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Y[Z]\_^]`badcfehgi`bjH^bkflnmpoHlH`ba"jHqsr:q]tHlfuHqM\8mvcflfwxl)r:qMcH^byfcfe�z�jHqvoH{fz}|~oH\dlfc
��^bu;on^br:^]zWj)\A`b\_qd^bg�rfcflf��^������ncnmvjflH`�mpoG\s��^]`badl;tn^]`�{;ade�^���q]tHe+�8yfa_qs�dqvoH�M�
�AlH^�r:qMcH^byfcfe�^�jHqvoH{)jfuH^�tn`baMmv\MoH{;w�a'`]qd�dqMgGa_qvoH�dr:q"mvr;mptn^]zWlfyH^]`brflfg#lfcfa_^��
uH^]`d�n��^bgfynmM`�lfcfa_^buH^]`�r#�dqvoH�d�AlHz.r:qMcH^byfcfe�z}jHqvoH{fz}`�z~mponqMgi�:mvunmvrfa_^bufl;�
`badlfr:qMg"�:�A^�cH^hmvr;mptn^]zWlfyH^]`brflfg5�8��^bZh�]adl;�AjHqvon^bg5�Mr�jfuflHz�^buf�_�dcH^]zWe�`�oHlHz~m
`]qM\duH^]z�^bcfcnmv{�rfuflfjfa_qM�]unmM��lf{�`�qMadrfufehade�zQr;oHw�yHqdz���tDmil�`�`]^brfuH^badcfe�z
a_q��A^p���

� rfad�8mpoH�dcHqMg-`baMmpoDm'ZpmptDm]ynm��Me�`baduHqMg�lHzWj;on^]z�^bcfaMmvkflfl	mvuflH�+z�^badlfrfl-\
�]adl;�ijHqvoH{:���ftfoH{#yH^b��q�qMr:qvonq'tn^]`�{;adl#on^ba�cnmvZpmpt��]uf�:jfjHqMg�r;mvcnmptn`brfl;�-z~mp�
a_^]z~mvadlfr:qM\)�Me�oHl#lfZ�qd�MuH^ba_^bcfexqMjfadlHz~mpoH�dcfe�^scHqMuHz~mpoH�dcfe�^s�_mvZ]lH`be+�

 �O�¡}¢W£hV�U�£h¤A¢JV�¥¦T�X§V�¨h¤�©�£�ª"«hV�¥¦T�¬�£h®X�¯®¥

°+mvjHqdzWcflHz±jHqMcf{;adlf{-²]³�´MµH¶v´¸·D³�µH¹Mº¸¹A»�´p¼v½H²¾´[l�µH¹�·:¿�´�ÀHÁ_µH¹Mº¸¹A»�´p¼v½H²¾´Â\
r:qMcH^byfcfe���jHqvoH{:���®���ptn^]zQjfufl;tn^bu8�"lf\8mvad�_`�{}`baMmvc;tDmvufadcfe��.qd�dqMZ]cnm]yH^bcflfg5�
jfuflfcf{;ade���\#a_^]qMuflfl�r:qMcH^byfcfe��	jHqvon^bgÃ�Ä`]zh����cnmvjfuflHz�^bu�� Åp�Æ�Q� Çp�Ä���5È�^buH^bZ
GF (qn)

qd�dqMZ]cnm]ynmM^]z¦r:qMcH^byfcHqd^"jHqvon^�jHqMu8{:tHr;m
qn �DunmM`]`]z~mvaduflf\8mM^]z�qd^'r;mvr

ÉÆÊfË¸Ì�Í�Î�ËWÏ�Ð�ÑMÍ¸ÒvÓMÔÕÓdË®ÑMÖp×�Ø@×vÓdË�ÓMÙÚÍ¸ÏbÍ¸Û�ÑMÍÚÜvÜdÔÚÖ�Ý�Þ�Ô@Ê;Í�ÙÚÙÕ×vÛMÙÚÞ�Í¸ß¾Í~Ø®Í¸ÓpÜ_Ë~Ø@à�ÓpÜ_Ë¸áHÔÕÓvâ
Î�Ë�Òvã�ÓvÐ�ä�×MÙÚÙÕÒMÔÆÜdÍ¸Ï]Ë�Óv×vÛsåæÑMÖvÍ�ÔÚÞvÎ�ç�ç�âéè�êÕâéè�ê�ê�ë�ì�íÆîvï�ÖvÍ¸ß¾ÖMË¸áHáfÐGÑMÍÚÜvÜdÔÚÖ�Ý�Þp×�ÏbÔÆÜMàpð�×vä�ÓdË�â
à�ñvÓvÐ�ä�ò~Þ�Í¸ÒsÊDó�óJô}åæÑMÖvÍ�ÔÚÞvÎhè�è�âõê�ì¾âéç�ö�ê¾è�÷bíÆî8ï�ÖvÍ¸ß¾ÖMË¸áHáfÐ±ø¸ù@Óv×vÏbÔÚÖvÙÕ×MÎbÔÚÎ�Ð#Ê;Í�ÙÚÙÕ×v×:ú�×
óJû�ï}ø¸ôWÓMÎbÔÕß¾ÖMË�üv×Mý_ú�å�Í�Ì�þ8ÔÆÜM×vÓMÔÕÓvÓvÐ�Û�ÑMÖvÍ�ÔÚÞvÎhÿ®è�ê�ê¾èbí��



Å���� ��� �����	��
������������ �������������������� ����������
���

unmM`b�AlfuH^bcflH^�`ba_^bjH^bcfl
n
jHqvoH{

GF (q)
jHqMu8{:tHr;m

q
�� .r;m]yH^]`bad\_^�jfuH^�tn`baMmv\Mon^��

cflf{��bon^]z�^bcfa_qM\sjHqvoH{
GF (qn)

lH`bjHqvoH�dZ]�_^]z�zWcHqM��qMy;on^bcfeÃ`ba_^bjH^bcfl'cH^��dqvon^]^
n − 1

`[r:qM���+��lfkflH^bcfaMmMzWl�lfZ+jHqvoH{
GF (q)

�"!~`�oHl�zWcHqM��qMy;on^bcfeQZpmvjflH`�mvcfe
\i²]³�´MµH¶v´¸·D³�µH¹�¿ »�´p¼v½H²�#

{α0, α1, . . . , αn−1}
�é\i�]a_qdzQ`�oH�:ynmM^"�bon^]z�^bcfa

α
cnmvZ]eh\8mM^]z º$#bµ"#Æ·:´M³�¹�·D¹�¿ �_mvZ]lH`�m_���5a_q#`�onq��A^��

cflH^��bon^]z�^bcfa_qM\sjHqvoH{
GF (qn)

`b\_q]tHlfa_`�{'r"jHqMr:qdzWjHqMcH^bcfadcHqdzW�)`�onq��A^bcflfw¦\
jHqvon^

GF (q)
\_^brfa_qMuHqM\+r:qM���+��lfkflH^bcfa_qM\H�d`]qdqMad\_^ba_`bad\d�:w&%Al;�AtDmvcfcfe�z�zWcHqv�

��qMy;on^bcnmMzh�Wm#�;zWcHq��A^bcflH^)�bon^]z�^bcfa_qM\�jHqvoH{	jfuH^�tn`baMmv\MoH{f^ba�lfZ)`]^]��{��;zWcHqv�
�A^bcflH^h`]qdqMad\_^ba_`bad\d�:w&%Al;�"zWcHqM��qMy;on^bcHqM\scnmpt"jHqvon^]z

GF (q)
�d\dehjHqvoHcf{f^]z�qd^

jHq�z�q]tH�poHw cH^bjfuflf\_q]tHlHz�qM��q�cnmpt�jHqvon^]z
GF (q)

zWcHqM��qMy;on^bcnm
g(x),

qMjfuH^��
tn^�oH{;w&%�^b��q�unmM`]`]z~mvaduflf\8mM^]z�qd^AjfuH^�tn`baMmv\Mon^bcflH^sjHqvoH{��

Y[cHqM��tDms\_z�^]`ba_q"`baMmvc;tDmvufadcHqM��q"�_mvZ]lH`�ms�ptnqd�McH^]^�aMmvrGcnmvZ]eh\8mM^]zWehg�µH¹�·('
¿�´�ÀHÁ_µ*),+-»�´p¼v½H²��fa_q'^]`bad���_mvZ]lH`�\dl;tDm

{αq0
, αq1

, . . . , αqn−1},
r:qMa_qMufehg�jHqMuHq���tDmM^ba_`�{���^bcH^bunmva_qMuHqdz

α
`baMmvc;tDmvufadcHqM��qi�_mvZ]lH`�m.- r:qMufcH^]z

cH^bjfuflf\_q]tHlHz�qM��q�cnmpt	jHqvon^]z
GF (q)

zWcHqM��qMy;on^bcnm
g(x)

\#`b\_qd^]z¦jHqvon^"unmvZb�
onq��A^bcflf{

GF (qn)
��°�qMuHz~mpoH�dcfehg��_mvZ]lH`'`b�/%�^]`bad\d�_^baGtfoH{-oHw[�dqM��q

n
�Ä`]zh���

cnmvjfuflHz�^bu5�G� Åp�Æ�)� Çv�Æ�d��tn^�tDmv�A^�jHq]tn`byflfaMmvcHq�l;�"r:qvoHlfyH^]`bad\�08���:cHq+jHqMuHq���tDmp�
^ba_`�{�cH^'\_`�{;rflHz cH^bjfuflf\_q]tHlHzWe�z�zWcHqM��qMy;on^bcHqdz

g(x),
aMmvr�r;mvr�`]qd`baMmv\MoH{:�

w&%AlH^"^b��q�`ba_^bjH^bcfl��bon^]z�^bcfaMm
α
tnqvoH�"cfe��Mehad�#oHlfcH^bgfcHq#cH^bZpmv\dlH`blHzWe�zWl

cnmpt#jHqvon^]z
GF (q).!~`�oHl�`blH`ba_^]z~m"`ba_^bjH^bcH^bg

{αq0
, αq1

, . . . , αqn−1}
qd�MunmvZ]�_^ba�cHqMuHz~mpoH�dcfehg#�_mvZ]lH`d�8a_qsoHw[�dqMg)�bon^]z�^bcfa

ζ
jHqvoH{

GF (qn)
z�q��"cHq

q]tHcHqMZ]cnm]yfcHq�jfuH^�tn`baMmv\dlfad�)\"\dl;tn^

ζ = x0α + x1α
q + x2α

q2
+ · · · + xn−1α

qn−1
,

��tn^
x0, . . . , xn−1

-/r:qM���+��lfkflH^bcfadeQlfZ�jHqvoH{
GF (q).1 ÀH¹23#bµH½"#�\GcHqMuHz~mpoH�dcHqdz �_mvZ]lH`]^d�Dr;mvr�l�\i`baMmvc;tDmvufadcHqdzh�5jfuH^�tn`baMmv\M�

oH{f^ba�lfZ-`]^]��{ jHqMr:qdzWjHqMcH^bcfadcHqd^	`�onq��A^bcflH^�\_^brfa_qMuHqM\±r:qM���+��lfkflH^bcfa_qM\±\
jHqvon^

GF (q)
�
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�JoDmv��q]tDmvu8{	a_q���tn^]`bad\d���A^buHz~m
xq = x

��`bjfunmv\_^�tfoHlf\_qdzW��tfoH{�oHw[�dqM��q
x
lfZ"jHqvoH{

GF (q),
l�a_q���tn^]`bad\d���suHqd�d^bcflf�_`�m

(x + y)q = xq + yq,
`bjfunmp�

\_^�tfoHlf\_qdzW�)tfoH{GoHw[�Me��
x
l

y
lfZ+jHqvoH{

GF (qn), �
¹�¼
�
#b¶�#bµH½"#

�
²]³.#��"#bµHÁ

q� msZ]cnm]yflfav�HlG\�oHw[�M�:wx`ba_^bjH^bcf�
qm �J\�cHqMuHz~mpoH�dcHqdzS�_mvZ]lH`]^[jfuH^�tn`baMmv\MoH{f^ba`]qd�dqMg#kflfr;oHlfyH^]`brflfg-`¾tH\dlf�sr:qM���+��lfkflH^bcfa_qM\H�faMmvr�r;mvr

ζq = xn−1α + x0α
q + x1α

q2
+ · · · + xn−2α

qn−1
.

�WmM`]`]z�qMaduflHz��v¿�µH¹23#bµH½"#h\�cHqMuHz~mpoH�dcfe��-�_mvZ]lH`�mp���DY[cHqM��tDm"tfoH{#jfuHqv�
`ba_qMade �M�ptn^]zÃunmM`]`]z~mvaduflf\8mvad�#cHqMuHz~mpoH�dcfe�^��_mvZ]lH`beÂ\ijfunmvrfadlfyH^]`brfl	cnmvl;�
�dqvon^]^�\8mv�"cHqdz}`�oH�:ynmM^

q,
unmv\dcHqM��q�`ba_^bjH^bcflitH\_qMgfrfl5�

��qM��oDmM`bcHq � Çp�Æ����onq��"cHqd`bad�dw
CB

jfuHqMlfZ]\_qvoH�dcHqM��q"cHqMuHz~mpoH�dcHqM��q"�_mvZ]lH`�m

B = {α, αq, αq2 , . . . , αqn−1}
cnmvZ]eh\8mM^ba_`�{±yflH`�onq-cH^bcf�pon^b\de����bon^]z�^bcfa_qM\�\�z~mvaduflfkH^

T
�@jfuHqMlfZ]\_qvoH�dcnmv{

i
�õ{)`baduHqMr;msr:qMa_qMuHqMg#^]`bad�AjfuHqd`ba_qA\_^brfa_qMuGr:qM���+��lfkflH^bcfa_qM\��bon^]z�^bcfaMm

ααqi

jHqvoH{
GF (qn)

qMadcHqd`blfa_^�oH�dcHq��_mvZ]lH`�m
B
�;a_q'^]`bad�

ααqi

=

n−1∑

j=0

ti,jα
qj

.

|Ja_qiqMjfuH^�tn^�on^bcflH^)z�qMadlf\dlfuf�_^ba_`�{�`�on^�tH�:w&%AlHzQmpoH��qMuflfa_z�qdz �;zWcHq��A^��
cflf{#\�cHqMuHz~mpoH�dcHqdz¦�_mvZ]lH`]^

B
� mpoH��qMuflfa_z�qdz �"!$#%#%&�'8�)(+*�,.-�!;�D`]zh���ncnmvjfufl;�

z�^bu5��� Çv�Ä�0/;jf�_`bad�

ξ =

n−1∑

i=0

xiα
qi �

ζ =

n−1∑

j=0

yjα
qj �

jfuHqMlfZ]\_qvoH�dcfe�^��bon^]z�^bcfade¦jHqvoH{
GF (qn)

�;unmvZbonq��A^bcfcfe�^+jHqAcHqMuHz~mpoH�dcHqdzW�
�_mvZ]lH`b�

B
�;a_qM��tDm"l;�GjfuHqMlfZ]\_^�tn^bcflH^sz�q��"cHq'\dehyflH`�oHlfad��jHq'�+qMuHzW�pon^�/

π = ξζ =

n−1∑

i,j=0

xiyjα
qj+qi

=

n−1∑

i,j=0

xiyjα
(qi−j+1)qj

,

��tn^�unmvZ]cHqd`bad�
i − j

\dehyflH`�oH{f^ba_`�{#jHq'z�q]tH�poHw
n
�fm�aMmvr#r;mvr

α(qi−j+1)qj

=
(
αqi−j+1

)qj

=

(
n−1∑

k=0

ti−j,kα
qk

)qj

=
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=

n−1∑

k=0

ti−j,kα
qk+j

=

n−1∑

s=0

ti−j,s−jα
qs

,

��tn^iunmvZ]cHqd`bad�
s − j

l}`b�;z�z~m
k + j

a_q��A^i\dehyflH`�oH{;w�a_`�{}jHq�z�q]tH�poHw
n
�

a_qM��tDm

π =
n−1∑

m=0

pmαqm

,

��tn^

pm =

n−1∑

i,j=0

ti−j,m−jxiyj.

� jfuH^�tn^�oHlf\�z~mvaduflfkf�
A
unmv\_^bcH`bad\8mMzWl

ai,j = ti−j,−j
�5��tn^

i − j
l −ja_q��A^~\dehyflH`�oH{;w�a_`�{+jHq�z�q]tH�poHw

n
�bZpmMz�^bynmM^]zh��yfa_qhjfuH^�tHe�tH�/%A�:w±�+qMuHzW�poH�

z�q��"cHq"jH^buH^bjflH`�mvad��\'\dl;tn^

pm =

n−1∑

i,j=0

ti−j,m−jxiyj =

n−1∑

k,l=0

tk−l,−lxk+myl+m =

=

n−1∑

i,j=0

ai,jxi+myj+m =

n−1∑

i,j=0

ai,jS
m(xi)S

m(yj) ,

��tn^
Sm - qMjH^bunmvkflf{#kflfr;oHlfyH^]`br:qM��q)`¾tH\dlf�bm"\_^brfa_qMunm"cnm

m
r:qdzWjHqMcH^bcfav��m

A(x, y) =

n−1∑

i,j=0

ai,jxiyj

- �Ml;oHlfcH^bgfcnmv{��+qMuHz~m;�f`b\d{;Zpmvcfcnmv{#`+z~mvaduflfkH^bg
A
�

�[`bcHqf�Myfa_q+z~mvaduflfknm
A
`blHz�z�^baduflfyH^]`br;mv{��_aMmvr'r;mvr'r:qdqMu_tHlfcnmvade jfuHqMlfZb�

\_^�tn^bcflf{�cH^+Zpmv\dlH`�{;aiqMa)jH^buH^]`baMmvcHqM\drfl	`]qdzWcHq��"lfa_^�on^bg5�>l-yflH`�onq)^]^+cH^bcf�8�
on^b\de����bon^]z�^bcfa_qM\H��m'aMmvrf�A^�l;�-`b�;z�z~m'aMmvr:qM\deÂ�A^d�Dr;mvr-l-��z~mvaduflfkfe

T
�

�+oH{±\dehyflH`�on^bcflf{S�Ml;oHlfcH^bgfcHqMg �+qMuHzWe
A(x, y)

tnqd`baMmva_qMyfcHq	\dehjHqvoHcflfad�
CB + n − 1

qMjH^bunmvkflfg}\�jHqvon^����h�
	f���WcHq-uH^�mpoH�dcnmv{}`�onq��"cHqd`bad��lfcHqM��tDm
z�q��A^ba	qMr;mvZpmvad�_`�{±l±z�^bcf�d��^d� !~`�oHl±jfuH^bcH^]�MuH^byf��\duH^]z�^bcH^]z�\dehjHqvoHcH^bcflf{
kflfr;oHlfyH^]`brfl;�)`¾tH\dlf��qM\H�8a_qs`�onq��"cHqd`bad�A\dehjHqvoHcH^bcflf{)�;zWcHq��A^bcflf{�cnmpt)cHqMu;�
z~mpoH�dcfe�z±�_mvZ]lH`]qdz�jHqvoH{

GF (qn)
qMkH^bcflf\8mM^ba_`�{i`b\_^bu_�;�'r;mvr

n(CB +n− 1)qMjH^bunmvkflfg#\'jHqvon^
GF (q)

�fyfa_q"\dl;tHcHq"lfZ+`�on^�tH�:w&%�^bg��+qMuHzW�poHe /

ξζ = A(ξ, ζ)α+A(ξqn−1
, ζqn−1

)αq +A(ξqn−2
, ζqn−2

)αq2
+ · · ·+A(ξq, ζq)αqn−1

,
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a_q"^]`bad��`�onq��"cHqd`bad���;zWcHq��A^bcflf{�Zpmv\dlH`blfa�qMa'r:qvoHlfyH^]`bad\8m"cH^bcf�pon^b\de��i�bon^��
z�^bcfa_qM\'\'z~mvaduflfkH^

CB
�

� mMz�^badlHzh��yfa_q#`b\d{;Zpmvcfcnmv{	`"�_mvZ]lH`]qdz z~mvaduflfknm � -��paMmM�voHlfknmi�;zWcHqv�
�A^bcflf{��G\G�]a_qdzÃ�_mvZ]lH`]^d��q]tHcHqMZ]cnm]yfcHq#qMjfuH^�tn^�oH{f^ba#qMjH^bunmvkflfw��;zWcHq��A^bcflf{
\#unmM`]`]z~mvaduflf\8mM^]z�qdzxjHqvon^d�®miaMmvr�r;mvr�`�onq��A^bcflH^)�bon^]z�^bcfa_qM\-jHqvoH{�\#oHw��
�dqdz¦�_mvZ]lH`]^"�]a_qGjfuHqd`ba_q#qd�MehyfcHqd^'`�onq��A^bcflH^'\_^brfa_qMuHqM\�l;�-r:qdqMu_tHlfcnmvav�@a_q
\_`]^"qMjH^bunmvkflfl	jHqvoH{

