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f(a) = { b ∈ B| (a, b) ∈ f}
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|α| = n
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α]i = α(1)α(2) . . . α(i)
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B
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α ∈ A∗ x a ∈ A
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�>=
ϕ(q,Λ) = q

�
ϕ(q, αa) = ϕ(ϕ(q, α), a)

� �SvDw)x
∃ϕ(q, α)

x
∃ϕ(ϕ(q, α), a)
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¬ϕ(q, αa)
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ψ(q,Λ) = Λ
�
ψ(q, αa) = ψ(ϕ(q, α), a)

� �SvDw)x
∃ϕ(q, α)

x
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¬ψ(q, αa)
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D̂ϕ = {(q, α) ∈ Q × A+ | ∃ϕ(q, α)}
x
D̂ψ = {(q, α) ∈ Q ×

A+ | ∃ψ(q, α)}
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Dϕ = Dψ = DV
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D̂ϕ = D̂ψ =

D̂V
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V = (A,Q,B, ϕ, ψ)
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x
ψ
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V
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q
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α ∈ A+ �
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ϕ(q, α) = ϕ(q, α]0)ϕ(q, α]1) . . . ϕ(q, α]|α|)

xd�Y�]�k�K{S�)�){]�avDw�{H�>{

ψ(q, α) = ψ(q, α]1)ψ(q, α]2) . . . ψ(q, α]|α|),
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�SvDw)x
∃ϕ(q, α)
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∃ψ(q, α) @ ���f~){H}]xf�]�){]z�vDw)�'���H�

¬ϕ(q, α)
x
¬ψ(q, α)
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FV = {(α,ϕ(q, α), ψ(q, α)) |α ∈ A∗, q ∈ Q
x
∃ϕ(q, α)}.
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�+�]}>{]zL�+}]�\  Dk~){H�f�1���Hx)�^�f§fxf�
(f, g, h)

�¢�F���
f : A → A′ � g : Q → Q′ x

h : B → B′ �|���+�S�/�K�H�^}>vF�\!��)'K%�',+V47!�� %�'K%
V
���

V ′ �¢�SvDw)x (q, a) ∈ DV}>{H�F�¤��xj}>{+w)�]�'{Y}>{H�F�¤�1�)�'{H�F�¤�
(g(q), f(a)) ∈ DV ′

xj�f~fxj�S}>{]z

g(ϕ(q, a)) = ϕ′(g(q), f(a))
x

h(ψ(q, a)) = ψ′(g(q), f(a))

�fw)�¨w)®��]{H�;{
(q, a) ∈ DV
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V
x
V ′ �1�Hw)�1®�}>vF�c!��)'K%�',+V47#"$&%�!e 

��	�� ����t
	at�� � 
 ��
 
 � 
 � �7��sat
��	�� 
 �¢t
	as����&���Ro � ���
��� ���

���>v^}]�
V = (A,Q,B, ϕ, ψ)

x
V ′ = (A,Q′, B, ϕ′, ψ′) ? �)�K�O���Hv^}]xf�f�f�k�
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�1�Hw)�f�^}>vF��{H}]�){H���^�fx)�Sz¨�S�f�]xf�K�7w��^�f}]�){]v^}]x$ 
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�fw)�j�)�^�'{H}>{H~){H�;{

1 6 j 6 n0 − 1
 

´�{£�SvDw)x
q′j = q′′j

�fw)�¥�)�^�'{H}>{H~){H�;{
1 6 j 6 n0 − 1

�k}>{¬vDw�{H�>{
α0

�)�
z|{;�a�^}Y~��+�^w)xf���+}]��vS{]v^}>{;�1�fxf�

q′0
x
q′′0
�Kxbze�¥�f~fx1�K{S�)x)z£�b�f~){H}]xf�>{H~)�^�fxf®� 

� �SvDw)x
(q′l1 , q

′′
l1
) = (q′l2 , q

′′
l2
)
�fw)�£�)�^�'{H}>{H~f�k�

0 6 l1 < l2 6 n0 − 1
�°}>{

vDw�{H�>{
α′

0 = α0]l1α0[n0−l2

~��+�^w)xf���H�^}£vS{]v^}>{;�1�fxf�
q′0
x
q′′0
�Lxp�){]v^�'{+w)�]�f�

|α′
0| < |α0|

�1}>{�ze� {H�f�1}]���f~fx1�K{S�)x)zp�d�f~){H}]xf�>{H~)�^�fxf®� 
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�;{H�>{H~fx)z/�°�f}>{_{H�£�1�H�

w)�f�^}>vF� ; � !�R��8#"' I R"'>-F!�%�$&%_=�I R"'>-F!�%�$&%��j���Hv^}]xf�f�f�/�£�+�]}>{]zL�+}
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�Hw�{;�Yx)z|{]v^}]x_vS{H�]���7�¤�+®�}��fw)�j�+�]}>{]zL�+}>{H�) 

	O�)�^�]x1�)�){f�'�f}>{�xf�
V / V ′ vDw��D�)�>�^}��1�+� V � V ′ �>}H�+�bx V 6 V ′  ��\�^�S�'{

�1�]�D�)xf}]�>vF�5�|�f}>{�xf�d�S}]x1�£}]~)�D�¬{H}]�){H���^�fxf�p}>{+w)�]�'{�{H}]�){H���^�fxf�
/
x

6�1�Hw)�1®�}>vF��}]~��+�f�Sxf}]xf�]�f�Rzex$  	O}]�){H���^�fx)���Hw�{;�Yx)z|{]v^}]x��fw)�b�+�]}>{]zL�+}>{H�a�)�
�1�Hw)�f�^}>vF�jv^x)z|z|�^}]~fxf�f�f�Rz ���^�� C��{H�1�+�a�Sz/�¤�f}>{Y}H�+�'{]�\�'}]�>�^~K�����^�fx)��x)z|�S�^}
z|�Sv^}>{Yxb�fw)�j{H}]�){H���^�fxf�

/
x

6
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� ���
��� ����� ��� 68� � �
V = (A,Q,B, ϕ, ψ)

]
|B| > 2 � #0./98')��',+`$73 ����J

� ��!"��#"$73 ��I)��'K%����
��� '�a[P)�<� 6��_./� �_I)6�./� ����� ��!"��#"$73 ��I)��'K%����

V ′ =
(A,Q′, B, ϕ′, ψ′)

]�����98')3C]�����'
V / V ′ !

