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A#BDCFEHGDCJILK4MDCDCNEPOHQ=RTSDUVEHWXGDBJRZY\[]RTUPMJEH^LEX[?CDB\K�[?_`ITUHKbaJSDCDW0KHRc[]IedNIcE
[?MJEH^cCJ[?CfB\K4gTaJCDhDMD_�[?CigbKbYjKch\KH[?C=k#EcYJMJEHliCDgmSnEHUVEHBD_pofd2WHaJdDRTUVIed8gbKbYjKbq
h\K�EHGDCJILK4MDCDdrEPOHQ=RTSDUHK�OPRTg+CDgLOH_sUVEHhDMJEPITUPCtC2aJCtIuWVEHgL[]ELv&MJEwM\K4CJ[]RTMDxPy�RTl
CDgLOH_sUVEHhDMJEPITUPxPz�{-|}UVE�UPBJRcOPEHW0K4MDCJRPk~M\K4GDBDCJ[]RTB=k�WVEHgcMDCDS2KHRTU�RcITUVRcITUPWVRTMDMD_�[
EPOHB\K4gLEP[�CDg�EH^cB\K4MDCDhJRTMDMJEPITUPC�WP_shDCJIZaJCDUVRZaJxPMD_po�BJRcIT�nBJIcEHWJ{0��BD�n^LEHl'h\KHITUVE
WVITUPBJRTh\K4z���RTlJIed�gbKbYjKchJRTl�d2WHaJdDRTUVIed�EHGDCJILK4MDCJR}gbK4WPCJITCJ[]EPITUVRTl&[]RTv�YJ��ITWVEHl2q
ITUPW0KH[?C��cUVEH^LE�EPOHQ=RTSDUHK2{
� YJMDCJ[rCDgpGDBDCJ[]RTBJEHWuBJRTy�RTMDCDd+gbKbYjKch�UHK4SnEH^LE�BJEcYjK�d2WHaJdDRTUVIed&IcEHgTYjK4MDCJR

UVRcEHBDCDC�OVK4g�YjK4MDMD_po~{
�s�b�4�#�4�H�J�J���&�F�cUVE�IcEHWVEHSD�nGDMJEPITUPx�M\KHOPEHBJEHW�YjK4MDMD_po~kLEPOHQ=RZYJCDMJRTMDMD_po�W

� RZaJdno'IcEHgTYjK4MDCDd�CDMJ�uEHBJ[�K � CJEHMDMJEHl�[]EcY\RZaJC�EPOHQ=RTSDUHK2kJCJITGJE4aJxPgc�VRc[]EHl�GDBDC
EPOHB\KHOPEHUPSnRuCDMJ�uEHBJ[�K � CDC={
� EHgTYjK4MDCJR�OVK4gmYjK4MDMD_po8GDBJRcIZa\RZYJ�VRTU�YJWVRmEPITMJEHWPMD_�R � RZaJC=��GJEHMDCDgcCDUPx

CDgLOH_sUVEHhDMJEPITUPx�YjK4MDMD_poNC8GJEHWP_�ITCDUPx�C2oFM\KbY\RTv&MJEPITUPxJ{ � YJCDMfCDg�ITGJEPIcE4q
OPEHW��uEHBJ[�KbaJCDgbK � CDCFK4GDBDCJEHBDMD_po:gcM\K4MDCDl�EPO�KHOPITUPB\K4SDUPMJEHlFOVK4gLR'YjK4MDMD_po
���VITUHK4MJEHWHa\RTMDCJR�gbK4WPCJITCJ[]EPITUVRTl�[]RTv�YJ��YjK4MDMD_�[?C={
A#BJRZYJGJE4a\ELv&CJ[skJhDUVE&OVK4gbK�YjK4MDMD_po'SnEHMJRThDM\K2kDC'hDUVE�CDgcWVRcITUPMD_N�VIZa\EHWPCDd

M\K�gbK4WPCJITCJ[]EPITUPC:[]RTv�YJ�	YjK4MDMD_�[?C={]A�RTBDWVEPR�GDBJRZYJGJE4a\ELv+RTMDCJR�WVEHgcMDCDS2KHRTU4k
S2K4Sr�nv+R�OH_pa\EwITS2K4gbK4MJEwWP_sy�RPk\CDgTq�gbK�EH^cB\K4MDCDhJRTMDMJEPITUPC	WP_shDCJIZaJCDUVRZaJxPMD_po
BJRcIT�nBJIcEHWJ{V��UVEHBJEPRsGDBJRZYJGJE4a\ELv+RTMDCJR#EHgcM\Kch\KHRTU4kVhDUVEu[?_�WHajKbY\RcRc[tCDMJ�uEHBJ[�Kbq
� CJRTl�E&ITUPBD�nSDUP�nBJRuEPOHQ=RTSDUHK2{
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/?KHIcIc[]EHUPBDCJ[
f(x)
� OH�ba\RTW0KX���nMDS � CDdFEHU n GJRTBJRc[]RTMDMD_po~k�UVE�RcITUPx

f : En
2 → E2

k2^eY\R
E2 = {0, 1}

{
0#gcWVRcITUPMJE21 ��3 knhDUVE�S2K4v�YjK4d'���nMDS � CDd f(x)

CDg�S2ajKHIcILK
P2
[]ELv+RTU�OH_sUPx

EcYJMJEHgcM\KchDMJE�GDBJRZY\ITUHK4WHa\RTM\K�GJE4aJCDMJEP[]EP[54 RT^TKbaJSDCDM\K2�
f(x) = c1 ⊕ c2x1 ⊕

· · · cn+1xn ⊕ cpx1x2 · · · xn

kV^eY\R
p = 2n, x = (x1, x2, · · · , xn)