GF (qn)
q]tHcHqMZ]cnm]yfcHq-qMjfuH^�tn^�on^bcfe+�@^]`�oHl	a_qvoH�dr:qi\de��

yflH`�on^bcnm	�]aMm�z~mvaduflfknm;��Z]cnm]yflfa±zWe lHz�^]^]z cHqM\_qd^�jfuH^�tn`baMmv\Mon^bcflH^�jHqvoH{��
`b\d{;ZpmvcfcHqd^[`��:r;mvZpmvcfcfe�z±�_mvZ]lH`]qdzh�:l)cnmMz�cH^baAcH^]qd�]�8q]tHlHz�qd`badl#\dehyflH`�oH{;ad�
unmvZbonq��A^bcflf{)�bon^]z�^bcfa_qM\�cHqM\_qM��qA�_mvZ]lH`�m+jHqs`baMmvuHqdzW�)`baMmvc;tDmvufadcHqdzW��jHqvoHl;�
cHqdzWlnmpoH�dcHqdzW�-�_mvZ]lH`b�#�]a_qM��q�jHqvoH{��� ÃtDmpoH�dcH^bgf��^]z \_`]^AqMjH^bunmvkflfl�\)�]a_qdz
jHqvon^+zWe z�q��A^]z}jfuHqM\_q]tHlfad�)\"unmM`]`]z~mvaduflf\8mM^]z�qdz cHqMuHz~mpoH�dcHqdzS�_mvZ]lH`]^d�

Y[Z]\_^]`badcnm"`�on^�tH�:w&%"mv{ia_^]qMuH^]z~m"q'`�onq��"cHqd`badl�cHqMuHz~mpoH�dcfe����_mvZ]lH`]qM\H�

�	��
�����������'�Ä`]zh��� Çp�Ä���"À��'À��h»v¹Mº¸¹�µH¹�·:¿�´�ÀHÁ_µH¹Mº¸¹[»�´p¼v½H²¾´
B
�H¹�À��

GF (qn)#]º¸¹-²¾ÀH¹2¦µH¹v²]³�Á
CB

µ"#'¿ #bµHÁ��.#
2n − 1 ��� ¹�À"# #i³�¹Mº¸¹ � #b²¾ÀH½ q = 2

��³�¹
²¾ÀH¹2¦µH¹v²]³�Á�µ"#"! #b³�µH´ �

#[uflf\_^�tn^]zQtnqMr;mvZpmva_^�oH�_`bad\_q�\d\dl;tH��^b��q�jfuHqd`ba_qMade+�W°+mvjHqdzWcflHzh�Wyfa_q�\
z~mvaduflfkH^

T
jfuHqMlfZ]\_qvoH�dcnmv{

i
�õ{}`baduHqMr;m	^]`bad�	jfuHqd`ba_q	\_^brfa_qMu}r:qM���+��lfkfl;�

^bcfa_qM\ �bon^]z�^bcfaMm
ααqi jHqvoH{

GF (qn)
qMadcHqd`blfa_^�oH�dcHqx�_mvZ]lH`�m

B
�%$®mvrflHz

qd�MunmvZ�qdzh��`b�;z�z~m-\_`]^��.`baduHqMr}z~mvaduflfkfe
T
^]`bad��\_^brfa_qMu}r:qM���+��lfkflH^bcfa_qM\

`�on^�tH�:w&%�^b��qÃ�bon^]z�^bcfaMm
α(α + αq + · · · + αqn−1

) = αTr(α)
��a_q ^]`bad�

(Tr(α), 0, . . . , 0)
� � mMz�^badlHzh�®yfa_q-`�on^�t±cH^�unmv\_^bc±cf�poHw��5aMmvr±r;mvr��bon^]z�^bc;�

ade �_mvZ]lH`�m
B
oHlfcH^bgfcHq"cH^bZpmv\dlH`blHzWe+�D�}tHuf�:��qMg�`ba_qMuHqMcfe+�H`baduHqMrfl

T
a_q��A^

oHlfcH^bgfcHq)cH^bZpmv\dlH`blHzWe+�DaMmvrflHz¦qd�MunmvZ�qdzh�D\_^brfa_qMu
α, ααq, . . . , ααqn−1 a_q��A^

{;\MoH{f^ba_`�{i�_mvZ]lH`]qdz±\
GF (qn)

�:aMmvrflHz}qd�MunmvZ�qdzh�f`ba_qvon�Mkfe¦\"z~mvaduflfkH^[a_q��A^
oHlfcH^bgfcHqicH^bZpmv\dlH`blHzWe+�@\iynmM`badcHqd`badl�cH^ba#cf�pon^b\de��	`baduHqMr	\�z~mvaduflfkH^d�5°�q
`b�;z�zWeS�bon^]z�^bcfa_qM\�\Ar;mv��tnqdz±`ba_qvon�MkH^d�8rfuHqdz�^�jH^buf\_qM��qf�8unmv\dcfeÃcf�poHw���$®mp�
rflHz�qd�MunmvZ�qdzh�;\Ar;mv��tnqdz.`ba_qvon�MkH^d�:rfuHqdz�^�jH^buf\_qM��qf�f`ba_qMlfav�:r;mvr#zWlfcflHzW�;zh�
jHqstH\8mAcH^bcf�pon^b\de��G�bon^]z�^bcfaMm;� � \�jH^buf\_qdz}z�q��A^ba�`ba_q�{;ad�H�;r;mvr�zWlfcflHzW�;zh�
q]tHlfc}cH^bcf�pon^b\_qMg}�bon^]z�^bcfav�~��oDmv\dcHqd^d�~yfa_qd�Me l;�.`b�;z�z~m��Me�oDm-cH^bcf�pon^b\_qMg5�
$@q�^]`bad�

CB > 2n − 1
�  ÂynmM`badcHqdzQ`�oH�:ynmM^

q = 2
r:qvoHlfyH^]`bad\_q�^�tHlfcflfk�\

jH^buf\_qdz.`ba_qvon�MkH^ -/cH^byH^badcHqf�nms\_q�\_`]^��iqd`baMmpoH�dcfe�� -/yH^badcHqf�fY[aMmvr5�f�_`baMmp�
cHqM\Mon^bcHqf��yfa_q�tfoH{±oHw[�dqM��q�cHqMuHz~mpoH�dcHqM��q

B
^b��q	`�onq��"cHqd`bad��cH^#z�^bcf�d��^

2n − 1
�H�hmvZ]lH`be+�;tfoH{Gr:qMa_qMufe��Gtnqd`badlf�bmM^ba_`�{��]aMm��]unmvcflfknm;�HlicnmvZ]eh\8mvw�a_`�{

qMjfadlHz~mpoH�dcfe�zWl5�
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� jfadlHz~mpoH�dcfe�^ cHqMuHz~mpoH�dcfe�^��_mvZ]lH`be �Me�oHl qd�Mcnmvuf�:�A^bcfe � ,��������5�
(���' #�������,��>��� !�� #�� 0 � &d��!"��� # 0 �S\�unmM�dqMa_^�� �d�Æ� � cfl �ptDm]yfcHq�z�qM�]�:a��Mehad�
lH`bjHqvoH�dZ�qM\8mvcfe \�zW�poH�padlfj;on^buH^d�WjfuH^�tfonq��A^bcfcHqdz �"!$#%#%&�'�l (+*�,.-�!;�  �jHqv�
`�on^�tn`bad\dlfl � !�0Al$# &%� #�� -�! � �v�>jHqMr;mvZpmpoHl5�fyfa_qstHuf�:�]l;�GqMjfadlHz~mpoH�dcfe��GcHqMu;�
z~mpoH�dcfe��#�_mvZ]lH`]qM\H�frfuHqdz�^+cnmvg;tn^bcfcfe��i\�� �M�Æ�;cH^+`b�/%�^]`bad\d�_^bav�

$®mvrGr;mvrG�:r;mvZpmvcfcfe�^[�_mvZ]lH`be¦`b�/%�^]`bad\d�:w�aAcH^�\_qs\_`]^��)jHqvoH{:���8a_qsjfuH^�tf�
`baMmv\MoH{;w�a[lfcfa_^buH^]`h�_mvZ]lH`be±cH^�qMjfadlHz~mpoH�dcfe�^d�McHq�lHz�^bw&%AlH^�cflfZ]rf�:wS`�onq����
cHqd`bad�H�_Y�z�jHqd`b\d{ %�^bcnm+`baMmvad�d{ � �p�Æ�:�JaduHq�{;a_`�{'�]adl��_mvZ]lH`be `hjHqdz�q�%A�dwÃaMmvr
cnmvZ]eh\8mM^]zWe��G�bm]�_`]`]qM\de��GjH^buflHq]tnqM\H�flfZ]�:yH^bcflfwQrfuflfjfa_qM�]unmM��lfyH^]`brfl;�Gjfufl;�
onq��A^bcflfg�r:qMa_qMufe��#jHqd`b\d{ %�^bcfeQ`baMmvad�dl � �p�Æ�	� ���Æ�

$®mvr�r;mvr�\)tnqd`bad�:jfcHqMg�oHlfa_^bunmvad�:uH^"cnm�uf�_`]`br:qdz¦{;Z]ehr:^"qMjfadlHz~mpoH�dcfe�^
cHqMuHz~mpoH�dcfe�^s�_mvZ]lH`be \dl;tHlHz�q�^�%�^[cH^�jHq�{;\MoH{:oHlH`b�H�ftDmpon^]^szWe¦rfunmvadr:q'lfZb�
oDmv�bmM^]z�`WcH^]qd�]�8q]tHlHzWe�zWlAtnqMr;mvZpmva_^�oH�_`bad\8mMzWl�\_`]^Wadufls`b�/%�^]`bad\d�:w&%AlH^�r:qMc;�
`baduf�:rfkflfl#�]adl;�i�_mvZ]lH`]qM\�l�mpoH��qMuflfa_zWeQl;�GjHqd`baduHqd^bcflf{��
&	' �� ( ��) �+*-,� ��� #�^buf\dehgGadlfjGqMjfadlHz~mpoH�dcfe��GcHqMuHz~mpoH�dcfe��G�_mvZ]lH`]qM\�r:qv�
cH^byfcHqM��q�jHqvoH{

GF (qn)
\_qMZ]cflfr;mM^bav�Jr:qM��tDm

n + 1 = p
- jfuHqd`ba_qd^il

q
-

jfuflHzWlfadlf\dcfehg�r:qMuH^bcf��jHq'z�q]tH�poHw
p
�

 �]a_qdz/`�oH�:ynmM^���^bcH^bunmva_qMuHqdz �_mvZ]lH`�m±jH^buf\_qM��q±adlfjnm±�M�ptn^ba.q]tHlfc¦lfZ
jfuflHzWlfadlf\dcfe��#r:qMufcH^bg

ζ p
�õg#`ba_^bjH^bcfl�lfZ+^�tHlfcflfkfeQjHqvoH{

GF (qn)
�

�+oH{±jHqMlH`br;m�Z]cnm]yH^bcflfg
n
�Wjfufl}r:qMa_qMufe��}`b�/%�^]`bad\d�_^ba��_mvZ]lH`GjH^buf\_qM��q

adlfjnm;�®cnmptnq�`b��^bcH^buflfuHqM\8mvad�	aMmM�voHlfkf�±jfuHqd`bade��±yflH`]^�o}qMa
1
tnq-ZpmptDmvcfcHqMg

�]unmvcflfkfe jHqMlH`br;m
N
`[jHqdz�q�%A�dw�uH^b��^baMm)|Junmva_qd`]�+^bcnm"lGtfoH{#qMyH^buH^�tHcHqM��q

jfuHqd`ba_qM��q
p
jfuHqM\_^buflfad�H�Hyfa_q

q(p−1)/δ mod p 6= 1

tfoH{	r;mv��tnqM��q-jfuHqd`ba_qM��q#tn^�oHlfa_^�oH{
δ
yflH`�oDm

p − 1
����mvrfa_qMuflfZpmvkflf{��]a_qM��q

yflH`�oDmGaduflf\dlnmpoH�dcfe�zxz�^ba_q]tnqdzQaduH^]�M�_^ba#\duH^]z�^bcfl
O(

√
p)
� �"�:yH^ba_qdz¦�:�A^

jHqd`baduHqd^bcfcHqMg	aMmM�voHlfkfe jfuHqd`bade��n��� !�jfuHqM\_^bufr;mi\_`]^��
O(log p)

�:r;mvZpmvcfcfe��
cH^bunmv\_^bcH`bad\.- \duH^]z�^bcfl

O(log2 p).
� ��%�^]^[\duH^]zW{GunmM�dqMade¦�]a_qM��q�jHq]tDmpoH��qv�

uflfa_z~m -
O(N3/2).��mpon^]^GtfoH{.r;mv��tnqM��q	cnmvg;tn^bcfcHqM��q

n = p − 1
l %�^]z�\	jHqvon^

GF (qn)jfuflHzWlfadlf\dcfehg�r:qMuH^bcf�
ζ p
�õg�`ba_^bjH^bcfl�lfZi�d��$®mvr�r;mvr�\G`bl;oH��jfuHqd`ba_qMade

p\_`]^�cH^]^�tHlfcflfyfcfe�^[r:qMufcfli�:r;mvZpmvcfcHqMg#`ba_^bjH^bcflG{;\MoH{;w�a_`�{)jfuflHzWlfadlf\dcfe�zWl5�
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m
qn − 1

rfunmvadcHq
p
`]qM��oDmM`bcHq)\de��dqMuf�

n
�Ha_q'tfoH{ioHw[�dqM��q�cH^bcf�pon^b\_qM��q)�bon^��

z�^bcfaMm
β
lfZ'jHqvoH{

GF (qn)
^b��q�`ba_^bjH^bcf�

β(qn−1)/p ��\�`�oH�:ynmM^�^]`�oHl�qMcnmGcH^unmv\dcnm
1
���M�ptn^ba#lH`br:qdzWe�z r:qMufcH^]zh�5aMmvr	r;mvr

βqn−1 = 1
jHq#z~mponqMg	a_^]qMuH^��

z�^ �A^buHz~m;�  �^buHq�{;adcHqd`bad��a_qM��qf�Wyfa_q�tfoH{.`�oH�:ynmvgfcHqM��q
β
�M�ptn^ba	`bjfunmv\_^�tf�

oHlf\_qGunmv\_^bcH`bad\_q
β(qn−1)/p = 1

��unmv\dcnm
1/p

��aMmvr	r;mvr	r:qvoHlfyH^]`bad\_q#r:qMufcH^bg
(qn − 1)/p

`ba_^bjH^bcfl#lfZ���unmv\dcHq
(qn − 1)/p

�HZ]cnm]yflfa�cf�:�"cfehg#cnmMz.r:qMuH^bcf�
jHqd`�on^d�ncnmvjfuflHz�^bu �'jHqMjfeha_qMr5�DzWexjHqvoH�:yflHz `+jHqMyfadl�^�tHlfcflfyfcHqMg�\_^buHq�{;aM�
cHqd`bad�dw}Zpmh\duH^]zW{

O(n log q)3,
^]`�oHlAlH`bjHqvoH�dZ�qM\8mvad�+`baMmvc;tDmvufadcfehg'�Me�`badufehg

mpoH��qMuflfa_z	\_qMZ]\_^�tn^bcflf{'\s`ba_^bjH^bcf�sl)mpoH��qMuflfa_z�`�onq��"cHqd`badl
O(n log q)2

tfoH{
�;zWcHq��A^bcflf{'\+jHqvon^

GF (qn)
�� ±r;m]yH^]`bad\_^�jfuH^�tn`baMmv\Mon^bcflf{��bon^]z�^bcfa_qM\sjHqvoH{

z�q��"cHq#\dZ]{;ad�-zWcHqM��qMy;on^bcfe/`ba_^bjH^bcfl
n − 1

`'r:qM���+��lfkflH^bcfaMmMzWl�lfZ'jHqvoH{
GF (q)

�~m-qMjH^bunmvkflfl}jfuHqM\_q]tHlfad�	jHq�z�q]tH�poHw cH^bjfuflf\_q]tHlHz�qM��q	jHqvoHlfcHqdz~m;�
�A^�oDmva_^�oH�dcHq �vz~mponqMy;on^bcnm��v�

#[uflf\_^�tn^]z tnqMr;mvZpmva_^�oH�_`bad\_q}qMjfadlHz~mpoH�dcHqd`badlQ�_mvZ]lH`]qM\±jH^buf\_qM��q�adlfjnm;�
� mMz�^badlHzh�Dyfa_qG`blH`ba_^]z~m {ζ, . . . , ζn} `]qM\djnmptDmM^ba#`Aa_qMyfcHqd`bad�dw tnq)jH^buH^]`baMmp�cHqM\drfl�`[cHqMuHz~mpoH�dcfe�zS�_mvZ]lH`]qdz

{ζ, ζq, ζq2
, . . . , ζqn−1},

aMmvr�r;mvr�jHqd`�on^�tnqM\8mva_^�oH�dcHqd`bad��`ba_^bjH^bcH^bg
1, q, q2, . . . , qn−1,

\dehyflH`�on^bcfcfe��
jHq�z�q]tH�poHw

p,
`]qM\djnmptDmM^ba�`JcH^br:qMa_qMuHqMg"jH^buH^]`baMmvcHqM\dr:qMg

π(1), . . . , π(n)
zWcHqv�

�A^]`bad\8mAyflH`]^�o {1, . . . , n} \"`bl;oH��a_qM��qf�:yfa_q q
-�jfuflHzWlfadlf\dcfehgir:qMuH^bcf�"jHq

z�q]tH�poHw
p
�>Z]cnm]yflfa�unmv\_^bcH`bad\_q

qi l qj jfufl 0 > i < j < n
jHq#z�q]tH�poHw

pcH^b\_qMZ�z�q��"cHqf�WaMmvr�r;mvr�lfcnm]yH^
qj−i �Me�onq-�Me�unmv\dcHq��'jHq-z�q]tH�poHw p,

yfa_q
jfuHqMadlf\_qMuH^byfl;onq��Me jfuflHzWlfadlf\dcHqd`badl

q
jHq��]a_qdzW�iz�q]tH�poHw��

��lfcH^bgfcnmv{ cH^bZpmv\dlH`blHz�qd`bad�Ã`blH`ba_^]zWe {ζ, . . . , ζn} \deha_^br;mM^ba lfZ	a_qM��qf�yfa_q
ζ
cH^Az�q��A^ba#�Mehad�Gr:qMufcH^]z cflfr;mvr:qM��q#zWcHqM��qMy;on^bcnm)cnmpt�jHqvon^]z

GF (q)`ba_^bjH^bcfl}z�^bcf�d��^bg
n
�®aMmvr.r;mvr

ζ
{;\MoH{f^ba_`�{±r:qMufcH^]zÂcH^bjfuflf\_q]tHlHz�qM��q	cnmpt

jHqvon^]z
GF (q)

zWcHqM��qMy;on^bcnm

1 + x + . . . + xn =
xp − 1

x − 1
,

r:qMa_qMufehgxcH^bjfuflf\_q]tHlHz \ `bl;oH�Ãa_qM��qf��yfa_qS^]`�oHlxqMc lHz�^]^baÃ`]qd�d`bad\_^bcfcfehg
tn^�oHlfa_^�oH�

f(x)
��a_q}^b��q}r:qMufcH^]z �M�ptn^baSq]tHlfcxlfZ	r:qMufcH^bg

ζqi zWcHqM��qMy;on^��
cnm

1 + x + . . . + xn �WmiZ]cnm]yflfa�^b��q�r:qMufcf{fzWl.�M�ptH�:a�\_`]^'�bon^]z�^bcfade/\dl;tDm
αqi

, i = 1, 2, . . . ,
��tn^

α = ζqk

,
mhZ]cnm]yflfa�ls\_`]^J�bon^]z�^bcfade

ζqi+k

, i = 1, 2, . . . ,��tn^+`b�;z�z~m
i + k

\dehyflH`�oH{f^ba_`�{�jHq"z�q]tH�poHw
n
�;aMmvr#r;mvr

qn = 1 mod p, ζqn

= ζ,
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l�jHqM�]a_qdzW��r:qMufcf{fzWl}zWcHqM��qMy;on^bcnm
f(x)

{;\MoH{;w�a_`�{�\_`]^
n
r:qMufcH^bg}zWcHqM��qv�

y;on^bcnm
1 + x + . . . + xn,

yfa_q"cH^b\_qMZ�z�q��"cHqf�
 �ehyflH`�oHlHz.a_^bjH^buf�)z~mvaduflfkf�

T.
�+oH{i�]a_qM��q"cnmptnq"cnmvgfadl#unmvZbonq��A^bcflH^

ζζqi

=
n−1∑

j=0

ti,jζ
qj

.