V ′ 66 V �

�
����������� ������������� �W���>v^}]�
V = (A,Q,B, ϕ, ψ)

�
|B| > 2 ? �)�^�'{H}>{+�

~f�/�¥���Hv^}]xf�f�f�/� �+�]}>{]zL�+}¨x
n = |Q|

  ��{]v^}]~){Hx)z����Hv^}]xf�f�f�/� �+�]}>{]zL�+}
V ′′ = (A,Q′′, B, ϕ′′, ψ′′)

�$�'{H}>{H~f�/���)���1�Hw)�f�^}>vF��vDw¤�H�]{��Hw�{;�Yx)ze�Rz �
V
 

�\w)�d�S}>{H�;{
¦�xf�'v^xf~f�>�Szp�)�^�'{H}>{H~){]�
a ∈ A

 ��\w)�bw)®��]{H�;{
m ∈ 	 �)�^~)�^�

am{]�]{H�S���S�fx)z�vDw�{H�>{R�fw)xf�f�
m
�;�\�'{H}>{H~){H�;{��>vS�"�H�'�f�]�£~��+�]�f�

a
  �\w)�\w)®��]{H�;{

q ∈ Q
�f�>v^}]�

wa(q) ? v;�Hz|{]���fw)xf�f�){]��vDw�{H�>{��]x1�¤�
am
�f}H�+�'{]�]���f}>{

m 6 nx
∃ψ(q, am)

 &���>v^}]�
Wa = {ψ(q, wa(q)) | q ∈ Q}

 &��{]v^�'{+w)�]�f�
|Wa| 6 n

�
|B| > 2

x�vS{]{H}]�){H���^�fx)�
2n > n

�7��{H�Hw��^}]�>{H~)�^�){j�fw)�_w)®��]{H�;{d���+}]�'~��7w)�H�
�){H�;{

n
�e}>{�v^�'³��Sv^}]�]�>�^}

β ∈ B+ � |β| = n
�e}H�+�'{]�]�L�f}>{

β 6∈ Wa
 7���>v^}]�

Q′′ = {q′′0 , . . . , q
′′
n−1}

 �	O�f~)�D���Dw)x)zy¦��'�f�f§fxfx
ϕ′′ x ψ′′ vDw��D�)�'®�³ax)zpv^�){]vS{+�

�]{]z/­
ϕ′′(q′′i , a) = q′′

i+1(mod n)

x
ψ′′(q′′i , a) = β(i)

�fw)�aw)®��]{H�;{
0 6 i 6 n−1

 

�v^�){f�+�f}>{��fw)��vS{]v^}>{;�1�fxf�

q′′0
xYvDw�{H�K�

an
�)�kv^�'³��Sv^}]�]�>�^}\vS{]v^}>{;�1�fx)�

q ∈ Q
�

}H�+�'{]�]�5�f}>{
ψ(q, an) = ψ′′(q′′0 , a

n)
�-x�vDw��D��{H�K�+}>�Dw)�]�){f�°�+�]}>{]zL�+}

V ′′ �)���1�H�
w)�f�^}>vF��vDw¤�H�]{
�Hw�{;�Yx)ze�Rz �

V
  	��]{H�S���S�fx)z¥�)�^~)�^�

V ′ v^�1z|ze�j���Hv^}]xf�f�f�k�
�+�]}>{]zL�+}>{H�

V
x
V ′′  M��{]v^�'{+w)�]�f���+�]}>{]zL�+} V ′′ vDw¤�H�]{j�Hw�{;�Yx)z ���+�]}>{]zL�+}

V ′ ��}>{�xf�^� �7�
}]~��+�f�Sxf}]xf�]�){]v^}]x�{H}]�){H���^�fxf��vDw¤�H�]{H�_�Hw�{;�Yx)z|{]v^}]x��+�]}>{]zL�+}
V ′ �)�Oz|{;�a�^}Y�H�/}]�avDw¤�H�]{\�Hw�{;�Yx)ze�Rz��a�+�]}>{]zL�+} V  �
�v^�){\}H�+�f�a�]�K�f}>{a�+�H�}>{]zL�+}

V
�1�Hw)�f�^}>vF�Yv^x1w)�]�){��Hw�{;�Yx)ze�Rz��\�+�]}>{]zL�+}

V ′  �D �S{H~)�SzL����{H�1�+�7�+���1 
�\�^�S�'{��1�]�D�)xf}]�>vF�5�f�f}>{�xd{H}]�){H���^�fx)�

�
�)���1�Hw)�f�^}>vF�dv^x)z|z|�^}]~fxf�f�f�Rz/ 

� 	���
���� o/t�o�� �Yqes �¢s�� 
 �¢t 	�� 
 �¢t
	as���� �Ro � ����� � �Ro

�e�HvSvSz|{H}]~fx)z �f~){]�+w��Sze�£�S�f�]xf�K�7w��^�f}]�){]v^}]xy���Hv^}]xf�f�f�k�p�+�]}>{]zL�+}>{H�)�L�
�'{H}>{H~f�k�bze�){;�a�Sv^}]�K��{H�f~)�D���Dw��^�fxf�d¦��'�f�f§fxf�
�)�^~)�D�K{S��{H�Yx��]�k�K{S��{H�Y}>{;���
���Sv^}]�>�^�f�f�\ �±"�>�D���Sz¬�)�Sv^�'{+w)�]�'{
�)�S{]�S�K{S�)x)ze�k���){H�f�1}]xf�$ 

