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KJdTGT`5tckRKLPQMLS

〈a′i, a
′

j〉
_-eTGTS
�[MOKLW G0H2u[kTp@N�ZR`5o[S~kRN�eRNQGRN[P[NQd8H2a�MOPVU._YdTGRKLWYNL_
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�"K"L+&M� v#N�eTGRN]Z0N]\RSRW>S8qsSTk8ZR`5dTMLSTlLkRKXP�SRPQeRK2\R^LugKJlzH2kTSRN[W{ogN[KLWYNQMLGTSTjRN[PQd5KJx
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��Z0N]\�HJN[WykRN[PQd5K2\R^Ld5KmZ0KJeRK2\RkTSTMON]\R^LkTprq�eTGRN]ZReRK2\0Kgt(NQkTSTx�KJMLkRKLPQSTMON]\R^Jh

kRK
I
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D−1 _T`�d5KJMOKJGRKJogK�d8H2t$Z0KLWD`sGRN[IJGT`meTGTSTeTSRPgH2kTp lON[P b
_RMJH2d5KJx

jTMOK
c1 6 b 6 c2
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eRK2\0Kgt(NQkTSTSB_0jTMOK #2PQGRN]Z�H %�STo[G0HJNQM�GRK2\R^�lOKJGRPQSTkTdTS���kT`i\0NQlOKJx�k0H2o[GT`5u[d5KJx
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k0HmGTSRPLv �8v ��MOKJM'eRNQGRNQlOK[Z�Z0KLPQMLSToQHJNQMOPVU�uiHsPQjRnQM'eTGTSRWYNQkRNQkTSTU
n − 1

G0H2u$\0N[WYWDp ] _�jTMOK�eRKJu[lOK2\RUTNQMs`5d8H2uiH2ML^slLGRN[WDU|`5eRKLWDU8kT`5MOKJogKmeRNQGRN]h
lOK[Z�H8v�N�kRKcG0H2lLkRK

(n − 1)(2k − 1)
v

Z¼H2dTSRW¡KLIJG0H2ugKLW�_cKLIJb$N[N�lLGRN[WDU�eRNQGRN]qzK[Z�H�G0HJPQeTGRN]Z0N]\0NQkTSTU._cd8H2d k0H
GTSRPLv?DL_zl�G0HJPQeTGRN]Z0N]\0NQkTSRNL_8d8H2dXk0H�GTSRPLv �8_Ol(PQS8\R`�`5d8H2uiH2kTkTprq�\0N[WYW;��S ] S
PQd8H2uiH2kTkRKJogK�lLp��$NL_OMOKJjTkRK�G0H2lLkRK

k+(n−1)(2k−1) = k(2n−1)−n+1 =
b
r
(2n − 1) − n + 1

vR��MOKcSmMLGRN[ILKJlzHi\0KLPQ^�Z0KJd8H2uiH2ML^Rv
I
h Z0NQGRNQlOKmSTu

Dl(b, r, n)
oV\R`8IJSTkTp

l
_:lmd5KJMOKJGRKLWyd8H2t$Z�H2U�lONQGT�(STk0HXSTk8h

fTS8Z0NQkTMLk0H�kRNrILK2\0N[NL_LjRN[W'ZRlL`8W|GRn[IJG0HJW�_Jk0H2u[p�lzHJNQMOPVU�o[STG8\RU8k8Z0KJx�S�KLILKJu[k0Hih
j0HJNQMOPVUmjRNQGRNQu

Γl(b, r, n)
v

� S � � ���#Y�� �#� &6L  "7+���<�%���+L ( �	� � L�� H � Γl(b, r, n) =	��� l, b, r, n, k ∈ N
�

b = kr �+*-�"�� l(2n − 1) b
r

+ l − 1 	 � 
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GTSRPLv �5v �DHJP[P[WYKJMLGTSRW�PQk0H[j0Hi\�H�GRN[IJGRK