��qM��oDmM`bcHq'unmv\_^bcH`bad\8mMz
ζζm = ζm+1,m = 1, . . . , n

jfufl
m < n

`b�;z�z~m

n−1∑

j=0

ti,jζ
qj

�M�ptn^ba+unmv\dcnm
ζm+1 a_qvoH�dr:qA^]`�oHl'jfufl i

aMmvr:qdzh�8yfa_q
qi = m mod p,

�éa_q+^]`bad�
jfufl

i = π−1(m)
�Aunmv\_^bcH`bad\_q

ti,j = 1
�M�ptn^ba�`bjfunmv\_^�tfoHlf\_q�oHlf�A�	jfufl

jaMmvr:qdzh�Hyfa_q
qj = m + 1 mod p,

a_q'^]`bad�'jfufl

j = π−1(m + 1) = π−1(π(i) + 1),

m�qd`baMmpoH�dcfe�^+r:qM���+��lfkflH^bcfade
ti,j

�M�ptH�:a"unmv\dcfe cf�poHw��
!~`�oHl#�A^

m = n
�;a_q

ζζm = ζn+1 = ζp = 1 =

n∑

k=1

ζk =

n−1∑

j=0

ζqj

,

Z]cnm]yflfa�jfufl
i = π−1(n)

\_`]^#r:qM���+��lfkflH^bcfade
ti,j = 1.

 lfa_qM��^-qd��%�^]^
yflH`�onqGcH^bcf�pon^b\de���r:qM���+��lfkflH^bcfa_qM\#unmv\dcHq

2n − 1,
Z]cnm]yflfa#jHqd`baduHqd^bcfcfehg

�_mvZ]lH`+qMjfadlHz~mpoH�dcfehg�cHqMuHz~mpoH�dcfehg5�
#[uflf\_^�tn^]zS^�%�^[\"{;\dcHqdz.\dl;tn^+`�on^�tH�:w&%Alfg-mpoH��qMuflfa_zh�

� )�� 
��-,�� � ' 
���� �
��+*-,	� 
 ' � , ��� )�
 *��� *
�� ��� )�
 *���������+,���
��
' ������
�� 
�� , ' � ,�������) ,������ � *
�� �+*-,	��� *-,�� ' �-,

q = 2
�

#[�_`bad�¦cnmptnq jHqd`baduHqMlfad�QqMjfadlHz~mpoH�dcfehg cHqMuHz~mpoH�dcfehg �_mvZ]lH`±\ÃjHqvon^
GF (2n).�d� #[uHqM\_^bu8{f^]zh�n{;\MoH{f^ba_`�{GoHl

p = n + 1
jfuHqd`bade�z}yflH`�onqdzh�

Å;� !~`�oHl#tDm;�fa_q�jfuHqM\_^bu8{f^]zh�n{;\MoH{f^ba_`�{GoHl-Å�jfuflHzWlfadlf\dcfe�z}r:qMufcH^]z}jHq
z�q]tH�poHw

p.
�+oH{G�]a_qM��q"jfuHqM\_^bu8{f^]zh�nyfa_q

2(p−1)/δ mod p 6= 1
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tfoH{-r;mv��tnqM��q#jfuHqd`ba_qM��qGtn^�oHlfa_^�oH{
δ
yflH`�oDm

p − 1
� !~`�oHl	�]a_qG\dehjHqvoHcH^bcHqf�

a_q'ÅA{;\MoH{f^ba_`�{#jfuflHzWlfadlf\dcfe�zSr:qMufcH^]z.jHq'z�q]tH�poHw
p.Ç;�>Y %�^]z \GjHqvon^

GF (2n)
jfuflHzWlfadlf\dcfehg	r:qMuH^bcf�

ζ p
�õg�`ba_^bjH^bcfl�lfZ#�d�

�+oH{.�]a_qM��q�`�oH�:ynmvgfcfe�z qd�MunmvZ�qdz ��^bcH^buflfuf�_^]z cH^bcf�pon^b\_qMgS�bon^]z�^bcfa
β
lfZ

jHqvoH{
GF (2n)

l¦\dehyflH`�oH{f^]z ^b��q.`ba_^bjH^bcf�
β(qn−1)/p � !~`�oHl �]aMm±`ba_^bjH^bcf�cH^+unmv\dcnm��d�Ha_q'jHqvoDmv�bmM^]z

ζ
unmv\dcfe�zS�]a_qMg�`ba_^bjH^bcfl5�n\�jfuHqMadlf\dcHqdzÃ`�oH�:ynmM^

��^bcH^buflfuf�_^]z#cHqM\dehgs�bon^]z�^bcfa
β
�]l+aMmvr+tDmpon^]^d��jHqMr;mhcH^�jHqvoH�:yflHz

β(qn−1)/p 6=
1
�;jHqd`�on^�yH^b��q"jHqvoDmv�bmM^]z

ζ = β(qn−1)/p.� mMz�^badlHz q]tHcnmvr:qf��yfa_q.tfoH{¦\dehyflH`�on^bcflf{Qcf�:�"cHqMgQcnmMz z~mvaduflfkfe��
jf�:cfrfa�Ç�cH^[cf�:�A^bc5�

�H�  �ehyflH`�oH{f^]zÂz~mvaduflfkf�
T = (ti,j).

 �e��MlfunmM^]zÂqMyH^buH^�tHcHqMg.lfc;tn^br:`
i
�

0 6 i < n
���Jcnm]ynmpoDmGcnmp�8q]tHlHz

m = 2i mod p.
!~`�oHl

m < n,
a_q)cnmp�8q]tHlHz

0 6 j < n
�MaMmvr:qd^�yfa_q

2j = m+1 mod p,
l'jHqvoDmv�bmM^]z

ti,j = 1
�8m[jfufl

k 6= j
ti,k = 0

�*!~`�oHl#�A^
m = n,

a_q"jHqvoDmv�bmM^]z
ti,j = 1

jfufli\_`]^��
j
�
0 6 j < n

�
�;�  �ehyflH`�on^bcflH^�z~mvaduflfkfe

A
qd`b�/%�^]`bad\MoH{f^ba_`�{}`)jHqdz�q�%A�dw unmv\_^bcH`bad\

ai,j = ti−j,−j,
��tn^

i − j
l −j

\dehyflH`�oH{;w�a_`�{�jHq#z�q]tH�poHw
n
�®|JaMm#z~mvadufl;�

knm"{;\MoH{f^ba_`�{�\de��8q]tnqdzÃmpoH��qMuflfa_z~m;�DaMmvr-r;mvr�lHz�^bcfcHq)qMcnm"lH`bjHqvoH�dZ]�_^ba_`�{�\
mpoH��qMuflfa_z�^+�;zWcHq��A^bcflf{ �"!$#%#%&�'8�)(+*�,.-�!;�
&	' �� ( ��) �+*-,�����  �a_qMuHqMg�adlfj�qMjfadlHz~mpoH�dcfe���cHqMuHz~mpoH�dcfe����_mvZ]lH`]qM\�r:qv�
cH^byfcHqM��q�jHqvoH{

GF (qn)
\_qMZ]cflfr;mM^bav�Wr:qM��tDm

2n + 1 = p
- jfuHqd`ba_qd^�l

q
-

jfuflHzWlfadlf\dcfehg�r:qMuH^bcf��jHq'z�q]tH�poHw
p
�

�:^bcH^bunmva_qMuHqdzÃ�]a_qM��qG�_mvZ]lH`�m'{;\MoH{f^ba_`�{-�bon^]z�^bcfa
α = ζ + ζ−1 �H��tn^ ζ

-
jfuflHzWlfadlf\dcfehg�r:qMuH^bcf�

p
�õg#`ba_^bjH^bcfl�lfZ+^�tHlfcflfkfeQ\"jHqvon^

GF (q2n)
�

#[uflf\_^�tn^]z tnqMr;mvZpmva_^�oH�_`bad\_q}qMjfadlHz~mpoH�dcHqd`badlQ�_mvZ]lH`]qM\±\da_qMuHqM��q�adlfjnm;�
�hmvZ]lH`�\da_qMuHqM��q#adlfjnmG\_qMZ]cflfr;mM^bav�@r:qM��tDm

2n + 1 = p
-�jfuHqd`ba_qd^"yflH`�onqf�®m

�_`�onqM\dlH^�cnm
q
aMmvr:qd^��A^d�fr;mvr#\"jH^buf\_qdz.`�oH�:ynmM^d�f��tn^�uHqvoH�"yflH`�oDm

n
lf�]unmM^ba

yflH`�onq
2n
�:|~on^]z�^bcfa

ζ
a_qM��tDm+�M�ptn^ba+jfuflHzWlfadlf\dcfe�z�r:qMufcH^]z�`ba_^bjH^bcfl

p
lfZs�

\�jHqvon^
GF (q2n)

�dcHq[\+r;m]yH^]`bad\_^�jHqMuHq���tDmvw&%�^b��qs�bon^]z�^bcfaMm+qMjfadlHz~mpoH�dcHqM��q
cHqMuHz~mpoH�dcHqM��q��_mvZ]lH`�m�cf�:�"cHq"\dZ]{;ad�

α = ζ + ζ−1 � $®mvr�r;mvr

qn = −1 mod p,

a_q
αqn

= ζqn

+ ζ−qn

= ζ + ζ−1 = α,

Z]cnm]yflfa
αqn

= α,
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jHqM�]a_qdzW�
α
jfuflfcnmptfon^b�"lfa)jHq]tHjHqvoHw

GF (qn)
jHqvoH{

GF (q2n)
�D�JlH`ba_^]z~m

{α, αq , αq2
, . . . , αqn−1}

oHlfcH^bgfcHq"cH^bZpmv\dlH`blHz~m;�HaMmvr�r;mvr

αqk

= ζqk

+ ζ−qk

= ζqk

+ ζqk+n

\'`bl;oH�)unmv\_^bcH`bad\8m
qk+n = −qk mod p,

m�`blH`ba_^]z~m
{ζ, ζq, ζq2

, . . . , ζq2n−1}
oHlfcH^bgfcHq"cH^bZpmv\dlH`blHz~m;���-q��"cHq'jfuHqM\_^buflfad�H�Hyfa_q"jfufl

n > k > 0

ααqk

= (ζ + ζ−1)(ζqk

+ ζ−qk

) = ζ1+qk

+ ζ−1−qk

+ ζ1−qk

+ ζ−1+qk

=

= αqs

+ αqt

,
Z]cnm]yflfa�`]qdqMad\_^ba_`bad\d�:w&%"mv{��]a_qdzW���_mvZ]lH`b��z~mvaduflfknm

T
jfufl

q = 2l `]q]tn^bu8�"lfa
2n− 1

^�tHlfcflfkf�_�;jHqMa_qdzW�'yfa_qsjfufl
k = 0

unmvZbonq��A^bcflH^[jfuHqMlfZ]\_^�tn^bcflf{
ααq0

jHq"�_mvZ]lH`b�i`]qd`ba_qMlfa'lfZsq]tHcHqM��q�`�oDmv�bmM^]z�qM��qf�n\_^�tH�

α2 = (ζ + ζ−1)2 = ζ2 + ζ−2 = αqs

.

�+oH{�\dehjHqvoHcH^bcflf{"�:r;mvZpmvcfcHqMg'jfuHqM\_^bufrfl'ZpmMz�^badlHzh�dyfa_q�`]qM��oDmM`bcHqsqMjfuH^��
tn^�on^bcflfw��:jHqd`�on^�tnqM\8mva_^�oH�dcHqd`bad�

qk mod p, k = 0, . . . , 2n− 1
{;\MoH{f^ba_`�{)jH^��

uH^]`baMmvcHqM\dr:qMg
π(1), . . . , π(2n)

zWcHq��A^]`bad\8m'yflH`]^�o {1, . . . , 2n} \'`bl;oH�Ga_qM��qf�yfa_q
q
- jfuflHzWlfadlf\dcfehg	r:qMuH^bcf�#jHqiz�q]tH�poHw

p = 2n + 1
�DjfuflfyH^]z¦\#`bl;oH�

`]qdqMadcHqM��^bcflf{
qk+n = −qk mod p, k = 0, . . . , n − 1

`bjfunmv\_^�tfoHlf\_q'unmv\_^bcH`bad\_q

π(k) + π(k + n) = p, k = 0, . . . , n − 1,

mAaMmvr#r;mvr#\_`]^�cH^b�:jHqMu8{:tnqMyH^bcfcfe�^sjnmvufe

(1 + qk mod p,−1 − qk mod p)
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jfuflGoHw[�dqdz
k = 0, . . . , n − 1,

qMa�oHlfyfcfe�qMa"jnmvufe
(0, 0)

�Ha_q"l;�GjHqd`�on^�tnqM\8mp�
a_^�oH�dcHqd`bad��`]qd`ba_qMlfa�lfZ+jnmvu

(π(k), π(k + n)), k = 0, . . . , n − 1,

a_qA^]`bad�AlfZ�cH^b�:jHqMu8{:tnqMyH^bcfcfe��GjnmvuG\dl;tDm
(u, p−u), 0 < u > n,

Z]cnm]yflfa'`b�8�
%�^]`bad\d�_^ba�aMmvr:qd^�qMa_qd�Munmv�A^bcflH^

(σ(1), . . . , σ(n))
zWcHq��A^]`bad\8m�yflH`]^�o

1, . . . , n\'`]^]��{��fyfa_q

(1 + qk mod p,−1 − qk mod p) = (π(σ(k + 1)), p − π(σ(k + 1))),

liZ]cnm]yflfa

ζ1+qk

+ ζ−1−qk

= ζqσ(k+1)
+ ζ−qσ(k+1)

= αqσ(k+1)
.

� cnmponqM�]lfyfcHq�qMjfuH^�tn^�oH{f^ba_`�{ qMa_qd�Munmv�A^bcflH^
(µ(1), . . . , µ(n))

zWcHq��A^��
`bad\8m

1, . . . , n,
\'`]^]��{iaMmvr:qd^d�nyfa_q

ζ1−qk

+ ζ−1+qk

= ζqµ(k)
+ ζ−qµ(k)

= αqµ(k)

jfuflGoHw[�dqdz
n > k > 0.$®mvr#r;mvr

1 − qk 6= 1 + qk, 1 − qk 6= −1 − qk

jHq"z�q]tH�poHw
p
�;a_q"jfuflGoHw[�dqdz

n > k > 0
`bjfunmv\_^�tfoHlf\_q'cH^bunmv\_^bcH`bad\_q

µ(k) 6= σ(k + 1).

 �`bjHqdzWlfcnmv{#qMjfuH^�tn^�on^bcflH^Az~mvaduflfkfe
T
jHqd`buH^�tn`bad\_qdzSunmv\_^bcH`bad\

ααqi

=

n−1∑

j=0

ti,jα
qj

,

l#`bunmv\dcflf\8mv{#l;�i`[jHqvoH�:yH^bcfcfe�zWl�unmv\_^bcH`bad\8mMzWl

ααqi

= αqσ(i+1)
+ αqµ(i)

, i > 0,

ααq0
= ζ1+q0

+ ζ−1−q0
+ ζ1−q0

+ ζ−1+q0
=

= ζ1+q0
+ ζ−1−q0

+ ζ0 + ζ0 = ζ1+q0
+ ζ−1−q0

= αqσ(1)
,



Å���� ��� �����	��
������������ �������������������� ����������
���

lHz�^]^]z
ti,j = δσ(i+1),j + δµ(i),j , i 6= 0,

t0,j = δσ(1),j ,��tn^
δk,s

-�tn^�oH�paMmp�Æ`blHzW\_qvo��[uHqMcH^br:^bunm;�Wunmv\dcfehg¦��jfufl
k = s

l�cf�poHw \
jfuHqMadlf\dcHqdzS`�oH�:ynmM^d�

� a_z�^badlHzh��yfa_q.\ `�oH�:ynmM^	cH^byH^badcHqM��q
q
�:r;mvZpmvcfcfehg��_mvZ]lH`	cH^��M�ptn^bav�

`baduHqM��q���qM\_qMu8{��~qMjfadlHz~mpoH�dcfe�zh�~cHq��M�ptn^ba�lHz�^bad��oHlfcH^bgfcf�:w�`�onq��"cHqd`bad�H�
�A^bgH`bad\dlfa_^�oH�dcHqf�Ha_qM��tDm

α2 = (ζ + ζ−1)2 = ζ2 + ζ−2 + 2 = αqs

+ 2,

mA�bon^]z�^bcfa
2
lfZ+jHqvoH{

GF (q)
jfuH^�tn`baMmv\dlHz}\'\dl;tn^

c
n−1∑

k=0

αqk

jfuflicH^bcf�pon^b\_qdz
c
lfZ+jHqvoH{

GF (q)
�

#[uflf\_^�tn^]z}aMmvrf�A^+\"{;\dcHqdz.\dl;tn^+^�%�^�q]tHlfc�mpoH��qMuflfa_zh�
� )�� 
��-,�� � ' 
���� �
��+*-,	� 
 ' � , ��� )�
 *��� *
�� ��� )�
 *���������+,���
��
��� 
��
�� 
�� , ' � ,�������) ,������ � *
�� �+*-,	��� *-,�� ' �-,

q = 2
�

#[�_`bad�¦cnmptnq jHqd`baduHqMlfad�QqMjfadlHz~mpoH�dcfehg cHqMuHz~mpoH�dcfehg �_mvZ]lH`±\ÃjHqvon^
GF (2n).�d� #[uHqM\_^bu8{f^]zh�n{;\MoH{f^ba_`�{GoHl

p = 2n + 1
jfuHqd`bade�z}yflH`�onqdzh�

Å;� !~`�oHl#tDm;�fa_q�jfuHqM\_^bu8{f^]zh�n{;\MoH{f^ba_`�{GoHl-Å�jfuflHzWlfadlf\dcfe�z}r:qMufcH^]z}jHq
z�q]tH�poHw

p.Ç;� !~`�oHlitDm;�fa_q�\dehyflH`�oH{f^]zSz~mvaduflfkf�
T = (ti,j).�+oH{G�]a_qM��q'`bcnm]ynmpoDm'`baduHqMlHzSz~mM`]`blf\

π(k) = 2k mod q, k = 0, . . . , 2n − 1.

#�qMa_qdz}`baduHqMlHz}z~mM`]`blf\
(σ(1), . . . , σ(n))

aMmvr:qMg5�nyfa_q
1 6 σ(k) 6 n

l

(1 + 2k mod p,−1 − 2k mod p) = (π(σ(k + 1)), p − π(σ(k + 1))),

k = 0, . . . , n − 1.

� mva_^]z}`baduHqMlHz}z~mM`]`blf\
(µ(1), . . . , µ(n))

�HaMmvr:qMg�yfa_q
1 6 µ(k) 6 n

l

(1 − 2k mod p,−1 + 2k mod p) = (π(µ(k)), p − π(µ(k))), k = 1, . . . , n.
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Y�cnmvr:qMcH^bk�\dehyflH`�oH{f^]z.tfoH{i\_`]^��
0 < i < n

li\_`]^��
j
�
0 6 j < n

ti,j = δσ(i+1),j + δµ(i),j ,

t0,j = δσ(1),j ,��tn^
δk,s

-�tn^�oH�paMmp�Æ`blHzW\_qvo��[uHqMcH^br:^bunm;�Wunmv\dcfehg¦��jfufl
k = s

l�cf�poHw \
jfuHqMadlf\dcHqdzS`�oH�:ynmM^d�
&	' �� ( ��) �+*-,������$�uH^badlfg�adlfj�qMjfadlHz~mpoH�dcfe��#cHqMuHz~mpoH�dcfe����_mvZ]lH`]qM\�r:qv�
cH^byfcHqM��q.jHqvoH{

GF (qn)
\_qMZ]cflfr;mM^baSr:qM��tDm

2n + 1 = p
- jfuHqd`ba_qd^ ≡ 3

(mod 4)
�;m

q
-Ârf\8mptHunmvadlfyfcfehgG\dehyH^baAjHqsz�q]tH�poHw

p
�éa_qs^]`bad��`b�/%�^]`bad\d�_^ba

aMmvr:qd^
r
�:yfa_q

q = r2 (mod p)
�;lijfuflioHw[�dqdz

0 < k < n 2k 6= 1 mod p.
�+mvrAlA\[`�oH�:ynmM^��_mvZ]lH`�m�\da_qMuHqM��q�adlfjnm�\�r;m]yH^]`bad\_^�jHqMuHq���tDmvw&%�^b��q[�bon^��

z�^bcfaMm[�_mvZ]lH`�m�aduH^bad�_^b��q[adlfjnm[�d^buH^ba_`�{
α = ζ+ζ−1 �p��tn^ ζ

-QjfuflHzWlfadlf\dcfehg
r:qMuH^bcf�

p
�õg�`ba_^bjH^bcfl#lfZs^�tHlfcflfkfe \'jHqvon^

GF (q2n)
�

#[uflf\_^�tn^]z tnqMr;mvZpmva_^�oH�_`bad\_q#qMjfadlHz~mpoH�dcHqd`badl	l�\)�]a_qdzÃ`�oH�:ynmM^d�>�hmvZ]lH`
aduH^bad�_^b��q'adlfjnm�\_qMZ]cflfr;mM^bav�Dr:qM��tDm

n
cH^byH^badcHqf�

2n + 1 = p
-/jfuHqd`ba_qd^+yflH`��

onqf�>m'�_`�onqM\dlH^�cnm
q
ZpmMz�^bcf{f^ba_`�{�cnm'a_qf�Dyfa_q

qn = 1 mod p
�nl�jfufl�oHw[�dqdz

0 < k < n qk 6= 1 mod p
��tHuf�:�]lHzWl�`�onqM\8mMzWl5�DyflH`�onq

q
lHz�^]^ba)jHq�z�q]tH�poHw

p
jHqMu8{:tnqMr

n
�5m)cH^

2n
��r;mvr	\_qi\da_qMuHqdzQ`�oH�:ynmM^d��l�a_qM��tDm�mv\da_qdz~mvadlfyH^]`brfl

`b�/%�^]`bad\d�_^ba'aMmvr:qd^
r,
yfa_q

q = r2 mod p,
a_q�^]`bad�

q
- rf\8mptHunmvadlfyfcfehg-\de��

yH^baAjHqAz�q]tH�poHw
p
�8l)jHqM�]a_qdzW��\_`]^�^b��q�`ba_^bjH^bcfl

qk mod p
�
k = 0, . . . , n − 1qd�MunmvZ]�:w�a�jH^buH^]`baMmvcHqM\drf�szWcHq��A^]`bad\8m�\_`]^��+rf\8mptHunmvadlfyfcfe��s\dehyH^ba_qM\�jHq�z�qv�

tH�poHw
p
�;aMmvr#r;mvr#l;�GuHqM\dcHq

n
�Aad�:rD���

� aMmvr-r;mvr
p
unmv\dcHq

3
jHq�z�q]tH�poHw

4,
a_q −1

{;\MoH{f^ba_`�{�rf\8mptHunmvadlfyfcfe�z
cH^b\dehyH^ba_qdzQjHq-z�q]tH�poHw

p
�5aMmvr�r;mvr�\�jfuHqMadlf\dcHqdz�`�oH�:ynmM^�`b�/%�^]`bad\_qM\8mponq

�MexaMmvr:qd^�yflH`�onq
r,
yfa_q −1 = r2 mod p,

l-a_qM��tDm)jHqvoH�:yfl;onqd`b�i�Me�jfuHqMadl;�
\_qMuH^byflH^+`�z~mponqMg�a_^]qMuH^]z�qMg"�A^buHz~m /

rp−1 = (r2)(p−1)/2 = (−1)(p−1)/2 = −1 mod p.

