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g 9D;=<49?JhK-I6BP36JLK-BP3ZIiI>7\KZEZ<=V=<=;=BZKO]�:\K g 9[I�5874MTS)KZ96jTkT3ZlA:\KNIZ]m3?:4;43ZnQKO7)o>KOf
I6<=B-j&I6Wd]m3?:4;43ZnYKO7)o>K-I6<=Bp<
KO7)o>K-I6<=BF5?365DBP3q@C;=<=n
;49?E63-74G6HN<49�143Q36EZr&9?JXMPj
@CIZ74@=9DBP5A@�587)3 g ;=WeJsj6143Zt?BP36JXMN9?5DBP9?5DB6IP9D;=;=WeJ�36EZV)K-Rq36JFIP3ZR?;=<=kCKZ9DB�143ZB6V49?E-f
;4365DB6G�Ju3?:)9874<=V43ZImK-;=<=@i143ZIP98:)9D;=<=@�K-I6BP36JLK-BP3ZI�I�7\KZEZ<=V=<=;=BZKO]i1=V=<�1436Ju3ZvN<
kT36JX1=G6U�BP9DV)KCa=w�74@xt?BP3ZnQy49874<QV)K-R?V)KZE63ZBZK-;)K�1=V43Zl?V)KZJuJLK�z�I6B6{>KZEQ^ |Z`ba+}~BZK
1=V43Zl?V)KZJuJLKp143ZR?IP3-74@=9DB��OI6IP3?:4<=B6G=�
K-I6BP36JLK-B6W�jX143ZIP98:)9D;=<49�kT3ZBP3ZV=Wd]�V)KZ58f
5?JLK-B6V=<=ImKZ9DBP5A@/j=5�1436Ju3ZvNG6U�;49?E63-74G6H�3Zlq3NS=<4587\KN3Z149DV)K-BP3ZV43ZI4jTINk=V)K-B6kT3Zn�<
kT36JX1)K-k=B6;43Znho�3ZV4Ju96a&�XKZE63ZBZK-@
IFK-I6BP3Z;436JX;436J�V49 g <4Ju96j�1=V43Zl?V)KZJuJLKx143ZRDf
IP3-74@=9DBFMP5DBZK-;43ZI6<=B6G�kT3ZV=V49Dk=B6;4365DB6G�BZK-kT3Zlq3�3Z1=<45qK-;=<=@hK-I6BP36JLK-BZKCjuBP3p9?5DB6G
5DMTv�9?5DB6IP3ZImK-;=<49>5?363ZB6IP9DBP5DB6I6MTU�v�9Dlq3�K-I6BP36JLK-BZK�5[:\K-;=;43ZnQROK-1=<45DG6U�j\KiBZK-kCf
g 9�143ZR?IP3-74@=9DB�MP5DB6V)K-;=<=B6G�;49DkT3ZV=V49Dk=B6;4365DB6G�3Z1=<45qK-;=<=@���IF5?363ZB6IP9DBP5DB6I6MTU�f
v�9?J�:4<)KO7)3Zlq9�5�143-74G6Rq3ZImK-BP987)9?J~�8a=�[V43Zl?V)KZJuJX;=Wsn�kT3?:�jTkT3ZBP3ZV=Wsn�1=V=<�t?BP36J
143ZV43 g :\KZ9DBP5A@/jCJu3?:)9874<=V=MP9DBN143ZIP98:)9D;=<49s:\K-;=;43Zlq3�K-I6BP36JLK-BZK�I�74U[E636J�7\KZEZ<Cf
V=<=;=BP96j\1=V498:)365DBZK-IZ7)9D;=;436J�1=V43Zl?V)KZJuJu96a\w�74@Q1=V43Z<=R?IP3-74G6;43�ROKO:\K-;=;43Zlq3�7\KOf
EZ<=V=<=;=BZKp36E69?5D149DS=<=ImKZ9DBP5A@�I6<=R?MmKO74G6;4369�;)KZE-74Ud:)9D;=<49�ROKx143ZIP98:)9D;=<49?J�:\K-;Cf
;43Zlq3[K-I6BP36JLK-BZK[I�;49?JsaZ�[V=<�t?BP36JpI�<=;=BP9DV)K-k=B6<=I6;436J�V49 g <4Ju9~:)3Z1=MP5DkCK-U�BP5A@
<=RqJu9D;49D;=<=@�7\KZEZ<=V=<=;=BP3ZI4jmBZK-k�S=BP3�1=V43Zl?V)KZJuJLK>Ju3 g 9DBiEZWsB6G><45D143-74G6Rq3ZImK-;)K
I�kCK?S49?5DB6IP9QMO:)36EZ;43Zlq3��OIP5D1436Ju3ZlDK-BP9874G6;43Zlq3�<=;45DB6V=MCJu9D;=BZKT��:=74@hV49DH�9D;=<=@
1=V436E-7)9?Jsj/5DI6@CROK-;=;=Wd]�5N143ZIP98:)9D;=<49?J�K-I6BP36JLK-BP3ZIxI�7\KZEZ<=V=<=;=BZKO]/a���K-k&j+;)KOf
1=V=<4Ju9DV&jXz�I6B6{>KZEFJu3 g 9DB�EZWsB6G�3ZS49D;=GF143-7)9DRq9D;hIF1=V43Zy49?5?5?9�143Z<45DkCKpMT;=<Cf
IP9DV45qKO74G6;=Wd]�K-I6BP36JLK-BP3ZIp:=74@�ROKO:\K-;=;43Zlq3QkC7\KZ5?5qKx7\KZEZ<=V=<=;=BP3ZI4aX0�5874MTS)KZ96j
kT3ZlA:\K>BZK-k=<49�K-I6BP36JLK-B6W�;49�5DMTv�9?5DB6I6MTU�B-jC3Z;)K>36E69?5D149DS=<=ImKZ9DBiIP3ZRqJu3 g ;4365DB6G
1=MTBP9?J�t?kT5D149DV=<4Ju9D;=B6<=V43ZImK-;=<=@214365DB6V43Z<=B6G�7\KZEZ<=V=<=;=BZf�7)3ZI6MTHNk=Mh:=74@YV)KZ58f
5?JLK-B6V=<=ImKZ9?Ju3Zlq3xK-I6BP36JLK-BZK�<=RNROKO:\K-;=;43Zlq3�kC7\KZ5?5qK�7\KZEZ<=V=<=;=BP3ZI4a+0�;)KZ5DBP3q@Tf