�\�Hv^}]xf�f�f�R�b�+�]}>{]zL�+}]�
V
x
V ′ ���+�S�/�K�+®�}>vF� � R"��*)' #0./')� R"!"��!�%�$&%�!e�

V ∼ V ′ �5�SvDw)x V 6 V ′ x V ′ 6 V
  �\�Hv^}]xf�f�f�R���+�]}>{]zL�+}]�

V
x
V ′ ���+�S�k�

�K�+®�}>vF� � !�R��8#"'Y#0./')� R"!"��!�%�$&%�!e�
V ≈ V ′ �)�SvDw)x V / V ′ x V ′ / V

  �\�^�S�'{
�1�]�D�)xf}]�>vF�5�|�f}>{��]�>�D���^�f�f�R�j{H}]�){H���^�fxf�¨�1�Hw)�1®�}>vF�¬{H}]�){H���^�fxf�fzexp�S�f�]x1�
�K�7w��^�f}]�){]v^}]x$  	O�)�^�]x1�)�){f�$�f}>{��+���7w�{H�Sxf�f�){]�
{H}]�){H���^�fx)���jvDw)�'���H�

�
�)�^}

vSze�RvDw¤���]�>{S�)xf}]�)�)�){]v^�'{+w)�]�f�d}H�+�'{]�\{H}]�){H���^�fx)�\�)���1�Hw)�'w�{]v^�
�H� }]~��+�f�Sx1�
}]xf�]�f�Rz/ 
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���av^x1w)�]�){H���)�S{H};w)xf�fx)z|{]v^}]x����Hv^}]xf�f�f�k���+�]}>{]zL�+}>{H�
V
x
V ′ {H�)�^�]x1�f�

�){�vDw��D�)�>�^}�x1��vDw¤�H�>�+�a�)�S{H};w)xf�fx)z|{]v^}]�) �	��H~��+}]�){]�k�'}]�>�^~K�����^�fx)�/�)�"x)z|�S�^}
z|�Sv^}H�1�f�){]v^�'{+w)�]�f�b�'�a�����1w¤�HvSvS��ª7�){+w)�f�k�-«��+�]}>{]zL�+}>{H��}H�+�'{]�\�'}]�>�^~K�����D�
�fx)���H�kw�{��H� �)�^�>�^~f�f�Rz/ 

�\w)�\v^x1w)�]�){Ov^�]�1�S�f�k�a�+�]}>{]zL�+}>{H�O�){H�f�1}]xf��vDw¤�H�]{H���Hw�{;�Yx)z|{]v^}]x$�Hv^x1w)�H�
�){H� �Hw�{;�Yx)z|{]v^}]x$��vDw¤�H�]{H� �)�S{H};w)xf�fx)z|{]v^}]x x v^x1w)�]�){H� �)�S{H};w)xf�fx)z|{]v^}]x
vS{H�]���7�¤�+®�}+�)}>{Y�Sv^}]�Y�fw)�jv^x1w)�]�){�v^�]�1�S�f�k���+�]}>{]zL�+}>{H�
�>�^~f�){f�)�f}>{Yxf�\vDw¤�7�
�]{H���Hw�{;�Yx)z|{]v^}]x�vDw��D�)�>�^}dx1�_�)�S{H};w)xf�fx)z|{]v^}]�����^�� ��\�+���){H�1�+�S�/�K�H�^}�vDw��D�
�)�'®�³axf�d�f~fx)z|�^~$�f�S}>{Y�)��x)z|�S�^}�z|�Sv^}H�a�fw)�d���Hv^}]xf�f�f�k���+�]}>{]zL�+}>{H�) 
���������	� � �U���>v^}]���¤�+�f�²�+�]}>{]zL�+}]�

V = (A,Q,B, ϕ, ψ)
x
V ′ = (A,Q′,

B, ϕ′, ψ′)
�f�F���

Q = {q1, q2}, Q′ = {q′1, q
′
2}, A = {a, b}, B = {1, 2},

ϕ(q1, a) = q1, ϕ(q1, b) = q2, ϕ(q2, b) = q1,

ϕ′(q′1, a) = q′1, ϕ′(q′1, b) = q′2, ϕ′(q′2, b) = q′1, ϕ′(q′2, a) = q′2
ψ(q1, a) = 1, ψ(q1, b) = 1, ψ(q2, b) = 1

ψ′(q′1, a) = 1, ψ′(q′1, b) = 1, ψ′(q′2, b) = 1, ψ′(q′2, a) = 2.

�\�Hv^}]xf�f�f�R�a�+�]}>{]zL�+}]�
V
x
V ′ �1�Hw)�1®�}>vF��v^x1w)�]�){
v^�]�1�S�f�Rzex$  �\�^�S�'{
�1�]�D�

�)xf}]�>vF�5�|�f}>{��+�]}>{]zL�+}]�
V
x
V ′ �)�b�1�Hw)�1®�}>vF�¨vDw¤�H�]{��)�S{H};w)xf�fx)ze�Rzex$�¢x

vDw��D��{H�K�+}>�Dw)�]�){f�'�)�R�1�Hw)�1®�}>vF�
v^x1w)�]�){��)�S{H};w)xf�fx)ze�Rzex$�'�){a�+�]}>{]zL�+}
V
�1�H�

w)�f�^}>vF�jvDw¤�H�]{Y�Hw�{;�Yx)ze�Rzp�
�+�]}>{]zL�+}
V ′  

B�xf�'v^xf~f�>�Sz²�)�^�'{H}>{H~){]��v^�)�^}]�){]�jze�){;�a�Sv^}]�>{
Q = {q1, q2, . . . }

  	��]{+�
�S���S�fx)zp�)�^~)�^�

P (A,B)
ze�){;�a�Sv^}]�>{��>vS�D�j���Hv^}]xf�f�f�k���+�]}>{]zL�+}>{H�)���b�'{H}>{+�

~f�k�
A ? �H�K{S�)�){H�y�7w�¦��+�]xf}�x

B ? �]�k�K{S�)�){H�y�7w�¦��+�]xf}+�ex¬���'{H}>{H~f�k�
ze�){;�a�Sv^}]�>{_vS{]v^}>{;�1�fxf���1�Hw)�f�^}>vF���){S��ze�){;�a�Sv^}]�>{]z ze�){;�a�Sv^}]�K�

Q
  	O}]�){+�

���^�fxf�¥vDw¤�H�]{H� �)�S{H};w)xf�fx)z|{]v^}]x x v^x1w)�]�){H� �)�S{H};w)xf�fx)z|{]v^}]x ~��+�;�Hxf�K�+®�}
ze�){;�a�Sv^}]�>{

P (A,B)
���a�1w¤�HvSv^� �S�f�]xf�K�7w��^�f}]�){]v^}]x$ 

� ���
��� ����� ��� � R"!
|B| > 2

]M��'�a[P)�^��!"� R"'^9)R"��� � '�I	�>9�I)!0I)�OR0./#"��#"')� ��!C]E#"�
98')��',+`$�. %�#"'>-�./� �_I)'

P (A,B)
+����)*)!0I)��./�S')��#"'
	_./#"!0.^� R"��*)')3 #0./')� R"!"J

��!�%�')� ��!C]7� �V./��#"'�.
�

�
����������� ������������� �7���>v^}]�
V ? �f~){Hxf�S�>{+w)�]�f�/�����Hv^}]xf�f�f�/�£�+�]}>{]zL�+}dxf�

P (A,B)
 H´\�O{]v^�){H�K�+�fxfxYD �S{H~)�Sze� � v^�'³��Sv^}]�]�>�^}��){]vDw��D��{H�K�+}>�Dw)�]�){]v^}]�\���7�

v^}]xf�f�f�k���+�]}>{]zL�+}>{H�
V = V1, V2, . . .

xf�
P (A,B)

�f}H�+�1�+�5���f}>{
Vi+1 66 Vi

x
Vi / Vi+1

�fw)�aw)®��]{H�;{
i ∈ 	  ]±k{H�S�>z|�Sz��f~){Hxf�S�>{+w)�]�f�R� j1, j2 ∈ 	 � j1 < j2
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��{H�1�+�a�Sz/�H�f}>{
Vj1 6∼ Vj2

 )��~)�D�)�){+w�{;�Yx)z��f~){H}]xf�>{H�){+w�{;�Y�){]�]�]}>{��Sv^}]�)�7�f}>{
Vj1 ∼ Vj2

 '´�{�}>{H�F�¤�
Vj2 6 Vj1

�>x��){]v^�'{+w)�]�f�
Vj1 6 Vj1+1 6 · · · 6 Vj2−2 6

Vj2−1
�5}>{

Vj1 6 Vj2−1
x$�$vDw��D��{H�K�+}>�Dw)�]�){f�

Vj2 6 Vj2−1
  �����){+w)�'�)�^�f�){H�;{

�f~){H}]xf�>{H~)�^�fxf��vDw��D�)�>�^}Y�¤�+�f�){]�\�'}]�>�^~K�����^�fx)�] 
���>v^}]�

FV ⊆ A∗×Q∗×B∗ ? ¦��'�f�f§fx){H�fxf~){H�K�+�fx)�¢���Hv^}]xf�f�){H�;{��+�]}>{]zL�7�
}H�
V = (A,Q,B, ϕ, ψ)

 `���>v^}]�
GV = {(α, β) : (∃u ∈ Q∗) (α, u, β) ∈ FV }

 

� � � ��� 

��� � R"!F6 ����� ��!"��#"'�a['<��I)��'K%������
V = (A,Q,B, ϕ, ψ)

./� � �
NC')� T *)$�')P)#"�<X"�[+��b+���� R"!"��#"$UN #0./')� R"!"��!�%�$UN � ')� ��' T"#"!"3C]���'�a[P)�<� 68J
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V ′ = (A,Q′, B, ϕ′, ψ′)
����98')3C] ����'

G(V ) ⊆ G(V ′)
!
|Q′| < |Q| �

�
����������� ������������� � ���>v^}]�
q1
x
q2 ? �)�K�d�)�S{H};w)xf�fx)ze�k�£vS{]v^}>{;�1�fxf�����7�

v^}]xf�f�){H�;{¬�+�]}>{]zL�+}H�
V = (A,Q,B, ϕ, ψ)

  ��{]v^}]~){Hx)z x)v^�'{]ze�/�¥���Hv^}]xf�1�
�f�/� �+�]}>{]zL�+}

V ′ �"�y�'{H}>{H~){H�;{ Q′ = Q \ {q2}
�/vDw��D�)�'®�³ax)z v^�){]vS{]�]{]z/ 

�\w)��w)®��H�k�
q ∈ Q′ x a ∈ A

�°}H�+�fx1�5�e�f}>{
(q, a) ∈ DV

�°�){+w�{;�Yx)z/�|�f}>{
ψ′(q, a) = ψ(q, a)

�/��}H�+�f�a�_�f}>{
ϕ′(q, a) = ϕ(q, a)

�k�SvDw)x
ϕ(q, a) 6= q2x

ϕ′(q, a) = q1
�"�SvDw)x

ϕ′(q, a) = q2
  D°�+�f�a�]�/�SvDw)x

α = α′a
;
α′ ∈ A∗ �

a ∈ A
=k}H�+�'{]��vDw�{H�>{f�)�f}>{

∃ϕ(q1, α
′)
�
∃ϕ(q2, α)

x
¬ϕ(q1, α)

�)}>{��){+w�{;�Yx)z/�
�f}>{

ϕ′(ϕ(q1, α
′), a) = ϕ(q2, α)

x
ψ′(ϕ(q1, α

′), a) = ψ(q2, α)
 k¡5�Hz|�^}]x)z/�

�f}>{dxf��}>{H�;{f�$�1�+��{H�f~)�D���Dw��^���j¦��'�f�f§fxf�
ψ′ vDw��D�)�>�^}+�$�f}>{��SvDw)x ∃ϕ(q2, α)�fw)�b�)�^�'{H}>{H~){H�;{