(a0, a1)
_
a1
SRWYN[NQM'oV\R`8IJSTkT`

1
v.N�kRK

SRWYN[NQM
n
lOKJGRPQSTkRKJdB_0WYNQG0HceRNQGRN[IJGRKLPgHcl�kRn[W�G0H2lLk0H

2l−1r
_8S�NQogK�lON[P�G0H2lONQk

2l−1b
v5§�K�\0N[WYWYN6�(MOKJjTkRK�uiH

(2n− 1) 2l−1b
2l−1r

−n+1
MJH2dTMOKJl$G0HJPQeTGRN]Z0N]\0NQkTSRN

GRN[IJG0H
(a0, a1)

eTGTSRWYNQM|lLS8Z-_¼d8H2d�k0H�GTSRPLv �JH8_YH'KLPQMJHi\R^LkTp@N�GRn[IJG0H|IJ`iZR`5M
SRWYNQML^�eTGRNQtckRN[N�G0HJPQeTGRN]Z0N]\0NQkTSRNLv

� �[MOKJogKcWYKLWYNQkTMJH(k0H[jTSTk0HJNQMOPVU�KJjTSTb$NQkTSRN�GRN[IJG0H
(a1, a2)

S�eTGRK[Z0K2\Rt$Hih
NQMOPVU�KJjTSTb$NQkTSRN�GRN[IJG0H

(a0, a1)
vOFrKJu[kTSTdT�$N[N�l�kRn[W�G0HJPQeTGRN]Z0N]\0NQkTSRN�MJH2d5KJlOKT_

jTMOKsd8H2t$Z�H2U
lOKJGRPQSTkTd8H�l'kRn[W SRWYN[NQM'k0H2o[GT`5u[dT`�kRN�ILK2\0N[NXN[nXWYNQGTp�eRNQGRN]h
IJGRKLPgH(S�eTGTSm�[MOKLW�N[n�P[KLP[N]ZRkTSRN�lOKJGRPQSTkTdTS�KLI2\�HiZ�H2a�MckT`i\0NQlOKJxmk0H2o[GT`5u[d5KJxBv
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Z-KsN[PQML^R_BlsMJH2d5KLW GRN[IJGRN�GRNgHi\RSTu[`ONQMOPVU
eTGRKJfRN[P[P�KJjTSTb$NQkTSTU._-P[KLPQMOKgU8b(STx
l
eRKJMJH2dTMOKJlOKLW e0H2G0Hi\T\0N]\R^LkRKLW eRNQGRNQkRKLP[NXNQogKsG0HJPQeTGRN]Z0N]\0NQkTSTU
k0HsK[ZRkT`�lOKJG8h
PQSTkTdT`�lLlONQGOq.v#Z-N[WyPgHJWDp@W�_.P(`5jRnQMOKLW�MOKJogKT_:jTMOK�WYNQG0HXeRNQGRN[IJGRKLPgHXl�GRN[IJGRN
(a1, a2)

WYNQkT^L�$NL_0jRN[W>l�GRN[IJGRN
(a0, a1)

_�WYKgtckRK�PQjTSTMJH2ML^R_�jTMOK�eRKXKJMLkRKJ�$N]h
kTSTa dmGRN[IJGT`

(a1, a2)
GRN[IJGRK

(a0, a1)
IJ`iZ0NQMcSTo[G0H2ML^�GRK2\R^ #2PQGRN]ZRp %2v

§�GTSRWYNQkTUTN[W lLkRKJlL^�\0N[WYWD` ��`5t(N�dwGRN[IJGT`
(a1, a2)

_�oVZ0N
a2
SRWYN]h

NQM�oV\R`8IJSTkT` �8v�§�K2\R`5j0HJN[W�_�jTMOK�SRP½qzK[ZRkRKLN�G0HJPQeTGRN]Z0N]\0NQkTSRNsGRN[IJG0H
(a1, a2)eRNQGRNQx8Z0nQM l�G0HJPQeTGRN]Z0N]\0NQkTSRN>lLS8Z�H8_�d8H2d�k0H{GTSRPLv �2IT_�uiH{lLGRN[WDU�G0H2lLkRKLN