� _ ��� �����	��

�����

v�9DnpV)KZE63ZBP9�V)KZ5?5?JLK-B6V=<=ImKZ9DBP5A@�ImK g ;=Wsn�KZ5D149Dk=BxJu3?:)9874<=V43ZImK-;=<=@�143ZIP98:)98f
;=<=@�K-I6BP36JLK-BP3ZIxI�7\KZEZ<=V=<=;=BZKO]/j�K�<4Ju9D;=;43=j/5D<45DBP9?JLK�ROK-1=<45D<
K-I6BP36JLK-BP3ZIxI
1=V43Zl?V)KZJuJu9>z�I6B6{>KZE=a

�������������������! ����#"%$'&#"(&)��*���+,��-/.��0�1&#"
�[MP5DB6G

z1, z2 = {z ∈ Z | z1 6 z 6 z2}
:=74@�74U[EZWd]

z1, z2 ∈ Z
j
z1 6 z2

a
w�74@�74U[E63Zlq3�JX;43 g 9?5DB6ImK X 36E63ZR?;)K?S=<4J
9Dlq3�EZMO7)9qK-;�S49DV49DR

B(X)
jTK[BZK-k g 9

143-7)3 g <4JsjXS=BP3
B

6n(X) = {Y ⊆ X | |Y | 6 n}
:=74@�74U[E63Zlq3

n ∈ N0 =
N∪{0}

aZ�[MP5DB6G
X1
<
X2 2 1=V43Z<=R?IP3-74G6;=We9eJX;43 g 9?5DB6ImKCa43�E63ZR?;)K?S=<4Jsj6S49DV49DR5,6

i

j
i ∈ 1, 2

j\3ZBP36EZV)K g 9D;=<49i1=V4369Dk=B6<=V43ZImK-;=<=@�1=V43Z<=R?IP98:)9D;=<=@ X1 ×X2
;)K

Xi
1=V)K-I6<C7)36J 5,6

i(x1, x2) = xi
:=74@�74U[E63Znx1)K-V=W

(x1, x2) ∈ X1 ×X2
a

�[MP5DB6G
G 2 3ZV=l?V)KZo�<

p = (u, v) 2 ;49DkT3ZBP3ZV)K-@p9Dlq3i:4MTlDKCa87Q;43 g 9?5DB6IP3IP9DV=HN<=;�3ZV=l?V)KZo>K
G
36E63ZR?;)K?S=<4J�S49DV49DR

V G
jPK�JX;43 g 9?5DB6IP3N9Dlq3�:4MTl 2 S49DV49DR

EG
a40d9DV=HN<=;=W

u
<
v
36E63ZR?;)K?S=<4J 5?363ZB6IP9DBP5DB6IP9D;=;43�S49DV49DR

v1(p)
<
v2(p)

a
�[MP5DB6G

D = {w, n, e, s}
a/��3-7)3 g <4Jsj+S=BP3 e−1 = w

j
s−1 = n

j
w−1 = e

j
n−1 = s

a�9L5874<
v = (a, b) ∈ R

2 2 1=V43Z<=R?IP3-74G6;)K-@�BP3ZS=kCKQ1C7)365DkT365DB6<&j�BP3
S49DV49DR

vw
j
vn
j
ve
<
vs
36E63ZR?;)K?S=<4JYBP3ZS=k=<

(a− 1, b)
j
(a, b+ 1)

j
(a+ 1, b)

<
(a, b− 1)

j45?363ZB6IP9DBP5DB6IP9D;=;43=a
:><=kT5D<=V=MP9?J�;49DkT3ZBP3ZV4369

r ∈ N
a�;~I6@CR?;=Wsn�kT3Z;49DS=;=Wsn�3ZV=l?V)KZo

G
E69DR

k=V)K-B6;=Wd]
:4MTl�<�149DBP9874G4juM�kT3ZBP3ZV43Zlq3�74U[E63Zn�:4MTlq9
p
5?3Z14365DBZK-IZ7)9D;)K�1)K-V)K

(|p|, < p >) ∈ D×0, r
;)K-R?WsImKZ9DBP5A@F�=<?>?@8<?ACB�<EDF<?@8@8GIHi�

r JLK8M�N G�DFG8@8B�<OH�^ P-`bj9?5874<RQ
S ��:=74@�74U[EZWd]

p1, p2 ∈ EG
j&BZK-k=<C]/j&S=BP3

p1 6= p2
<
v1(p1) = v1(p2)

j
I6Ws143-74;49D;43=j4S=BP3

|p1| 6= |p2| T_P�
V G ⊆ Z

2 < p = (v1(p), v1(p)|p|)
:=74@�74U[E63Zn�:4MTl?<

p ∈ EG
a

PP��IN3ZV=l?V)KZo�9
G
I6Wd:)987)9D;=W�IP9DV=HN<=;=W

v′
<
v′′
j
v′ 6= v′′ T 149DV=I6MTU2<=R�;=<C];)K-Rq3ZIP9?J�@ M�UIMVK8W @8<?XXj=I6BP3ZV=MTU 2ZY M�[?K8\�U G8B^] K8W @8<?XFIP9DV=HN<=;43Zn T|T� 9?5874<

p = (v, u) ∈ EG
j=BP3

p = (u, v) ∈ EG
<
|p| = |p|−1 a;~<4JXIP3-74W

|p|
<
< p >

;)K-R?WsImKZ9?J_@ M�` D MbaCK ]c@8Gd]eH <f<?BgHg]cB [ <?X�V49?EZV)K p j5?363ZB6IP9DBP5DB6IP9D;=;43=a89L5874<�3ZV=l?V)KZo
G
k=V436Ju9�I6WsH�9�:\K-;=;=Wd]�MP587)3ZI6<=n�MO:)3ZIZ7)98f