α ∈ A+ �1}>{ ψ′(q1, α) = ψ(q2, α)
 

��{]v^�'{+w)�]�f�
|Q′| = |Q| − 1 < |Q|

�L}>{�{]v^}H�H�^}>vF�¥�^³��d�){H�1�+�7�+}]�)�"�f}>{
G(V ) ⊆ G(V ′)

 C���>v^}]�
(α, β) ∈ G(V )

xd�f�>v^}]�
|α| = n

 fuLvDw)x
ϕ(q, α]m) 6=

q2
�fw)��w)®��]{H�;{

0 6 m < n
��}>{b{H�)�^�]x1�)�){f�-�f}>{

(α, β) ∈ G(V ′)
 E��{H�S}>{]ze�

�f~)�D�)�){+w�{;�Yx)z/���f}>{Yv^�'³��Sv^}]�]�>�^}

i0 = min{i | 0 6 i < n ∧ ϕ(q, α]i) = q2}.

D {H�F�¤�
β = ψ(q, α]i0)ψ(q2, α[n−i0) = ψ′(q, α]i0)ψ

′(q1, α[n−i0)
x$�-vDw��D��{H�K�7�

}>�Dw)�]�){f�
(α, β) ∈ G(V ′)

 
��~){ ���Hv^}]xf�f�f�/���+�]}>{]zL�+}

V ′ �;{H�>{H~fx)z/���f}>{ {H� ')X"��!�%��OR��8#"'
G
J

%�')P�.1R"!�+`6�./�����Hv^}]xf�f�f�/���+�]}>{]zL�+}
V
�-�SvDw)x

GV ⊆ GV ′

x��SvDw)x��jw)®��]{H�;{
�+�]}>{]zL�+}H�

V ′′ �S}H�+�'{H�;{f�+�f}>{ GV ⊆ GV ′′

�7vS{]v^}>{;�1�fxf�a�)�¢z|�^�f�]���]�;�)�Szj�\�+�]}>{+�
zL�+}H�

V ′  "��{]v^�'{+w)�]�f��ze�){;�a�Sv^}]�>{��>vS�D�d�)�^xf�;{]z|{H~)¦��f�k�j���Hv^}]xf�f�f�k�_�+�]}>{+�
zL�+}>{H��xf�

P (A,B)
�>�a�'{H}>{H~f�k�
�)�R�]{+w)�]���OvS{]v^}>{;�1�fxf�$�K�)�Sz��Y�+�]}>{]zL�+}H�

V
�

�'{H�)�^�f�){f�5}>{b���Hv^}]xf�f�f�/���+�]}>{]zL�+}+�5�'{H}>{H~f�/��{H�f}]x)zL�7w)�]�){
G
��z|{S���Dw)xf~f�>�^}
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�¤�+�f�f�/���+�]}>{]zL�+}+�f�>vS�^�F�¤�Yv^�'³��Sv^}]�]�>�^}+�f�f~fxb�S}>{]z£�fv^�){f�1�f}>{��Y{]�H³��Sz¬vDw)�K�
���H��}H�+�'{H���+�]}>{]zL�+}
�)�\�D�)xf�)v^}]�>�^�f�f�/�$ 
� ���
��� ����� ��� �O. ����� ��!"��#"$�. ��I)��'K%�����$ ]A98')��',+`$�. ')X"��!�%��OR��8#"'

G
J

%�')P�.1R"!�+`6�� ������� ��!"��#"$73 ��I)��'K%����
V
]UT0I R�T�� ���[Tc����� ��!"��#"$&%�! ��I)��')J

%������O%�! X�+`!0I�./P�./#"#"'�a['_I)!"P)�
�

�
����������� ������������� �7��~)�D�)�){+w�{;�Yx)z �f~){H}]xf�>{H�){+w�{;�Y�){]�]�$}>{d�Sv^}]�)�¤�f}>{dv^�K�
³��Sv^}]�]�>�^}����Hv^}]xf�f�f�/�¥�+�]}>{]zL�+}

V ′ = (A,Q′, B, ϕ′, ψ′)
�L{H�f}]x)zL�7w)�]�){

G
�

z|{S���Dw)xf~f�'®�³axf�¬���Hv^}]xf�f�f�/�p�+�]}>{]zL�+}
V = (A,Q,B, ϕ, ψ)

�|�'{H}>{H~f�/�¬�)�
�1�Hw)�f�^}>vF�¨���Hv^}]xf�f�f�Rz��+�]}>{]zL�+}>{]z �f~fxf�>�D���^�f�){H�;{��]x1�¤�1  D {H�F�¤���

V ′ v^�K�
³��Sv^}]�]�'®�}b�K{H}7���H� �)�K���)�S{H};w)xf�fx)ze�k��vS{]v^}>{;�1�fxf�5 &D �^�)�^~f��xf� �\�Sz|ze���
vDw��D�)�>�^}+�$�f}>{dv^�'³��Sv^}]�]�>�^}j���Hv^}]xf�f�f�/�£�+�]}>{]zL�+}

V ′′ = (A,Q′′, B, ϕ′′, ψ′′)
�

}H�+�'{H�$�|�f}>{
|Q′′| < |Q′|

x
GV ′ ⊆ GV ′′

  ��{]v^�'{+w)�]�f�
V ′ {H�f}]x)zL�7w)�]�){ G �z|{S���Dw)xf~f�>�^}

V
�1}>{�}H�+�f�a�\x)z|�S�^}�z|�Sv^}>{�vS{]{H}]�){H���^�fx)�

GV ⊆ GV ′

  © w��D��{+�
�K�+}>�Dw)�]�){f�¤�){+w)�'���H�Sz/�¤�f}>{

GV ⊆ GV ′′

 �´�{��){]v^�'{+w)�]�f�
|Q′′| < |Q′|

��}>{
V ′

�)�/�1�Hw)�f�^}>vF�����Hv^}]xf�f�f�Rz��+�]}>{]zL�+}>{]z/�'{H�f}]x)zL�7w)�]�){
G
��z|{S���Dw)xf~f�'®�³ax)z