(2n−1) 2l−2b
2l−2r

−n+1
v%\$Hi\0N[N�IJ`iZ0NQM�eTGRK[Z0K2\Rt$H2ML^OPVUcKJjTSTb$NQkTSRN�GRn[ILNQG

(a0, a1)S
(a1, a2)

v[Z-NQeRNQGT^XKJkTS�IJ`iZR`5McSTo[G0H2ML^�GRK2\R^ #2PQGRN]ZRp %�ZT\RUmGRN[IJG0H
(a2, a3)

v
��MOKJM�eTGRKJfRN[P[P�G0HJPQeTGRKLPQMLG0H2kTSRW
k0H�KLPQMJHi\R^LkTp@N�GRn[IJG0H8v5F�GRNQu[`i\R^iMJH2MON�uiH

lLGRN[WDU._.G0H2lLkRKLN�PQ`8WYWYNclLGRN[WYnQk�eRNQGRN]qzK[Z0KJl�d8H2t$Z0KJogKsGRN[IJG0HsKJMsNQogKmSRP½qzK[ZTh
kRKJx�k0H2o[GT`5u[dTS�Z0Kmk0H2o[GT`5u[dTS~lLS8Z�H�jRNQGRN]Z0KJlzH2kTSTU~kT`i\0NQx�S~WYNQG�eRNQGRN[IJGRKLPgH
NQogK(lOKJGRPQSTkRKJd�� P[W�v8GTSRPLv ���]_5l$o[STG8\RU8k8Z0N�lOKJu[kTSTdTkRNQM�G0HJPQeTGRN]Z0N]\0NQkTSRNL_Rl$d5K2h
MOKJGRKLW�GRN[IJGRK

(al−1, al)
_ToVZ0N

al

SRWYN[NQM�oV\R`8IJSTkT`
l
_RIJ`iZ0NQM�SRWYNQML^�`5d8H2uiH2kTkRKLN
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jRNQGRN]Z0KJlzH2kTSRN(d8H2d|G0HJPQeTGRN]Z0N]\0NQkTSRNL_BH�KLPQMJHi\R^LkTp@N$GRn[IJG0H�STo[G0H2a�M�ZT\RU�kRNQogK
GRK2\R^ #2PQGRN]ZRp %2v#��MOKclLGRN[WDUmG0H2lLkRK

(

2l−1b

2l−1r
(2n − 1) − n + 1

)

+

(

2l−2b

2l−2r
(2n − 1) − n + 1

)

+ . . . +

+

(

2l−(l−1)b

2l−(l−1)r
(2n − 1) − n + 1

)

+

(

b

r
(2n − 1) − n + 1

)

=

= l((2n − 1)
b

r
− n + 1).

�.H2lONQGT�$NQkTSRN�eTGRKJfRN[P[PgH�KJjTSTb$NQkTSTU�IJ`iZ0NQM�Z0KLPQMLSTo[kT`5MOK�uiH�PQjRnQM�MOKJogKT_
jTMOK�lOKJu[kTSTdT�$N[N@l�GRN[IJGRN

(al−1, al)
G0HJPQeTGRN]Z0N]\0NQkTSRN�k0H[jTkRnQM�eRKJMJH2dTMOKJlOKLN�e0Hih

G0Hi\T\0N]\R^LkRKLN�eRNQGRN[WYNQb$NQkTSRN�l'PQMOKJGRKJkT`�GRN[IJG0H
(a0, a1)

v-§�Km\0N[WYWYN DL_BeTGTS8h
WYNQkRnQkTkRKJx�d�d8H2t$Z0KLWD`sGRN[IJGT`O_ReRK2\R`5j0HJN[W�_RjTMOKcZT\RUsuiH2lONQGT�$NQkTSTUseTGRKJfRN[P[PgH
eRKJMLGRN[IJ`ONQMOPVUslLGRN[WDU._TG0H2lLkRKLN

(n − 1) + n(l − 1)
v

Z¼H2dTSRW�KLIJG0H2ugKLW�_0KLIJb$N[N�lLGRN[WDUsKJjTSTb$NQkTSTUmo[STG8\RU8k8ZRp G0H2lLkRK

l((2n − 1)
b

r
− n + 1) + (n − 1) + n(l − 1) =

= l(2n − 1)
b

r
− ln + l + n − 1 + ln − n = l(2n − 1)

b

r
+ l − 1.

