# #"2+vh
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a UpSWD,`�ZE]GCEd/PEeJNwdXHrA/^Je�dXC1FEDgSWDgPWDGY1Z1R	Z1NCb � ��e hH�#dwb�YEd�]Ga.A/NpA/^JeEz�j1^\d
β
m8 #"2+�� k,^\d

β
m a1HrA/Y1^JZ.PEe{FWAX]GC1FEDgSWDgPWDGY1Z1RfCEdX^\DGF1eEzq^\dnD,]G^JenH\DGFEdwR.^JYEdJ]G^Je

^\dXOwd1z�j1^\d CEdX^\DGF1Z C1FEDGHJI4]QR.^
β
m8 #"2+vz�FWA/HJYWA

1 − β
h � dJdX^JH\DG^\]G^JH\DGY1YEd1z

β
m 4# #"2+���k,^\dodwb�Z.SqAXD,`yA/R�H\DgPEZ1j1Z1YWA

(1 − β) × 100%
]wAX`=Itu�sJd/PEeJ|?Z.u

CEdX^\DGF1eEh(��sXILj1YEd{FWAX],],`yA/^JF1Z1HrA/��^�^JF1Z[N,YWA,jEDGY1Z1R
β
f
β �

�.h � �.z
β �

�.h � $.z
β �

�.h ��� h
��U\]G^Je

f : R
n×R

m → R
��k,^\d���UTY1a1_1Z1R?CEdX^\DGF1eEzJaTdX^\dXFWA/R�NpA/HJZE]GZ1^BdX^

UTC1FWA/HXPER.��l�DGOwdnH\DGa1^\dXFWA
x ∈ R

n Zf]gPEUTjWA/K1YEdXOwdiH\DGa1^\dXFWA
y ∈ R

m hq��FEDgS1mCEd/PqA/OGAXDG^\]QR z�j1^\d
y
ZE`�D,DG^iC.PWdX^JYEdJ]G^Je{FWAX]GC1FEDgSWDgPWDGY1Z1R

p : R
n × R

m → R
z

aTdX^\dXFWA/RfNpA/HJZE]GZ1^�dX^nH\DGa1^\dXFWA
x
h;��sJdXN,YWA,j1ZE`MjEDGFEDGN

Ψ(x, α)
H\DGFEdwR.^JYEdJ]G^Xm

Y1UT����UTY1a1_1Z1�
Ψ(x, α) =

∫

f(x,y)6α
p(x,y)dy,

� � '\�
aTdX^\dXFWA/RoCEdndXC1FEDgSWDgPWDGY1Z1��R.HXPER1DG^\]QR#H\DGFEdwR.^JYEdJ]G^JeJ��^\dXOwd1zWj1^\d"CEdX^\DGF1Z#YED
C1FEDGHJI4]QR.^�YEDGaTdX^\dXFEdXKoH\DgPEZ1j1Z1Y1I

α
h
β
m8 #"2+6dXC1FEDgSWDgPER1DG^\]QRoa.A/a

α(x, β)
f

α(x, β) = min{α ∈ R : Ψ(x, α) = β}. � � 
J�
}=AX],],`yA/^JF1Z1HrAXDG^\]QR ]gPWDgSEUT��l�A/R C1FEDgSW]G^XA/HXPER.��l�A/R

β
m 4# #"2+ ��UTY1a1_1Z1R

1
1−βΦ(x)

z�aTdX^\dXFWA/R�D,]G^JecU\]gPWdXHJYEdJD�`yA/^\D,`yA/^JZ1jED,]GaTdJD8dwb�Z.SqA/Y1ZED�CEdX^\DGF1e
f(x,y)

C1F1Z�U\]gPWdXHJZ1Z;z1j1^\d"dXY1Z�C1FEDGHJIL|�A/��^
α(x, β)

zEOQSWD

Φ(x) =

∫

f(x,y)>α(x,β)
f(x,y)p(x,y)dy.

� ��� �

��j1Z1^XAXDG^\]QR z;j1^\d{H\DGa1^\dXF�FEDG|�DGY1Z1K
x
C1F1Z1YWApS1PWDGb�Z1^oYEDGaTdX^\dXFEdJ`=U[H\DGFEdwR.^Xm

YEdJ]G^JYEdJ`=Uo`=YEdwb?D,]G^JHJU
X ⊂ R

n ��YWA/C1F1ZE`�DGF;zqk,^\d�`�dwb?DG^{sXIL^JenYWAXsJdXF#H\DGa.m^\dXFEdXH�],d�]GFEDgSEYEDGK�SWd,urd,SEYEdJ]G^JeJ��zWC1FEDGHJIL|�A/��l�DGK
10%
�gh

((DGCEDGF1e8sXUpSWDG^�CEdXa.A/NpA/YEd1z4j1^\d�`=Z1Y1ZE`=Z1NpA/_1Z1RV��UTY1a1_1Z1Z 1
1−β Φ(x)

YWA
`=YEdwb?D,]G^JH\D���`�dwb?DG^isXIL^Je�]GH\DgSWDGYWA�ao`=Z1Y1ZE`=Z1NpA/_1Z1Z#��UTY1a1_1Z1Z

F (x, α) = (1 − β)α +

∫

f(x,y)>α
(f(x,y) − α)p(x,y)dy

� ��� �

YWA�`=YEdwb?D,]G^JH\D
X × R
h

�vUTY1a1_1Z1R
F (x, α)

`�dwb?DG^nsXIL^Je"CEDGFEDGC1ZE]wA/YWA�H"]gPWDgSEUT��l�D,`�HJZ.SWD�f

F (x, α) = (1 − β)α +

∫

y∈Rm

(f(x,y) − α)+p(x,y)dy,
� d��\�
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OQSWD
a+ = max{0, a} h��FEDgSECEd/PqA/OGAXDG^\]QR z�j1^\d6��UTY1a1_1Z1R

Ψ(x, α)
z?NpApSqA/HrAXD,`yA/R�UTFWA/HJYEDGY1ZED,`

� � '\�4YEDGC1FEDGF1ILHJYWAiCEd
α ∈ R

S1PERoPE��sJdXOwd
x ∈ X
h xtDGFEdwR.^JYEdJ]G^JYWA/R���UTY1a.m

_1Z1R
Ψ(x, α)