V
 

�����){+w)�'�)�^�f�){H�;{��f~){H}]xf�>{H~)�^�fxf��vDw��D�)�>�^}
�'}]�>�^~K�����^�fx)�\}>�S{H~)�Sze�\ 
± {]v^}H�+�]���^�)vF�_���Hv^}]x�~��H�]{H}]� �){H�1�+�a�Sz/�-�f}>{
�){H�f�1}]x)�av^x1w)�]�){H���)�S{H}H�

w)xf�fx)z|{]v^}]x����Hv^}]xf�f�f�k�a�+�]}>{]zL�+}>{H��x�vS{]{H}]�>�^}>v^}]�]�'®�³��S�L�){H�f�1}]x)�L�OvDw)�'���H�
ª7�){+w)�f�k�-«¬�+�]}>{]zL�+}>{H�)�"�){H�f�1}]x)�_�)�S{H};w)xf�fx)z|{]v^}]x$�/v^�'³��Sv^}]�>�^�f�){��)�j~��+�^�
w)xf���+®�}>vF�5  	��H~��+�S�){b�;{H�>{H~K�5�¤�]�>�D���^�fx)����xf�S~f�¬ª7���Hv^}]xf�f�){]v^}]x5«<; �b}H�+�'{]z
vSze�RvDw��]�1���1�+�'{]zp{H�����^���Sv^�Y}]~��+�f}]�>�^}>vF�0=k�)�O��{]�>�+�Hw)�f�^}��dvS{]{H}]�>�^}>v^}]�]�'®O�
³��^�d�1�+~f}]xf�)�\�fxf�1�+�fx1�j�f~fxf�f§fxf�fx��7w)�]�){��){H�]�k�dxf�f}>�^~)�Sv^�f�k��z|{]z|�^�f}>{H�) 

���>v^}]�
V = (A,Q,B, ϕ, ψ) ? ���Hv^}]xf�f�f�/�Y�+�]}>{]zL�+}+ ��'{H�>{H~fx)z/�7�f}>{R�H�K{S�

a ∈ A
�1�Hw)�f�^}>vF� � 6��_./� �_I�./#"#"$&%��fw)�

V
�-�SvDw)x

(q, a) ∈ DV
�fw)���)�^�'{H}>{+�

~){H�;{
q ∈ Q @ �
�f~){H}]xf�]�){]z¥vDw)�'���H���S}>{H}
�H�K{S�����+�;{H�>�Sz #0./� 6��_./� �_I�./#"#"$&%

�fw)�
V
 

���>v^}]�
V = (A,Q,B, ϕ, ψ) ∈ P (A,B) ? ���Hv^}]xf�f�f�/���+�]}>{]zL�+}+�-x

â 6∈
A
�
q̂ 6∈ Q

x
b̂1, b̂2 6∈ B ? �)�^�'{H}>{H~f�R�\¦�xf�'v^xf~){H�K�+�f�f�R�\�^w��Sz|�^�f}]�\ )±"�>�D���Sz

{]�]{H�S���S�)�^�fxf�5­
Â = A ∪ {â}

�
Q̂ = Q ∪ {q̂}

x
B̂ = B ∪ {b̂1, b̂2}

  � �]}>{]zL�+}
V = (Â, Q̂, B̂, ϕ̂, ψ̂)

���+�S�/�K�H�^}>vF�
(â, q̂, b̂1, b̂2)

�,X"')X"'KR"#0./#"!0.1% �+�]}>{]zL�+}H�
V
�

�SvDw)x
�>=

ϕ̂(q, a) = ϕ(q, a)
x
ψ̂(q, a) = ψ(q, a)

�fw)�bw)®��H�k�
(q, a) ∈ DV @

� =
ϕ̂(q, a) = q̂

x
ψ̂(q, a) = b̂1

�fw)��w)®��H�k�
(q, a) ∈ (A×Q)\DV @� =

ϕ̂(q̂, a) = ϕ̂(q, â) = q̂
�
ψ̂(q, â) = b̂1

x
ψ̂(q̂, a) = b̂2

�fw)�£w)®��H�k�
a ∈ Â

x
q ∈ Q
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� ���
��� ����� ��� � R"!
V

!
V ′ ����� ��!"��#"$�. ��I)��'K%�����$ ]E��'

V
!
V ′ !��)'K%�',+V47J

#"$ ��'�a[P)�W! ��'KR��898'_��'�a[P)�)]�98'�a[P)�
V

!
V ′

!��)'K%�',+V47#"$
�

�
����������� ������������� �����>v^}]�
V = (A,Q,B, ϕ, ψ)

x
V ′ = (A,Q′, B, ϕ′, ψ′)

? �)�^�'{H}>{H~f�R�b���Hv^}]xf�f�f�R�d�+�]}>{]zL�+}]�\  ��~)�D�)�){+w�{;�Yx)z²v^���S���7w¤�1�°�f}>{
V
x

V ′ xf�;{]z|{H~)¦��f�\� x��f�>v^}]� (f, g, h) ? �)�^�'{H}>{H~f�/�¬xf�;{]z|{H~)¦�xf�;z
V
���

V ′  
	O�f~)�D���Dw)x)z/­

f̂(â) = â
x
f̂(a) = f(a)

�fw)��w)®��]{H�;{
a ∈ A @ ĝ(q̂) = q̂

x
ĝ(q) = g(q)