� WVRTSDUVEHBwOH�0q
a\RTWVITSDC2o�GJRTBJRc[]RTMDMD_po~k

c1, c2, · · · , cp
��M\KHOPEHB+OH�ba\RTWVITSDC2o�SnEH�L�u��C � CJRTMDUVEHWJk

K�IT�2[][�K�GJEHMDCJ[�KHRTUVIed�S2K4S�IT�2[][�K�GJE�[]EcYJ�baJz762{
A�EPIZa\RZY\EHW0K4UVRZaJxPMJEPITUPx

n
OH�ba\RTWP_po����nMDS � CDl f(x)

EHU
n
GJRTBJRc[]RTMDMD_potI

��CDSnITCDBJEHW0K4MDMD_�[ GJEHB0dnYJSnEP[ WtMJRTl�M\K4gc_sW0KHRTUVIedXWVRTSDUVEHB2q ���nMDS � CJRTl F (x)S2ajKHIcILK
P

n
2 (En

2 )
{�8�K4SDCJ[iEPOHB\K4gLEP[sk]EHGDBJRZY\RZa\RTMJErEHUVEPOHB\K4v+RTMDCJR

F : E
n
2 →

E
n
2

{�|}UVE�EHUVEPOHB\K4v+RTMDCJR&[]ELv&MJE�CDMDUVRTBDGDBJRTUPCDBJEHW0K4UPx'UHK4SDv+R+S2K4Sr���nMDS � CJE4q
M\KbaJxPMD�nzfgbK4WPCJITCJ[]EPITUPx�W&MJRTSnEHUVEHBJEHl�OVK4gLR#YjK4MDMD_po~{

/?KHIcIc[]EHUPBDCJ[�gbKbYjKchD��WP_sWVEcYjK�OVK4gc_fYjK4MDMD_po~{=|}UHK�gbKbYjKch\K�gbK4S2aJz�h\KHRTUHq
Ied�WtGJEPITUPBJEPRTMDCDC�[?MJELv+RcITUPW0K

{x0, F (x0), F (F (x0)), · · · }
GJErMJRTSnEHUVEHBD_�[

M\Kch\KbaJxPMD_�[XYjK4MDMD_�[
x0
C�gbKbYjK4MDMJEHl����nMDS � CJEHM\KbaJxPMJEHl�gbK4WPCJITCJ[]EPITUPC F {� EPOH��Rc[NWPC2Y\RPk=GJEPITSnE4aJxPSD�

E
n
2

SnEHMJRThDMJEDk?[?MJELv+RcITUPWVE�WP_s^eaJdnYJCDU�UHK4S=�
{x0, F (x0), F (F (x0)), · · · , F (· · · (F (x0)) · · · )

︸ ︷︷ ︸

k 9;:=<?>
= xk, F (· · · (F (xk)) · · · )

︸ ︷︷ ︸

p 9;:=<?>
=

xk}
{n��Kba\RcRuOH�bY\Rc[�EPOPEHgcM\Kch\K4UPx

F (· · · (F (x0)) · · · )
︸ ︷︷ ︸

k 9;:=<?>

S2K4S
F

(k)
(x0)
{

@#CJIZa\E
(p−k)

M\K4gLEHWVRc[mGJRTBDCJEcY\EP[�OVK4gc_:YjK4MDMD_po~{�@#CJIZa\E
k
EPITUHKbaJxPMD_po

�Ta\Rc[]RTMDUVEHW�M\K4gc_sW0KHRTUVIed�GDBJRZYJGJRTBDCJEcY\EP[s{
|}UP��gbKbYjKchD��[]ELv&MJE�UHK4SDv+R#GDBJEHCDMDUVRTBDGDBJRTUPCDBJEHW0K4UPx�IZa\RZYJ�nz��+CJ[�EPOHB\Kbq

gLEP[s{
/?KHIcIc[]EHUPBDCJ[�ITUPBD�nSDUP�nBDMD_sl�K4WPUVEP[�K4U&I

n
WHo0EcYjKH[?C'C

n
WP_po0EcYjKH[?C=kD^eY\R

n
� MJRTSnEHUVEHBJEPR�M\K4UP�nB\KbaJxPMJEPR�hDCJIZa\EBA BDCJIP{�C�DZ{=|}UVEHU�K4WPUVEP[�K4U'IcEPITUVEHCDUwCDg
M\KHOPEHB\K����nMDS � CJEHM\KbaJxPMD_por�Ta\Rc[]RTMDUVEHWJk�BJRLKbaJCDgc�nz���RT^LEwWVRTSDUVEHB2q ���nMDS � CDz
F
knC'ITCJITUVRc[?_FgbKbY\RTB0v+RTS={\�:M\Kch\KbaJxPMD_sl�[]EP[]RTMDU&WPBJRc[]RTMDC�K4WPUVEP[�K4U&M\Kbo0E4q
YJCDUVIedmWrIcEPITUVELd2MDCDC

x0
C�BJRLKbaJCDgc�VRTUrCDUVRTB\K4UPCDWPMD_slXGDBJE � RcIcI�GJEPITUPBJEPRTMDCDd

[?MJELv+RcITUPW0K�OH�ba\RTWVITSDC2o'WVRTSDUVEHBJEHW&YDaJCDMD_
n
{

��BD�n^cCJ[?C�IZa\EHW0KH[?C=kJgbKbYjK4M�CDMDC � C\KbaJxPMD_sl�SnEHMJRThDMD_sltK4WPUVEP[�K4U

(∅,En
2 ,E

n
2 , φ(q(t), x(t)), ψ(q(t), x(t)), q0 = q(0)).
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F (x)

? ? ? ?

x1 x2 x3 · · ·
xn

� KbY\RTB0v&S2K

· · ·

? ? ? ?

s
� � � � � �

s
� � � �

s
� �

s

x1 x2 x3
· · ·

xn

/]CJIP{;CP{���WPUVEHMJEP[?MD_slrK4WPUVEP[�K4U4kJBJRLKbaJCDgc�nz��+CDl�WVRTSDUVEHB2q ���nMDS � CDz F (x).

|}UVEHU�K4WPUVEP[�K4U�CJ[]RcRTU�S2K4MJEHMDCDhJRcITSnEPR+�nB\K4WPMJRTMDCJR







q(0) = x0,

q(t+ 1) = F (q(t)),
x(t) = q(t).