#�qM�]a_qdzW� lfZ a_qM��qf�	yfa_q�jfuHqMlfZ]\_^�tn^bcflH^ \dehyH^baMm cnm�cH^b\dehyH^ba {;\M�
oH{f^ba_`�{ cH^b\dehyH^ba_qdzh�Q`�on^�tH�_^bav�Qyfa_qjHqd`�on^�tnqM\8mva_^�oH�dcHqd`bad� −qk mod p

�
k = 0, . . . , n − 1

qd�MunmvZ]�:w�a±jH^buH^]`baMmvcHqM\drf�¦zWcHq��A^]`bad\8m±\_`]^�� rf\8mptHunmvadlfy;�
cfe��GcH^b\dehyH^ba_qM\�jHq"z�q]tH�poHw

p
�

�+mvr�l'\A`�oH�:ynmM^��_mvZ]lH`�m�\da_qMuHqM��qsadlfjnm�\+r;m]yH^]`bad\_^��bon^]z�^bcfaMm
ζ
�d^buH^ba_`�{

jfuflHzWlfadlf\dcfehg#r:qMuH^bcf��`ba_^bjH^bcfl
p
lfZ'��\"jHqvon^

GF (q2n)
�fmA\�r;m]yH^]`bad\_^+jHqv�

uHq���tDmvw&%�^b��q)�bon^]z�^bcfaMm)qMjfadlHz~mpoH�dcHqM��qGcHqMuHz~mpoH�dcHqM��qi�_mvZ]lH`�m.- �bon^]z�^bcfa
α = ζ + ζ−1 �
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� tHcnmvr:q"tnqMr;mvZpmva_^�oH�_`bad\_q'oHlfcH^bgfcHqMg�cH^bZpmv\dlH`blHz�qd`badl�`blH`ba_^]zWe

{α, αq , αq2
, . . . , αqn−1}

qMa�oHlfynmM^ba_`�{�qMa'\da_qMuHqM��q'`�oH�:ynmv{�� �AqMjf�_`badlHz}jfuHqMadlf\dcHqd^d�Ha_q'^]`bad�

n−1∑

j=0

ajα
qj

= 0

tfoH{ cH^br:qMa_qMuHqM��q�cH^bcf�pon^b\_qM��q�\_^brfa_qMunm
(aj)

`Sr:qdqMu_tHlfcnmvaMmMzWl lfZ jHqvoH{
GF (q).

#�q]tn`baMmv\MoH{;{�unmv\_^bcH`bad\8m

αqi

= ζqi

+ ζ−qi

,

jHqvoH�:ynmM^]zh�fyfa_q
n−1∑

j=0

aj(ζ
qj

+ ζ−qj

) = 0.

#�qd`�on^�tHcH^]^+unmv\_^bcH`bad\_q'z�q��"cHq'jH^buH^bjflH`�mvad��\'\dl;tn^

2n−1∑

i=0

biζ
i = 0,

^]`�oHl"qMjfuH^�tn^�oHlfad�
bi
r;mvr

aj
�p��tn^

i = ±qj mod p
�ér;mvr'�Me�onq��:r;mvZpmvcHq[\deh��^d�

jHqd`�on^�tHcH^]^J�_`�onqM\dlH^�qMjfuH^�tn^�oH{f^ba�yflH`�onq
j
q]tHcHqMZ]cnm]yfcHq��MZ]cnmvrsj;oHw[`J`]qdqMad\_^baM�

`bad\d�_^ba�`�oH�:ynmvw��vr:qM��tDm[yflH`�onq
i
-Q\dehyH^bav�_m�Z]cnmvr'zWlfcf�_`�-�`�oH�:ynmvw��vr:qM��tDm

i{;\MoH{f^ba_`�{irf\8mptHunmvadlfyfcfe�zScH^b\dehyH^ba_qdz}jHq"z�q]tH�poHw
p
���fZ]cnm]yflfa�zWcHqM��qMy;on^bc

f(x) =

2n−1∑

i=0

bix
i

lHz�^]^baGr:qMufcfl
ζ
l

ζ−1 \GjHqvon^ GF (q2n),
m'aMmvr�r;mvr��]adl��bon^]z�^bcfade�lHz�^bw�a

zWlfcflHz~mpoH�dcfe�^�zWcHqM��qMy;on^bcfe `ba_^bjH^bcfl
n
r;mv��tHehg5�~jfuflfyH^]z qMcfl.\dZpmvlHzWcHq

jfuHqd`bade/�é\��:r;mvZpmvcfcHqdzSjHqvon^sr:qMufcf{fzWl-jH^buf\_qM��q'lfZscfl;�#{;\MoH{;w�a_`�{
ζqi

, i =

0, . . . , n − 1,
m�r:qMufcf{fzWl-\da_qMuHqM��q - �bon^]z�^bcfade

ζ−qi
, i = 0, . . . , n − 1

���Ha_q
zWcHqM��qMy;on^bc

f(x)
cnmpt�jHqvon^]z

GF (q)
tnqvoH�A^bcAtn^�oHlfa_`�{Acnmhl;�+jfuHqMlfZ]\_^�tn^bcflH^d�

yfa_q�cH^b\_qMZ�z�q��"cHqf�naMmvr#r;mvr-^b��q"`ba_^bjH^bcf�)z�^bcf�d��^
2n
�
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#[uHqM\_^bufr;msqMjfadlHz~mpoH�dcHqd`badlGjHqd`baduHqd^bcfcHqM��q��_mvZ]lH`�m�jHqMyfadl�cflfyH^]z�cH^�qMaM�
oHlfynmM^ba_`�{�qMa"\da_qMuHqM��q�`�oH�:ynmv{����Aqd`baMmva_qMyfcHq�jfuHqM\_^buflfad�H�Hyfa_q"jfufl

k < n

1 + qk = ±qσ(k+1) mod p

l
1 − qk = ±qµ(k) mod p

�é\"jHqd`�on^�tHcH^]zS`�oH�:ynmM^�a_qvoH�dr:q'jfufl
k > 0

���fa_qM��tDm

ζ1+qk

+ ζ−1−qk

= ζqσ(k+1)
+ ζ−qσ(k+1)

= αqσ(k+1)
,

ζ1−qk

+ ζ−1+qk

= ζqµ(k)
+ ζ−qµ(k)

= αqµ(k)
, k > 0.

$®mvr#�A^d�fr;mvr�li\'`�oH�:ynmM^�\da_qMuHqM��q'adlfjnm;�fjfufl
n > k > 0

lHz�^]^]z

ααqk

= (ζ + ζ−1)(ζqk

+ ζ−qk

) = ζ1+qk

+ ζ−1−qk

+ ζ1−qk

+ ζ−1+qk

=

= αqσ(k+1)
+ αqµ(k)

,
mAjfufl

k = 0

ααq0
= ζ1+q0

+ ζ−1−q0
+ ζ1−q0

+ ζ−1+q0
=

= ζ1+q0
+ ζ−1−q0

+ ζ0 + ζ0 = ζ1+q0
+ ζ−1−q0

= αqσ(1)
.

� jf{;ad�H�;r;mvrili\'`�oH�:ynmM^[\da_qMuHqM��q�adlfjnm;�f\_`bjHqdzWlfcnmv{#qMjfuH^�tn^�on^bcflH^+z~mvaM�
uflfkfe

T
jHqd`buH^�tn`bad\_qdz}unmv\_^bcH`bad\

ααqi

=
n−1∑

j=0

ti,jα
qj

,

l#`bunmv\dcflf\8mv{#l;�i`[jHqvoH�:yH^bcfcfe�zWl�unmv\_^bcH`bad\8mMzWl

ααqi

= αqσ(i+1)
+ αqµ(i)

, i > 0,

ααq0
= αqσ(1)

,
lHz�^]^]z

ti,j = δσ(i+1),j + δµ(i),j , i 6= 0,
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t0,j = δσ(1),j ,��tn^
δk,s

-�tn^�oH�paMmp�Æ`blHzW\_qvo��[uHqMcH^br:^bunm;�Wunmv\dcfehg¦��jfufl
k = s

l�cf�poHw \
jfuHqMadlf\dcHqdzS`�oH�:ynmM^d�

� a_z�^badlHzh�>yfa_q)jfufl�cH^byH^badcHqdz
q
�:r;mvZpmvcfcfehg	�_mvZ]lH`�cH^��M�ptn^bav�>r;mvr�l�\

`�oH�:ynmM^+\da_qMuHqM��q�adlfjnm;�DqMjfadlHz~mpoH�dcfe�zh�DcHq)�M�ptn^ba�lHz�^bad��oHlfcH^bgfcf�:w `�onq����
cHqd`bad�H�
� )�� 
��-,�� � ' 
���� �
��+*-,	� 
 ' � , ��� )�
 *��� *
�� ��� )�
 *���������+,���
��
� �����
���� 
 � , ' � ,�������) ,������ � *
�� �+*-,	��� *-,�� ' �-,

q = 2#[�_`bad�¦cnmptnq jHqd`baduHqMlfad�QqMjfadlHz~mpoH�dcfehg cHqMuHz~mpoH�dcfehg �_mvZ]lH`±\ÃjHqvon^
GF (2n).�d� #[uHqM\_^bu8{f^]zh�Hyfa_q

n
cH^byH^badcHqf�"!~`�oHlitDm;�fa_q�jfuHqM\_^bu8{f^]zh�H{;\MoH{f^ba_`�{GoHl

p = 2n + 1
jfuHqd`bade�z}yflH`�onqdzh�

Å;� !~`�oHlitDm;�fa_q"jfuHqM\_^bu8{f^]zh�Hyfa_q

2n = 1 mod p,

l
2n/δ mod p 6= 1

tfoH{Gr;mv��tnqM��q'jfuHqd`ba_qM��q"tn^�oHlfa_^�oH{
δ
yflH`�oDm

n
�

Ç;� !~`�oHlitDm;�fa_q"\dehyflH`�oH{f^]z}z~mvaduflfkf�
T = (ti,j).�Jcnm]ynmpoDm'`baduHqMlHz}z~mM`]`blf\

π(k) = 2k mod q, k = 0, . . . , 2n − 1.

#�qMa_qdz}`baduHqMlHz}z~mM`]`blf\
(σ(1), . . . , σ(n))

aMmvr:qMg5�nyfa_q
1 6 σ(k) 6 n

l

1 + 2k mod p = ±π(σ(k + 1)), k = 0, . . . , n − 1.

� mva_^]z}`baduHqMlHz}z~mM`]`blf\
(µ(1), . . . , µ(n − 1))

�faMmvr:qMg�yfa_q
1 6 µ(k) 6 n

l

1 − 2k mod p = π(µ(k)), k = 1, . . . , n − 1.

Ycnmvr:qMcH^bk r;mvr/l \�`�oH�:ynmM^S\da_qMuHqM��qxadlfjnm \dehyflH`�oH{f^]z�tfoH{ \_`]^��
0 < i < n

l#\_`]^��
j
�
0 6 j < n

ti,j = δσ(i+1),j + δµ(i),j ,

t0,j = δσ(1),j ,
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��tn^
δk,s

-�tn^�oH�paMmp�Æ`blHzW\_qvo��[uHqMcH^br:^bunm;�Wunmv\dcfehg¦��jfufl
k = s

l�cf�poHw \
jfuHqMadlf\dcHqdzS`�oH�:ynmM^d�
�[m-qd`bcHqM\_^i�:r;mvZpmvcfcfe��SmpoH��qMuflfa_z�qM\�mv\da_qMunmMzWl �Me�oDm-cnmvjflH`�mvcnm�jfuHqv�

�]unmMz�z~m;�Mr:qMa_qMunmv{"��^bcH^buflfuf�_^basqMjfadlHz~mpoH�dcfe�^�cHqMuHz~mpoH�dcfe�^��_mvZ]lH`be}\_z�^]`ba_^
`[l;� �paMmM�voHlfknmMzWl-�;zWcHq��A^bcflf{��v�

� O�����TWV���£§¯5ª"¨�� V�¨�¯@¢JX ��TW¤�T-��¨®U�£ ¨h¢ ¨��A¢JX�©�£�ª"«�

V�¨ �@¨ V�¨h¤�©�£�ª"«hV�¨ �@¨ ¬�£h®X�¯®£ ��TW¤�R�¨ �@¨ ¢JX ��£��
¯@¢W£hV�U�£h¤A¢JV�¨�©���X ¨�¬h¤�£h¢JV�¨

Y�zWj;on^]z�^bcfadlfuHqM\8mvcfcfe�^�`baMmvc;tDmvufadcfe�^�mpoH��qMuflfa_zWe��;zWcHq��A^bcflf{+\�qMjfadl;�
z~mpoH�dcfe��+cHqMuHz~mpoH�dcfe��A�_mvZ]lH`�mp�AqMr;mvZpmpoHlH`b�[z�^�tfon^bcfcH^]^hmpoH��qMuflfa_z�qM\��;zWcHqv�
�A^bcflf{�\-`baMmvc;tDmvufadcfe��±�_mvZ]lH`�mp�	tDmv�A^�\�cH^]�dqvoH�d�Al;��unmvZ�z�^bufcHqd`bap{:���~m#`
uHqd`ba_qdz	unmvZ�z�^bufcHqd`badlGqMcfl)`baMmvcHqM\d{;a_`�{G^�%�^��;�:�A^d�;�Junmv\dcH^bcflH^�tH\d�8�"adlfjHqM\
�_mvZ]lH`]qM\H�v`baMmvc;tDmvufadcHqM��q�lscHqMuHz~mpoH�dcHqM��qf�Mcnmv\_q]tHlfa�cnm�zWe�`�oH�[qd���_`br:qMuH^bcflfl
mvuflH�+z�^badlfrflS\	r:qMcH^byfcfe��SjHqvoH{:�.Zpm�`byH^ba�lH`bjHqvoH�dZ�qM\8mvcflf{ �p\deh��q]tHcfe����
`ba_qMuHqMc}r;mv��tnqM��q	lfZicfl;��� �A^bgH`bad\dlfa_^�oH�dcHqf�J�;zWcHq��A^bcflH^��Me�`baduH^]^#jfuHqMlfZb�
\_q]tHlfad�±\±`baMmvc;tDmvufadcHqdz/jfuH^�tn`baMmv\Mon^bcflfl jHqvoH{

GF (2n)
��m	\_qMZ]\_^�tn^bcflH^�\

`ba_^bjH^bcf� -�\�cHqMuHz~mpoH�dcHqdz�jfuH^�tn`baMmv\Mon^bcflfl5�J°�q#tfoH{��]a_qM��q-jHqMcnmptnqd��{;a_`�{
z~mvaduflfkfe/jH^buH^��8q]tDm�qMa-cHqMuHz~mpoH�dcHqM��q��_mvZ]lH`�m�r±`baMmvc;tDmvufadcHqdzW�±�_mvZ]lH`b��l
qd�MunmvadcHqf�®r:qMa_qMufe�^iz�qM�]�:a�qMr;mvZpmvad�_`�{.cH^ �punmvZ]u8{;�A^bcfcfe�zWl��v��m �pj;onqMadcfe��
zWl��v�5l�a_qM��tDm#`�onq��"cHqd`bad��jH^buH^��8q]tDm�qMa-q]tHcHqM��q-�_mvZ]lH`�mir	tHuf�:��qdzW���M�ptn^ba
O(n2/ log n)

��tDmv�A^J^]`�oHl+lH`bjHqvoH�dZ�qM\8mvad��tfoH{[�;zWcHq��A^bcflf{Az~mvaduflfkfe	cnm�\_^br;�
a_qMu#z�^ba_q]t ���:jnmvcHqM\8m_���

°�q±\±�ptDm]yfcHqdz `�oH�:ynmM^�`�onq��"cHqd`bad�SjH^buH^��8q]tDm}z�q��A^baSqMr;mvZpmvad�_`�{¦tDmp�
�A^�oHlfcH^bgfcHqMg5�8cnmvjfuflHz�^bu5�:^]`�oHl'yflH`�onq+cH^bcf�pon^b\de��'�bon^]z�^bcfa_qM\A\sz~mvaduflfknmp�
jH^buH^��8q]tDm��M�ptn^ba

O(n)
� $®mvrflHzxqd�MunmvZ�qdzh�@\_qMZ]cflfr;mM^ba�ZpmptDm]ynm#jHqMlH`br;m#cHqMu;�

z~mpoH�dcfe����_mvZ]lH`]qM\G` �pjfuHqd`bade�zWl��iz~mvaduflfknmMzWl-jH^buH^��8q]tDm'r-`baMmvc;tDmvufadcfe�z
�_mvZ]lH`�mMz.l#qd�MunmvadcHqf�

|JaMm�ZpmptDm]ynm�on^b�]r:q±uH^b�"mM^ba_`�{Ã\±`�oH�:ynmM^�qMjfadlHz~mpoH�dcfe��ÃcHqMuHz~mpoH�dcfe��
�_mvZ]lH`]qM\�jH^buf\_qM��q�adlfjnm;�n°+mvjHqdzWcflHzh�nyfa_q'jH^buf\dehg�adlfj-�_mvZ]lH`]qM\)\_qMZ]cflfr;mM^ba
oHlf�A��r:qM��tDm

n+1 = p
-QjfuHqd`ba_qd^�l

q
- jfuflHzWlfadlf\dcfehg'r:qMuH^bcf��jHq�z�q]tH�poHw

p
�

�	��
������� ���
	 #Æ·�#��f¹v¶G¹v³�²]³�´MµH¶v´¸·D³�µH¹Mº¸¹�»�´p¼v½H²¾´ �H¹�À��
GF (2n) 

²]¹v¹v³ '
�
#b³�²]³

�
�����.#Ú¿ ���õ²�³.#Ú¿ 23#-º$#bµ"#Æ·:´M³�¹�·D¹�¿���¹ �H³�½:¿�´�ÀHÁ_µH¹�¿ ��µH¹�·:¿�´�ÀHÁ�'
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µH¹�¿ � �"#Æ·
�
¹Mº¸¹G³�½ �H´ � #b²¾ÀH½ �


¹vµ"#"!:µH¹)¹vµ�² � �.#b²]³

�
��#b³�¶]À���¶v´MµHµH¹Mº¸¹

n
�)½

¹v»�·:´M³�µH¹�¿�¹2¦µH¹
�
)��H¹�ÀHµH½H³�Ái²sÀH½Hµ"#�+HµH¹�+�²¾ÀH¹2¦µH¹v²]³�Á�����µ"#�»v¹�À"# # � ! #Ú¿

2n − 1 �
� 
���������� ��)�
�������
 � � mMz�^badlHzh��yfa_qG\i�]a_qdz `�oH�:ynmM^"�_mvZ]lH` {ζ, . . . , ζn} �écH^`]qM\_`]^]z±`baMmvc;tDmvufadcfehgD�h`]qM\djnmptDmM^ba'`�a_qMyfcHqd`bad�dwQtnqAjH^buH^]`baMmvcHqM\drfl-`[qMjfadl;�
z~mpoH�dcfe�z.cHqMuHz~mpoH�dcfe�z �_mvZ]lH`]qdz

{ζ, ζq, ζq2
, . . . , ζqn−1},

�éaMmvr#r;mvr#jHqd`�on^�tnqM\8mva_^�oH�dcHqd`bad�i`ba_^bjH^bcH^bg
1, q, q2, . . . , qn−1,