�fw)��w)®��]{H�;{
q ∈ Q @ ĥ(b̂1) = b̂1

�
ĥ(b̂2) = b̂2

x
ĥ(b) = h(b)�fw)��w)®��]{H�;{

b ∈ B
  ��{H�1�+�a�Sz/�¢�f}>{

(f̂ , ĝ, ĥ)
xf�;{]z|{H~)¦�xf�;z �+�]}>{]zL�+}H�

V�����+�]}>{]zL�+}
V ′
 &��{]v^�'{+w)�]�f�

(f, g, h)
xf�;{]z|{H~)¦�xf�;z

V
���

V ′ � }>{ (q, a) ∈
DV

}>{H�F�¤�bx�}>{+w)�]�'{d}>{H�F�¤�1�5�'{H�F�¤�
(g(q), f(a)) ∈ DV ′

�-x�vDw��D��{H�K�+}>�Dw)�]�){f�
x)z|�S�Sz/�f�f}>{

ĝ(ϕ̂(q, a)) = g(ϕ(q, a)) = ϕ′(g(q), f(a)) = ϕ̂′(ĝ(q), f̂ (a)),

ĥ(ψ̂(q, a)) = h(ψ(q, a)) = ψ′(g(q), f(a)) = ψ̂′(ĝ(q), f̂(a))

�fw)��w)®��]{H�;{
(q, a) ∈ DV

 "D°�+�f�a�]�)�){]v^�'{+w)�]�f�
(q, a) ∈ (A×Q)\DV

}>{H�F�¤�
xd}>{+w)�]�'{�}>{H�F�¤�1�)�'{H�F�¤�

(g(q), f(a)) ∈ (A×Q′)\DV ′

�f}>{

ĝ(ϕ̂(q, a)) = ĝ(q̂) = q̂ = ϕ̂′(g(q), f(a)) = ϕ̂′(ĝ(q), f̂ (a)),

ĥ(ψ̂(q, a)) = ĥ(b̂1) = b̂1 = ψ̂′(g(q), f(a)) = ψ̂′(ĝ(q), f̂(a))

�fw)��w)®��]{H�;{
(q, a) ∈ (A×Q)\DV

 f´\�+�'{H�)�^§$�

ĝ(ϕ̂(q̂, a)) = ĝ(ϕ̂(q, â)) = ĝ(q̂) = q̂ = ϕ̂′(ĝ(q̂), f̂(a)) = ϕ̂′(ĝ(q), f̂(â)),

ĥ(ψ̂(q, â)) = b̂1 = ψ̂′(ĝ(q), f̂(â))
x

ĥ(ψ̂(q̂, a)) = b̂2 = ψ̂′(ĝ(q̂), f̂(a))

�fw)��w)®��H�k�
a ∈ Â

x
q ∈ Q

 
��~)�D�)�){+w�{;�Yx)z }>�^�)�^~f�)�-�f}>{d�+�]}>{]zL�+}]�

V
x
V ′
xf�;{]z|{H~)¦��f�\�¤x��f�>v^}]�

(f̂ , ĝ, ĥ) ? �)�^�'{H}>{H~f�/� xf�;{]z|{H~)¦�xf�;z �+�]}>{]zL�+}H�
V
���£�+�]}>{]zL�+}

V ′
  ��{+�

�1�+�a�Sz/�O�f}>{
ĝ(q̂) = q̂

�
ĥ(b̂1) = b̂1

x
ĥ(b̂2) = b̂2

  ���>v^}]�
a′ ∈ Â

}H�7�
�'{]�]�|�f}>{

f̂(a′) = â
 7��{]v^�'{+w)�]�f�

ĝ(q̂) = ĝ(ϕ̂(q̂, a)) = ϕ̂′(ĝ(q̂), f̂(a))
�|}>{

ĝ(q̂) = ϕ̂′(ĝ(q̂), f̂(a′)) = q̂
  �\w)���f~){Hxf�S�>{+w)�]�){H�;{j¦�xf�'v^xf~){H�K�+�f�){H�;{

a ∈ Ax)z|�S�Sz¬}H�+�f�a�]�)�f}>{

ĥ(b̂2) = ĥ(ψ̂(q̂, a)) = ψ̂′(ĝ(q̂), f̂(a)) = ψ̂′(q̂, f̂(a)) = b̂2.

���7w��S�]�"�){]v^�'{+w)�]�f�
ĝ(ϕ̂(q, â)) = ϕ̂′(ĝ(q), f̂(â))

�fw)�pw)®��]{H�;{
q ∈ Q

�¢}>{
q̂ = ϕ̂′(q′, f̂(â))

�fw)��w)®��]{H�;{
q′ ∈ Q

  	O}>v^®k�¤�dx1w)x
f̂(â)

�)�Sv^�'³��Sv^}]�>�^�f�){
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�fw)�
V ′ � x1w)x f̂(â) = â

 7B�xf�'v^xf~f�>�Sz �)�^�'{H}>{H~){]�
q ∈ Q

 U��{]v^�'{+w)�]�f��x1w)x
f̂(â)

�)�Sv^�'³��Sv^}]�>�^�f�){Y�fw)�
V ′ �1x1w)x f̂(â) = â

�1}>{

ĥ(b̂1) = ĥ(ψ̂(q, â)) = ψ̂′(ĝ(q), f̂(â)) = b̂1.

���7w��S�]�$�f�>v^}]�
a ∈ A

�)�Sv^�'³��Sv^}]�>�^�f�){d�fw)�
V
  D {H�F�¤�

ϕ̂(q, a) = q̂
�fw)�

w)®��]{H�;{
q ∈ Q

�¤x_�){+w)�'���H�Sz/�¤�f}>{
ϕ̂′(ĝ(q), f̂(a)) = ĝ(ϕ̂(q, a)) = ĝ(q̂) = q̂

�
}>{_�Sv^}]�)�°�f}>{

ϕ̂′(q′, f̂(a)) = q̂
�fw)��w)®��]{H�;{

q′ ∈ Q′   	O}>v^®k�¤�_�){+w)�'���H�Sz/�
�f}>{

f̂(a) = â
x1w)x

f̂(a)
�)�Sv^�'³��Sv^}]�>�^�f�){��fw)�

V ′  ¤± vDw)�'���H�]�¤�'{H�F�¤� a ∈ Av^�'³��Sv^}]�>�^�f�){��fw)�
V
�+�){H�1�+�a�Sz/�]�f}>{