`�dXYEdX^\dXY1YEdiH\dXN,FWAX]G^XAXDG^�ZfC1F1Z1Y1ZE`yAXDG^�N,YWA,jEDGY1Z1R[`�DGb�SEU ��Z
� h=�yPWDgSWdXHrA/^\DgPEeJYEd1zES1PERia.A/b�SWdXOwd

x ∈ X
Z

β ∈ (0, 1)
`=YEdwb?D,]G^JH\d

A(x, β) = {α : Ψ(x, α) = β} � d � �
YEDGC1U\]G^\d1z1Z

α(x, β) = min{α : α ∈ A(x, β)}. � d � �
3�ApPWD,D"SWdXa.A/N,ILHrAXDG^\]QR z�j1^\d

A(x, β)
��k,^\d#`=YEdwb?D,]G^JH\df^\dXjEDGa�`=Z1Y1ZE`=U.`yA

��UTY1a1_1Z1Z
F (x, α)

CEd
α
h �y]gPEZ8D,]G^Je�^\d/PEeJaTd*d,SEYWA[`=Z1Y1ZE`yApPEeJYWA/R�^\dXj1a.A.z

^\dXOQSqA�k,^\d
α(x, β)

hW}=AX],],`�dX^JF1ZE`�SEH\D�^\D,dXFED,`=I6Z1N7b � ��e h
���������	��

������������������������ 	!

Ψ(x, α)
��"$#&%'"(%*),+-��./#�0

α
��.

R 1�2 !3+-�4"65
x ∈ X 7 ���������� 	! F (x, α) 1  ��8�,"(%'"$���� &%*��":9;.<#�0 α ∈ R 1�2 !=+-�4"65

x ∈ X 7��0&> 1 .
A(x, β) = {α : F (x, α) = min

α∈R

F (x, α)} � d�d\�
 

α(x, β) = min{α : α ∈ A(x, β)}. � d "T�
?3��@A
CB�
EDC�GF�H�I�DCJ��8�Ex ILC1UTa.PWdJ]G^Jev��UTY1a1_1Z1Z

(f(x,y)−α)+
CEd

α
CEd,SEFWA/N,Urm

`�DGHrAXDG^�HJILC1UTa.PWdJ]G^Je"��UTY1a1_1Z1Z
F (x, α)

CEd
α
h �vUTY1a1_1Z1R

F (x, α)
HJILC1UTa.PqA

Z�SEZE�B�BDGFEDGY1_1Z1F1U\D,`yA�CEd
α
zJCEdXk,^\dJ`=U�`=Z1Y1ZE`=U.`�`�dwb?DG^?sXIL^JeBYWA/K.SWDGY"C1F1Z.m

FWA/HJY1Z1HrA/Y1ZED,`�jWAX]G^JYEdXKoC1FEdXZ1N,H\d,SEYEdXK ∇αF (x, α)
a{Y1UpPE��h

∇αF (x, α) = ∇α((1 − β)α +
∫

y∈Rm(f(x,y) − α)+p(x,y)dy) =

= 1 − β + ∇α

∫

y∈Rm(f(x,y) − α)+p(x,y)dy =

= 1 − β +
∫

f(x,y>α ∇α(f(x,y) − α)p(x,y)dy =

= 1 − β −
∫

f(x,y)>α p(x,y)dy = 1 − β − (1 − Ψ(x, α)) =

= Ψ(x, α) − β((d"D,]G^Je ∇αF (x, α) = 0 ⇔ Ψ(x, α) − β = 0
z1j1^\d?SWdXa.A/N,ILHrAXDG^[� d�d\�gh

�vUTY1a1_1Z1R
Ψ(x, α)

ztdXC1FEDgSWDgPER1D,`yA/R�UTFWA/HJYEDGY1ZED,` � � '\�gz�YEDGC1FEDGF1ILHJYWA*Z
`�dXYEdX^\dXY1YWA"CEd

α
h � YWA�C1F1Z1Y1ZE`yAXDG^iH\],DBN,YWA,jEDGY1Z1R#H�Z1Y1^\DGF1HrApPWDi� �.z � �ghq��d/m

k,^\dJ`=UBS1PER?a.A/b�SWdXOwd
x ∈ X

Z
β ∈ (0, 1)

UTFWA/HJYEDGY1ZED
Ψ(x, α) = β

ZE`�D,DG^/zXCEd
a1FWA/K1YEDGKn`�DGFEDJzrd,SEYEdBFEDG|�DGY1ZED4dX^JYEdJ]GZ1^\DgPEeJYEd

α
h\��dBdXC1FEDgSWDgPWDGY1Z1�

α(x, β)k,^\d�`=Z1Y1ZE`yApPEeJYWA/R H\DgPEZ1j1Z1YWA.z�UpSWdXHXPWDG^JH\dXFrR.��l�A/R�CEdJ]gPWDgSEYED,`=U�UTFWA/HJYEDgm
Y1Z1��z.^\d"D,]G^Je�CEd/PEUTjWAXDG^\]QR�� d "T�gh
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���������	��
��'��� ��� 2 0&+- 	!C5 �/"$0 %'":9;)�� 1�2 ! 2��	� 0&>60 x ∈ X
���������� 	!

F (x, α)
#�0-����0�!�����./#&%* 

α ∈ A(x, β)
 

Φ(x) = F (x, α), α ∈ A(x, β).
� d�$\�

?3��@A
CB�
EDC�GF�H�I�DCJ��8�~��d�^\D,dXFED,`�D � ��UTY1a1_1Z1R
F (x, α)

R.HXPER1DG^\]QRoaTdXYE]G^XA/Y.m
^\dXKfYWAn`=YEdwb?D,]G^JH\D

A(x, β)
h ��dJ]GaTd/PEeJa1U

α(x, β) ∈ A(x, β)
z�^\d�S1PER#^\dXOwd1z

j1^\dJsXI�SWdXa.A/NpA/^Je�� d�$\�gzWSWdJ]G^XA/^\dXj1YEd{CEdXa.A/NpA/^JeEz�j1^\d
Φ(x) = F (x, α(x, β))

h
��d�dXC1FEDgSWDgPWDGY1Z1����UTY1a1_1Z1Z

F (x, α)
`=IVZE`�D,D,`

F (x, α(x, β)) = (1 − β)α(x, β) +

∫

f(x,y)>α
(f(x,y) − α(x, β))p(x,y)dy.