B6IP3ZVm@=9DB�9Dv�9e<�MP587)3ZI6<=U�jmS=BP3
< p >=< p >

:=74@i74U[E63Zn�:4MTl?<
p ∈ EG

jPBP3
;)K-R?WsImKZ9?JY9Dlq3h> a?i�j ACB�<EDF<?@8@8GIH r JLK8M�N G�DFG8@8B�<OH�a�[MP5DB6G

G 2 r
f�7\KZEZ<=V=<=;=B-a~0 IP98:)9?J�36E63ZR?;)K?S49D;=<=@kQ

[v] = [v]G = { p ∈
EG| v1(p) = v}

<
δ(v,G) = {(|p|, < p >) | p ∈ [v]G}

a
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��3?: <=;=<=y=<)KO74G6;=WeJ kT3Z;49DS=;=WeJ#K-I6BP36JLK-BP36J 143Z;=<4JLKZ9?J ;)KZE63ZV
V =

(A,Q,B, ϕ, ψ, q0)
j+lA:)9

A
j
Q
<
B 2 kT3Z;49DS=;=We9�JX;43 g 9?5DB6ImKCj�kT3ZBP3ZV=We9�5?3-f

3ZB6IP9DBP5DB6IP9D;=;43h;)K-R?WsImKZ9?J�IZ]m3?:4;=WeJ KO7)o>K-I6<=BP36JsjsKO7)o>K-I6<=BP36J 5?365DBP3q@C;=<=n
< I6Wd]m3?:4;=WeJ KO7)o>K-I6<=BP36J T ϕ : Q × A → Q 2 o�MT;=k=y=<=@�149DV498]m3?:)3ZI T
ψ : Q× A → B 2 o�MT;=k=y=<=@�I6Wd]m3?:)3ZI4j

q0 2 ;)K?S)KO74G6;4369N5?365DBP3q@C;=<49iK-I6BP3-f
JLK-BZKCa

�[;=<=y=<)KO74G6;=WsnQkT3Z;49DS=;=WsnFK-I6BP36JLK-B
V = (A,Q,B, ϕ, ψ, q0)

;)K-R?WsImKZ9DBZf
5A@
r J Mba B�<OH M B�<OH�j=9?5874<xMO:)3ZIZ7)9DB6IP3ZVm@=9DB�587)98:4MTU�vN<4JhMP587)3ZI6<=@=J�QS �

A = B
64(D × 0, r)\{∅}

<
B = D × 1, r T_P�

| 5,6 1(a)| = |a|
:=74@�74U[E63Zlq3

a ∈ A TPP� 5,6
1(ψ(q, a)) ∈ ��� 1(a)

:=74@�74U[EZWd]
q ∈ Q

<
a ∈ A

a
��9DV49DR

Mr
36E63ZR?;)K?S=<4JFJX;43 g 9?5DB6IP3�IP5?98] r f K-I6BP36JLK-BP3ZI4j6KeS49DV49DR Mr,p 2 JX;43-fg 9?5DB6IP3iIP5?98]QK-I6BP36JLK-BP3ZI�<=R Mr

jCM�kT3ZBP3ZV=Wd]
p
5?365DBP3q@C;=<=n&a

�g< a ]c>�]c@8Gd]eH r
f K-I6BP36JLK-BZK

A = (A,Q,B, ϕ, ψ, q0) ∈Mr
I
r
f�7\KZEZ<=V=<=;=BP9

G
;)K-R?WsImKZ9?J 1436587)98:)3ZImK-BP9874G6;4365DB6G

(v0, q0, G0), (v1, q1, G1), . . .
j�BZK-k=MTU�j

S=BP3
v0 2 ;)K?S)KO74G6;)K-@xIP9DV=HN<=;)K

G T G0 = G T vi+1 = vi
5,6

1(ψ(qi, δ(vi, Gi)))<
qi+1 = ϕ(qi, δ(vi, Gi)) T Gi+1

@CIZ74@=9DBP5A@
r
f�7\KZEZ<=V=<=;=BP36Jsj/kT3ZBP3ZV=Wsn�143-74Mmf

S)KZ9DBP5A@F<=R>7\KZEZ<=V=<=;=BZK
Gi
ROKZJu9D;43Zn�3ZBPJu9DB6k=<F:4MTl?<&j\kT3ZBP3ZV)K-@�<C:)9DB�<=R

vi
I

vi+1
jq;)K 5,6

2(ψ(qi, δ(vi, Gi)))
a-��36587)98:)3ZImK-BP9874G6;4365DB6G�IP9DV=HN<=;

v0, v1, . . .
;)KOf

Rq3ZIP9?J
V J B D M ] [ B�<EDFGd]cXXjm1436587)98:)3ZImK-BP9874G6;4365DB6G�5?365DBP3q@C;=<=n q0, q1, . . . 2 Q JB D M ] [ B�<EDFGd]cXXjq1436587)98:)3ZImK-BP9874G6;4365DB6G r f�7\KZEZ<=V=<=;=BP3ZI G0, G1, . . . 2 G J B D M�J] [ B�<EDFGd]cXXjZK�1436587)98:)3ZImK-BP9874G6;4365DB6GN1)K-V (v0, q0), (v1, q1), . . . 2 V G J B D M ] [
JB�<EDFGd]cX
r
f K-I6BP36JLK-BZK