\dehyflH`�on^bcfcfe��
jHq"z�q]tH�poHw

p
�f`]qM\djnmptDmM^ba)`[cH^br:qMa_qMuHqMg-jH^buH^]`baMmvcHqM\dr:qMg

π(1), . . . , π(n)
zWcHq��A^]`bad\8m'yflH`]^�o {1, . . . , n} (1)

\�`bl;oH��a_qM��qf�5yfa_q
q
-�jfuflHzWlfadlf\dcfehg±r:qMuH^bcf�-jHq�z�q]tH�poHw

p
��Z]cnm]yflfa-unmp�

\_^bcH`bad\_q
qi l qj jfufl 0 6 i < j < n

jHqGz�q]tH�poHw
p
cH^b\_qMZ�z�q��"cHqf��aMmvr�r;mvr

lfcnm]yH^"�Me
qj−i �Me�onqi�Me�unmv\dcHq���jHqGz�q]tH�poHw p

�Dyfa_qGjfuHqMadlf\_qMuH^byfl;onq#�Me
jfuflHzWlfadlf\dcHqd`badl

q
jHq"�]a_qdzW�iz�q]tH�poHw+���

#�qM�]a_qdzW�_��qMyH^b\dl;tHcHqf�>jH^buH^��8q]t�qMai�_mvZ]lH`�m {ζ, . . . , ζn} r�cHqMuHz~mpoH�dcHqdzW��_mvZ]lH`b�
{ζ, ζq, ζq2

, . . . , ζqn−1}
l#qd�MunmvadcHq"\dehjHqvoHcf{f^ba_`�{-`�qMkH^bcfr:qMg-`�onq��"cHqd`badl-cH^��dqvon^]^d�HyH^]z

n
�

��lfcH^bgfcnmv{ cH^bZpmv\dlH`blHz�qd`bad�Ã`blH`ba_^]zWe {ζ, . . . , ζn} \deha_^br;mM^ba lfZ	a_qM��qf�yfa_q
ζ
{;\MoH{f^ba_`�{ir:qMufcH^]z}cH^bjfuflf\_q]tHlHz�qM��q)cnmpt#jHqvon^]z

GF (q)
zWcHqM��qMy;on^bcnm

1 + x + . . . + xn =
xp − 1

x − 1
,

\_^�tH��^]`�oHl/�Me `blH`ba_^]z~mx�Me�oDm¦oHlfcH^bgfcHqxZpmv\dlH`blHz�qMg5�Aa_qQ`b�/%�^]`bad\_qM\8mpoDm
�Me unmv\dcnmv{ cf�poHw$cH^baduflf\dlnmpoH�dcnmv{�oHlfcH^bgfcnmv{ r:qdz��Mlfcnmvkflf{ ^]^}�bon^]z�^bc;�
a_qM\H��Z]cnm]yflfa}`b�/%�^]`bad\_qM\8mpo �Me�zWlfcflHz~mpoH�dcfehgQmvcfcf�poHlfuf�:w&%AlfgÃ�bon^]z�^bcfa
ζ
zWcHqM��qMy;on^bc¦`ba_^bjH^bcflÃz�^bcf�d��^d�JyH^]z

n
�~yfa_q	cH^�\_qMZ�z�q��"cHqf��aMmvr r;mvrÃqMc

�Me�o��Mexa_qM��tDm'cH^baduflf\dlnmpoH�dcfe�z tn^�oHlfa_^�on^]z cH^bjfuflf\_q]tHlHz�qM��qizWcHqM��qMy;on^bcnm
1 + x + . . . + xn,

aMmvrf�A^Amvcfcf�poHlfuf�:w&%�^b��q'�bon^]z�^bcfa
ζ
�;r:qMa_qMufehg�cH^bjfuflf\_qv�

tHlHz�\+`bl;oH��a_qM��qf�dyfa_q+^]`�oHl�qMc"lHz�^]^baA`]qd�d`bad\_^bcfcfehg'tn^�oHlfa_^�oH�
f(x)

�da_q�^b��q
r:qMufcH^]z��M�ptn^baAq]tHlfcGlfZ�r:qMufcH^bg

ζqi zWcHqM��qMy;on^bcnm
1+x+ . . . +xn �:m�Z]cnm]yflfa^b��q'r:qMufcf{fzWl	�M�ptH�:a�\_`]^s�bon^]z�^bcfade�\dl;tDm

αqi
, i = 1, 2, . . . ,

��tn^
α = ζqk �>m
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Z]cnm]yflfa"li\_`]^��bon^]z�^bcfade
ζqi+k

, i = 1, 2, . . .
�:��tn^+`b�;z�z~m

i + k
\dehyflH`�oH{f^ba_`�{

jHq"z�q]tH�poHw
n
�;aMmvr#r;mvr

qn = 1 mod p, ζqn

= ζ,

l�jHqM�]a_qdzW��r:qMufcf{fzWl}zWcHqM��qMy;on^bcnm
f(x)

{;\MoH{;w�a_`�{�\_`]^
n
r:qMufcH^bg}zWcHqM��qv�

y;on^bcnm
1 + x + . . . + xn �5yfa_q#cH^b\_qMZ�z�q��"cHqf�W^]`�oHl�qMcfl��Me�oHl��Me oHlfcH^bgfcHqZpmv\dlH`blHzWe+�fa_q"`b�/%�^]`bad\_qM\8mpoDm"�Me¦cH^baduflf\dlnmpoH�dcnmv{ioHlfcH^bgfcnmv{ir:qdz��Mlfcnmvkflf{

q]tHcHqM��qAlfZ�cfl;���8a_qA^]`bad�"`b�/%�^]`bad\_qM\8mpo#�MeStHuf�:��qMgimvcfcf�poHlfuf�:w&%AlfgizWcHqM��qv�
y;on^bc�`ba_^bjH^bcfl�z�^bcf�d��^d�fyH^]z

n
�;yfa_q"cH^[\_qMZ�z�q��"cHqf�

�JaMmvc;tDmvufadcfe�z�{;\MoH{f^ba_`�{+�_mvZ]lH` {1, ζ, . . . , ζn−1} � � c+`WoHlfcH^bgfcHqMgs`�onq����cHqd`bad�dwx\dehunmv��mM^ba_`�{�yH^buH^bZA�_mvZ]lH` {ζ, . . . , ζn} �H�voDmv��q]tDmvu8{-�+qMuHzW�pon^

ζn = 1 + ζ + . . . + ζn−1, (2)

l5�fqMyH^b\dl;tHcHqf�nqd�MunmvadcHq��_mvZ]lH` {ζ, . . . , ζn} �H�voDmv��q]tDmvu8{��+qMuHzW�pon^

1 = ζ + . . . + ζn−1 + ζn, (3)

`hoHlfcH^bgfcHqMgG`�onq��"cHqd`bad�dwQ\dehunmv��mM^ba_`�{GyH^buH^bZ[�_mvZ]lH` {1, ζ, . . . , ζn−1} � �+oH{tnqMr;mvZpmva_^�oH�_`bad\8mA{;\dcHqA\dehjflf��^]z��+qMuHzW�poHe jH^buH^��8q]tDm;� #[�_`bad�A�bon^]z�^bcfa�Zpmp�
jflH`�mvcS\�jHqMyfadl `baMmvc;tDmvufadcHqdz/�_mvZ]lH`]^d�Ja_qM��tDm;�J�:yflfadeh\8mv{}unmv\_^bcH`bad\_qÃ� Ç_���
jHqvo ':ynmM^]z.unmv\_^bcH`bad\_q

n∑

i=1

xiζ
i =

n−1∑

i=1

xiζ
i + xn(

n−1∑

i=0

ζi),

r:qMa_qMuHqd^+jHqd`�on^��]uf�:jfjflfuHqM\drfl�r:qM���+��lfkflH^bcfa_qM\'jH^buH^bjflH`beh\8mM^]zS\"\dl;tn^

n∑

i=1

xiζ
i =

n−1∑

i=1

(xi + xn)ζi + xnζ0 =

n−1∑

i=1

yiζ
i + y0ζ

0 (4)

�é��tn^
yi
- r:qdqMu_tHlfcnmvade `]qdqMad\_^ba_`bad\d�:w&%AlH^�`baMmvc;tDmvufadcHqdz '-�_mvZ]lH`�'H���nqMadrf�8�

tDm�`�on^�tH�_^bav�hyfa_q±`�onq��"cHqd`bad�}jH^buH^��8q]tDm±qMa±jHqMyfadl¦`baMmvc;tDmvufadcHqM��qS�_mvZ]lH`�m
r±`baMmvc;tDmvufadcHqdz '�cH^)�dqvon^]^d�®yH^]z

n − 1
���ÂjHqdz�q�%A�dw�mvcnmponqM�]lfyfcfe���jfuH^��

qd�MunmvZ�qM\8mvcflfg `G�:yH^ba_qdzÂunmv\_^bcH`bad\8m}� Ç_�AjHqvoH�:yflHz �+qMuHzW�poH��jH^buH^��8q]tDm	qMa
`baMmvc;tDmvufadcHqM��q�rijHqMyfadl�`baMmvc;tDmvufadcHqdz '��_mvZ]lH`b�

n−1∑

i=0

yiζ
i =

n−1∑

i=1

yiζ
i + y0(

n∑

i=1

ζi),
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r:qMa_qMunmv{±jHqd`�on^G�]uf�:jfjflfuHqM\drfl}r:qM���+��lfkflH^bcfa_qM\	jfuH^]qd�MunmvZ]�_^ba_`�{.\�unmv\_^bc;�
`bad\_q

n−1∑

i=0

yiζ
i =

n−1∑

i=1

(yi + y0)ζ
i + y0ζ

n =

n−1∑

i=1

xiζ
i + xnζn,

�é��tn^
xi

-/r:qdqMu_tHlfcnmvade�\"jHqMyfadl�`baMmvc;tDmvufadcHqdz �_mvZ]lH`]^p����$@q'^]`bad�'l�qd�MunmvaM�
cfehgijH^buH^��8q]t-\dehjHqvoHcf{f^ba_`�{-`]q"`�onq��"cHqd`bad�dw

n − 1
�

 /uH^bZ]�poH�paMmva_^�lHz�^]^]zh�Jyfa_q�jH^buH^��8q]t¦qMa�qMjfadlHz~mpoH�dcHqM��q�cHqMuHz~mpoH�dcHqM��q
�_mvZ]lH`�m

{ζ, ζq, ζq2
, . . . , ζqn−1}

r�`baMmvc;tDmvufadcHqdzW� �_mvZ]lH`b� {1, ζ, . . . , ζn−1} l�qd�MunmvadcHq�\dehjHqvoHcf{f^ba_`�{/`]q
`�onq��"cHqd`bad�dwÂcH^��dqvon^]^+yH^]z

2n − 1
�

� ���������*-,�����[zWcHq��A^bcflH^�\'`baMmvc;tDmvufadcHqdz}�_mvZ]lH`]^�`b\_q]tHlfa_`�{ir#qd�MehyfcHqdzW�
�;zWcHq��A^bcflfw zWcHqM��qMy;on^bcHqM\�cnmpt�jHqvon^]z

GF (q)
l#jHqd`�on^�tH�:w&%�^bg#uH^�tH�:rfkflfl

jHq�z�q]tH�poHw cH^bjfuflf\_q]tHlHz�qM��qAzWcHqM��qMy;on^bcnm
f(x) = 1+x+ . . .+xn �M`]qdqMad\_^baM�`bad\d�:w&%�^b��q#�]a_qdzW���_mvZ]lH`b�_�®°+m#jH^buf\dehg±\dZ]��oH{:t±r;mv�A^ba_`�{��Wyfa_q#tn^�on^bcflH^G`

qd`baMmvadr:qdz±cnm+�]a_qMa�zWcHqM��qMy;on^bcGaduH^]�M�_^ba�\duH^]z�^bcfli`ba_qvoH�dr:qA�A^d�:r;mvr)l�tn^�on^��
cflH^�cnmhjfuHqMlfZ]\_qvoH�dcfehg�zWcHqM��qMy;on^bc5�v°�q�^b��q�z�q��"cHq�\dehjHqvoHcflfad�[`WoHlfcH^bgfcHqMg
`�onq��"cHqd`bad�dw�� �A^bgH`bad\dlfa_^�oH�dcHqf�8jf�_`bad�AzWcHqM��qMy;on^bc

g(x)
`ba_^bjH^bcfl

2n−2
cnmp�

tnq#unmvZbtn^�oHlfad�-cnm
f(x)

l�cnmvgfadl±qd`baMmva_qMr �éa_qvoH�dr:q�qMc�cnmMz l�cf�:�A^bcD���@a_q
^]`bad��cnmptnq�jfuH^�tn`baMmv\dlfad�

g(x)
\�\dl;tn^

g(x) = f(x)h(x) + r(x)
�W��tn^#`ba_^��

jH^bcf�
r(x)

z�^bcf�d��^
n
���[zWcHq��"lHzÂqd�d^�ynmM`badl±unmv\_^bcH`bad\8m-cnm

x − 1
�@a_qM��tDm

g(x)(x − 1) = (xp − 1)h(x) + r(x)(x − 1),
msaMmvr#r;mvr#`ba_^bjH^bcf�

r(x)(x − 1)z�^bcf�d��^
n + 1 = p

�:a_q
r(x)(x − 1)

-/qd`baMmva_qMr-qMa�tn^�on^bcflf{
g(x)(x − 1)

cnm
xp − 1

� �+oH{��;zWcHq��A^bcflf{
g(x)

cnm
x − 1

tnqd`baMmva_qMyfcHq-\dehjHqvoHcflfad�
2n − 2`�onq��A^bcflfgG\+jHqvon^

GF (q),
tfoH{�tn^�on^bcflf{�uH^bZ]�poH�paMmvaMmAcnm

xp −1
tnqd`baMmva_qMyfcHq

\dehjHqvoHcflfad�
n− 3

`�onq��A^bcflfg#\AjHqvon^
GF (q),

l�tfoH{�tn^�on^bcflf{)jHqvoH�:yH^bcfcHqM��q
qd`baMmvadr;m

r(x)(x − 1)
cnm

x − 1
`)jHqdz�q�%A�dw `¾�8^]zWe �:qMufcH^bunm-tnqd`baMmva_qMyfcHq

\dehjHqvoHcflfad�
n
`�onq��A^bcflfg-\'jHqvon^

GF (q)
�

� �-, ����� ��� ��
������� ���
#[uflf\_^�tn^]z�jfuflHz�^buAr+a_^]qMuH^]z�^�Å;��r:qMa_qMufehgAaMmvrf�A^�l;ofoHw[`baduflfuf�_^ba�mpoH��qv�

uflfa_z�jH^buH^��8q]tDm"qMa"qMjfadlHz~mpoH�dcHqM��q'�_mvZ]lH`�mAjH^buf\_qM��q�adlfjnmsri`baMmvc;tDmvufadcHqdzW�
l#qd�MunmvadcHqf�
	 #Æ·�#��f¹v¶�¹v³Â¹ �H³�½:¿�´�ÀHÁ_µH¹Mº¸¹�µH¹�·:¿�´�ÀHÁ_µH¹Mº¸¹[»�´p¼v½H²¾´ �"#Æ·

�
¹Mº¸¹[³�½ �H´ �H¹�À��

GF (24) 
²]³�´MµH¶v´¸·D³�µH¹�¿ � �#[�_`bad�"tDmvcHq./

n = 4
�HqMjfadlHz~mpoH�dcfehg�cHqMuHz~mpoH�dcfehg-�_mvZ]lH`�jH^buf\_qM��q'adlfjnm

B = {ζ2k
, k = 0, ..., 3} �_�bon^]z�^bcfav�_ZpmvjflH`�mvcfcfehg'\��]a_qdz��_mvZ]lH`]^d� f = 1 ·ζ20

+
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0 · ζ21
+ 1 · ζ22

+ 1 · ζ23 �
°+mptnq"cnmvgfadl /fZpmvjflH`b�

f
\'`baMmvc;tDmvufadcHqdz �_mvZ]lH`]^

A = {1, ζ, ζ2, ζ3} �
� ´dº�� � 	 #Æ·�#��f¹v¶�¹v³�»�´p¼v½H²¾´�µH¹�·:¿�´�ÀHÁ_µH¹Mº¸¹


�H¹ !:³�½.²]³�´MµH¶v´¸·D³�µH¹�¿ �

»�´p¼v½H² �
A′ = {ζ, . . . , ζn} � cnm]ynmpon^ cnmvg;tn^]z jH^buH^]`baMmvcHqM\drf�

π(i)
�Ä`]zh�§�Ú�p�¾� zWcHq��A^]`bad\8m

yflH`]^�o {1, . . . , n} �¦`]qM\djnmptDmvw&%�^bg ` jHqd`�on^�tnqM\8mva_^�oH�dcHqd`bad�dw `ba_^bjH^bcH^bg
1, 2, 22, . . . , 2n−1 �;\dehyflH`�on^bcfcHqMg-jHq"z�q]tH�poHw p = n + 1

/

π =

(
20 21 22 23 (mod 5)
1 2 4 3 (mod 5)

)
, (5)

a_q"^]`bad�'\'�_mvZ]lH`]^
A′ zWcHqM��qMy;on^bc f

Zpmvjflf��^ba_`�{#`�on^�tH�:w&%AlHz}qd�MunmvZ�qdz /

f = 1 · ζ + 0 · ζ2 + 1 · ζ4 + 1 · ζ3.

� ´dº�Å � 	 #Æ·�#��f¹v¶A¹v³ �H¹ !:³�½#²]³�´MµH¶v´¸·D³�µH¹Mº¸¹s»�´p¼v½H²¾´  ²]³�´MµH¶v´¸·D³�µH¹�¿ �»�´p¼v½H² � � �JoDmv��q]tDmvu8{)�+qMuHzW�pon^+� �:�®\dehunmvZ]lHz�^�tHlfcflfkf�_�_l'a_qM��tDm�\s`baMmvc;tDmvufaM�cHqdz.�_mvZ]lH`]^
A
zWcHqM��qMy;on^bc

f
Zpmvjflf��^ba_`�{�`�on^�tH�:w&%AlHz}qd�MunmvZ�qdz /

f = (1 + 1)ζ + (0 + 1)ζ2 + (1 + 1)ζ3 + 1 · ζ0,

a_q"^]`bad�
f = 1 + ζ2

�
zWcHqM��qMy;on^bc�\'`baMmvc;tDmvufadcHqdz �_mvZ]lH`]^d�
	 #Æ·�#��f¹v¶#¹v³ ²]³�´MµH¶v´¸·D³�µH¹Mº¸¹i»�´p¼v½H²¾´"�H¹�À��

GF (24) 
¹ �H³�½:¿�´�ÀHÁ_µH¹�¿ �

µH¹�·:¿�´�ÀHÁ_µH¹�¿ ��»�´p¼v½H² �i��'Õº¸¹'³�½ �H´ �#[�_`bad��tDmvcHq./
n = 4

��`baMmvc;tDmvufadcfehgS�_mvZ]lH`
A = {1, ζ, ζ2, ζ3} ��zWcHqM��qv�y;on^bc5�fZpmvjflH`�mvcfcfehg�\"�]a_qdz}�_mvZ]lH`]^d�

f = 1 + x2 + x3 �°+mptnq�cnmvgfadl /vZpmvjflH`b�
f
\�qMjfadlHz~mpoH�dcHqdz�cHqMuHz~mpoH�dcHqdz��_mvZ]lH`]^[���õ��q�adlfjnm

B = {ζ2k
, k = 0, . . . , 3} �

� ´dº�� � 	 #Æ·�#��f¹v¶A¹v³�²]³�´MµH¶v´¸·D³�µH¹Mº¸¹s»�´p¼v½H²¾´  �H¹ !:³�½i²]³�´MµH¶v´¸·D³�µH¹�¿ �»�´p¼v½H² � ��JoDmv��q]tDmvu8{ �+qMuHzW�pon^	� Ç_����\dehunmvZ]lHz r:qM���+��lfkflH^bcfa�jfufl
ζn ��l.a_qM��tDm\�jHqMyfadl±`baMmvc;tDmvufadcHqdzÂ�_mvZ]lH`]^

A′ zWcHqM��qMy;on^bc f
Zpmvjflf��^ba_`�{±`�on^�tH�:w&%AlHz

qd�MunmvZ�qdz /
f = (0 + 1)ζ + (1 + 1)ζ2 + (1 + 1)ζ3 + 1 · ζ4,

a_q"^]`bad�
f = ζ + ζ4.