��ajKHIcI�UHK4SDC2o�K4WPUVEP[�K4UVEHW+EHGDCJIT_sW0KHRTU+WVIcR�[?MJELv+RcITUPW0K2knSnEHUVEHBD_�R�[]ELv&MJE
GJE4aJ�nhDCDUPx�GDBDC�GJEP[]EH�+C'CDUVRTB\K � CJEHMDMJEHl�GDBJE � RZYJ�nBD_8GDBDCJ[]RTMJRTMDCDd�WVRTSDUVEHB2q
���nMDS � CDC�S�BJRTgc�baJxbUHK4UP��RcRpY\RTlJITUPWPCDd~k0M\KchDCDM\K4d�IsaJz#OPEH^LE�OH�ba\RTWVITSnEH^LE�WVRTS2q
UVEHB\K+YDaJCDMD_

n
{

A#�VITUPx�[?MJELv+RcITUPWVEmCJ[]RcRTUmWPC2Y��! 
(F , n, x0) = {x0, F (x0), F

(2)
(x0),

. . . , F
(p)

(x0) = x0}
{

� hJRTWPC2YJMJEDk\UHK4SnEPR+[?MJELv+RcITUPWVEwEcYJMJEHgcM\KchDMJEwIuUVEHhDMJEPITUPxPz Y\E � CDS2aJCDhJRZq
ITSnEHl�GJRTBJRcITUHK4MJEHWPSDC�ITUPBJEHCDUVIed�GJEuWVRTSDUVEHB2q ���nMDS � CDC F C&aJz#OPEP[?�&WVRTSDUVEHBD�VkIcEcY\RTB0v�K4��Rc[?�VIed�WtMJRc[s{#"+EHBJ[�KbaJxPMJEt�cUVEt[]ELv&MJErGJE4aJ�nhDCDUPxJk]RcIZaJCXGJE4a\E4q
v&CDUPx�GJRTBDCJEcY�OVK4gc_FYjK4MDMD_po

p = min{t > 0|F
(t)

(x0) = x0}
{
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��IZaJC
xα ∈

�! 
(F , n, xβ)

kLUVE�IT�n��RcITUPWP�VRTU�UHK4SnEPR}M\K4UP�nB\KbaJxPMJEPR}hDCJIZa\E
k
k

hDUVE
xα = F

(k)
(xβ)
k0C�WVIcR�^eaJ�2OHCDMD_FIT�nGJRTBDGJEHgcC � CDl�OPRTBD�nUVIed�GJE+[]EcYJ�baJz p {��IZaJC�v+R�gbKbYjK4MJE�[?MJELv+RcITUPWVE�B\K4gTaJCDhDMD_po�WVRTSDUVEHBJEHWJknUVEuUVRc[�ILKH[?_�[�gbKbYjK4M

S2ajKHIcI�WVRTSDUVEHB2q ���nMDS � CDl={
��_pajK GJEPITUHK4WHa\RTM\K`gbKbYjKch\K`E � RTMDCDUPx`GJRTBDCJEcY OVK4gc_ YjK4MDMD_po p =

|
�! 

(F , n, x0) |M
GDBDCrMJRTSnEHUVEHBJEP[�M\Kch\KbaJxPMJEP[�WVRTSDUVEHBJR

x0
kjRcIZaJCrCDgcWVRcITUHq

MJEDkjhDUVEwWVRTSDUVEHB2q ���nMDS � CDd F GDBDCDM\KbYDa\RTv&CDU�MJRTSnEHUVEHBJEP[?�rS2ajKHIcIT��WVRTSDUVEHB2q���nMDS � CDl M kJK+B\K4gL[]RTBDMJEPITUPx�GDBJEPITUPB\K4MJITUPW0K�� n {��ITUHK4UPxVR-1 � 3 OH_paJCwCJIcIZa\RZY\EHW0K4MD_8GJRTBDCJEcYJ_�YDaJdwWVRTSDUVEHB2q ���nMDS � CDl�IZa\RZq
YJ�nz��+C2o�S2ajKHIcIcEHW�M\KbY

P2
�

C�D
Tc = {F |F ( c ) = c}

� S2ajKHIcI�WVRTSDUVEHB2q ���nMDS � CDl=k�IcEco2B\K4MDd2z��+C2o
SnEHMJITUHK4MDUP�

c
{

6 D
S = {F |fi ∈ S, 1 6 i 6 n}

�����J�
	�	�	 ��
��4�
������	����
�T�J�J�����
�����������
�! ����"�#��\{

� D
M = {F |fi ∈ M, 1 6 i 6 n}

�$���J�
	�	%
��4�������4�J�J���&�
�����������
�! ����"�#��\{

0�IcIZa\RZYJ�VRc[:�cUP�'v+R�gbKbYjKchD�'YDaJd
L = {F |fi ∈ L, 1 6 i 6 n}

�'���J�
	�	 �
��#J�(���J�J���%�
����������� �! ����"�#��\{

� KbYjKch\KXE � RTMDSDCFGJRTBDCJEcYjK�YDaJd�aJCDMJRTlDMJEHlNBJRTSD�nBDBJRTMDUPMJEHlNGJEPIZa\RZY\EHW0Kbq
UVRZaJxPMJEPITUPCtOH_pajK�B\KHIcIc[]EHUPBJRTM\K�WVE�[?MJEH^cC2o�B\KHOPEHUHKbo A Ic[s{ k\M\K4GDBDCJ[]RTB=k�1 ) 3 DZ{
8�KH[XOH_paJC�E � RTMDSDC�WPC2YjK qk C qk − 1