A
a�9L5874<

V
f B6V)KZ9Dk=BP3ZV=<=@

r
f K-I6BP36JLK-BZK

A
5?3?:)9DV g <=B�IP5?9

IP9DV=HN<=;=W�JX;43 g 9?5DB6ImK V G j)BP3�lq3ZIP3ZV=<4Jsj+S=BP3 A
< NVj <?>?G8B 7\KZEZ<=V=<=;=B

G
j\I

1=V43ZB6<=I6;436J 5874MTS)KZ9
G
@CIZ74@=9DBP5A@ K < a?i
��[ <?XQ:=74@ A

a

�%���� 1&��,-��1&��
r  
-���$ �"! -�$ �����  ��"! �"#%$"& �� ��('�-�$ �

 
'����  )'��"*+'�-"!,! �.-���$0/ -�*

0 ;=MTB6V49D;=;49?9�1=V498:)5DBZK-IZ7)9D;=<49
r
f K-I6BP36JLK-BP3ZI�Ii1=V43Zl?V)KZJuJu9>z�I6B6{>KZE�365DMmf

v�9?5DB6IZ74@=9DBP5A@�I>I6<C:)9�5?363ZB6IP9DBP5DB6I6MTU�vN<C]�JLKZ5?5D<=IP3ZI4aC��K-kT369�1=V498:)5DBZK-IZ7)9D;=<49
3ZB6IP9DS)KZ9DB�5DBZK-;C:\K-V=B6;436JXM�1=V498:)5DBZK-IZ7)9D;=<=U K-I6BP36JLK-BP3ZI�5�1436Ju3ZvNG6U 1=Vm@=Ju3-f
MTlq3-74G6;=Wd]�BZKZE-74<=yp5[:4I6MCJX@�IZ]m3?:\KZJX<&a
�[MP5DB6G

V = (A,Q,B, ϕ, ψ, q0)
K-I6BP36JLK-B�<=R

Mr
aX�[V498:4143-7)3 g <4JsjLS=BP3

tD7)9?Ju9D;=B6W�JX;43 g 9?5DB6ImK A �
Q
�sMT143ZVm@T:)3ZS49D;=W�I�;49DkT3ZBP3ZV=MTU kT3Z;49DS=;=MTU 143-f

587)98:)3ZImK-BP9874G6;4365DB6G
<Y36E63ZR?;)K?S=<4J�S49DV49DR
n(a)

�
n(q)

�>143ZVm@T:4kT3ZI6Wsn�;436Ju9DV
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tD7)9?Ju9D;=BZK
a ∈ A

�
q ∈ Q

� Iit?BP3Znx1436587)98:)3ZImK-BP9874G6;4365DB6<&a
��K-k g 9�I6IP98:)9?J 587)98:4MTU�v�9?9F36E63ZR?;)K?S49D;=<496ae�[MP5DB6G a ∈ A

<
ω ∈ D

a
��3ZlA:\KCjC9?5874<�5DMTv�9?5DB6I6MP9DB

k ∈ 0, r
jPMO:)3ZIZ7)9DB6IP3ZVm@CU�v�9?9�MP587)3ZI6<=U

(ω, k) ∈ a
j

BP3�143-7)3 g <4J a|ω = k
j)K�9?5874<xBZK-kT3Zlq3

k
;49�5DMTv�9?5DB6I6MP9DB-j4BP3

a|ω = −1
a

� ;)K?S49D;=<49
r
]CV)K-;=<=BP5A@�I�y4987)3ZS=<4587)9D;=;43Zn
149DV49?Ju9D;=;43Zn��\ak7Q;43 g 9?5DB6IP3

A
IF1=V43Zl?V)KZJuJu9�z�I6B6{>KZEFROKO:\KZ9DBP5A@
:4I6MCJu9DV=;=WeJ�JLKZ5?5D<=IP36J��\j�M�kT3ZBP3ZV43-f

lq3 I�kCK?S49?5DB6IP9hB6<=1)K 149DV=IP3Zlq3�<=;C:)9DkT5qK�I6We5DB6MT1)KZ9DB�3Zl?V)K-;=<=S49D;=;=Wsn�B6<=1
1 . . (r + 2)4 − 1

j[KYI�kCK?S49?5DB6IP9�B6<=1)KYI6BP3ZV43Zlq3�<=;C:)9DkT5qK 2 149DV49DS=<45874<Cf
JXWsnhB6<=1����
	���	�
�	����ma~}L7)9?Ju9D;=BZKZJX<�JLKZ5?5D<=ImK���@CIZ74@CU�BP5A@�R?;)K?S49D;=<=@YB6<Cf
1)K

0 . . r + 1
a�{�U[E6369

a ∈ A
1=V498:)5DBZK-IZ7)9D;43�tD7)9?Ju9D;=BZKZJX<����

n(a)
	����)j

���
n(a)

	����)j����
n(a)

	�
��h<����
n(a)

	����YJLKZ5?5D<=ImK �YBZK-k&jdS=BP3 ���
n(a)

	"!#�
=

a|ω
j�lA:)9

ω = ι(
!
)
je:=74@274U[E63Zlq3 R?;)K?S49D;=<=@ I6BP3ZV43Zlq3�<=;C:)9DkT5qK$! T RD:)9?5DG