Å���� ��� �����	��
������������ �������������������� ����������
���

� ´dºiÅ � 	 #Æ·�#��f¹v¶±¹v³ �H¹ !:³�½Q²]³�´MµH¶v´¸·D³�µH¹Mº¸¹±»�´p¼v½H²¾´  ¹ �H³�½:¿�´�ÀHÁ_µH¹�¿ �µH¹�·:¿�´�ÀHÁ_µH¹�¿ ��»�´p¼v½H² � ��JoDmv��q]tDmvu8{ jH^buH^]`baMmvcHqM\dr:^S� �_����`¾tn^�oDmv\.qd�Munmvadcf�:w jH^buH^]`baMmvcHqM\drf�_��jH^��
uH^bg;tn^]z.riZpmvjflH`bl-zWcHqM��qMy;on^bcnm"\'qMjfadlHz~mpoH�dcHqdzScHqMuHz~mpoH�dcHqdzS�_mvZ]lH`]^

B
/

f = ζ + ζ22

- zWcHqM��qMy;on^bc�\'qMjfadlHz~mpoH�dcHqdz}cHqMuHz~mpoH�dcHqdz �_mvZ]lH`]^d�
��mpon^]^�jHqMr;mv�A^]zh�:yfa_qA`�onq��"cHqd`bad��jH^buH^��8q]tDmsl'tfoH{�qMjfadlHz~mpoH�dcfe��)cHqMu;�

z~mpoH�dcfe��#�_mvZ]lH`]qM\)Åp�õ��q"l�Çp�õ��q"adlfjnm�a_q��A^+cH^b\de�`]qMr;m;�

��O�����TWV���£§¯5ª"¨�� V�¨�¯@¢JX ��TW¤�T-��¨®U�£ ¨h¢ ¨��A¢JX�©�£�ª"«�

V�¨ �@¨ V�¨h¤�©�£�ª"«hV�¨ �@¨�¬�£h®X�¯®£ Rh¢�¨h¤�¨ �@¨ Xsª�X ¢J¤�T 

¢�«�T �@¨ ¢JX ��£ � ¯@¢W£hV�U�£h¤A¢JV�¨�©�� X ¨�¬h¤�£h¢JV�¨

�WmM`]`]z�qMaduflHz}jHqd`�on^�tnqM\8mva_^�oH�dcHqd`bad�
αi = ζi + ζ−i,

��tn^
ζ
-�jfuflHzWlfadlf\M�

cfehgir:qMuH^bcf��lfZs^�tHlfcflfkfeQ`ba_^bjH^bcfl
p = 2n + 1

\"jHqvon^
GF (22n).

� ��� ������� �"À���À��h»v¹Mº¸¹
k > 1

½:¿ #"�h³ ¿ #b²]³�¹i²¾À"#b¶ ������½"#[·�#

�b·_·�#bµH³ '

µ*) #�²]¹v¹v³�µH¹ �.#bµH½����
�p�

αk+1 = αkα1 + αk−1 �Å_�
α2k = α2k

�Ç_�
α2k+i = αiα

2k

+ α2k−i

�~¶]À��#À��h»v¹Mº¸¹
i
³�´

¹Mº¸¹ � !:³�¹

0 6 i 6 2k �
� 
���������� ��)�
�������
 � �+oH{�tnqMr;mvZpmva_^�oH�_`bad\8mxjH^buf\_qMg/�+qMuHzW�poHe§ZpmMz�^badlHzh�
yfa_q

(ζk + ζ−k)(ζ + ζ−1) + ζk−1 + ζ−k+1 = ζk+1 + ζ−k−1,
a_q"^]`bad�

αkα1 + αk−1 = αk+1.
 �a_qMunmv{#�+qMuHzW�poDmAjfuHqM\_^bu8{f^ba_`�{�cH^bjHqd`buH^�tn`bad\_^bcfcHq�jHq"qMjfuH^�tn^�on^bcflfw

α2k ≡ ζ2k

+ ζ−2k

l
α2k ≡ (ζ + ζ−1)2

k

= ζ2k

+ ζ−2k

,
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�:yflfadeh\8mv{ia_qf�;yfa_q'qMjH^bunmvkflfl�jfuHqM\_q]tH{;a_`�{�\"jHqvon^
GF (2)

�
$�uH^bad�dw �+qMuHzW�poH�"z�q��"cHqs\deh\_^]`badl�lfZ�jH^buf\de��"tH\d�8�"jHq+lfc;tH�:rfkflfl5�_cHq

jfuHq�%�^[jfuHqM\_^buflfad��cH^bjHqd`buH^�tn`bad\_^bcfcHq./

α2k+i = ζ2k+i + ζ−2k−i = (ζ2k

+ ζ−2k

)(ζ i + ζ−i) + (ζ2k−i + ζ−2k+i) =

= α2kαi + α2k−iα
2k

αi + α2k−i.
�[m"`�mMz�qdz}tn^�on^suH^brf�:ufuH^bcfadcfe�^�`]qdqMadcHqM��^bcflf{��HtnqMr;mvZpmvcfcfe�^�\�jfuH^�tHe��

tH�/%�^bg�on^]z�z�^d�5^]`bad�#cH^�yfa_qilfcHqd^d��r;mvr��+qMuHzW�poHeÂjH^buH^��8q]tDm#qMaicHqMuHz~mpoH�M�
cHqM��q'�_mvZ]lH`�m�rijHqMyfadl�`baMmvc;tDmvufadcHqdzW���_mvZ]lH`b�

{α1, . . . , αn}.
Y[Z�on^]z�zWe `�on^�tH�_^bav�Wyfa_q�tfoH{	oHw[�dqM��q

i > 1
�bon^]z�^bcfa

αi
\dehunmv��mM^ba_`�{.\

\dl;tn^�Z]cnm]yH^bcflf{#cH^br:qMa_qMuHqM��q�zWcHqM��qMy;on^bcnm'`ba_^bjH^bcfl
i,
a_q"^]`bad�

αi = fi(α) =
i∑

j=1

fi,jα
j .

 �ehunmvZ]lf\saMmvrflHz�qd�MunmvZ�qdz�\_`]^
αi
\+cHqMuHz~mpoH�dcHqdz±�_mvZ]lH`]^d�_jHqvoH�:yflHz�z~mvadufl;�

kf��jH^buH^��8q]tDm
Fn = (fi,j)

qMasjHqMyfadl)`baMmvc;tDmvufadcHqM��q��_mvZ]lH`�m�r'cHqMuHz~mpoH�dcHqdzW�_�
#�onqMadcHqd`bad�

S(Fn)
�ér:qvoHlfyH^]`bad\_qGcH^bcf�pon^b\de����bon^]z�^bcfa_qM\:��z~mvaduflfkfe

Fnz�q��"cHq"\dehyflH`�oHlfad�H�nlH`bjHqvoH�dZ]�d{#`�on^�tH�:w&%A�:wxa_^]qMuH^]zW�_�

�	��
������� ���
	�ÀH¹v³�µH¹v²]³�Á"¿�´M³�·D½��*) �"#Æ·�#��f¹v¶v´'¹v³ ²]³�´MµH¶v´¸·D³�µH¹Mº¸¹"»�´p¼v½*'
²¾´ �H¹�À��

GF (2n) 
µH¹�·:¿�´�ÀHÁ_µH¹�¿ ��»�´p¼v½H² �

�
³�¹�·D¹Mº¸¹G½:ÀH½�³�·�#b³�Á�#]º¸¹)³�½ �H´

·:´
�
µH´

O(nlog2 3) �
� 
���������� ��)�
�������
 �f��qM��oDmM`bcHq��+qMuHzW�poDmMzion^]z�zWeÃ�d�vz~mvaduflfknm

Fn,
jHqd`baduHqv�

^bcfcnmv{i`�l;�GjHqdz�q�%A�dw��flHz�^]^ba'jfufl
n = 2k − 1

\dl;t /

F2n+1 =




Fn on On

0 . . . 0 1 0 . . . 0
Gn on Fn


 ,

��tn^
on

- cf�pon^b\_qMg-\_^brfa_qMu;�Æ`ba_qvon�d^bk�\de�`]qMade
n
�
On

- cf�pon^b\8mv{
n × n

z~mvaM�
uflfknm;�@z~mvaduflfknm

Gn
^]`bad�-`blHz�z�^baduflfyfcHqd^GqMadunmv�A^bcflH^Gz~mvaduflfkfe

Fn
qMadcHqv�

`blfa_^�oH�dcHq�`buH^�tHcH^bg}`baduHqMrfl5�Wa_q�^]`bad�
Gn = InFn,

��tn^
In = (δi,n−i+1)

-
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z~mvaduflfknm�`A^�tHlfcflfknmMzWl�cnm'jHqd�dqMyfcHqMg-tHlnmv��qMcnmpoHl�l-cf�poH{fzWl�\Gqd`baMmpoH�dcfe��
r;on^badr;mp��� �[mAjfuflHz�^buH^sz~mvaduflfkfe

F7
�]a_q�\deh��oH{:tHlfa�aMmvr /

F7 =




1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 1 0 1 0 0
0 1 0 0 0 1 0
1 0 0 0 1 0 1




.

!~`�oHl}unmvZ��Mlfad��z~mvaduflfkf�±cnm ��rf\8mptHunmvadcfe��}jHq]tnz~mvaduflfkfe+�J�ptDmpoHlf\�`buH^�tf�
cfw�w¦`baduHqMrf�"l�`buH^�tHcflfgG`ba_qvon�d^bk5�8jHqvoH�:yflHzh�_yfa_q�on^b\dehg)\_^bu_�;cflfg�rf\8mptHunmva
Çp�HÇ[`blHz�z�^baduflfyH^bc)qMadcHqd`blfa_^�oH�dcHqs��qMuflfZ�qMcfaMmpoHl�on^b\_qdzW��cflf�"cH^]zW��l'unmv\_^bc
cflf�"cH^]zW�	jfunmv\_qdzW��rf\8mptHunmvad�_�J�JuH^�tHcf{;{±`baduHqMr;m�l±`buH^�tHcflfg.`ba_qvon�d^bk.`]qv�
tn^bu8��mva-uHqM\dcHq�q]tHcf��^�tHlfcflfkf�_�5on^b��m�%A�:w/cnmil;��jH^buH^]`]^byH^bcflfl5� ��mvaduflfknm
{;\MoH{f^ba_`�{�cflf�"cH^baduH^b�:��qvoH�dcHqMg	`s^�tHlfcflfknmMzWl-cnm'��oDmv\dcHqMg�tHlnmv��qMcnmpoHl}�Ä`]zh�
�+qMuHzW�poH��j5���_���

�A^bgH`bad\dlfa_^�oH�dcHqf�n\'qd��%�^]z}`�oH�:ynmM^+`]qM��oDmM`bcHq"on^]z�z�^'�[jfufl
0 6 i 6 2k

2k+i∑

j=1

f2k+i,jα
j = α2k+i = αiα

2k

+ α2k−i =

=
i∑

j=1

fi,jα
2k+j +

2k−i∑

j=1

f2k−i,jα
j ,

qMadrf�ptDm�lHz�^]^]z
f2k+i,j = f2k−i,j

jfufl
0 6 j 6 2k,

l
f2k+i,2k+j = fi,j

jfufl
1 6 j 6 2k.� jflfunmv{f`b�'cnmA�]a_q�jfuH^�tn`baMmv\Mon^bcflH^d�Dz�q��"cHq"jHqvoH�:yflfad��`�on^�tH�:w&%A�:wQuH^��
rf�:ufuH^bcfadcf�:w.�+qMuHzW�poH��tfoH{+\dehyflH`�on^bcflf{sj;onqMadcHqd`badlAjHqd`�on^�tnqM\8mva_^�oH�dcHqd`badl
z~mvaduflfk

Fn

S(F2n+1) = 3S(Fn) + 1, n > 3, S(F3) = 4,
lfZ�r:qMa_qMuHqMg�\deha_^br;mM^ba�uH^brf�:ufuH^bcfadcnmv{��+qMuHzW�poDm

S(F2k−1) = 3S(F2k−1−1) + 1, k > 2, S(F3) = 4.
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#�qvoDmv�bmv{
l(k) = S(F2k−1)

�@jH^buH^bg;tn^]zQr	oHlfcH^bgfcHqdzW�	uH^brf�:ufuH^bcfadcHqdzW��`]qv�
qMadcHqM��^bcflfw

l(k) = 3l(k − 1) + 1, l(2) = 4,
uH^b��^bcflH^]z.r:qMa_qMuHqM��q��M�ptn^ba

l(k) = (3k − 1)/2. (6)
� �dqMZ]cnm]yflf\

n = 2k − 1
�_\dehunmvZ]lHz

3k = (2k)log2 3 = (n+1)log2 3 �8l)jHq]tn`baMmp�\dlHz±�]a_q"\�� �_���fjHqvoH�:yflHzh�fyfa_q

S(Fn) = l(k) = ((n + 1)log2 3 − 1)/2 = O(nlog2 3).
 Ãqd��%�^]z.`�oH�:ynmM^�unmv\_^bcH`bad\_q

S(Fn) = O(nlog2 3) (7)
`]q]�;unmvcf{f^ba_`�{���aMmvr r;mvr \de��Munmv\

k
aMmvrflHz qd�MunmvZ�qdzh�'yfa_q

2k − 1 < n 6

2k+1 − 1
�:z�q��"cHq�ZpmMz�^badlfad�H�:yfa_q�z~mvaduflfknm

Fn
{;\MoH{f^ba_`�{)��oDmv\dcHqMgijHq]tnz~mvaM�

uflfkH^bg�z~mvaduflfkfe
Fm,m = 2k − 1,

qMadrf�ptDm�lHz�^]^]z

S(Fn) 6 S(Fm) = O(mlog2 3) = O(nlog2 3).
� kH^bcflHz a_^bjH^buf�Gj;onqMadcHqd`bad�#z~mvaduflfkfe

F ′
n

jH^buH^��8q]tDmiqMaG`baMmvc;tDmvufadcHqM��q
�_mvZ]lH`�m�jHqvoH{

GF (2n)
r�cHqMuHz~mpoH�dcHqdzW�_� � �dqMZ]cnm]yflHz

An
z~mvaduflfkf�AjH^buH^��8q]tDm

qMa�`baMmvc;tDmvufadcHqM��qi�_mvZ]lH`�m'r#jHqMyfadl�`baMmvc;tDmvufadcHqdzW�_�Da_qM��tDm
F ′

n = Fn · An,
l

cH^bjHqd`buH^�tn`bad\_^bcfcHq#jfuHqM\_^bu8{f^ba_`�{��@yfa_qG\#z~mvaduflfkH^
An

\_`]^��bon^]z�^bcfade cf�pon^��
\de�^d��rfuHqdz�^"cnmptftHlnmv��qMcnmpoH�dcfe����bon^]z�^bcfa_qM\

ai,i+1 = 1
l	cH^br:qMa_qMufe��	�bon^��

z�^bcfa_qM\+cflf�"cH^bg)`baduHqMrfl
an,j,

l'`bjfunmv\_^�tfoHlf\deÃ`�on^�tH�:w&%AlH^hunmv\_^bcH`bad\8m[tfoH{
�bon^]z�^bcfa_qM\)z~mvaduflfkfe

F ′
n

f ′
i,1 = fi,nan,1 = δi,nan,1, f ′

i,j = fi,j−1 + fi,nan,j = fi,j−1 + δi,nan,j,
aMmvr'r;mvr�\s`bl;oH��cflf�"cH^bg�aduH^b�:��qvoH�dcHqd`badlGz~mvaduflfkfe

Fn
^]^h�bon^]z�^bcfade

fi,n =
δi,n

- tn^�oH�paMmp�Æ`blHzW\_qvoH� �[uHqMcH^br:^bunm;�®�Jr;oDmptHeh\8mv{	�]adl�unmv\_^bcH`bad\8m;�5lHz�^]^]zh�
yfa_q

S(F ′
n) =

n,n−1∑

i=1,j=1

fi,j +
n∑

j=1

an,j = S(Fn) − 1 +
n∑

j=1

an,j 6

6 S(Fn) − 1 + n = O(nlog2 3).
� �dqMZ]cnm]yflHz yH^buH^bZ

L(Fn)
`�onq��"cHqd`bad�ÂoHlfcH^bgfcHqM��qÂjfuH^]qd�MunmvZ�qM\8mvcflf{��

qMjfuH^�tn^�oH{f^]z�qM��q�z~mvaduflfkH^bg
Fn
�éa_q�^]`bad��cnmvlHz�^bcf�d��^]^�yflH`�onq[qMjH^bunmvkflfg"`�onqv�

�A^bcflf{-jHqGz�q]tH�poHw tH\8m;�DcH^]qd�]�8q]tHlHzWe���tfoH{-\dehyflH`�on^bcflf{��]a_qM��q)jfuH^]qd�Munmp�
Z�qM\8mvcflf{n���



Å�� � ��� �����	��
������������ �������������������� ����������
���

�	��
��������� �
L(Fn) 6 (

n

2
) log2 n + 2n = O(n log2 n) �

� 
���������� ��)�
�������
 ��°+mMzÃ�M�ptn^bai�ptnqd�McHqGqMkH^bcflf\8mvad��`�onq��"cHqd`bad�#jfuH^]qd�Munmp�
Z�qM\8mvcflf{��_ZpmptDmv\8mM^]z�qM��qsadunmvcH`bjHqMcflfuHqM\8mvcfcHqMg#z~mvaduflfkH^bg

F T
n

�dr:qMa_qMunmv{�unmv\M�
cnm

L(Fn)
`]qM��oDmM`bcHq)lfZ]\_^]`badcHqMg-on^]z�z�^Aq'\dZpmvlHz�qd`b\d{;Z]l�`�onq��"cHqd`badl�adunmvcH`��

jHqMcflfuHqM\8mvcfcfe�� z~mvaduflfk��Ä`]zh����cnmvjfuflHz�^bu � �p�Ä���� �jfuHqMyH^]zh��tfoH{±tDmpoH�dcH^bg;�
��^b��qicnmMz cf�:�"cHq��M�ptn^ba�qMkH^bcflfad��`�onq��"cHqd`bad�-jH^buH^��8q]tDm�qMa�r:qdqMu_tHlfcnmva�\
cHqMuHz~mpoH�dcHqdz �_mvZ]lH`]^ ∑n

i=1 xiαi
rÃr:qdqMu_tHlfcnmvaMmMz \±jHqMyfadl `baMmvc;tDmvufadcHqdz

�_mvZ]lH`]^ ∑n
i=1 yiα

i �fr:qMa_qMuHqd^AqMjfuH^�tn^�oH{f^ba_`�{-r;mvr�unmvZsz~mvaduflfkH^bg F T
n .

#[�_`bad�
2k 6 n < 2k+1 − 1,

a_qM��tDm'`]qM��oDmM`bcHq'j5���
n∑

i=1

yiα
i =

n∑

i=1

xiαi =

=

2k∑

i=1

xiαi +

n∑

i=2k+1

xiαi =

2k∑

i=1

xiαi +

n−2k∑

i=1

xi+2kαi+2k =

=
2k∑

i=1

xiαi +
n−2k∑

i=1

xi+2k(α2k

αi + α2k−i) =

= x2kα2k +

2k+1−n−1∑

i=1

xiαi +

2k−1∑

i=2k+1−n

xi + x2k+1−i)αi + α2k
n−2k∑

i=1

xi+2kαi,

l5�fqMjfuH^�tn^�oH{;{#\_^brfa_qMunmp�Æ`ba_qvon�Mkfe

X = {x1, . . . , xn}T ,

X1 = {x1, . . . , x2k+1−n−1, x2k+1−n + xn, . . . , x2k−1 + x2k+1, x2k}T ,

X2 = {x1+2k , . . . , xn}T ,
li\_^brfa_qMunmp�Æ`baduHqMrfl

Y2 = {y1+2k , . . . , yn},
Y1 = {y1, . . . , y2k},

qMa_`bw�tDm�lHz�^]^]z

n∑

i=1

yiα
i =

n∑

i=1

xiαi =

2k∑

i=1

X1,iαi + +α2k
n−2k∑

i=1

X2,iαi =
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=

2k∑

i=1

Y1,iα
i +

n−2k∑

i=1

Y2,i+2kαi+2k ,

Z]cnm]yflfa

F T
n ⊗ X = (y′1 . . . y′n) = (Y1, Y2) = (F T

2k ⊗ X1,+F T
n−2k ⊗ X2.), (8)

��tn^ ⊗ - qMjH^bunmvkflf{-�;zWcHq��A^bcflf{�z~mvaduflfkfe�cnm'\_^brfa_qMu�\�jHqvon^
GF (2).

�Wmp�
Z]�;z�^]^ba_`�{��njHqd`�on^�tHcH^]^Aunmv\_^bcH`bad\_q)z�q��"cHqG�Me�onq'jHqvoH�:yflfad�)aMmvrf�A^�qd`bcHqM\de��
\8mv{f`b�"a_qvoH�dr:q'cnm"`baduf�:rfad�:uH^+z~mvaduflfkfe

Fn.� `baMmponqd`b�slfc;tH�:rfadlf\dcHq+qMkH^bcflfad�A`�onq��"cHqd`bad�sjfuH^]qd�MunmvZ�qM\8mvcflf{'r:qdqMu_tHl;�
cnmvav�HqMjfuH^�tn^�oH{f^]z�qM��q�z~mvaduflfkH^bg

F T
n .
��qM��oDmM`bcHq-� �_�

L(2m+1) 6 2m − 1 + 2L(2m) ,m 6 k − 1, L(2) = 2.

#�q�lfc;tH�:rfkflfl�cH^bjHqd`buH^�tn`bad\_^bcfcHq�jfuHqM\_^bu8{f^ba_`�{��nyfa_q

L(2m) = 2m−1m + 1.