k2hDUVE&IcEHWPG\KbYjKHRTU�I�E � RTMDS2KH[?C�M\KHITUVELdnq
��RTl�ITUHK4UPxPC�GDBDC

q = 2
C
k = n
{

|}UVEHU���K4SDUud2WHaJdDRTUVIed�IZa\RZY\ITUPWPCJRc[	UVEH^LEDkVhDUVE�W��cUPC2o&B\KHOPEHUHKbo�B\KHIcIc[�K4UHq
BDCDW0K4z�UVIed�SnEHMJRThDMD_�R#GJE4aJd~{ � YJM\K4SnEDk2W�IZaJ�nh\KHR�S2ajKHIcILKuaJCDMJRTlDMD_powWVRTSDUVEHB2q
���nMDS � CDl'K4WPUVEHBD��MJR��bYjKba\EPITx&EPOHM\K4BD�nv&CDUPx&GDBJE � RZYJ�nBD�Vk2SnEHUVEHB\K4d�YDaJd�aJz�q
OPEH^LE�M\K4UP�nB\KbaJxPMJEH^LEwhDCJIZajK

n
YjKHRTU'ITGJEPIcEPO�GJEPITUPBJEPRTMDCDd�aJCDMJRTlDMJEHlrBJRTSD�nB2q

BJRTMDUPMJEHl�GJEPIZa\RZY\EHW0K4UVRZaJxPMJEPITUPCXGJEHB0dnYJS2K
n
k~M\K'SnEHUVEHBJEHl�WVRTBVo2MDd2dmE � RTMDS2K

Y\EPITUPCDv&CJ[�K2{
�uaJd�aJCDMJRTlDMD_po�WVRTSDUVEHB2q ���nMDS � CDl�GJE4aJ�nhJRTMD_�IZa\RZYJ�nz��+CJR�BJRTgc�baJxbUHK4UP_u�

*,+.-(/0+214365(798  	���:�	  �; ��	����  ���<
��
�=��#�"J�
C > ���
�V��?%@2���9A
��#B��CED��F
�
���������G�

x 6= 0
�4�!A��F�J�(�T���

Cx 6= 0 H!I D��L�4�J�
@2#2
 F q(x) = Cx⊕ q H 8  	���:���2?��(�������������
JK�L�
���������n�
q
�4�!A��F�J�(�T���M�n���
�T��	������

|
�! 

(F 0, n, q) |= p HNO�
J �4�
|
�! 

(F q, n, 0) |> p H
|}UHK�UVRcEHBJRc[�K�GJEHgcWVE4aJdDRTU�YDaJd

p 6 2n − 1
GJE4aJ�nh\K4UPxwhJRTUPMD_�R+GJRTBDCJEcYJ_
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|
�! 

(F q, n, 0) |= 2p
kJRcIZaJC p−1∑

j=0
Cjq 6= 0

{
��E�S2K4SnEHl�[�K4SnITCJ[�KbaJxPMD_slwGJRTBDCJEcYw[]ELv&MJEuGJE4aJ�nhDCDUPx����uK#�cUVEHU�WVEHGDBJEPI

h\KHITUPCDhDMJE�YjKHRTU�EHUPWVRTU

*,+.-(/0+2143��G7�� H	� 	 ��# n > 3 > ��� ���2? ��CED���� �
����������� �! ����"�#�#
|
�! 

(F q, n, 0) |< 2n H
 H�� 	 ��# n < 3 > ��� 	  �; ��	����  ��� �
����������� �! ����"�#2?
F q > ���2? �������������

|
�! 

(F q, n, 0) |= 2n H
A#BDC

n > 3
M\K4y&K�gbKbYjKch\K��cSDWPCDW0Kba\RTMDUPM\KwgbKbYjKchJR�E�M\Kbo0ELv�Y\RTMDCDCm[�K4S2q

ITCJ[�KbaJxPMJEH^LE�GJRTBDCJEcYjK�M\Kw[?MJELv+RcITUPWVR�WVRTSDUVEHB2q ���nMDS � CDl F 0(x) = Cx
k~IcE4q

o2B\K4MDd2z��+C2owMD�ba\RTWVEHl�WVRTSDUVEHB={
� ILKH[]EP[ Y\RZa\RPk�GD�VITUPx�YDaJd�MJRTSnEHUVEHBJEH^LEXM\K4UP�nB\KbaJxPMJEH^LE�hDCJIZajK

n
[?_

M\K4y�aJC	WVRTSDUVEHB2q ���nMDS � CDz F q
k�UHK4SD�nz hDUVE

|
�! 

(F q, n, x) |= 2n − 1
GDBDC

aJz#OPEP[
x 6= xq

{
�#ITMJEDkVhDUVE

F q(xq) = xq

{ 0#M\KchJR�IT�n��RcITUPWP�VRTU+WVRTSDUVEHB=knEHULaJCDhDMD_sl'EHU
xq

k
SnEHUVEHBD_slmIcEco2B\K4MDdDRTU'WVRTSDUVEHB2q ���nMDS � CDd F q

� GDBJEHUPCDWVEHBJRThDCJR�I+�VIZa\EHWPCJRc[s{
� M\KchDCDU4k

q = xq ⊕ Cxq

{
F 0(x) � Cx � F q(x) ⊕ q � F q(x) ⊕ xq ⊕ Cxq

� F q(x ⊕ xq) ⊕ xq

{
F

(i)

0
(x) � F q(F

(i−1)
q (x ⊕ xq)) ⊕ xq ⊕ xq) ⊕ xq � F

(i)
q (x ⊕ xq) ⊕ xq

{
A�EH�cUVEP[?�

|
�! 

(F 0, n, x ⊕ xq) | � | �! (C, n, y) | � 2n − 1
YDaJdraJz#OPEH^LE

x 6= xq

A
y 6= 0

DZ{
� OHB\K4UPMJEDkJGJEPITSnE4aJxPSD�

|
�! 