ι(
�
) = e

j
ι(
�
) = s

j
ι(


) = w

<
ι(
�
) = n

ag7FK-kT5D<4JLKO74G6;4369 R?;)K?S498f
;=<496j>kT3ZBP3ZV43692Ju3 g 9DB�1=V=<=;=@CB6G�� I 1=V43Zl?V)KZJuJu92z�I6B6{>KZE4jN9?5DB6G � j>143-f
t?BP36JXM�143?:�kT3?:)36J EZMTk=I6W

a ∈ A
Ju3 g ;43�143Z;=<4JLK-B6G2:)9?5A@CB6<=S=;4369hS=<458f

7)3
∆(a) =

���%�&��'(�)	����#���%�&��'(�)	����#���%�&��'(�)	�
��#���%�&��'(�)	����4j�K�BZK-k g 9�Ju3 g ;43
1=V498:4143-7)3 g <=B6G4jdS=BP3 ∆(a1) < ∆(a2)

j 9?5874<
n(a1) < n(a2)

:=74@Y74U[EZWd]
a1, a2 ∈ A

a�7FKZ5?5D<=I �Y;)K-Rq3ZIP9?J aVj <?>?@+*�H JLKZ5?5D<=IP36J K-I6BP36JLK-BZK
A T kCK-kBP3-74G6kT3x3Z1=V498:)987)9D;43�R?;)K?S49D;=<49,�\j+1=V43Zl?V)KZJuJLK�5qKZJLK�ROK-143-74;=@=9DBxt?BP3ZBxJLKZ58f

5D<=I4a
{�U[E6369�5?365DBP3q@C;=<49

q ∈ Q
kT3?:4<=V=MP9DBP5A@Q1=V43Zl?V)KZJuJu3ZnQS=<4587)36J

n(q)
a

:>MT;=k=y=<=<
ϕ
<
ψ
IN1=V43Zl?V)KZJuJu9�z�I6B6{>KZENROKO:\K-U�BP5A@�IPJu9?5DBP9[3?:4;=<4J�:4I6Mmf

Ju9DV=;=WeJ�JLKZ5?5D<=IP36J.-\jPtD7)9?Ju9D;=BZKZJX<�kT3ZBP3ZV43Zlq3>@CIZ74@CU�BP5A@�R?;)K?S49D;=<=@�kT36JuEZ<Cf
;=<=V43ZImK-;=;43Zlq3�B6<=1)K
�(��/�0���121#��34���
	���	�
�	����)576�8�3�9;:�:

r
5<�>=�3

1 . . |Q|
����1&5

I�kCK?S49?5DB6IP9eB6<=1)K�149DV=IP3Zlq3[<=;C:)9DkT5qK[t?BP3Zlq3�:4I6MCJu9DV=;43Zlq3�JLKZ5?5D<=ImK[I6We5DB6MT1)KZ9DB
3Zl?V)K-;=<=S49D;=;=Wsn�B6<=1

1 . . (r + 2)4 − 1
j/K�I�kCK?S49?5DB6IP9iB6<=1)K�I6BP3ZV43Zlq3�<=;C:)9DkCf

5qK 2 3Zl?V)K-;=<=S49D;=;=WsnxB6<=1 1 . . |Q|
aF; JXWe587x<=;C:)9DkT5?3ZI�587)98:4MTU�vN<=nRQC149DV=I6Wsn

<=;C:)9DkT5dJLKZ5?5D<=ImK�1=V=<=;=<4JLKZ9DB[R?;)K?S49D;=<49d143ZVm@T:4kT3ZIP3Zlq3[;436Ju9DV)K�IZ]m3?:\KCj6KeI6BP3-f
V43Zn 2 143ZVm@T:4kT3ZIP3Zlq3�;436Ju9DV)K>5?365DBP3q@C;=<=@�K-I6BP36JLK-BZKCa47FKZ5?5D<=I;-�;)K-R?WsImKZ9DBP5A@
a * j <?>?@+*�H JLKZ5?5D<=IP36J K-I6BP36JLK-BZK A

jC<Q3Z; < ` D ]c>�] K�? ]cB K-I6BP36JLK-B
A
j49?5874<

-��
n(a)

	
n(q)
��:�1#�

= ι−1( 5,6 1(ψ(q, a)))
j

-��
n(a)

	
n(q)
��:@6�8

= 5,6
2(ψ(q, a))

j
<
-��
n(a)

	
n(q)
��:"�>=

= n(ϕ(q, a))
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	�	 �I���
�


�
� � ��� ���

:=74@Q74U[EZWd]
a ∈ A

<
q ∈ Q

a\0�;=< g 9�1=V=<=IP98:)9D;=;43Zn�BZKZE-74<=y49N:\K-;=W�5?363ZBZf
IP9DBP5DB6I6MTU�vN<49>JLKZ5?5D<=I6W�:=74@pK-I6BP36JLK-BZK