��N�UTFWA/HJYEDGY1Z1K�� d � � Z*� d � �t]gPWDgSEU\DG^/zEj1^\d
β = Ψ(x, α(x, β))

h

(1 − β)α(x, β) = α(x, β)(1 − Ψ(x, α(x, β)) =

= α(x, β)(1−
∫

α(x,β)>f(x,y)
p(x,y)dy) = α(x, β)

∫

f(x,y)>α(x,β)
p(x,y)dy,

∫

f(x,y)>α(x,β)
(f(x,y) − α(x, β))p(x,y)dy =

=

∫

f(x,y)>α(x,β)
f(x,y)p(x,y)dy − α(x, β)

∫

f(x,y)>α(x,β)
p(x,y)dy.

x�FEDGN,UpPEep^XA/^\DBCEd/PEUTjWAXD,`
F (x, α(x, β)) =

∫

f(x,y)>α(x,β) f(x,y)p(x,y)dy = Φ(x)
z

j1^\d?SWdXa.A/N,ILHrAXDG^n^\D,dXFED,`=U � h
((D,dXFED,`=I � Z � CEdXa.A/N,ILHrA/��^/z j1^\d�NpApSqA,jWA�`=Z1Y1ZE`=Z1NpA/_1Z1Z���UTY1a1_1Z1Z

Φ(x)
YWA�`=YEdwb?D,]G^JH\D

X
`�dwb?DG^�sXIL^Je�]GH\DgSWDGYWA�aMNpApSqA,jED�`=Z1Y1ZE`=Z1NpA/_1Z1Z

��UTY1a1_1Z1Z
F (x, α)

YWA�`=YEdwb?D,]G^JH\D
X × R
h	3?DGKE]G^JHJZ1^\DgPEeJYEd1z

min
x∈X,α∈R

F (x, α) = min
x∈X

min
α∈R

F (x, α) = min
x∈X

F (x, α(x, β)) = min
x∈X

Φ(x).
� d�'\�
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��FEDgSECEd/PWdwb�ZE`LzJj1^\d�ZE]GCEd/PEeJN,UJR�`�DG^\d,SEI�dXC1^JZE`=Z1NpA/_1Z1Z;z\`=I�YWA/|vPEZ�dXC.m
^JZE`yApPEeJY1ILK8H\DGa1^\dXF

(x∗, α∗)
z�^\d[D,]G^Je

F (x∗, α∗) = minx∈X,α∈R F (x, α)
h

((dXOQSqA
x
∗ � k,^\d�^\dXj1a.A.z OQSWD{SWdJ]G^JZ1OGAXDG^\]QRM`=Z1Y1ZE`=U.`���UTY1a1_1Z1Z Φ(x)

YWA
`=YEdwb?D,]G^JH\D

X
h
α(x, β) = argmin{α : F (x∗, α) = F (x∗, α∗)} h (~A/a1ZE`MdJs/mFWA/NwdJ`Lz;`=Z1Y1ZE`=Z1N,Z1F1UJR

F (x, α)
z(`=I�`�dwb?D,`�d,SEYEdXHJFED,`�DGY1YEdoYWA/K1^JZ  #"2+�Z

dXC1^JZE`yApPEeJY1ILK54# #"2+vh
�y]gPEZ{Z1Y1^\DGO,FWApPoH"�BdXFE`=UpPWD"� d��\� `�dwb?DG^�sXIL^Je"CEdJ]Gj1Z1^XA/Y�Z.PEZ{C1F1ZEs/PEZ.m

b?DGY8A/YWApPEZ1^JZ1jED,]Ga1Z;zy^\dXOQSqAf`�dwb�YEd�`=Z1Y1ZE`=Z1N,Z1FEdXHrA/^Je���UTY1a1_1Z1�
F (x, α)]vCEdJ`�dXl?eJ��^\Dgu.Y1Z1a1ZfYEDgPEZ1YEDGK1YEdXOwd{C1FEdXO,FWAX`�`=Z1FEdXHrA/Y1Z1R b � ��e h��WSWD,]Ge{FWAX]gm

],`yA/^JF1Z1HrAXDG^\]QR�]gPEUTjWA/K;z~aTdXOQSqAoZ1Y1^\DGO,FWApP�C1F1ZEs/PEZ1b�AXDG^\]QR�]�CEdJ`�dXl?eJ� ZE]gm
CEd/PEeJNwdXHrA/Y1Z1Rf]G_EDGYWA/F1ZEDGH

yj , j = 1, .., J
zqaTdX^\dXF1I4D�HJI4sXFWA/Y1I�CEdn��UTY1a1_1Z1Z

C.PWdX^JYEdJ]G^JZ
p(x,y) = p(y)

zEaTdX^\dXFWA/R�YED�NpA/HJZE]GZ1^ndX^
x
z1^\d�D,]G^Je

∫

y∈Rm

(f(x,y) − α)+p(y)dy ≈ J−1
J

∑

j=1

(f(x,yj) − α)+.
� d 
J�

�y]gPEZ���UTY1a1_1Z1R�CEdX^\DGF1e
f(x,yj)

HJILC1UTa.PqA.z�`=YEdwb?D,]G^JH\d
X
HJILC1UTa.PWd1zy^\d

SWd/PEb�YWA�sXIL^Je�FEDG|�DGYWA�]gPWDgSEUT��l�A/RiHJILC1UTa.PqA/R{dXC1^JZE`=Z1NpA/_1ZEdXY1YWA/R�NpApSqA,jWA

F̃ (x, α) = (1 − β)α + J−1
J

∑

j=1

(f(x,yj) − α)+ → min
x∈X,α∈R

.
� d � �

��F1Z?FEDG|�DGY1Z1Z?k,^\dXK?NpApSqA,j1Z�sXUpSWDG^�YWA/K.SWDGY�H\DGa1^\dXF�CEdXN,Z1_1Z1K�dXC1^JZE`yApPEeJYEdXOwd
CEdXF1^\�BDgPER

x
∗ zrdX^JH\DGjWA/��l?Z1Knk,^\dJ`=U�CEdXF1^\�BDgPE�  #"2+vz\aTdX^\dXF1ILKiFWA/H\DGY α∗ ZdXC1^JZE`yApPEeJY1ILK 4# #"2+vz/FWA/HJY1ILK 1