��N[WYW�H(Z0KJd8H2uiH2k0H8v
�DHJP[P[WYKJMLGTSRW

I
h Z0NQGRNQlOK

D−1
l

(b, r, n)
STu

Dl(b, r, n)
v���`iZ0N[W�PQjTSTMJH2ML^R_OjTMOK

l�NQogK
i
hÄW|P]\0KLN�SRWYN[NQMOPVU

2i−1 GRn[ILNQGB_gZT\RU�lOP[N]q i ∈ Nl

v"Z¼H2d5KLN
i
h Z0NQGRNQlOK�k0H2u[prh

lzHJN[W
l
h eRK2\RkTp@W�_zS�KLILKJu[k0H[jTSRW
NQogK

D̄−1
l

(b, r, n)
vz§�`OPQML^

Γl(b, r, n)
0 \Ra�IOH2U

PgHJW�H2U$ZT\RSTkTk0H2U�fRNQeT^�l��[MOKLW�Z0NQGRNQlONL_Od5KJMOKJGT`5ayk0H2u[p�lzHJN[W~o[STG8\RU8k8Z0KJx�ZT\RU
kRNQogKTv
� S � � ���@Y�� �#� &6L  "7+���<�%���+L I J H ���#�:�"* D̄−1

l (b, r, n) 8 ��*	7+* � K���� & �+*	8:J
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	�S-V���
�	�� � Y A�PQeRK2\R^Lu[`ON[W�STk8ZR`5dTfTSTa�eRKcoV\R`8IJSTkRN�Z0NQGRNQlzH8v
D �

l = 1
v Z-KJoVZ�H

I
h Z0NQGRNQlOK�U8lJ\RUTNQMOPVU{GRN[IJGRKLW�_@H~eRKJMOKLWD`�o[STG8\RU8k8Z0KJxB_�S

`5MLlONQGzt$Z0NQkTSRN�lONQGTkRKTv
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����§�`OPQML^�k0H2�$N�`5MLlONQGzt$Z0NQkTSRN�lONQGTkRK$ZT\RUmlOP[N]q
i 6 l

_
l > 1

v
§�KJd8H2t(N[W�_0jTMOKcKJkRKclONQGTkRKcSmZT\RU

l + 1
v

I
h Z0NQGRNQlOK

D
oV\R`8IJSTkTp

l + 1
SRWYN[NQM�lLS8Z-_Bd8H2d~k0H�GTSRPLv �8_.oVZ0N�oV\R`8IJSTkTp

D1
S

D2
G0H2lLkTp

l
v

�YSRPLv �8v

§�GRKJfRN[P[P�KJjTSTb$NQkTSTU
I
h Z0NQGRNQlzH

D
k0H[jTSTk0HJNQMOPVU P KJjTSTb$NQkTSTU GRN[IJG0H

(a0, a1)
_�`{d5KJMOKJGRKJogK

n
lOKJGRPQSTkRKJdB_�lON[P

2l−1b
_�WYNQG0H�eRNQGRN[IJGRKLPgH

2l−1r
S

k0H[j0Hi\R^LkRKLNmG0HJPQeTGRN]Z0N]\0NQkTSRN�k0H2o[GT`5ugKJd�k0H'lOKJGRPQSTkTd8Hiq>P[KJlLe0HiZ�HJNQM~P�lON[P[KLW
GRN[IJG0H8v¼§�Km\0N[WYWYN ���[MOK�G0HJPQeTGRN]Z0N]\0NQkTSRNXeRNQGRNQx8Z0nQM|l�G0HJPQeTGRN]Z0N]\0NQkTSRNXjRN]h
GRN]Z0KJlzH2kTSTU�kT`i\RU
S�WYNQGTp eRNQGRN[IJGRKLPgH|lOKJGRPQSTkTdTS�l|kRn[W�vY§�KLP]\0N�jRNQogKT_¼�[MOK
GRN[IJGRK$k0H[jTSTk0HJNQM�STo[G0H2ML^�GRK2\R^ #2PQGRN]ZRp %cZT\RU

I
h Z0NQGRNQlL^ONQl

D1
S

D2
vR�>�[MOK2h

ogK|WYKLWYNQkTMJH'k0H[jTSTk0HJNQMOPVU�eTGRKJfRN[P[PmKJjTSTb$NQkTSTU��[MLS8q~Z0NQGRNQlL^ONQlR_DS�eTGRK[Z0K2\Th
t$HJNQMOPVU�eTGRKJfRN[P[PsKJjTSTb$NQkTSTU�GRN[IJG0H