V
<=R

M0,4
j=kT3ZBP3ZV=Wsn�36E?]m3?:4<=B�IP5?9

0
f�:)9DV49DI6G6@/j4143�1=V)K-I6<C74M��q7)9DIP3ZnQV=MTk=</�-a

n(q) = 1 2 3 4

n(a) = 1 ∆(a) = 0001
����� ����� ����� �����

2 0010

���� 
���� 
���� 
����

3 0011
����� 
���� 
���� 
����

4 0100
���
	 ���
	 ���
	 ���
	

5 0101
����� ���
	 ���
	 �����

6 0110
���
	 ���
	 
���� 
����

7 0111
����� ���
	 ���
	 
����

8 1000
��� 9 ��� 9 ��� 9 ��� 9

9 1001
����� ��� 9 ����� �����

10 1010
��� 9 ��� 9 
���� 
����

11 1011
����� ��� 9 
���� ��� 9

12 1100
��� 9 ��� 9 ���
	 ��� 9

13 1101
����� ��� 9 ���
	 �����

14 1110
��� 9 ��� 9 ���
	 
����

15 1111
����� ��� 9 ���
	 
����

;~<45DBP9?JLK[z�I6B6{>KZE[143ZR?IP3-74@=9DB�ROK-143-74;49D;=<49eJLKZ5?5D<=ImK -�143ZtD7)9?Ju9D;=B6;43=j6;43
t?BP3ZBx1=V=<49?J�@CIZ74@=9DBP5A@�B6V=MO:)369?JXk=<4Jsj�143Zt?BP36JXM�Ix1=V43Zl?V)KZJuJu9�z�I6B6{>KZEQ5DMmf
v�9?5DB6I6MP9DB�<
:4V=MTlq3Zn&jXE63-7)9?9�MO:)36EZ;=WsnY5D14365?36E�3Z1=V498:)987)9D;=<=@ K-I6BP36JLK-BP3ZI�5
1436Ju3ZvNG6U�BZK-k
;)K-R?WsImKZ9?JXWd]
z�I6B6{>KZEQ3Z149DV)K-BP3ZV43ZI4a ��]�;49?5DkT3-74G6kT3 2 t?BP3
:4ImK�3Z149DV)K-BP3ZV)Ki;)K-1=V)K-IZ7)9D;=<=@/j43Z149DV)K-BP3ZVp5?365DBP3q@C;=<=@�<�:4ImKi3Z149DV)K-BP3ZV)Ki3ZBZf
Ju9DB6k=<&asc[< g 9F:\KO:4<4J 3Z1=<45qK-;=<49�t?B6<C]23Z149DV)K-BP3ZV43ZI4je;43�5D;)K?S)KO7\KhI6IP98:)9?J
;49DkT3ZBP3ZV=We9�;49?36E?]m3?:4<4JXWe9�36E63ZR?;)K?S49D;=<=@/a
�[MP5DB6G

a ∈ A
j
ω ∈ 5,6

1(a)
<
k ∈ 0, r

a13�E63ZR?;)K?S=<4J S49DV49DR
σ 2y=<=kC74<=S49?5Dk=MTU 149DV49?5DBZK-;43ZI6k=M

(e, s, w, n)
aL��3ZlA:\KCj

ω+ = ω+(a) = σi0(ω)
j

lA:)9
i0 = min{i ∈ 1, 4 |σi(ω) ∈ 5,6

1(a)}
js<

ω− = ω−(a) = σ−i1(ω)
j

lA:)9
i1 = min{i ∈ 1, 4 |σ−i(ω) ∈ 5,6

1(a)}
a���K-k g 96j�9?5874< k ∈ 5,6

2(a)
j

BP321=MP5DB6G
ω+

k = ω+
k (a) = σi0(ω)

j�lA:)9
i0 = min{i ∈ 1, 4 |σi(ω) ∈5,6

1(a) ∧ (σi(ω), k) ∈ a}
j�<

ω−

k = ω−

k (a) = σ−i1(ω)
j�lA:)9

i1 = min{i ∈
1, 4 |σ−i(ω) ∈ 5,6

1(a) ∧ (σ−i(ω), k) ∈ a} T 9?5874< k 6∈ 5,6
2(a)

j+BP3�R?;)K?S49D;=<=@
ω+

k

<
ω−

k

;49�3Z1=V498:)987)9D;=W�a



��� ��� �����	��

�����

;~<=;=BZK-kT5D<45Y3Z149DV)K-BP3ZV43ZI�1=V43Zl?V)KZJuJXW z�I6B6{>KZE23Z1=<=H�9?J 5
1436Ju3ZvNG6U
o�3ZV4JLKO74G6;43ZnY5D<45DBP9?JXW 36E63ZR?;)K?S49D;=<=n�� t?k=MP5qKh^ S `>��RD:)9?5DG�<45D143-74G6R?MP9?J�ImKOf
V=<)K-;=B�t?BP3ZnQ5D<45DBP9?JXW��8a

�����
	��
����	����
��	��
�
���
������� <4Ju9?9DB�587)98:4MTU�vN<=n�I6<C:�Q
<����� �"!�#����%$�!����"!�& '(� $�)�*,+ > ::=

�
(<-.�0/213- '���&.)�4 >)<-.�0/65(� 47-
#3&.)�4 >

<-.�0/213- '���&.)�4 > ::= <-.�0/213- '���&.)�4�8 >|<-.�0/213- '���&.)�479 >
<-.�0/213- '���&.)�4�8> ::= <13- '���&.)��38 >|<13- '���&.)��38 ><-.�0/213- '���&.)�4�8>
<-.�0/213- '���&.)�479 > ::= <13- '���&.)��
9 >|<13- '���&.)��
9 ><-.�0/213- '���&.)�4�8>
<13- '���&.)��38 > ::= <$�!���� ><:;$�!�< ><�3#3$7��=>� $�)�� ><-.��)7-���<0/?�3#3@ >
<13- '���&.)��
9 > ::= A <�3#3$7��=>� $�)�� ><-.�0/?�3#3@B��#���< >
<$�!���� > ::=

�
|
�
|


|
�

<:;$�!�< > ::= −| + |<��13-
#�� >
<�3#3$7��=>� $�)�� > ::= <| > | <= | >= | = | <>
<-.�0/?�3#3@B��#���< > ::= C �
� C �;D i E 1 6 i 6 r E 
��GF���� H
� I(�JF����KH
���
� L � �
���

0 . . r M �
�
� � �GD �.N E 
��GF � �������
� I(�JFO�V��� � I � �
<��13-
#�� > ::=

<-.�0/65(� 47-
#3&.)�4 > ::= <-.�0/65(� 47-
#3&.)�4�8 >|<$0/?��/?-�8 >
<-.�0/65(� 47-
#3&.)�4�8> ::= <$0/?��/?- >|<$0/?��/?- ><-.�0/65(� 47-
#3&.)�4�8>
<$0/?��/?- > ::= <-���-
# ><$�!���� ><:;$�!�< ><�3#3@ ><-���-
#�8>
<$0/?��/?-�8 > ::= A <�3#3@ ><-���-
#�8 >
<�3#3@ > ::= (<�3#3@?8 >)|<��13-
#�� >
<-���-
#�8> ::= [<-���-
#�9 >]|<��13-
#�� >
<-���-
#�9 > ::=

F����KH
���
�
� � �
���
1 . . |Q|

<�3#3@?8> ::=
F����KH
���
�
� � �
���

1 . . r�[MP5DB6G
a ∈ A

j
ω ∈ D

j
k1, . . . , kt 2 1=V43Z<=R?IP3-74G6;=We9iS=<4587\K�JX;43 g 9?5DB6ImK

−1, r
BZK-k=<496j&S=BP3

t ∈ 1, r + 2
<
ki 6= kj

:=74@F74U[EZWd]
i, j ∈ 1, t

j
i 6= j

j&<
∗ 2 3?:4;43�<=RN3ZB6;43ZH�9D;=<=n

6
j
<
j
>
j
>
j
6=
<

=
a4��3ZlA:\K�S49DV49DR

ω ∗ k1, . . . , kt36E63ZR?;)K?S)KZ9?Jho�3ZV4JXMO74M
(∃k ∈ −1, r)(ω, k) ∈ a∧ (k ∗ k1 ∨ · · · ∨ k ∗ kt) T 9?5874<3Z;)KsI6Ws143-74;49D;)KCjOBP3elq3ZIP3ZV=<4JsjOS=BP3

a
MO:)3ZIZ7)9DB6IP3ZVm@=9DB[MP587)3ZI6<=U

ω∗k1, . . . , kt TRD:)9?5DG�S49DV49DR
(ω,−1) ∈ a

36E63ZR?;)K?S49D;43�MP587)3ZI6<49
ω 6∈ a

a+��K-k g 9�S49DV49DR ω+ ∗
k1, . . . , kt

�
ω− ∗ k1, . . . , kt

��36E63ZR?;)K?S)KZ9?J o�3ZV4JXMO74M
k0 ∗ k1 ∨ · · · ∨ k0 ∗ kt

j
lA:)9

k0
BZK-kT3696j/S=BP3

(ω+, k0) ∈ a
�
(ω−, k0) ∈ a

� T 9?5874<�3Z;)K�I6Ws143-74;49D;)KCj+BP3lq3ZIP3ZV=<4JsjmS=BP3
a
MO:)3ZIZ7)9DB6IP3ZVm@=9DB�MP587)3ZI6<=U

ω+ ∗k1, . . . , kt
�
ω− ∗k1, . . . , kt

�8a
c�K-kT3Z;49Dy&j S49DV49DR

x ∗ k1, . . . , kt
36E63ZR?;)K?S)KZ9?J�o�3ZV4JXMO74M

(∀k ∈ 0, r)(∀ω ∈
D)(ω, k) ∈ a→ k ∗ k1 ∨ · · · ∨ k ∗ kt

a
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��9D149DV=G�@=5D;43=j\kCK-k=<4J�5D14365?36E636J25N1436Ju3ZvNG6U 5D<=;=BZK-kT5D<=S49?5Dk=<C]�kCK-BP9Dlq3-f
V=<=n

<-.�0/213- '���&.)�4�8> <
<-.�0/213- '���&.)�479 > ROKO:\KZ9?J kT3Z;=r/U�;=k=y=<=U�BP3-74G6kT3

S=BP3�3Z1=<45qK-;=;=Wd]�MP587)3ZI6<=nx<�BZK-k=<4Jh36EZV)K-Rq36Jh3Z1=V498:)9874@=9?Jh;49DkT3ZBP3ZV=Wsnx1=V498f
:4<=kCK-B�� ;)KxJX;43 g 9?5DB6IP9 A T 36E63ZR?;)K?S=<4J�36E-7\KZ5DB6Gp<45DB6<=;=;4365DB6<�t?BP3Zlq3Q1=V498f:4<=kCK-BZKQS49DV49DR��

A
a���9D149DV=G�36EZr/@=5D;=<4J �-o�MT;=k=y=<43Z;=<=V43ZImK-;=<49Z��3Z149DV)K-BP3ZV)K

� am�[V=<�t?BP36J�1=V=<4Ju9?J�587)98:4MTU�v�9?9�5?3ZlA7\K-H�9D;=<49bQT143ZIP5DUd:4M�;=< g 96jTlA:)9�I>I6Wdf
V)K g 9D;=<=@T]h143q@CIZ74@=9DBP5A@ <4JX@�;49DkT3ZBP3ZV43Zn�5D<=;=BZK-kT5D<=S49?5DkT3Zn2kCK-BP9Dlq3ZV=<=<&jL;)K
5qKZJu36JY:)987)96j)<4Ju9?9DBP5A@pI�I6<C:4M�;49DkT3ZBP3ZV=Wsn�BP9DV4JX<=;)KO74G6;=Wsn�5D<4JXIP3-7�j)@CIZ74@Tf
U�vN<=n45A@�IP3ZRqJu3 g ;=WeJ R?;)K?S49D;=<49?J t?BP3Zn�kCK-BP9Dlq3ZV=<=<&a

; JXWe587 �OtD7)9?Ju9D;=BZK-V=;43Zlq3F:)9Dn45DB6I6<=@+�-jXkT3ZBP3ZV4369�ROKO:\KZ9DBP5A@h5D<=;=BZK-kT5D<=S498f
5DkT3Zn�kCK-BP9Dlq3ZV=<49Dn

<$0/?��/?- > jZ5?365DBP3Z<=B�I�587)98:4MTU�v�9?Jsa-w�74@N74U[E63Zlq3 a ∈
�

A1=V43Zl?V)KZJuJLK�:)3-7 g ;)KhI6Ws143-74;=<=B6G�587)98:4MTU�vNMTU 1=V43Zy498:4MTV=MPa��[MP5DB6G��
:=

n(a)
< !