(C, n, y) | � 2n − 1
YDaJdwaJz#OPEH^LE

y 6= 0
k2UVE

M\K4l2YJ�nUVIed�UHK4SDCJR
z 6= 0

C
s > 0
k\hDUVE

z ⊕ Cz � t
C
Cs(t) � r.

A�E4a\ELv&CJ[
xr � Cs(z)

{ 8-EH^eYjK
F r(y) � Cy ⊕ r � Cy⊕ xr ⊕Cxr � C(y ⊕ xr) ⊕ xr.8�K4SDCJ[iEPOHB\K4gLEP[sk

F r(x) � F q(x ⊕ xq ⊕ xr) ⊕ xq ⊕ xr

{ � a\RZY\EHW0K4UVRZaJxPMJEDk
|
�! 

(F r, n, x) | � 2n − 1
YDaJdwaJz#OPEH^LE

x 6= xr.|}UVE+EHgcM\Kch\KHRTU4kDhDUVE+RcIZaJC'IT�n��RcITUPWP�VRTU�WVRTSDUVEHB2q ���nMDS � CDd F q

k0UHK4S2K4d�hDUVE
|
�! 

(F q, n, x) | � 2n − 1
GDBDCmaJz#OPEP[

x 6= xq

C�MJRTSnEHUVEHBJEP[
n
k-UVE'YDaJd

aJz#OPEH^LE
r
IT�n��RcITUPWP�VRTU

xr

k4UHK4SnEPR�hDUVE
|
�! 

(F r, n, x) | � 2n−1
GDBDC�aJz#OPEP[

x 6= xr

{
A�EPITSnE4aJxPSD��GDBDC

n > 3
[�K4SnITCJ[�KbaJxPMD_sl8GJRTBDCJEcY

|
�! 

(C, n, x) | �
2n MJR�Y\EPITUPCDv&CJ[skja\EH^cCDhDMJE�GDBJRZYJGJE4a\ELv&CDUPxJk=hDUVE�[]ELv+RTU�OH_sUPx�Y\EPITUPCD^cMD�nU
[�K4SnITCJ[�KbaJxPMD_sl'GJRTBDCJEcY

|
�! 

(C, n, x) | � 2n − 1
YDaJd�aJz#OPEH^LE

x 6= 0
{H�uaJd

WVIcRZo
n 6 11

�cUHK�^cCDGJEHUVRTgbK&GJEcYJUPWVRTBVYJC2ajKHITxJ{
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�pE4a\RcR�UVEH^LEDk0RcIZaJC��cUHK�^cCDGJEHUVRTgbKuWVRTBDM\K2k0UVEuEHM\K�WVRTBDM\K�C�YDaJd&aJCDMJRTlDMD_po
WVRTSDUVEHB2q ���nMDS � CDl=kDSnEHUVEHBD_�R�[]ELv&MJE&GDBJRZY\ITUHK4WPCDUPx�W&WPC2Y\R F (x) � Cx

k2^eY\R
[�K4UPBDC � K C CDguIZa\RZYJ�nz���RTl�UVRcEHBJRc[?_u{

*,+.-(/0+2143�� 798  	���:
A � 
��
�=��#�"J���n�b��
M� �n�

(n − 1) × (n − 1) > # A
��#
x′ 6= 0

�4�!A��F�J�(�T���,�n���
�T��	��������
|
�! 

(A,n−1, x′) | � 2n−1−1 H 8M��	��=����#2

��
�=��#�"  
C
�n�b��
M� �n�

n× n
	 �(�T�  C ; #2
 ��D��n�b���F
��

C =

(
A Ab

(Ab)T d

)

> J �
� d = (b
T
Ab⊕ 1)

#
b 6= 0 H

NO�
J �4����#��V�
����� �
���������
x
�(� �(��� #�� �9A
�G�T��A(� ��#��4�
�#�! 

(C, n, x) > �����	���: ��	�� �
���������n�BA
��#%A��F
�� ; #L
��
�=��#�"J�
C
A(� �G� �O�4��?�� ��	���D�? H

|}UP��UVRcEHBJRc[?�'[]ELv&MJE��VITC2aJCDUPxJ�

*,+.-(/0+2143
	 798  	���:
A � 
��
�=��#�"J�,�n�b��
M� �n� (n−1)×(n−1) > A �(� ��DF�J�
�

�4����� A
�G�T��A(� ��#��4���F
 > # C =

(
A Ab

(Ab)T d

)

H�� �
�=��#�"J� C �(�9��DF�J�H�4�����
A
�G�T��A(� ��#��4���F
 ���
J �4��# ���F��:��������
J �4� > ���
J �4� d = (b

T
Ab⊕ 1).

8-RTGJRTBDxJksO4ajK4^LEcYjK4B0dFUVRcEHBJRc[]R � kp[]ELv&MJEXgbKbYjK4UPx�BJRTSD�nBJITCDWPMD_slfKbaJ^LE4q
BDCDUV[�GJEPITUPBJEPRTMDCDdr[�K4UPBDC � kJYjK4z��+C2o�GJRTBDCJEcY �! (C, n, x) = 2n − 1

{2�uaJd
�cUVEH^LE&MJRcEPOco0EcYJCJ[]E�gbKbYjK4UPx�WVRTSDUVEHB

b
{

� ^cB\K4MDCDhJRTMDCJRuM\K��cUVEHU�WVRTSDUVEHB�M\K4S2ajKbYJ_sW0KHRTU


����(+./��
� +����0+ 5(798  	���:
C =

(
A Ab

(Ab)T d

)

> J �
� d = (b
T
Ab ⊕ 1)

#

|
�! 