1−β F̃ (x∗, α∗)
h2@�FEdJ`�Dt^\dXOwd1zXD,]gPEZ���UTY1a1_1Z1R

CEdX^\DGF1e
f(x,yj)

PEZ1YEDGK1YWA�CEd
x
z�Z8`=YEdwb?D,]G^JH\d

X
NpApSqAXDG^\]QR�PEZ1YEDGK1Y1I4`=Z

YEDGFWA/H\DGYE]G^JHrAX`=Z;z�^\dXOQSqAi`�dwb�YEd{]GH\D,]G^JZ[dXC1^JZE`=Z1NpA/_1ZEdXY1Y1UT��NpApSqA,j1U�� d � �4a
NpApSqA,jED�PEZ1YEDGK1YEdXOwd"C1FEdXO,FWAX`�`=Z1FEdXHrA/Y1Z1R

(1 − β)α + J−1
J

∑

j=1

zj → min
x∈Rn,z∈RJ ,α∈R

� d � �

C1F1Z�dXO,FWA/Y1Z1jEDGY1Z1RTu
x ∈ X,

�#" �\�

zj > f(x,yj) − α, zj > 0, j = 1, ..., J,
�#" � �
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OQSWD
zj , j = 1, ..., J

�	ZE]Ga1U\],]G^JH\DGY1Y1I4DvCEDGFED,`�DGY1Y1I4DJh
3BPERvC1F1ZE`�DGFWA�sXUpSWDG^�FWAX],],`yA/^JF1Z1HrA/^Je\]QR"C1FEdJs/PWD,`yA�dXC1^JZE`=Z1NpA/_1Z1Z"CEdXF1^Xm

�BDgPER#]?YEdXFE`yApPEeJYEd{FWAX]GC1FEDgSWDgPWDGY1Y1I4`=Z�SWd,urd,SEYEdJ]G^pR1`=Z;hPa UpSWDG^iSWdXa.A/NpA/YEd1z
j1^\d*H�k,^\dJ`	]gPEUTjWAXDoCEd,S1urd,SEI�`=Z1Y1ZE`yApPEeJYEdXKVHrA/F1ZWA/_1Z1Z;zt`=Z1Y1ZE`yApPEeJYEdXOwd
 #"2+�ZM`=Z1Y1ZE`yApPEeJYEdXOwdW4# #"2+�k,a1HJZ1HrApPWDGY1^JY1IBzL^\d�D,]G^Je�d,SEZ1YMCEdXF1^\�BDgPEe
dXC1^JZE`yApPWDGY S1PER�H\],Dgu�^JFEDgu�a1F1Z1^\DGF1ZEDGHEhB��d,S1urd,S�`=Z1Y1ZE`yApPEeJYEdXK�HrA/F1ZWApm
_1Z1ZMFWAX],],`yA/^JF1Z1HrApPW]QR�HJIL|�DJzLdXY6sXUpSWDG^�ZE]GCEd/PEeJNwdXHrA/Y6H�a.A,jED,]G^JH\D�s\A/N,IBh
��U\]G^Je

x = (x1, ..., xn)
� k,^\d"CEdXF1^\�BDgPEenZ1N :fA/a1^JZ1H\dXHEz A

y = (y1, ..., yn)�	H\DGa1^\dXF#],dJdX^JH\DG^\]G^JHJUT��l?Z.u{SWd,urd,SEYEdJ]G^\DGK;h �vUTY1a1_1Z1R{CEdX^\DGF1e�CEdXF1^\�BDgPER z
f(x,y) = −y

T
x
dXC1FEDgSWDgPER1DG^\]QRoa.A/aodX^JF1Z1_WA/^\DgPEeJYWA/R{SWd,urd,SEYEdJ]G^JeEhq@�UTb�YEd

YWApPWdwb�Z1^Je�YED,]GaTd/PEeJaTdndXO,FWA/Y1Z1jEDGY1Z1K f
YWA�]GFEDgSEY1ZEDBCEdX^\DGF1Z

µ(x) = E(f(x,y)) 6 −R,
�#" � �

YWAvSWd/PEZ
n

∑

j=1

xj = 1,
�#"	d\�

xj > 0, j = 1, . . . , n.
�#"�"T�

}=AX],],`yA/^JF1Z1HrA/��^\]QRo^JF1Z�NpApSqA,j1Z f
� 
��,
���

���

σ2(x) → minx∈Rn
]�dXO,FWA/Y1Z1jEDGY1Z1R1`=Z��#" � �gz(�#"	d\�gz(�#"�"T�gh

� 
��,
���
��'�
β
m8 #"2+

(x) → minx∈Rn
]BdXO,FWA/Y1Z1jEDGY1Z1R1`=Z��#" � �gz(�#"	d\�gz(�#"�"T�gh

� 
��,
���
��A�
β
m 4# #"2+

(x) → minx∈Rn
]�dXO,FWA/Y1Z1jEDGY1Z1R1`=Z��#" � �gz(�#"	d\�gz(�#"�"T�gh

�?dXFE`=UpPEZ1FEdXHJa1U�]gPWDgSEUT��l�DGK�^\D,dXFED,`=I�`�dwb�YEd�YWA/K1^JZ*H b � ��e h 3?dXa.A/NpApm
^\DgPEe\]G^JH\d�C1FEdXH\DgSWDGYEd�]wAX`�dJ]G^\dwR.^\DgPEeJYEd1h
���������	��
��A��� %'" 1 #�0 2 0��  	9 7	� ��0/#�0-�/"(%* #�0 %*�/�," 2 ! f(x,y)

��0 %	9;. 2 ��
��0 %	.&��#&%'" 1 " 2 "$��)
��� � 2  β > 0.5
+��-. 1 . � . 5 � 7��G7��&7 ��0�� �� ��-. 1 . �  �� ��+- �
+-. 2 "$������)
��� �� C5=0 1  ��= ��0-��� " +&"$����0 % %'"��/"$�� ��

x
∗ 7 0-�/+&" � . ���  ��0-#��� 	9;. 2 ����0 9;�<#�0 %*�/�," 2�� �

?3��@A
CB�
EDC�GF�H�I�DCJ��8�

β
m8 #"2+

= µ(x) + α(β)σ(x), α(β) =
√

2h−1(2β − 1),
�#"�$\�

OQSWD
h(z) = 2√

π

∫ z
0 exp{−t2}dt

h



� " � ���	��
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��
����

3?DGKE]G^JHJZ1^\DgPEeJYEd1z
β =

∫

f(x,y)6(β
m8 #"2+

) p(y)dy
h���U\]G^Je

f(x,y) = u
zEZ

^XA/a�a.A/a�CEdX^\DGF1Z�YEdXFE`yApPEeJYEd"FWAX]GC1FEDgSWDgPWDGY1IBz

β =

∫

u6(β
m8 #"2+

)
p̃(u)du =

1√
2π

∫
(β
m8 #"2+

)−µ(x)
σ(x)