:= <-���-
# > a/9L5874< a|<$�!���� > = −1
juBP3�1=V43Zl?V)KZJuJLK�;49�1=V498:=f

1=V=<=;=<4JLKZ9DB�;=<=kCK-k=<C]�:)9Dn45DB6I6<=n&j\K�9?5874<
a|<$�!���� > > 0

jCBP3 Q
KP��-&��� 	"!+��:�1#��3	�

<$�!���� > TEm��-&��� 	"!+��:@6�8�3	�
<�3#3@ > j=9?5874< <�3#3@ > 6= <��13-
#�� > j< -&��� 	"!+��:@6�8�3	�#���
� 	
<$�!���� > ��Ii1=V43ZB6<=I6;436J 5874MTS)KZ9 TIT� -&��� 	"!+��:"�>=�3	�
<-���-
#�8> j�9?5874< <-���-
#�8> 6= <��13-
#�� > j�<�-&��� 	"!+��:"�>=;49�3Z1=V498:)9874@=9DBP5A@QIi1=V43ZB6<=I6;436J 5874MTS)KZ96a

�[MP5DB6G
ω1, . . . , ωm 2 5D1=<45?3Zk�IP5?98]�EZMTk=I�<=R�JX;43 g 9?5DB6ImK { � , � , 
 , � } jCkT3-fBP3ZV=We9>I�BZK-kT36J�143ZVm@T:4kT9N143q@CIZ74@CU�BP5A@pI�5DB6V43ZkT96j+3Z1=V498:)9874@CU�v�9DnF5D<=;=BZK-kCf

5D<=S49?5Dk=MTU�kCK-BP9Dlq3ZV=<=U
<-.�0/213- '���&.)�4 > a&��K-k g 96j�1=MP5DB6G m(a) = max{t ∈

1,m | (∃k ∈ 0, r)(ωt, k) ∈ a}
<
k(a) ∈ 0, r

BZK-kT3696j�S=BP3
(ωm(a), k(a)) ∈ a

a
��3ZlA:\K�5?JXWe5872�OtD7)9?Ju9D;=BZK-V=;43Zlq3Q:)9Dn45DB6I6<=@+�-j&kT3ZBP3ZV4369iROKO:\KZ9DBP5A@�5D<=;=BZK-kT5D<Cf
S49?5DkT3Zn�kCK-BP9Dlq3ZV=<49Dn

<$0/?��/?-�8 > jT587)98:4MTU�vN<=n&a6w�74@�74U[E63Zlq3 a ∈
�

A
<�74U�f

E63Zlq3eR?;)K?S49D;=<=@N<=;C:)9DkT5qK !�1=V43Zl?V)KZJuJLK�3Z1=V498:)9874@=9DB��
:= n(a)

<>I6Ws143-74;=@=9DB
587)98:4MTU�vN<49�:)9Dn45DB6I6<=@kQ
KP��-&��� 	"!+��:�1#�

:= ι−1(ωm(a))
jm9?5874<�5DMTv�9?5DB6I6MP9DB

ωm(a)
jP<,-&��� 	"!+��:�1#�N;49

3Z1=V498:)9874@=9DBP5A@xIi1=V43ZB6<=I6;436J 5874MTS)KZ9 TEm��-&��� 	"!+��:@6�8
:= <�3#3@B��#3<�! > j-9?5874< ωm(a)

<
<�3#3@B��#3<�! > 5DMTv�9?5DB6I6MTU�B-j< -&��� 	"!+��:@6�8

:= k(a)
I�1=V43ZB6<=I6;436J 5874MTS)KZ9 TIT��-&��� 	"!+��:"�>=�3	�

<-���-
#�8> j�9?5874< ωm(a)
<
<-���-
#�8> 5DMTv�9?5DB6I6MTU�B-j�<

-&��� 	"!+��:"�>=�;49�3Z1=V498:)9874@=9DBP5A@QIi1=V43ZB6<=I6;436J 5874MTS)KZ96a
w�KO:4<4Jh;49?5DkT3-74G6kT3�1=V=<4Ju9DV43ZI4a
S � � ��
���	
	�
�
��
�+��9 
�
4� 9#� 	>
+au��3ZlA:\K��

(a) = ((w, 2) ∈ a) ∧ ((w+, 0) ∈
a)
j=<�1=V43Zl?V)KZJuJLK�I6Ws143-74;=@=9DB�587)98:4MTU�vN<49[:)9Dn45DB6I6<=@kQ+-��

n(a)
	 9 ��:�1#��3	��
 + j



�b� ��� �����	��

�����

-��
n(a)

	 9 ��:@6�8�3	��9Pj�-��
n(a)

	 	���:�1#��3	��
�< -��
n(a)

	 	���:@6�8�3	��	=a
_P� � � A ��9 	�� � � �+��9>�=a~��3ZlA:\K � (a) = ( 5,6 2(a) = {1}) ∧ (e ∈ 5,6
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