(a0, a1)
_DMOK�N[PQML^�eTGRKJfRN[P[PsKJjTSTb$NQkTSTU

lOP[NQogK�Z0NQGRNQlzH
D
v�Z¼H2d�d8H2dXGRN[IJGRK

(a0, a1)
SRWYN[NQM$lON[PL_zG0H2lLkTp�xmPQ`8WYWYN�lON[P[KJl

GRn[ILNQG
(a1, a2)

S
(a1, a

′

2)
_-MOKs\Ra�IOH2U~lOKJGRPQSTkTd8H�l�kRn[W�_-k0H2o[GT`5t(NQkTk0H2U�kT`zh

\0n[W�_zWYKgt(NQM$eTGTSTkTU8ML^$K[ZRkRKJlLGRN[WYNQkTkRK�\Ra�IJp@N�eRNQGRN[IJGRKLPQp�STu�GRn[ILNQG
(a1, a2)S
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′
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v���k0H[jTSTM2_�K[ZRkRKJlLGRN[WYNQkTkTp�x�eTGRKJfRN[P[P
KJjTSTb$NQkTSTU

D1
S

D2
�[d8h

lLSTlzHi\0NQkTMONQk�eRK|lLGRN[WYNQkTS�eTGRKJfRN[P[PQ`�KJjTSTb$NQkTSTU
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vY§�K|eTGRN]ZReRK2\0Kgt(NQkTSTa

STk8ZR`5dTfTSTS�eTGRKJfRN[P[PmKJjTSTb$NQkTSTU
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eRK'lLGRN[WYNQkTS��[dTlLSTlzHi\0NQkTMONQk�eTGRKJfRN[P[PQ`
KJjTSTb$NQkTSTU�l�kRn[W�o[STG8\RU8k8ZRp�v �.HJWYNQj0H2U._YjTMOK�o[STG8\RU8k8Z�H|l

D
KLIJG0H2u[`ONQMOPVU

o[STG8\RU8k8Z0KJxml
D1
eT`5MOn[W
eTGTSRP[KLN]ZRSTkRNQkTSTUmd�kRNQx�GRN[IJG0H

(a0, a1)
_5eRK2\R`5j0HJN[W�_

jTMOK'KJjTSTb$NQkTSRNX�[MOKJx�o[STG8\RU8k8ZRp �[dTlLSTlzHi\0NQkTMLkRK�KJjTSTb$NQkTSTa lOP[NQogK�Z0NQGRNQlzH
D
v���N[WYW�H(Z0KJd8H2uiH2k0H8v
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L(b, r, n, l) = l(2n − 1)
b

r
+ l − 1.
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�DHJP[P[WYKJMLGTSRW
l
h eRK2\RkRKLN

I
h Z0NQGRNQlOK

D̄−1
l

(b, r, n)
STu

Dl(b, r, n)
v ��PQkRKT_8jTMOK

D
U8lJ\RUTNQMOPVUsj0HJPQML^La

D̄−1
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v�A�u�`5d8H2uiH2kTkTprqslLp��$N���H2dTMOKJl�lLp�MONQd8Hih
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h eRK2\RkRKJogK

I
h Z0NQGRNQlzH

D̄−1
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_�l�d5KJMOKJGRKLW�k0H[j0Hi\R^LkRKLNsG0HJPQeTGRN]Z0N]\0NQkTSRN
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L(b, r, n, l)

Z0KLPQMLSToQHJNQMOPVU�k0H�eRK2\RkRKLW
I
h Z0NQGRNQlONLv8§�K�\0N[WYWYN���lLGRN[WDUXKJjTSTb$N]h

kTSTU
l
h eRK2\RkRKJogK

I
h Z0NQGRNQlzH
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G0H2lLkRKclLGRN[WYNQkTS'KJjTSTb$NQkTSTUsNQogKco[STG8h
\RU8k8ZRp�vL§�K�\0N[WYWYN � �[MJH�o[STG8\RU8k8Z�H�KJjTSTbcHJNQMOPVUcuiH�lLGRN[WDU
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