(A,n, b) | � 2n−1 H � 	 ��# (b
T
)(A⊕E)−1Ab = 1 > ���#��#B�4��#J� �
���������

(
x1

y1

)

6= 0
�(�MA(� �G� �O�4��#�� ��	���D�? H

�u6�� � �!� "�� ��;*+-,�����9�� ��; � '�;�� 5 @ �

A#�VITUPx �! 
(C, n, q) � {q, Cq, C2q, · · · , Cp−1q}

k-^eY\R
q 6= 0
{�A#�VITUPx

L∑

j=0
Cjq = 0, L < 2p − 1.

8-EH^eYjK
CL+1q � C(CLq) � C(

L−1∑

j=0
Cjq) �



������� ��� ��	 ��
 	
��� ��� 	 ������� ������	 ��� ��� ��� ������� ��� 	 � 	 � �����

L∑

j=0
Cjq ⊕ q � q.

|}UVEtWP_sGJE4aJMJRTMJE�UVEH^eYjKtC:UVE4aJxPSnE	UVEH^eYjK2k}SnEH^eYjK
L
Y\RZq

aJCDUVIed'M\K
p
{ 8-E�RcITUPx L∑

j=0
Cjq 6= 0

YDaJd�aJz#OPEH^LE
L < 2p− 1

C
L 6= p
{

A#�VITUPx L1∑

j=0
Cjq �

L2∑

j=0
Cjq
k
L1 < L2 6 p − 1

{ 8-EH^eYjK

C |L1−L2|(
min(L1,L2)∑

j=0
Cjq) � 0

{ � a\RZY\EHW0K4UVRZaJxPMJEDk IT�n��RcITUPWP�VRTU
L =

min(L1, L2) < p − 1
k~UHK4SnEPR�hDUVE L∑

j=0
Cjq = 0

� GDBJEHUPCDWVEHBJRThDCJRP{ � M\KchDCDU4k

YDaJd�aJz#OH_po
L1 < L2 6 p− 1

L1∑

j=0
Cjq 6=

L2∑

j=0
Cjq.

/?KHIcIc[]EHUPBDCJ[��! 
(F q, n, 0) � {0, q, · · · ,

p−1∑

j=0
Cjq, · · · � { 0#guY\EHS2K4gbK4M2q

MJEH^LErWP_sy�R'IZa\RZYJ�VRTU4k�hDUVErWVIcR'�Ta\Rc[]RTMDUP_ �cUVEH^LE	[?MJELv+RcITUPW0KtB\K4gTaJCDhDMD_ C

|
�! 

(F q, n, 0) |= 2p
kJRcIZaJC p−1∑

j=0
Cjq 6= 0

C
|
�! 

(F q, n, 0) |= p
k2CDM\KchJRP{

8-RcEHBJRc[�K C#Y\EHS2K4gbK4M\K2{
�uaJdwY\EHS2K4gbK4UVRZaJxVITUPW0K�UVRcEHBJRc[?_ 6�M\KH[XGJEHM\KbY\EPOHCDUVIed�IZa\RZYJ�nz��&K4dwa\Rc[�q

[�K2{

�%+21 14365(7
|
�! 

(F q, n, 0) |= 2n ���
J �4� # ���F��:���� ���
J �4� > ���
J �4�

|
�! 

(C, n, q) |= p = 2n−1 # p−1∑

j=0
Cjq 6= 0.

 -�� 3��.3 � +��
	������(- 7 CP{HA#�VITUPx
|
�! 

(F q, n, 0) |= 2n {���IZaJC q GDBDCDM\KbYDa\RTv&CDUGDBJRZYJGJRTBDCJEcYJ�VkjUVE�IT�n��RcITUPWP�nz�U�UHK4SDCJR
x 6= y
kJhDUVE

Cx = Cy.
8-EH^eYjK

F q(x)
� F q(y)

� GDBJEHUPCDWVEHBJRThDCJRwI&�VIZa\EHWPCJRc[s{ � M\KchDCDU4k�IT�n��RcITUPWP�VRTU
p > 0
k=^eY\R

Cpq = q
{���E+UVEH^eYjK 2p−1∑

j=0
Cjq = 0.

� a\RZY\EHW0K4UVRZaJxPMJEDk
p = 2n−1,

C p−1∑

j=0
Cjq 6=

0,
UHK4S�S2K4S�CDM\KchJR

|
�! 

(F q, n, 0) |6= 2n {
62{DA#�VITUPx

|
�! 

(C, n, q) |= p = 2n−1 C p−1∑

j=0
Cjq 6= 0.



����� ��� �	��

�����������

A#�VITUPx L∑

j=0
Cjq = 0

k
L < 2p−1.

8-EH^eYjK
CL+1q � C(CLq) � C(

L−1∑

j=0
Cjq)

�
L∑

j=0
Cjq ⊕ q � q.

|}UVEXWP_sGJE4aJMJRTMJE�UVEH^eYjKXCFUVE4aJxPSnE�UVEH^eYjK2k�SnEH^eYjK
L

Y\RZaJCDUVIed'M\K
2n−1 { 8-E�RcITUPx L∑

j=0
Cjq 6= 0

YDaJdwaJz#OPEH^LE
L < 2p− 1

{
A#�VITUPx+IT�n��RcITUPWP�VRTU

x 6= 0
UHK4SnEHl=knhDUVE

Cx = 0.
8-EH^eYjKuGJE�EHGDBJRZY\RZa\RTMDCDz

z
C
z ⊕ x

MJR�GDBDCDM\KbYDa\RTv�K4UmEcYJMJEHWPBJRc[]RTMDMJE �! 
(C, n, q)

YDaJd	aJz#OPEH^LE
z
{

�pRTSDUVEHB\K
x
C

0
GJE&GJEPITUPBJEPRTMDCDz MJRuGDBDCDM\KbYDa\RTv�K4U �! 

(C, n, q)
{ � a\RZY\EHW0Kbq

UVRZaJxPMJEDk
|
�! 