�+oH{GjfuHqMlfZ]\_qvoH�dcHqM��q
n
\"jfuH^�tn^�oDmp�

2k < n < 2k+1 `]qM��oDmM`bcHq-� �_�

L(n) 6 L(2k) + L(n − 2k) + n − 2k.

� mvjflH`beh\8mv{
n
\�tH\_qMlfyfcHqMg-`blH`ba_^]z�^

n = 2ks + . . . + 2k1 ,

��tn^
ks > . . . k1

�;jHqvoH�:ynmM^]zh�Hyfa_q

L(n) 6 2ks−1ks+. . . 2k1−1k1+s−1+(n−2ks)+. . .+(n−2ks−. . .−2k2) 6

6 (
n

2
) log2 n + c

n

2
,

��tn^
c = 12

2 + 3
4 + 4

8 + 5
16 + . . . < 4

�
�+oH{GjHqvoHcHqMadeQ`]�+qMuHzW�poHlfuf�_^]z.lGtnqMr;mv�A^]z}lfZ]\_^]`badcf�:w�a_^]qMuH^]zW�Gq"zWl;�

cflHz~mpoH�dcHqdz	mvcfcf�poHlfuf�:w&%�^]z�zWcHqM��qMy;on^bcH^h��^bcH^bunmva_qMunm[qMjfadlHz~mpoH�dcfe��"cHqMu;�
z~mpoH�dcfe��#�_mvZ]lH`]qM\'\da_qMuHqM��q'liaduH^bad�_^b��q'adlfjnm;�
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�	��
�����������'�Ä`]zh��� Åv�Ä��	 �_²]³�Á
2n + 1 = p �

�M·D¹v²]³�¹�# �h½��
�
�M·D½:¿�½*'

³�½
�
µ*),+


¹�·�#bµHÁ �H¹�¿�¹v¶ �vÀ��

p
�W½:ÀH½

2n + 1 �
�M·D¹v²]³�¹�#�½ ≡ 3 (mod 4)

��½
�
� ��

´M¶�·:´M³�½�!:µ*),+
�
) ! #b³ �H¹'¿�¹v¶ �vÀ��

2n + 1
�h³�¹Mº¸¶v´)¿�µH¹Mº¸¹ !dÀ"#bµ

fn(x)½;¼
GF (2)[x]

��¹ �M·�#b¶�#ÚÀ"#bµHµ*),+�·�#

�b·_·�#bµH³�µH¹�+���¹�·:¿ �vÀH¹�+

f0 = 1, f1 = x + 1, fk = xfk−1 + fk−2
¶]À��

k > 2 (9)
²]¹
�
�H´M¶v´�#b³ ²+¿�½HµH½:¿�´�ÀHÁ_µ*)@¿�´MµHµ �vÀH½M· ������½:¿��¸À"#Ú¿ #bµH³

α
¿�µH¹Mº¸¹ !dÀ"#bµH¹�¿

mα
�~½ #]º¸¹


¹�·DµH½-¹v»�·:´p¼ ���h³ ¹ �H³�½:¿�´�ÀHÁ_µ*),+-µH¹�·:¿�´�ÀHÁ_µ*),+-»�´p¼v½H²

�
³�¹�·D¹Mº¸¹

½:ÀH½ ��²]¹v¹v³
�
#b³�²]³

�
#bµHµH¹ ��³�·�#b³�Á�#]º¸¹�³�½ �H´ �H¹�À��

GF (2n) �
� 
���������� ��)�
�������
 � #�qMr;mv�A^]zh�nyfa_q'zWlfcflHz~mpoH�dcfehg�mvcfcf�poHlfuf�:w&%Alfg�zWcHqv�
��qMy;on^bc

mα
unmv\_^bc

fn.
�+oH{)�]a_qM��q�jHqAlfc;tH�:rfkflfli�;�d^�tHlHz�`�{G\�`bjfunmv\_^�tfoHlf\_qv�

`badl#`�on^�tH�:w&%�^bg��+qMuHzW�poHe /

fk(y + y−1) = 1 +

k∑

i=1

(yi + y−i). (10)

�A^bgH`bad\dlfa_^�oH�dcHqf�~tfoH{
k = 1

`]qM��oDmM`bcHqÃ� �_���+qMuHzW�poDm.�Ú� �_�A\_^bufcnm;�	#[uH^�tf�
jHqvonq��"lHz¦lH`badlfcfcHqd`bad�-�+qMuHzW�poHe �Ú� �_��tfoH{�jfuHqMlfZ]\_qvoH�dcHqM��q

k
�>l	`¾tn^�oDmM^]z

jH^buH^��8q]t-r
k + 1

�* Ã`�mMz�qdz±tn^�on^d�fjHq'�+qMuHzW�pon^'� �_�

fk+1(y + y−1) = (y + y−1)fk + fk−1 =

= (y + y−1)(1 +
k∑

i=1

(yi + y−i)) + (1 +
k−1∑

i=1

(yi + y−i) =

= (y(k+1) + y−(k+1)) + (yk + y−k) + (1 +
k−1∑

i=1

(yi + y−i) =

yfa_q�l#Zpmvr;mvcfyflf\8mM^ba)lfc;tH�:rfadlf\dcfehg�jH^buH^��8q]t /

= fk+1(y + y−1) = 1 +

k+1∑

i=1

(yi + y−i).

��mpon^]^�ZpmMz�^bcflHz
y = ζ

\��Ú� �_���fl#jHqvoH�:ynmM^]z

fn(α) = fn(ζ + ζ−1) = 1 +

n∑

i=1

(ζi + ζ−i) = 1 +

2n∑

j=1

ζj = 0,
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��tn^
α
��^bcH^bunmva_qMu�cHqMuHz~mpoH�dcfe��±�_mvZ]lH`]qM\-\da_qMuHqM��q�l�aduH^bad�_^b��q�adlfjHqM\H�@l

ζ^]`bad��jfuflHzWlfadlf\dcfehg�r:qMuH^bcf�
2n+1

�õg'`ba_^bjH^bcfl'lfZ�^�tHlfcflfkfe+��$@q+^]`bad�
fn
mvc;�

cf�poHlfuf�:w&%AlfgizWcHqM��qMy;on^bcitfoH{G�bon^]z�^bcfaMm
α
�HmAaMmvrir;mvr#^b��q"`ba_^bjH^bcf�'unmv\dcnm

n,
a_q"qMc�`]qM\djnmptDmM^ba)`[lHz�^bw&%AlHz.ad�)�A^+`ba_^bjH^bcf��zWcHqM��qMy;on^bcHqdz

mα
�

� a_z�^badlHzh�>yfa_qGzWlfcflHz~mpoH�dcfehg�zWcHqM��qMy;on^bc
mα

q]tHlfc�l�a_qMaG�A^�\i`�oH�8�
ynmv{:���_mvZ]lH`]qM\¦l�\da_qMuHqM��q¦l�aduH^bad�_^b��q¦adlfjHqM\H�+m zWlfcflHz~mpoH�dcfe�^SzWcHqM��qv�
y;on^bcfe

mζ
l

m−1
ζ

\�`�oH�:ynmM^G�_mvZ]lH`�m-\da_qMuHqM��q�adlfjnm�`]qM\djnmptDmvw�a�l±unmv\dcfe
1 + x + . . . + x2n,

m-\	`�oH�:ynmM^i�_mvZ]lH`�m-aduH^bad�_^b��q�adlfjnm�qMcfl}unmvZboHlfyfcfe l
mζm

−1
ζ = 1 + x + . . . + x2n.

�	��
����������� 1 ÀH¹2¦µH¹v²]³�Á �"#Æ·�#��f¹v¶v´
B(n)

¹v³ ¹ �H³�½:¿�´�ÀHÁ_µH¹Mº¸¹"µH¹�·:¿�´�ÀHÁ�'
µH¹Mº¸¹�»�´p¼v½H²¾´

�
³�¹�·D¹Mº¸¹�½:ÀH½�³�·�#b³�Á�#]º¸¹�³�½ �H´


²]¹v¹v³

�
#b³�²]³

�
�����.#Ú¿ ��²]³�´Mµ*'

¶v´¸·D³�µH¹�¿ �)½:ÀH½�µH´M¹v»v¹�·D¹v³
�
�H¹�À"#

GF (2n)
¹ �"#bµH½

�
´�#b³�² ��²¾À"#b¶ ������½:¿�¹v»�'

·:´p¼v¹�¿ �
B(n) 6

n

2
log2n + 3n �

� 
���������� ��)�
�������
 � � �dqMZ]cnm]yflHz
α = ζ + ζ−1 ��^bcH^bunmva_qMuS`baMmvc;tDmvufadcHqM��q�_mvZ]lH`�m

A = {1, α1, . . . , αn−1}
l#�_mvZ]lH`�m�\da_qMuHqM��q'l;oHl#aduH^bad�_^b��q"adlfjnm

B = {α20
, α21

, . . . , α2n−1}.
	 #Æ·�#��f¹v¶}¹v³ µH¹�·:¿�´�ÀHÁ_µH¹Mº¸¹


²]³�´MµH¶v´¸·D³�µH¹�¿ � � #�^buH^��8q]t �M�ptn^baÃqd`b�8�

%�^]`bad\MoH{;ad�_`�{iyH^buH^bZskH^bjHqMyfrf�GlfZ�yH^badehuH^��#�_mvZ]lH`]qM\

B → B′ → A′ → A

lGjfuH^]qd�MunmvZ�qM\8mvcflf{#r:qdqMu_tHlfcnmva��bon^]z�^bcfaMm
f
jHqvoH{

GF (2n)
\��]adl;�i�_mvZ]lH`�mp�

f =

n∑

i=1

xiα
2i−1

=

n∑

i=1

x′
iαi =

n∑

i=1

y′iα
i =

n∑

i=1

yiα
i−1,

��tn^
αi
qd�dqMZ]cnm]ynmM^ba

ζi + ζ−i �f�_mvZ]lH`

B′ = {α1, . . . , αn},
�_mvZ]lH`

A′ = {α1, . . . , αn}.
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	 #Æ·�#��f¹v¶s¹v³/»�´p¼v½H²¾´
B 

»�´p¼v½H² �
B′ ½ �M·�#b¹v»�·:´p¼v¹ � ´MµH½"#  ¹v¹�·D¶v½HµH´M³ x̃ 


¹v¹�·D¶v½HµH´M³�´�¿

x̃′ � |Ja_qMa)jH^buH^��8q]t	qd`b�/%�^]`bad\MoH{f^ba_`�{�jH^buH^]`baMmvcHqM\dr:qMg��_mvZ]lH`��cfe��'�bon^]z�^bcfa_qM\H�:l'tn^bgH`bad\dlfa_^�oH�dcHqf�f`b�/%�^]`bad\d�_^baAaMmvr;mv{�jH^buH^]`baMmvcHqM\dr;m
π(i)yflH`]^�o {1, . . . , n} �fyfa_q�tfoH{)oHw[�dqM��q i = 1 . . . 2n

\dehjHqvoHcf{f^ba_`�{#unmv\_^bcH`bad\_q

2i (mod p) = ±π(i) ∈ {1, . . . , n}. (11)

 .`�mMz�qdz�tn^�on^d�dtfoH{'�_mvZ]lH`�m+\da_qMuHqM��q+adlfjnm�jHqd`�on^�tnqM\8mva_^�oH�dcHqd`bad�'`ba_^bjH^��
cH^bg

1, 2, 22, . . . , 22n−1,
\dehyflH`�on^bcfcfe���jHqQz�q]tH�poHw

p
�s`]qM\djnmptDmM^baÂ`}cH^br:qMa_qMuHqMg/jH^buH^]`baMmvcHqM\dr:qMg

π(1), . . . , π(2n)
zWcHq��A^]`bad\8mQyflH`]^�o {1, . . . , 2n} \Q`bl;oH��a_qM��qf��yfa_q 2

-
jfuflHzWlfadlf\dcfehg r:qMuH^bcf� jHqÃz�q]tH�poHw

p
��Z]cnm]yflfa unmv\_^bcH`bad\_q

2i l 2j jfufl
0 6 i < j < n

jHqiz�q]tH�poHw
p
cH^b\_qMZ�z�q��"cHqf�@aMmvr	r;mvr�lfcnm]yH^

2j−i �Me�onq#�Meunmv\dcHq���jHqsz�q]tH�poHw
p
�dyfa_qsjfuHqMadlf\_qMuH^byfl;onq��MeSjfuflHzWlfadlf\dcHqd`badl

2
jHq+�]a_qv�

zW�Gz�q]tH�poHw�� � \'`bl;oH�)unmv\_^bcH`bad\8m

2k+n = −2k (mod p),

�éaMmvr"r;mvr"jHq�a_^]qMuH^]z�^ �A^buHz~m
22n = 1 (mod p)

�vZ]cnm]yflfa
2n = −1 (mod p)

�
qMa_`bw�tDm"`�on^�tH�_^ba-�Ú�d�p���

 Q`�oH�:ynmM^A�A^��_mvZ]lH`�m�aduH^bad�_^b��qGadlfjnm
2
{;\MoH{f^ba_`�{-rf\8mptHunmvadlfyfcfe�z¦\de��

yH^ba_qdz.jHq"z�q]tH�poHw
p
�éa_q'^]`bad��`b�/%�^]`bad\d�_^ba'aMmvr:qd^

r
�:yfa_q

2 = r2 (mod p)
���

jHqM�]a_qdzW��\_`]^)`ba_^bjH^bcfl
2k (mod p)

�
k = 1, . . . , n − 1

qd�MunmvZ]�:w�a-jH^buH^]`baMmp�
cHqM\drf��zWcHq��A^]`bad\8mi\_`]^���rf\8mptHunmvadlfyfcfe��	\dehyH^ba_qM\#jHqiz�q]tH�poHw

p
�>aMmvr	r;mvr

l;�	uHqM\dcHq
n
�Aad�:r5� �Aqd�_mv\dlf\�r��]a_qdzW��a_qMa��smvrfav�®yfa_q

p
unmv\dcHq

3
jHq-z�qv�

tH�poHw
4
�8l)jHqM�]a_qdzW� −1

{;\MoH{f^ba_`�{)rf\8mptHunmvadlfyfcfe�z.cH^b\dehyH^ba_qdz±jHqAz�q]tH�poHw
p
��aMmvr�r;mvr�\-jfuHqMadlf\dcHqdzx`�oH�:ynmM^)`b�/%�^]`bad\_qM\8mponq-�Me�aMmvr:qd^)yflH`�onq

r
��yfa_q

−1 = r2 mod p
�fmA�]a_q'�Me¦jfuflf\_q]tHl;onq'r#jfuHqMadlf\_qMuH^byflfwÂ`�a_^]qMuH^]z�qMg"�A^bu;�

z~m /
rp−1 = (r2)(p−1)/2 = (−1)(p−1)/2 = −1 mod p,

lsa_qMa��smvrfav�pyfa_q�jfuHqMlfZ]\_^�tn^bcflH^�\dehyH^baMm�cnmhcH^b\dehyH^ba�{;\MoH{f^ba_`�{AcH^b\dehyH^ba_qdzh�
qMadrf�ptDm-`�on^�tH�_^bav�Wyfa_q-jHqd`�on^�tnqM\8mva_^�oH�dcHqd`bad� −2k mod p, k = 0, . . . , n − 1qd�MunmvZ]�:w�a�jH^buH^]`baMmvcHqM\drf��zWcHq��A^]`bad\8m�\_`]^���rf\8mptHunmvadlfyfcfe��-cH^b\dehyH^ba_qM\)jHq
z�q]tH�poHw

p
��a_q�^]`bad��\_`]^��}a_^��.�bon^]z�^bcfa_qM\H��yfa_q	cH^#{;\MoH{;w�a_`�{S\dehyH^baMmMzWl5�

\)lfa_qM��^�jHqvoH�:ynmM^]zh�>yfa_q)l�\GunmM`]`]z~mvaduflf\8mM^]z�qdz `�oH�:ynmM^�a_q��A^�\dehjHqvoHcH^bcHq
�Ú�d�p���
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$®mvrflHz�qd�MunmvZ�qdzh�8zWe.jHqvoH�:yfl;oHl5�_yfa_q+`b�/%�^]`bad\d�_^ba+aMmvr;mv{'jH^buH^]`baMmvcHqM\dr;m
π(i)

yflH`]^�o {1, . . . , n} �fyfa_q�tfoH{GoHw[�dqM��q i = 1 . . . 2n
\dehjHqvoHcf{f^ba_`�{�unmv\_^bc;�

`bad\_q��Ú�d�p���Da_qG^]`bad�#�_mvZ]lH` {α, . . . , αn}
^]`bad�GjfuHqd`ba_qGjH^buH^]`baMmvcHqM\dr;m#�_mvZ]lH`�m

{α, . . . , α2n−1}. � aduflfknmva_^�oH�dcfe�^Alfc;tn^br:`be�z�q��"cHq�ZpmMz�^bcflfad�)cnm'`]qdqMad\_^baM�`bad\d�:w&%AlH^sjHqvonq��"lfa_^�oH�dcfe�^'�voDmv��q]tDmvu8{�unmv\_^bcH`bad\d�
αi = ζi + ζ−i = α−i

�
jHq"�+qMuHzW�pon^

α2i

= α|π(i)|
�5�él;oHlitfoH{ir:qdqMu_tHlfcnmva:�

xi = x′
|π(i)|).

#�qM�]a_qdzW��tDmpon^]^J\_^bZbtn^��M�ptn^]z-`byflfaMmvad�[lfc;tn^br:`be±jHqvonq��"lfa_^�oH�dcfe�zWl5�dlAZ]cnmvr
z�q]tH�poH{ijflH`�mvad��cH^+�M�ptn^]zh� � yH^b\dl;tHcHq

B′ -/a_q��A^A�_mvZ]lH`d�HaMmvr#r;mvr-qMc�^]`bad�jfuHqd`ba_q�jH^buH^]`baMmvcHqM\dr;m.�_mvZ]lH`�m
B
� �-q��"cHq�`byflfaMmvad�H��yfa_q�`�onq��"cHqd`bad�±jH^��

uH^��8q]tDm
LBB′(n) = O(n),

m�^]`�oHl¦unmM`]`]z~mvaduflf\8mvad�}cH^-jfuHqM�]unmMz�zWcf�:w���m
`¾�8^]zWcf�:w�lHzWj;on^]z�^bcfaMmvkflfw��na_qAtDmv�A^

LBB′(n) = 0.	 #Æ·�#��f¹v¶[¹v³�»�´p¼v½H²¾´
B′ 

»�´p¼v½H² �
A′ ½ �M·�#b¹v»�·:´p¼v¹ � ´MµH½"#  ¹v¹�·D¶v½HµH´M³ x̃′ 


¹v¹�·D¶v½HµH´M³�´�¿

ỹ′ � ��qM��oDmM`bcHq'a_^]qMuH^]z�^ ��^b��q'`�onq��"cHqd`bad�)qMkH^bcflf\8mM^ba_`�{�r;mvr

L(n) 6
n

2
log2n + 2n.

	 #Æ·�#��f¹v¶�¹v³§»�´p¼v½H²¾´
A′ 

»�´p¼v½H² �
A
½ �M·�#b¹v»�·:´p¼v¹

�
´MµH½"#


¹v¹�·D¶v½HµH´M³

ỹ′ 

¹v¹�·D¶v½HµH´M³�´�¿

ỹ � #�qiuH^brf�:ufuH^bcfadcHqMg��+qMuHzW�pon^#� �_��z�q��"cHq#\i{;\dcHqdz¦\dl;tn^jHqd`baduHqMlfad�)zWlfcflHz~mpoH�dcfehg�mvcfcf�poHlfuf�:w&%Alfg�zWcHqM��qMy;on^bc
mα

�ÄqMc�`baduHqMlfa_`�{
oHlf�A�-q]tHcnmv��tHe+�5tnq#jfuflHz�^bcH^bcflf{.mpoH��qMuflfa_z~m#jH^buH^��8q]tDm;�®jHqM�]a_qdz '	`�onq����
cHqd`bad��^b��q�jHqd`baduHqd^bcflf{s\�`�onq��"cHqd`badl'mpoH��qMuflfa_z~m�cH^~�:yflfadeh\8mM^ba_`�{n���pa_q�^]`bad�

mα = fn(α) = a1α
0 + . . . + anαn = 0, (12)

��tn^
α
- ��^bcH^bunmva_qMu �]adl;�}�_mvZ]lH`]qM\H�~l}cH^i\_`]^#r:qM���+��lfkflH^bcfade

ai
unmv\dcfe

cf�poHw��>�~tn^�oDmM^]z {;\dcfehg�jH^buH^��8q]t	qMa)r:qdqMu_tHlfcnmva
ỹ′
\)jHqMyfadl�`baMmvc;tDmvufadcHqdz

�_mvZ]lH`]^
A′ r±r:qdqMu_tHlfcnmvaMmMz ỹ

\	`baMmvc;tDmvufadcHqdz
A
�W�:yflfadeh\8mv{±\dehunmv�A^bcflH^

�Ú��Å_�
n∑

i=1

y′iα
i =

n−1∑

i=1

y′iα
i + y′n(

n−1∑

i=0

aiα
i),

lijHqd`�on^�jH^buH^b�]uf�:jfjflfuHqM\drfl-r:qM���+��lfkflH^bcfa_qM\'lHz�^]^]z

n∑

i=1

y′iα
i =

n−1∑

i=1

αi(y′i + aiy
′
n) + y′nα0 =

n−1∑

i=1

yiα
i + y0α

0,
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qMadrf�ptDms\dl;tHcHqf�:yfa_q�`�onq��"cHqd`bad�'jH^buH^��8q]tDm�qMa�jHqMyfadli`baMmvc;tDmvufadcHqM��q��_mvZ]lH`�m
A′ r�`baMmvc;tDmvufadcHqdz ' A

qMkH^bcflf\8mM^ba_`�{�r;mvr
LA′A(n) 6 (n − 1)

�
Y[aMmvr5��zWe qMkH^bcfl;oHlÂ`�onq��"cHqd`bad� r;mv��tnqM��q¦jfuH^]qd�MunmvZ�qM\8mvcflf{���a_^bjH^buf�

qd`baMmM^ba_`�{#l;�i`�onq��"lfad� /

LBA(n) = LBB′(n) + LB′A′(n) + LA′A(n) 6
n

2
log2n + 3n.