−∞
exp{− ũ2

2
}dũ =

=
1√
2π

∫
(β
m8 #"2+

)−µ(x)
σ(x)

0
exp{− ũ2

2
}dũ +

1

2
=(ũ=

√
2t)

=(ũ=
√

2t)

1√
π

∫
(β
m8 #"2+

)−µ(x)
√

2σ(x)

0
exp{−t2}dt +

1

2
,

2β − 1 =
2√
π

∫
(β
m8 #"2+

)−µ(x)
√

2σ(x)

0
exp{−t2}dt,

(β
m8 #"2+

) − µ(x)√
2σ(x)

= h−1(2β − 1),
D,]gPEZ

β > 0.5.

β
m 4# #"2+

= µ(x) + α1(β)σ(x), α1(β) =

= (
√

2π exp{h−1(2β − 1)}2(1 − β))−1,
�#"�'\�

OQSWD
h(z) = 2√

π

∫ z
0 exp{−t2}dt

h
3?DGKE]G^JHJZ1^\DgPEeJYEd1z
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β
m 4# #"2+

=
1

1 − β

∫

u>(β
m8 #"2+

)
up̃(u)du =

=
1

1 − β

∫

u>(β
m8 #"2+

)
u

1√
2πσ(x)

exp{−(u − µ(x))2

2σ2(x)
}du =

=
(u=µ(x)+σ(x)t,

(β
m8 #"2+

)=µ(x)+ασ(x))

1√
2π(1 − β)

∫

t>α
(µ(x) + σ(x)t) exp{− t2

2
}dt =

=(t=
√

2z)

1√
π(1 − β)

∫

z> α
√

2

(µ(x) +
√

2σ(x)z) exp{−z2}dz =

=
µ(x)√

π(1 − β)

∫

z> α
√

2

exp{−z2}dz +

√
2σ(x)√

π(1 − β)

∫

z> α
√

2

z exp{−z2}dz =

=(k=z2)
µ(x)

(1 − β)
(1 − β) +

√
2σ(x)

2
√

π(1 − β)

∫

k> α2

2

exp{−k}dk =

= µ(x) + (
√

2π(1 − β) exp{α2

2
})−1σ(x) =

= (
√

2π exp{h−1(2β − 1)}2(1 − β))−1σ(x) + µ(x).

�#dwb�YEd�NpAX`�DGY1Z1^Jef�#" � � YWA

µ(x) = −R.
�#" 
J�

�yPWDgSWdXHrA/^\DgPEeJYEd1zWNpApSqA,j1Zo`�dXO,UT^�sXIL^Je"CEDGFEDGC1ZE]wA/Y1I6H�]gPWDgSEUT��l�D,`�HJZ.SWD�f
� 
��,
���

�������4�

σ2(x) → minx∈Rn

]�dXO,FWA/Y1Z1jEDGY1Z1R1`=Z��#" 
J�gz(�#"	d\�gz(�#"�"T�gh
� 
��,
���
 �������4� −R + α(β)σ(x) → minx∈Rn

]�dXO,FWA/Y1Z1jEDGY1Z1R1`=Z��#" 
J�gz;�#"	d\�gz
�#"�"T�gh
� 
��,
���
 �������4� −R+α1(β)σ(x) → minx∈Rn

]LdXO,FWA/Y1Z1jEDGY1Z1R1`=Z[�#" 
J�gzW�#"	d\�gz
�#"�"T�gh
� jEDGHJZ.SEYEd1z.j1^\d?H\],D�^JF1ZiNpApSqA,j1Z{k,a1HJZ1HrApPWDGY1^JY1IBz.j1^\dvSWdXa.A/N,ILHrAXDG^"^\D,d/m

FED,`=U\h
6=SqApPWdJ]Ge�CEd,SWdJsXFWA/^JeiYWA�FEdJ],]GZ1KE]GaTdJ`�F1ILY1aTD�A/a1_1Z1Z#]�YEdXFE`yApPEeJYEd�FWAX]gm

C1FEDgSWDgPWDGY1Y1I4`=ZVSWd,urd,SEYEdJ]G^pR1`=Z;h�}=AX],],`�dX^JF1ZE` CEdXF1^\�BDgPEeEzL],dJ]G^\dwR.l?Z1KVZ1N
A/a1_1Z1K�^JFEDguiaTdJ`=CWA/Y1Z1K fq} � � � �?��zW}~dJ]G^\DgPWDGaTdJ`yA"Z ��UTF1O,UT^JYED,��^\DGOGA/NpA.h
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��sJdXN,YWA,j1ZE`MjEDGFEDGN
m
H\DGa1^\dXF�]GFEDgSEY1Z.uoSWd,urd,SEYEdJ]G^\DGK;z~A�jEDGFEDGN

V
`yA/^Xm

F1Z1_1UnaTdXHrA/F1ZWA/_1Z1KoSWd,urd,SEYEdJ]G^\DGKoS1PER{^JFEDgu�A/a1^JZ1H\dXHEh
m = (0.001248838; 0.000168551; 0.001523505)

V =





0.001377956 0.000967002 0.001048420
0.000967002 0.001204755 0.000810129
0.001048420 0.000810129 0.001165746





��U\]G^Jev^JFED,sXU\D,`yA/R�SWd,urd,SEYEdJ]G^Je
R = 0.001

h ((dXOQSqAvdXC1^JZE`yApPEeJY1ILKiCEdXF1^Xm
�BDgPEe���k,^\d�FEDG|�DGY1ZEDB]gPWDgSEUT��l�DGK�dXC1^JZE`=Z1NpA/_1ZEdXY1YEdXKfNpApSqA,j1Z f

x
T V x → min

x∈R3

µ(x) = −m
T
x 6 −R,

3
∑

j=1

xj = 1,

xj > 0, j = 1, 2, 3.
@BA/K.SWD,`fdXC1^JZE`yApPEeJY1ILK�CEdXF1^\�BDgPEe S1PERvNpApSqA/Y1YEdXOwd�UTFEdXHJY1RBSWd,urd,SEYEdJ]G^JZ