(C, n, q |6 2n−1 − 1
� GDBJEHUPCDWVEHBJRThDCJR�I��VIZa\EHWPCJRc[s{ � M\KchDCDU4k

Cx 6= 0
YDaJd�aJz#OPEH^LE

x 6= 0
{

A#�VITUPx L1∑

j=0
Cjq �

L2∑

j=0
Cjq
k
L1 < L2 6 2p − 1.

8-E4q

^eYjK
C |L1−L2|(

min(L1,L2)∑

j=0
Cjq) � 0.

� a\RZY\EHW0K4UVRZaJxPMJEDk'IT�n��RcITUPWP�VRTU
L =

min(L1, L2) < 2p − 1
ksUHK4SnEPR	hDUVE L∑

j=0
Cjq = 0

� GDBJEHUPCDWVEHBJRThDCJRP{ 8�Kbq
SDCJ[NEPOHB\K4gLEP[sk=YDaJdtaJz#OPEH^LE

L1 < L2 6 2p − 1
WP_sGJE4aJMJRTMJE�MJRTB\K4WVRTMJITUPWVE

L1∑

j=0
Cjq 6=

L2∑

j=0
Cjq.

/?KHIcIc[]EHUPBDCJ[ �! 
(F q, n, 0) � {0, q, · · · ,

p−1∑

j=0
Cjq, · · · }.

A�E�Y\EHS2K4gbK4M2q
MJEP[?�VkPWVIcR��Ta\Rc[]RTMDUP_:�cUVEH^LE�[?MJELv+RcITUPW0KuB\K4gTaJCDhDMD_�C

|
�! 

(F q, n, 0) |= 2n {
�uRc[][�K�Y\EHS2K4gbK4M\K2{

� 6�� � �!� "�� ��;*+-,�����9�� ��; � '�;�� . �

CP{jA#�VITUPx
n > 2

C �! 
(F q, n, 0) � 2n.

A�E�a\Rc[][]R��! 
(C, n, q) = p =

2n−1 C t =
p−1∑

j=0
Cjq 6= 0

{

� hJRTWPC2YJMJEDk
Ct � C(

p−1∑

j=0
Cjq) �

p−1∑

j=1
Cjq ⊕Cpq �

p−1∑

j=0
Cjq � t

{ 8-EH^eYjK
YDaJd+aJz#OPEH^LE

x
CDg �! 

(C, n, q)
IT�n��RcITUPWP�VRTU

(x⊕ t)
CDg �! 

(C, n, q).
0#M\KchJRPk



������� ��� ��	 ��
 	
��� ��� 	 ������� ������	 ��� ��� ��� ������� ��� 	 � 	 � ��� C

|
�! 

(C, n, q⊕t) |= p
C��! 

(C, n, q) ∧
�! 

(C, n, q⊕t) � ∅.
��E�UVEH^eYjK

2p+
2 6 2n,

C2aJC
p 6 2n−1−1.

|}UVE�GDBJEHUPCDWVEHBJRThDCDU��VIZa\EHWPCDz
|
�! 

(F q, n, 0) |=
2n {

8�K4SDCJ[�EPOHB\K4gLEP[sk �! 
(C, n, q) � {xi, xi ⊕ t}, 1 6 i 6 2n−2.

p−1∑

j=0
Cjq �

2n−2

∑

j=1
t � 0 6= t

k?RcIZaJC
n > 2

C p−1∑

j=0
Cjq � t,

RcIZaJC
n = 2

{
� a\RZY\EHW0K4UVRZaJxPMJEDkjRcIZaJC

|
�! 

(F q, n, 0) | � 2n k2UVE n < 3.62{ � OHB\K4UPMJEDk
n = 1. |

�! 
(x⊕ 1, 1, 0) |=| {0, 1} |= 2;

n = 2. |
�! 

(

(
1 0
1 1

)

x⊕

(
1
0

)

, 2, 0) | � | {

(
0
0

)

,

(
1
0

)

,

(
0
1

)

,

(
1
1

)

}| � 4.
8-RcEHBJRc[�K$6+Y\EHS2K4gbK4M\K2{

��6�� � �!� "�� ��;*+-,�����9�� ��; � '�;�� � @ �

 -�� 3��.3 � +��
	������(- � +.-(/0+21�� � 7&A#�VITUPxNIT�n��RcITUPWP�nz�U�YJW0K�B\K4gTaJCDhDMD_po
WVRTSDUVEHB\K ( x1

y1

) C ( x2

y2

) kbSnEHUVEHBD_�RpGJRTBJRZo0EcYJd2UuW#EcYJCDM�C�UVEHU�v+RpWVRTSDUVEHB={
��IZaJC

xi � 0
k2UVE�EHhJRTWPC2YJMJED{

A�E4a\ELv&CJ[
Ab � q

k
xi � Ajib, i = 1, 2.

8-EH^eYjK
b
T
(Aj1 ⊕ y1E)q ⊕ y1 �

b
T
(Aj2 ⊕ y2E)q ⊕ y2

C
(Aj1 ⊕ y1E)q � (Aj2 ⊕ y2E)q.|}UVE�gcM\KchDCDU4k0hDUVE

(y1⊕y2)b
T
q = (y1⊕y2)b

T
q⊕1 ↔ y1 = y2.