f̂(a)
}H�+�f�a�Rv^�'³��Sv^}]�>�^�f�){��fw)�

V ′  H´\�
v;�Hz|{]z ���Dw��]� �){]v^�'{+w)�]�f�

a
v^�'³��Sv^}]�>�^�f�){j�fw)�

V
�$}>{�v^�'³��Sv^}]�]�>�^}

q1 ∈ Q}H�+�'{]�]�K�f}>{
ϕ(q1, a) = q2

�fw)�Y�)�^�'{H}>{H~){H�;{
q2 ∈ Q

 8D {H�F�¤�
ϕ̂′(ĝ(q1), f̂(a)) =

ĝ(ϕ̂(q1, a)) = ĝ(ϕ(q1, a)) = ĝ(q2) ∈ Q′ �)x_vDw��D��{H�K�+}>�Dw)�]�){f� f̂(a)
�1�Hw)�f�^}>vF�

v^�'³��Sv^}]�>�^�f�f�Rz��fw)�
V ′  �D°�+�fx)z£{]�H~��+�;{]z/�fze�y�){+w)�'���H�Sz/�'�f}>{ f̂(A0 ∪ â) =

A′
0∪ â

�+�F���
A0
x
A′

0 ? ze�){;�a�Sv^}]�>{\�H�K{S��{H��xf�
A
�H�'{H}>{H~f�R�/�)�Sv^�'³��Sv^}]�>�^�f�f�

�fw)�
V
x
V ′ �)vS{]{H}]�>�^}>v^}]�>�^�f�){f MB�xf�'v^xf~f�>�Szp�)�^�'{H}>{H~f�'®²�Hx)�^�f§fxf® i : A0 →

A′
0

 0���>v^}]�
f(a) = f̂(a)

�fw)�jw)®��]{H�;{
a ∈ A\A0

�
f(a) = i(a)

�fw)�dw)®��]{H�;{
a ∈ A0

�
g(q) = ĝ(q)

�fw)��w)®��]{H�;{
q ∈ Q

x
h(b) = ĥ(b)

�fw)��w)®��]{H�;{
b ∈ B

 
��{H�1�+�a�Sz/�)�f}>{Y}]~){H�f�1�

(f, g, h)
�1�Hw)�f�^}>vF�dxf�;{]z|{H~)¦�xf�;z|{]z

V
���

V ′  
���>v^}]�

(q, a) ∈ DV
 C��{]v^�'{+w)�]�f�

ϕ̂′(g(q), f(a)) = ϕ̂′(ĝ(q), f̂(a)) = ĝ(ϕ̂(q, a)) = g(ϕ(q, a)) = q′ ∈ Q′,

}>{
ϕ′(g(q), f(a)) = q′

  © w��D��{H�K�+}>�Dw)�]�){f�
(g(q), f(a)) ∈ DV ′

x
g(ϕ(q, a)) =

q′ = ϕ′(g(q), f(a))
  
�v^�){Y}H�+�f�a�]���f}>{

h(ψ(q, a)) = ĥ(ψ̂(q, a)) = ψ̂′(ĝ(q), f̂(a)) = ψ′(g(q), f(a)).
�\w)���){+w)�){H�;{j��{H�1�+�7�+}>�Dw)�>v^}]�K�j�¤�+�f�){H�;{j�'}]�>�^~K�����^�fxf�£{]v^}H�7w�{]v^���^³��

�){H�1�+�7�+}]�)�/�f}>{¬xf�
(g(q), f(a)) ∈ DV ′

vDw��D�)�>�^}
(q, a) ∈ DV

  �a�^�)v^}]�]x1�
}>�Dw)�]�){f�Rxf�

(g(q), f(a)) ∈ DV ′

vDw��D�)�>�^}
ĝ(ϕ̂(q, a)) = ϕ̂′(ĝ(q), f̂(a)) =

ϕ′(g(q), f(a)) = q′ ∈ Q′  L´�{��SvDw)x ĝ(ϕ̂(q, a)) ∈ Q′ �|}>{ ϕ̂(q, a) ∈ Q
�|x

}>�Sz¬v;�Hze�Rz
(q, a) ∈ DV

�1�f}>{Yxd}]~)�S�]{H�K�7w�{]v^�
��{H�1�+�7�+}]�) 
�\�^�S�'{Y�1�]�D�)xf}]�>vF�5�)�f}>{�vDw��D�)�'®�³Y�+��w��Sz|zL�Y�>�^~f���1 

� � � ����� ���_R�T R�� *)'�a['
V = (A,Q,B, ϕ, ψ) ∈ P (A,B)

!AR�� *)$UN
q ∈ Q!

α ∈ A∗ �)#"���V./#"!0. ψ(q, α)
')X�+E./P�.1R0./#"'b��'�a[P)� ! ��'KR��898' ��'�a[P)�)] 98'�a[P)�

� R"'�I)'
ψ̂(q, α)

#0.A� ')P�.Z+0-F!"� � !�% I)'KR
b̂1 �

� � R"!
ψ(q, α)

')X�+E./P�.1R0./#"'>]���'

ψ̂(q, α) = ψ(q, α) �
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� ���
��� ����� ��� � R"!
V

!
V ′ ����� ��!"��#"$�. ��I)��'K%�����$ !��

P (A,B)
] ��'

V ≈ V ′ ��'�a[P)�Y! ��'KR��898'_��'�a[P)�)]�98'�a[P)�
V ≈ V ′ �

�
����������� ������������� � ���>v^}]�
V = (A,Q,B, ϕ, ψ)

x
V ′ = (A,Q′, B, ϕ′, ψ′)

 
���

V ≈ V ′ {H�)�^�]x1�)�f�Rz {]�H~��+�;{]z vDw��D�)�>�^}+�L�f}>{ V ≈ V ′
  �\w)�£�){+w)�){H�;{

��{H�1�+�7�+}>�Dw)�>v^}]�K��}>�S{H~)�Sze�����7��{j�){H�1�+�7�+}]���^³��]�$�f}>{jxf�
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