]�CEdJ`�dXl?eJ��C1FEdXO,FWAX`�`=IBzWdXC1ZE]wA/Y1YEdXKoHJIL|�DJh
x
∗ = (0; 0.386364; 0.613636)

z
σ2(x∗) = (σ∗)2 = 0.001002945

h
((dXOQSqA

0.95
m8 #"2+

= −R + 1.64485σ∗ = 0.051091267,
0.90
m8 #"2+

= −R + 1.28155σ∗ = 0.039585806.� dJdX^JH\DG^\]G^JH\DGY1YEd1z
0.95
m 4# #"2+

= 0.064325084,
0.90
m 4# #"2+

= 0.054579225.@BA/a�UTb?DBsXItPWd"]Ga.A/NpA/YEd1zW`=Z1Y1ZE`=Z1NpA/_1Z1R54# #"2+VZ�CEd,SW]GjEDG^  #"2+6`�dXO,UT^
dJ]GUTl�D,]G^JHXPER.^Je\]QRoCEdJ]GFEDgSW]G^JH\dJ`8^\Dgu.Y1Z1a1Z�PEZ1YEDGK1YEdXOwdnC1FEdXO,FWAX`�`=Z1FEdXHrA/Y1Z1R h
3BPERik,^\dXOwd�SWd/PEb�YWA�FEDG|�A/^Je\]QR{NpApSqA,jWA<f

F (x, α) = (1 − β)α + J−1
J

∑

j=1

(−y
T
j x− α)+ → min

x∈R3, α∈R

.
�#" � �

� YWA.z1H"]GH\dX� dXjEDGFEDgSEeEzE]GH\d,SEZ1^\]QRoa{NpApSqA,jED�f
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(1 − β)α + J−1
J

∑

j=1

zj → min
x∈R3,z∈RJ ,α∈R

�#" � �
C1F1Z�dXO,FWA/Y1Z1jEDGY1Z1RTu f

zj > −y
T
j x− α, zj > 0, j = 1, ..., J,OQSWD

zj , j = 1, ..., J
�	ZE]Ga1U\],]G^JH\DGY1Y1I4DvCEDGFED,`�DGY1Y1I4DJz

Z*�#" 
J�gz(�#"	d\�gz(�#"�"T�gh
��UTl�D,]G^JHJU\DG^MC1FEdXO,FWAX`�`yAcYWA�R.N,ILaTD ��S1PER�FEDG|�DGY1Z1R�k,^\dXK NpApSqA,j1Z;h

@�UTb�YEd ZE`�DG^Je�]G_EDGYWA/F1Z1Z
yj , j = 1, .., J

H�C1FEdJ]G^JFWA/YE]G^JH\D
R

3 zpFWAX]GC1FEDgSWDgPWDGY.mY1I4D?]vC.PWdX^JYEdJ]G^JeJ�
p(y)
zqaTdX^\dXFWA/RfR.HXPER1DG^\]QR#C.PWdX^JYEdJ]G^JeJ��`=YEdXOwdJ`�DGF1YEdXOwd

YEdXFE`yApPEeJYEdXOwd�FWAX]GC1FEDgSWDgPWDGY1Z1R
N(m, V )

H
R

3 h 3�ApPWD,DtFWAX],]Ga.A/N,ILHrAXDG^\]QR z\a.Apma1ZE`�dJsXFWA/NwdJ`8`�d,SWDgPEZ1F1UT��^\]QR�k,^JZo]G_EDGYWA/F1Z1Z;h

p(y) =
1

(2π)
3
2 |V |

exp{−1

2
(V −1

u,u)}. �%$��\�

�y]gPEZcHJILj1ZE]gPEZ1^Je�`yA/^JF1Z1_1U
A
^XA/a1UT��z j1^\d

V −1 = AT A
��k,^XA�`yA/^JF1Z1_WA

YWApurd,SEZ1^\]QR[]vCEdJ`�dXl?eJ��ApPEOwdXF1Z1^\`yAnFWA/NGPWdwb?DGY1Z1R���d/PWDG_1aTdXOwdr�gzq^\dnNpAX`�DGYWA
CEDGFED,`�DGY1Y1Itu�CEd��BdXFE`=UpPWD

z = Au
C1F1Z1H\DgSWDG^�ac]GZE]G^\D,`�D#YEDGNpA/HJZE]GZE`=Itu

YEdXFE`yApPEeJYEdnFWAX]GC1FEDgSWDgPWDGY1Y1Itu[]BCWA/FWAX`�DG^JFWAX`=Z8� �.z � �4]gPEUTjWA/K1Y1ItuoH\DgPEZ1j1Z1Y
z1, z2, z3

b 
�e hJ��F1Z"k,^\dJ`[]gPEUTjWA/K1Y1ILK"H\DGa1^\dXF
y
`�d,SWDgPEZ1F1UT��^\]QR�]gPWDgSEUT��l?ZE`

dJsXFWA/NwdJ`Lh~��Ni�BdXFE`=UpP
u = y − m, z = Au

]gPWDgSEU\DG^
y = m + A−1

z
hR�

]gPEUTjWA/K1Y1ILKcH\DGa1^\dXF
z
ZE`�D,DG^�aTdJdXF\SEZ1YWA/^JI

z1, z2, z3
z�YEDGNpA/HJZE]GZE`=I4D[YEdXF.m

`yApPEeJYEd�FWAX]GC1FEDgSWDgPWDGY1Y1I4Dv]�CWA/FWAX`�DG^JFWAX`=Z�� �.z � �gz.aTdX^\dXF1I4Dv`�d,SWDgPEZ1F1UT��^\]QR
] CEdJ`�dXl?eJ�6CWA/aTDG^XA��	*�"�*
-0/
*
-���"!$.h �.h(�tAX`yAvNpApSqA,jWA?R.HXPER1DG^\]QRiHJILFEdwb�SWDGY1YEdXK
NpApSqA,jEDGKiPEZ1YEDGK1YEdXOwd�C1FEdXO,FWAX`�`=Z1FEdXHrA/Y1Z1R zEaTdX^\dXFWA/RiFEDG|�AXDG^\]QR{] CEdJ`�dXl?eJ�
]GZE`=C.PWDGaT]gm `�DG^\d,SqA b � e h
x�YEDGK{S1PER��

�

 $���CEd/PEUTjEDGY1I6]gPWDgSEUT��l?ZED�FEDGN,UpPEep^XA/^JI�f

β = 0.90

x∗ = (0.002726; 0.385811; 0.611463)

0.90
m8 #"2+

= 0.041819

0.90
m 4# #"2+

= 0.054753 �
β = 0.95
x∗ = (0; 0.386364; 0.613636)

0.95
m8 #"2+

= 0.049940

0.95
m 4# #"2+

= 0.064857
h
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(~A/a1ZE`8dJsXFWA/NwdJ`LzW`�dwb�YEdn] SWDgPqA/^Je�HJILH\d,Sfd�^\dJ`LzEj1^\d�SEHrA�CEd,S1urd,SqA"YWApm
urdwb�SWDGY1Z1R  #"2+VZ�dXC1^JZE`yApPEeJYEdXOwd 4# #"2+Vk,a1HJZ1HrApPWDGY1^JY1IBh

� 3�� I J�FHI���K�> ��943 3 3
@BA/a*UTb?DnsXItPWd#]Ga.A/NpA/YEdoHJIL|�DJz(CEdXa1UTC1a.A�_EDGY1Y1Itu�sXU.`yA/O�YWA{HJ^\dXF1Z1j.m

YEdJ`�F1ILY1aTDtdJsXILj1YEd�C1FEdXZE] urd,SEZ1^�CEd4_EDGYED ]GC1FEdJ]wALSEZ.PWDGFWA�� "2/
1E�gz/ALC1FEd,SqA/b�A
CEdB_EDGYED�C1FEDgS1PWdwb?DGY1Z1R����>-0;W�gh.��F1Znk,^\dJ`*HJN,ZE`yAXDG^\]QRnaTdJ`=ZE],]GZEdXY1YEdJD�H\dXN,YWApm
O,FWA/b�SWDGY1ZEDJhW��dXa.A/b?D,`LzWa.A/ao`�dwb�YEd"UTjED,]G^Je�k,^\d�H"a.PqAX],]GZ1jED,]GaTdXK#^\D,dXF1Z1Z;h

3?dXC1U\]G^JZE`LzTU"YWAX] H?UTC1FWA/HXPWDGY1Z1Z{YWApurd,SEZ1^\]QRiCEdXF1^\�BDgPEe�_EDGY1Y1ItunsXU.`yA/O
x1, ..., xn

z1ZoDGl�D�H�SqA/Y1Y1ILK#`�dJ`�DGY1^n`=I6FWAX]GCEd/PqA/OGAXD,`�]GU.`�`�dXKoYWApPEZ1j1Y1Itu
SWDGYEDGO

S
h ((d"D,]G^JeEz

I = S + P = S +

n
∑

i=1

ciqi,
�%$ � �

OQSWD
I
� H\DgPEZ1j1Z1YWA�Z1Y1H\D,]G^JZ1_1Z1Z;z

S
� ]GU.`�`yA�YWApPEZ1j1Y1I4`=Z;z

P
��]G^\dXZE`�dJ]G^Je

CEdXF1^\�BDgPER z
ci
��_EDGYWAvNpA/a1F1IL^JZ1R�A/a1_1Z1Z

i
m Owd?HJZ.SqAi� D,]gPEZ�`=IcCEDGFED,],`yA/^JF1Z.m

HrAXD,`�CEdXF1^\�BDgPEe"CEdJ]gPWDBdXaTdXY1jWA/Y1Z1Ro^\dXF1OwdXH\dXKo],D,],]GZ1Z;zE^\d�k,^\d�_EDGYWA�NpA/a1F1Itm
^JZ1RW�gz

qi
��j1ZE]gPWd?A/a1_1Z1K

i
m Owd�HJZ.SqA.z

n
��aTd/PEZ1jED,]G^JH\dvHJZ.SWdXH�A/a1_1Z1K;h�(~A/a1ZE`

dJsXFWA/NwdJ`Lz
xi = ciqi

P

h
��^XA/a;z�CEDGFED,],`yA/^JF1Z1HrAXD,`MCEdXF1^\�BDgPEeEz�^XA/a[a.A/a[dXY[]?^\DGjEDGY1ZED,`cHJFED,`�DGY1Z

CEDGFED,]G^XApPfsXIL^Je�dXC1^JZE`yApPEeJY1I4`Lh

Inew = Snew + P new = Snew +

n
∑

i=1

ciq
new
i , xnew

i =
ciq

new
i

P new
.
�%$ � �

��U\]G^Je
xnew

i , i = 1, ..., n
� FEDG|�DGY1ZED?NpApSqA,j1Z �fA/F1aTdXHJZ1_WA.h @�UTb�YEd�UTjED,]G^Je

aTdJ`=ZE],]GZEdXY1YEdJDiH\dXN,YWA/O,FWA/b�SWDGY1ZEDJhy��U\]G^JefC1F1Z�CEDGFED,�BdXFE`=Z1FEdXHrA/Y1Z1Z�CEdXF1^Xm
�BDgPERi`=I6]GYWA,jWApPqA�C1FEd,SqAXD,`LzqA�CEdX^\dJ`�CEdXa1UTCWAXD,`�_EDGY1Y1I4DvsXU.`yA/O,Z;h
��U\]G^Je

c
��aTdJ`=ZE],]GZEdXY1Y1I4DJz

aski
��_EDGYWA�]GC1FEdJ]wA���CEdXa1UTC1a1Zq�

i
m dXK�sXU.`yApm

O,Z;z
bidi
� _EDGYWA"C1FEDgS1PWdwb?DGY1Z1R8��C1FEd,SqA/b�Zq�

i
m dXK[sXU.`yA/O,Z;h���^XA/a;zqC1F1Z#C1FEd/m

SqA/b?D
i
m dXK*sXU.`yA/O,Z�CEd/PEUTjWAXD,`

(1 − c)bidiqi
z;AiC1F1Z�CEdXa1UTC1aTD

j
m dXK*sXU.`yA/O,Z

^JFWA/^JZE`
(1 + c)askjqj

h
� dXF1^JZ1F1U\D,` A/a1_1Z1ZMCEd ∆xi

xi

CEd�H\dXN,FWAX]G^XA/Y1Z1��zL^XA/aca.A/aV],dXF1^JZ1FEdXHrA/^Je
A/a1_1Z1Z�CEd ∆xnew