��E�UVEH^eYjK
Aj1q = Aj2q ↔ j1 = j2 ↔ x1 = x2. 8-RcEHBJRc[�K � Y\EHS2K4gbK4M\K2{
 -�� 3��.3 � +��
	������(- � +.-(/0+21�� 	 7��rK4UPBDC � K M CJ[]RcRTU�GDBJRZYJGJRTBDCJEcY�UVEH^eYjK�CUVE4aJxPSnE#UVEH^eYjK2kHSnEH^eYjK#IT�n��RcITUPWP�VRTU�MJRTMD�ba\RTWVEHl�WVRTSDUVEHB=kHSnEHUVEHBD_sl�GJRTBJRZo0EcYJCDU
W&MJE4aJxJ{

CP{ A#�VITUPx
C
GJRTBDCJEcYJCDhJRcITS2K4d [�K4UPBDC � K2{ 8-EH^eYjK

C

(
b

1

)

=
{

0

d⊕ b
T
Ab

=

(
0
1

) { � UVITzpYjK
d = (b

T
Ab⊕ 1)

{

62{wA#�VITUPx
d = (b

T
Ab ⊕ 1)

kwC
C
EPO4ajKbYjKHRTU GDBJRZYJGJRTBDCJEcY\EP[s{ 8-E4q

^eYjK IT�n��RcITUPWP�VRTU�UHK4SnEHl�MJRTMD�ba\RTWVEHl WVRTSDUVEHB ( x

y

) k�hDUVE
C

(
x

y

)

=



��� 6 ��� �	��

�����������

{

A(x⊕ yb),

b
T
Ax⊕ y · d

=

{
0,
0

{
��IZaJC

y = 0
k�UVE:CDg�GJRTBDWVEH^LE��nB\K4WPMJRTMDCDdiITCJITUVRc[?_ IZa\RZYJ�VRTU4k�hDUVE�C

x � 0.
|}UVE&UHK4S=kDGJEHUVEP[?�whDUVE

A
MJRuEPO4ajKbYjKHRTU�GDBJRZYJGJRTBDCJEcY\EP[s{

��IZaJC
y = 1
k\UVE�CDg�GJRTBDWVEH^LE��nB\K4WPMJRTMDCDd�ITCJITUVRc[?_iIZa\RZYJ�VRTU4kjhDUVE

x � b
k

K+CDg�WPUVEHBJEH^LE��nB\K4WPMJRTMDCDd�ITCJITUVRc[?_fIZa\RZYJ�VRTU4kJhDUVE
d = b

T
Ab
{

8-RcEHBJRc[�K�Y\EHS2K4gbK4M\K2{

�u6�� � �!� "�� ��;*+-,�����9�� ) ��9�;�'�� <�;?>+@��

A#�VITUPx
C =

(
A Ab

(Ab)T d

)

:

(
x1

y1

)

→

(
x1

y1

) k C2aJC
{

Ax1 ⊕ y1 · Ab

b
T
Ax1 ⊕ y1 · d

{

�#[?MJELv&CJ[�GJRTBDWVEPR�B\K4WVRTMJITUPWVE�M\K
b
T
.{

xTAx1 ⊕ y1 · b
T
Ab

xTAx1 ⊕ y1 · b
T
Ab

=

(

b
T
· x1

0

)

. � a\RZY\EHW0K4UVRZaJxPMJEDk bT · x1 = 0
{

8-EH^eYjK
CP{jRcIZaJC

y1 = 0
kjUVE

∀t ∈
�! 

(A,n, b)
WP_sGJE4aJMJRTMJE

xT
1 · t � 0

C
Ax1 �

x1; 62{DRcIZaJC
y1 = 1

kDUVE
xT

1 · b = 0
C
x1 ⊕Ax1 = Ab.�+RTlJITUPWPCDUVRZaJxPMJEDk

CP{
{

Ax1

b
T
Ax1

=

{
x1

0
.

62{
{

Ax1 ⊕Ab

b
T
Ax1 ⊕ b

T
Ab

=

{
x1

0
.

��E
|
�! 

(A,n, b) | � 2n − 1.
A�EH�cUVEP[?� { xT

1 · b = 0,

x1 ⊕Ax1 = Ab
.

��UVEHBJEPR}�nB\K4WPMJRTMDCJR
x1⊕Ax1 = Ab

CJ[]RcRTU�RZYJCDMJITUPWVRTMDMJEPRpBJRTy�RTMDCJR
x1 =

(A⊕E)−1Ab
kcUHK4S�S2K4S

A⊕E � A2n

⊕E = (A⊕E)2
n

,
C2aJC

(A⊕E)2
n−1 = E.A�EcY\ITUHK4WHaJd2d

x1
W�GJRTBDWVEPRr�nB\K4WPMJRTMDCJRPkpGJE4aJ�nh\KHRc[

b
T
· x1 = b

T
(A ⊕

E)−1Ab = 0
kDhDUVE�GDBJEHUPCDWVEHBJRThDCDU��VIZa\EHWPCDz�{

��UPWVRTB0v�Y\RTMDCJRuY\EHS2K4gbK4MJED{
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�rgbK4S2aJz�hJRTMDCJRsK4WPUVEHB�o0EHUVRZa�OH_�WP_sB\K4gcCDUPx�CJITSDBJRTMDMDz�z:O4ajK4^LEcYjK4BDMJEPITUPx
ITWVEPRc[?��M\Kc�nhDMJEP[?��BD�nSnEHWVEcYJCDUVRZaJz S={ ��{ q [s{ M={ �+{ � { � UPBJEH^TKba\EHWP��gbK�K4SDUPCDWHq
MJEPR+�nh\KHITUPCJR+W'EPOPIT�nv�Y\RTMDCDCtB\KHOPEHUP_ukjS={ ��{ q [s{ M={~�#{ �+{ ��EPIcEHWP��gbK�GJEP[]EH�+x
WuGJEcY\OPEHBJR�aJCDUVRTB\K4UP�nBD_:C�SnEHMJITUPBD�nSDUPCDWPMD_�R�gbKH[]RTh\K4MDCDd~k0GDBJEP��{V�#{ �#{��#�bYDq
B0d2W � RTWP��gbK�MJRcEcYJMJEHSDB\K4UPMD_�R�CXGJE4a\RTgcMD_�R�EPOPIT�nv�Y\RTMDCDdXGJE4aJ�nhJRTMDMD_poXBJRZq
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