i

xi

^\dwb?Dv]wAX`�dJDJz1j1^\d"],dXF1^JZ1FEdXHrA/^Je�CEd ∆qnew
i

qi

h
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3?dXa.A/b?D,`�k,^\d>f
∆xnew

i = ci(
qnew
i

P new − qi

P )
∆qj

qj
>

∆qi

qi
↔ cjqnew

j /P new

cjqj
>

ciq
new
i /P new

ciqi
↔

↔ cj(q
new
j /P new−qj/P )

cjqj/P >
ci(q

new
i /P new−qi/P )

ciqi/P

z.^\d"D,]G^Je ∆xj

xj
>

∆xi

xi

h
��FEDgSECEd/PWdwb�ZE`Lz;j1^\d{`=I C1FEd,SqAXD,`MCEDGF1HJI4D

m
Z[CEdXa1UTCWAXD,`cCEdJ]gPWDgSEY1ZED

(n − m)
sXU.`yA/Ogh

Snew = S+(1−c)
∑

sell(m)

(qi−qnew
i )bidi−(1+c)

∑

buy(n−m)

(qnew
i −qi)aski

�%$�d\�

Snew + (1 − c)
∑

sell(m)

qnew
i bidi + (1 + c)

∑

buy(n−m)

qnew
i aski =

= S + (1 − c)
∑

sell(m)

qibidi + (1 + c)
∑

buy(n−m)

qiaski = f(m)
�%$ "T�

Snew+(1−c)
∑

sell(m)

xnew
i bidiP

new

ci
+(1+c)

∑

buy(n−m)

xnew
i askiP

new

ci
= f(m)

�%$�$\�

Snew + P new((1 − c)
∑

sell(m)

xnew
i bidi

ci
+ (1 + c)

∑

buy(n−m)

xnew
i aski

ci
) = f(m).

�%$�'\�
� ^JYEdX|�DGY1ZED Snew

Inew

dJsXILj1YEd?U\]G^XA/YWA/HXPEZ1HrAXDG^\]QR�Z1Y1H\D,]G^\dXFEdJ`Lz.C1U\]G^Je�H?YWApm
|�D,`�]gPEUTjWAXDBdXYEd�FWA/HJYEd

r
�
r
Z1N,H\D,]G^JYEdr�gh

Snew = Inewr, P new = Inew(1 − r).
�%$ 
J�

6�j1^\D,`V�%$ 
J� Z�CEd/PEUTj1ZE`

Inewr+Inew(1−r)((1−c)
∑

sell(m)

xnew
i bidi

ci
+(1+c)

∑

buy(n−m)

xnew
i aski

ci
) = f(m)

�%$ � �
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Inew(r+(1−r)((1−c)
∑

sell(m)

xnew
i bidi

ci
+(1+c)

∑

buy(n−m)

xnew
i aski

ci
)) = f(m).

�%$ � �
6�j1Z1^JILHrA/R*�%$ � �gz1CEd/PEUTjWAXD,`

Inew = I−c
∑

sell(m)

qibidi+c
∑

buy(n−m)

qiaski+c
∑

sell(m)

xnew
i bidi

ci
−c

∑

buy(n−m)

xnew
i aski

ci �%'��\�
Inew − c(1 − r)Inew(

∑

sell(m)
xnew

i bidi

ci
− ∑

buy(n−m)
xnew

i aski

ci
) =

= I − c
∑

sell(m)

qibidi + c
∑

buy(n−m)

qiaski.
�%' � �

� ^\]G�tSqA

Inew =
I − c

∑

sell(m) qibidi + c
∑

buy(n−m) qiaski

1 − c(1 − r)
∑

sell(m)
xnew

i bidi

ci
+ c(1 − r)

∑

buy(n−m)
xnew

i aski

ci

.

�%' � �
��FEDgSECEd/PqA/OGAXD,`LzEj1^\d

m �
� h1@BApurd,SEZE`

Inew �
]Gj1Z1^XAXD,`

qnew
1 − q1

z.j1^\dJsXI
U.sJDgSEZ1^Je\]QR zWj1^\d

qnew
1 < q1 �

C1FEdXH\DGFrR1D,`LzqHJILCEd/PEY1R1DG^\]QR�PEZ;zWj1^\d
qnew
2 > q2

h
�y]gPEZfHJILCEd/PEY1R1DG^\]QR z�^\d

mnew = 1
zqZ1YWA,jED?C1U\]G^Je

m = 2
h ��YEdXHrA�YWApurd,SEZE`

Inew Z{^/h S(hx FEDGN,UpPEep^XA/^\DiYWApurd,SEZE`�^\D"_EDGY1Y1I4DisXU.`yA/O,Z;z(aTdX^\dXF1I4DnY1UTb�YEdoC1FEd,SqApm
HrA/^Je{Z�^\D�_EDGY1Y1I4D"sXU.`yA/O,Z;z aTdX^\dXF1I4D"Y1UTb�YEd{CEdXa1UTCWA/^Je

�
^XA/a1ZE`VdJsXFWA/NwdJ`Lz

`=I6CEd/PEUTjWAXD,`�dXC1^JZE`yApPEeJY1ILK[CEdXF1^\�BDgPEeEzEUTj1Z1^JILHrA/��l?Z1K#FEDwApPEeJY1I4D��vA/a.m
^\dXF1IBh
��F1Z1H\DgSWD,`[C1F1ZE`�DGF;zJCEdXa.A/N,ILHrA/��l?Z1K;z\j1^\dBdXC1^JZE`yApPEeJY1ILK�CEdXF1^\�BDgPEe�Z1N

a.PqAX],]GZ1jED,]GaTdXK�^\D,dXF1Z1Z"Z�dXC1^JZE`yApPEeJY1ILK�CEdXF1^\�BDgPEeEzXUTj1Z1^JILHrA/��l?Z1K"FEDwApPEeXm
Y1I4D��vA/a1^\dXF1IBz\SWDGKE]G^JHJZ1^\DgPEeJYEd"dX^wPEZ1jWA/��^\]QR h1}=AX],],`�dX^JF1ZE`�CEdXF1^\�BDgPEeEzT],d/m
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