	 #Æ·�#��f¹v¶G¹v³�²]³�´MµH¶v´¸·D³�µH¹Mº¸¹

µH¹�·:¿�´�ÀHÁ_µH¹�¿ � � $@^bjH^buf��jHqMr;mv�A^]zh�5yfa_qa_^]qMuH^]z~m�\_^bufcnmhlsj��fl�qd�MunmvadcHqdz�jH^buH^��8q]tn^d�va_q�^]`bad��qMa�`baMmvc;tDmvufadcHqM��q��_mvZ]l;�

`�m
A
r��_mvZ]lH`b�+\da_qMuHqM��q�l;oHlAaduH^bad�_^b��q�adlfjnm

B
� � jf{;ad��qMjfuH^�tn^�oHlHz-kH^bjHqMyfrf�

jH^buH^��8q]tnqM\H�HcHq ':�A^[\�qd�MunmvadcHqdz}jHqMu8{:tHr:^�/

A → A′ → B′ → B.

	 #Æ·�#��f¹v¶"¹v³ »�´p¼v½H²¾´
A 

»�´p¼v½H² �
A′ ½  ¹v¹�·D¶v½HµH´M³ ỹ  ỹ′ � � jf{;ad�'�A^+\`bl;o 'GuH^brf�:ufuH^bcfadcHqMg��+qMuHzW�poHe�� �_� 'GcnmM`s^]`bad�)zWlfcflHz~mpoH�dcfehg	mvcfcf�poHlfuf�8�

w&%Alfg-zWcHqM��qMy;on^bc}�Ú��Å_���nlfZA{;\dcHqM��q�\dl;tDm'r:qMa_qMuHqM��qizWe�z�q��A^]z \dehunmvZ]lfad�
α0 �HmAlHz�^bcfcHq./

α0 =
n∑

i=1

aiα
i. (13)

�~tn^�oDmM^]z {;\dcfehg jH^buH^��8q]t¦qMa�r:qdqMu_tHlfcnmva
ỹ
\�`baMmvc;tDmvufadcHqdz/�_mvZ]lH`]^

A
r

r:qdqMu_tHlfcnmvaMmMz
ỹ′
\"jHqMyfadl�`baMmvc;tDmvufadcHqdz

A′ �;�:yflfadeh\8mv{i\dehunmv�A^bcflH^G�Ú��Ç_�

n−1∑

i=0

yiα
i =

n−1∑

i=1

yiα
i + y0(

n∑

i=1

aiα
i)

lijHqd`�on^�jH^buH^b�]uf�:jfjflfuHqM\drfl-r:qM���+��lfkflH^bcfa_qM\'lHz�^]^]z

n−1∑

i=0

yiα
i =

n−1∑

i=1

αi(yi + aiy0) + y0α
n =

n−1∑

i=1

y′iα
i + y′nα0,

qMadrf�ptDm�\dl;tHcHqf�Wyfa_q�`�onq��"cHqd`bad�	jH^buH^��8q]tDm�qMa�`baMmvc;tDmvufadcHqM��q��_mvZ]lH`�m
A
r

jHqMyfadl�`baMmvc;tDmvufadcHqdz '#�_mvZ]lH`�'
A′ qMkH^bcflf\8mM^ba_`�{#r;mvr LAA′ 6 (n − 1)

�
	 #Æ·�#��f¹v¶'¹v³ »�´p¼v½H²¾´

A′ 
»�´p¼v½H² �

B′ ½"�M·�#b¹v»�·:´p¼v¹ � ´MµH½"#  ¹v¹�·D¶v½HµH´M³ ỹ′

 
¹v¹�·D¶v½HµH´M³�´�¿

x̃′ �  �ehyflH`�oHlHz.jfuH^]qd�MunmvZ�qM\8mvcflH^

(x′
1 . . . x′

n) = (F−1
n )T ⊗




y′′1
. . .
y′′n


 ,
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�;zWcHq��A^bcflf{ \_^brfa_qMunm
Y T cnmÃz~mvaduflfkf�

(F−1
2k+1)

T �Äqd�Munmvadcf�:w r z~mvadufl;�
kH^�lfZGa_^]qMuH^]zWe �_�s`�jHqdz�q�%A�dw � �_���	 �]a_qMg.�+qMuHzW�pon^�uH^brf�:ufuH^bcfadcHq�\de��
jHqvoHcf{:oHlH`b�SjfuH^]qd�MunmvZ�qM\8mvcflf{�`	\_^brfa_qMunmMzWl

X1
l

X2
��jH^buH^b\_q]tH{ %AlH^�l;�

\S\_^brfa_qMunm
Y1 = (y′1, . . . , y

′′
2k)

l
Y2 = (y′

2k+1
, . . . , y′n)

��`]qd`baMmv\MoH{;w&%AlH^
\_^brfa_qMu

Y = (y′1, . . . , y
′
n)
� !~`ba_^]`bad\_^bcfcHqf�Jyfa_q	qd�MunmvadcHqd^#jfuH^]qd�MunmvZ�qM\8mvcflH^

(F−1
n−2k)T ⊗ Y2

T jH^buH^b\_^�tn^ba�\_^brfa_qMu Y2
\#\_^brfa_qMu

X2
�@mGyfa_qd�Me jHqvoH�:yflfad�

\_^brfa_qMu
X1
�;cnmptnq'`¾tn^�oDmvad��jfuH^]qd�MunmvZ�qM\8mvcflH^

(F−1
2k )T ⊗ Y1

T .
$®mvr#r;mvr

X1 = {x1, . . . , x2k+1−n−1, x2k+1−n + xn, . . . , x2k−1 + x2k+1, x2k}T ,

X2 = {x1+2k , . . . , xn}T ,
a_q�tfoH{�\_qd`]`baMmvcHqM\Mon^bcflf{}\_^brfa_qMunm

X = {x1, . . . , xn}
jHq-�]adlHzx\_^brfa_qMunmMz

tnqd`baMmva_qMyfcHq'ri`]qdqMad\_^ba_`bad\d�:w&%AlHz
n− 2k r:qdzWjHqMcH^bcfaMmMzS\_^brfa_qMunm X1

jfufl;�
�_mv\dlfad�'jHq"z�q]tH�poHwxtH\8m�r:qdzWjHqMcH^bcfadex\_^brfa_qMunm

X2.Y[c;tH�:rfadlf\dcHq)j��Hq]tnqvoH��mv{	qMjflH`�mvcfcHqd^�jfuH^]qd�MunmvZ�qM\8mvcflH^d�5zWexjH^buH^bg;tn^]z
r�r:qdqMu_tHlfcnmvaMmMz

x̃′ \ijHqMyfadl	cHqMuHz~mpoH�dcHqdzQ�_mvZ]lH`]^ B′ `]qi`�onq��"cHqd`bad�dw jH^��uH^��8q]tDm
L−1(n)) 6 n − 2k + L−1(2k) + L−1(n − 2k),

l5�;r;mvr#l#unmvcf�d��^d�fjfufl;tn^]z.r�qMkH^bcfr:^

LB′A′(n) 6
n

2
log2n + 2n.

	 #Æ·�#��f¹v¶s¹v³/»�´p¼v½H²¾´
B′ 

»�´p¼v½H² �
B
½

¹v¹�·D¶v½HµH´M³

x̃′  x̃ � #�^buH^��8q]tijHqv�oH�:ynmM^ba_`�{)jHqd`buH^�tn`bad\_qdz.qd�MunmvadcHqMgijH^buH^]`baMmvcHqM\drfl#r
π(i)

�Ú�d�p���fms^b��qA`�onq����
cHqd`bad��qMkH^bcflf\8mM^ba_`�{��Hr;mvr�liunmvcf�d��^

LB′B(n) = 0
�

 uH^bZ]�poH�paMmva_^+lHz�^]^]z

LAB(n) = LAA′(n) + LA′B′(n) + LB′B(n) 6
n

2
log2n + 3n.

� mMz�^badlHzh�Dyfa_q)jfufl-\dehyflH`�on^bcflfl	qd�MunmvadcHqM��qGjfuH^]qd�MunmvZ�qM\8mvcflf{
(F−1

n )Tjfufl
n = 2k+1 − 1

zWeQ�smvrfadlfyH^]`brfl#jHqvoH�:yfl;oHl�z~mvaduflfyfcHqd^+a_q���tn^]`bad\_q

(F T
n )−1 =




(F T
m)−1 om Gm

0 . . . 0 1 0 . . . 0
Om om (F T

m)−1


 ,



Å�� � ��� �����	��
������������ �������������������� ����������
���

��tn^
m = (n− 1)/2

�;z~mvaduflfknm
Gm = Im(F T

m)−1 ^]`bad��`blHz�z�^baduflfyfcHqd^+qMadunmp��A^bcflH^+z~mvaduflfkfe
(F T

m)−1 qMadcHqd`blfa_^�oH�dcHq)`buH^�tHcH^bg�`baduHqMrfl5�°�q[z�q��"cHq�l�cH^bjHqd`buH^�tn`bad\_^bcfcHq+jfuHqM\_^buflfad�+�:r;mvZpmvcfcHqd^ha_q���tn^]`bad\_qf�_aMmvr
�A^d�fr;mvr#lia_q���tn^]`bad\_q

F−1
n =




F−1
m om Om

0 . . . 0 1 0 . . . 0
Gm om F−1

m


 ,

��tn^
m = (n− 1)/2

�Hz~mvaduflfknm
Gm = F−1

m Im
^]`bad�'`blHz�z�^baduflfyfcHqd^sqMadunmv�A^��

cflH^�z~mvaduflfkfe
F−1

m

qMadcHqd`blfa_^�oH�dcHq�`buH^�tHcH^b��q-`ba_qvon�Mknm;�~��jHqdz�q�%A�dw �]adl;�
a_q���tn^]`bad\#aMmvr��A^d�>r;mvr�l�\Ga_^]qMuH^]z�^'Ç)z�q��"cHq)tnqMr;mvZpmvad�H�5yfa_q)j;onqMadcHqd`bad�
qd�MunmvadcHqMg	z~mvaduflfkfe

S(F−1
n ) = O(nlog2 3)

l�aMmvrf�:w��A^�j;onqMadcHqd`bad�#lHz�^]^ba
z~mvaduflfknm'jH^buH^��8q]tDm)qMa�cHqMuHz~mpoH�dcHqM��qG�_mvZ]lH`�m'\da_qMuHqM��q�l;oHl-aduH^bad�_^b��q�adlfjnm
r#`baMmvc;tDmvufadcHqdzW���_mvZ]lH`b�)jHqvoH{

GF (2n).
� �-, ����� ��� ��
������� ���

#[uflf\_^�tn^]z¦jfuflHz�^bu�cnm)jfuflHz�^bcH^bcflH^'a_^]qMuH^]zWe �;�>r:qMa_qMufehg�aMmvrf�A^�z�qv�
�A^bas`�oH�:�"lfad�+jfuflHz�^buHqdz�mpoH��qMuflfa_zWlfyH^]`br:qMgGuH^�mpoHlfZpmvkflfl�jH^buH^��8q]tDmsqMa+qMj;�
adlHz~mpoH�dcHqM��q��_mvZ]lH`�m'Åp�õ��q"l;oHl-Çp�õ��q"adlfjnm�r#`baMmvc;tDmvufadcHqdzW�#l#qd�MunmvadcHqf�
	 #Æ·�#��f¹v¶"¹v³ ¹ �H³�½:¿�´�ÀHÁ_µH¹Mº¸¹"µH¹�·:¿�´�ÀHÁ_µH¹Mº¸¹"»�´p¼v½H²¾´

�
³�¹�·D¹Mº¸¹'½:ÀH½-³�·�#�'

³�Á�#]º¸¹�³�½ �H´

²]³�´MµH¶v´¸·D³�µH¹�¿ � �

#[�_`bad�"tDmvcHq./
n = 5

�HqMjfadlHz~mpoH�dcfehg�cHqMuHz~mpoH�dcfehg-�_mvZ]lH`�\da_qMuHqM��q'adlfjnm
B = {α2k

, k = 0, 1, 2, 3, 4} ���bon^]z�^bcfav��ZpmvjflH`�mvcfcfehg}\��]a_qdzÂ�_mvZ]lH`]^d� f =

1 ·α20
+ 1 ·α21

+ 0 ·α22
+ 1 ·α23

+ 1 ·α24 �fm+a_q�^]`bad�"l)\_^brfa_qMuir:qdqMu_tHlfcnmva
x̃T = {1, 1, 0, 1, 1} �°+mptnq[cnmvgfadl /

ỹ
-x\_^brfa_qMu'r:qdqMu_tHlfcnmva

f
\�`baMmvc;tDmvufadcHqdz	jHqvoHlfcHqdzWlnmpoH�M�

cHqdz.�_mvZ]lH`]^
A = {α0, α1, α2, α3, α4} �

� ´dºs� � 	 #Æ·�#��f¹v¶)¹v³�µH¹�·:¿�´�ÀHÁ_µH¹Mº¸¹�»�´p¼v½H²¾´
B 

�H¹ !:³�½�µH¹�·:¿�´�ÀHÁ_µH¹�¿��
»�´p¼v½H²��

B′ ½  ¹v¹�·D¶v½HµH´M³ x̃  x̃′ �
� �  cnm]ynmpon^+cnmvg;tn^]z.jH^buH^]`baMmvcHqM\drf� π(i)

�Ú�d�p�0/

{20, 21, 22, 23, 24, 25, 26, 27, 28, 29 (mod 11)} = {1, 2, 4, 8, 5, 10, 9, 7, 3, 6} =

= {1, 2, 4,−3, 5,−1,−2,−4, 3,−5 (mod 11)},
lfZ��]a_qM��q"jH^buH^]`baMmvcHqM\dr;m�cnmvg;tn^bcnm /

2i (mod 11) = ±π(i) ∈ {1, . . . , 5},



����� ������� �	��
���� 
������� � ���	���
��� ������
���� Å�� �

a_q"^]`bad�

π =

(
20 21 22 23 24 25 26 27 28 29 (mod 11)
1 2 4 −3 5 −1 −2 −4 3 −5 (mod 11)

)
. (14)

� � #�qvoH�dZ]�d{f`b� jH^buH^]`baMmvcHqM\dr:qMg �Ú���:��� cnmvg;tn^]z �_mvZ]lH`
B′ =

{α1, α2, α4, α3, α5}
�+a_qQ^]`bad�x�bon^]z�^bcfax\Q�]a_qdz��_mvZ]lH`]^SZpmvjflf��^ba_`�{�aMmvr /

f = 1 · α1 + 1 · α2 + 0 · α4 + 1 · α3 + 1 · α5
���éa_q�^]`bad��jHqdz�^bcf{f^]z�z�^��

`baMmMzWl-r:qdqMu_tHlfcnmva�'�Ç'l ��l�qMa�r:qdqMu_tHlfcnmva
(x̃)T = (1, 1, 0, 1, 1)

jH^buH^bg;tn^]z
rir:qdqMu_tHlfcnmvaMmMz

(x̃′)T = (1, 1, 1, 0, 1)
���

� ´dº�Å � 	 #Æ·�#��f¹v¶"¹v³ »�´p¼v½H²¾´
B′ 

»�´p¼v½H² �
B′′ ½  ¹v¹�·D¶v½HµH´M³ x̃′  x̃′′ �$®mvr�r;mvr

22 < 5 < 23 �Da_q)jH^buH^bg;tn^]zÃr B′′ = {αk, k = 1, ..., 8} jf�:a_^]ztnqd�_mv\Mon^bcflf{#cf�pon^bg5�;a_q'^]`bad�
x̃′′ = (x̃′, 0, 0, 0) = (1, 1, 1, 0︸ ︷︷ ︸

22

, 1, 0, 0, 0︸ ︷︷ ︸
23−22

).

� ´dº�Ç � 	 #Æ·�#��f¹v¶i¹v³ »�´p¼v½H²¾´
B′′ 

»�´p¼v½H² �
A′′ ½  ¹v¹�·D¶v½HµH´M³ x̃′′  ỹ′′ �

A′′ = {αk, k = 1, . . . , 8} �#�q�uH^brf�:ufuH^bcfadcHqMg �+qMuHzW�pon^�� �_�'�;zWcHq��A^bcflH^�z~mvaduflfkfe
(F8)

T cnm �p�
z�^bufcfehg	\_^brfa_qMu

x̃′′ `b\_q]tHlfa_`�{	r�tH\d�;zÃ�;zWcHq��A^bcflf{fz3�M�Æz�^bufcfe���\_^brfa_qMuHqM\
cnm�z~mvaduflfk.'

(F4)
T �;a_q'^]`bad�

(ỹ′′)T = (F8)
T ⊗x̃′′ = (F4)

T ⊗




x′′
1 + x′′

7

x′′
2 + x′′

6

x′′
3 + x′′

5

x′′
4


+α22

(F4)
T ⊗




x′′
5

x′′
6

x′′
7

x′′
8


 , (15)

r;mv��tnqd^#lfZ#r:qMa_qMufe����~\�`b\_qMw�qMyH^buH^�tH�H�J`b\_q]tHlfa_`�{Sr±tH\d�;zÂ�;zWcHq��A^bcflf{fz
Åp�Æz�^bufcfe��i\_^brfa_qMuHqM\�cnm�z~mvaduflfk.'

(F2)
T �;a_q'^]`bad�

ỹ′′ = (F8)
T ⊗x̃′′ = (F2)

T ⊗
(
(x′′

1+ x′′
7)+(x′′

3+ x′′
5)

(x′′
2 + x′′

6)

)
+α2(F2)

T ⊗
(

x′′
3+x′′

5

x′′
4

)
+

+α4(F2)
T ⊗

(
x′′

5 + x7

x′′
6

)
+ α6(F2)

T ⊗
(

x′′
7

x′′
8

)
,

��tn^
(F2)

-/^�tHlfcflfyfcnmv{�z~mvaduflfknm;�Ha_q'^]`bad�
(ỹ′′) = (1, 1, 0, 0, 1, 0, 0, 0).

� ´dº � � 	 #Æ·�#��f¹v¶-¹v³ »�´p¼v½H²¾´
A′′ 

»�´p¼v½H² �
A′ ½  ¹v¹�·D¶v½HµH´M³ ỹ′′  ỹ′ �

A′ = {αk, k = 1, . . . , 5} �� a_^bjH^buf�'�ptDmpoHlHz.jHqd`�on^�tHcflH^+r:qdqMu_tHlfcnmvade /
ỹ′ = (1, 1, 0, 0, 1)

�



Å ��� ��� �����	��
������������ �������������������� ����������
���

� ´dº � � 	 #Æ·�#��f¹v¶.¹v³$»�´p¼v½H²¾´
A′ 

»�´p¼v½H² �
A
½

¹v¹�·D¶v½HµH´M³

ỹ′  ỹ �
A = {αk, k = 0, . . . , 4} �#�qd`baduHqMlHzÃzWlfcflHz~mpoH�dcfehg	mvcfcf�poHlfuf�:w&%Alfg�zWcHqM��qMy;on^bc

mα
tfoH{���^bcH^��

unmva_qMunm
α
��#�q�uH^brf�:ufuH^bcfadcHqMg-�+qMuHzW�pon^�� �_�JjHqvoH�:yflHz /

f0 = 0
f1 = x + 1
f2 = x2 + x
f3 = x3 + x2 + x + 1
f4 = x4 + x3

f5 = x5 + x4 + x3 + x2 + x + 1,
a_q"^]`bad�

mα := f5(α) = a5α
5 + a4α

4 + a3α
3 + a2α

2 + a1α
1 + a0α

0 = 0, (16)

��tn^
a0 = a1 = a2 = a3 = a4 = a5 = 1

��#[uflHz�^bcf{;{ �+qMuHz '8o 'x�Ú��Å_�
jHqvoH�:yflHz

n−1∑

i=0

yiα
i = 1 · α0 + (1 + 1)α1 + (1 + 1)α2 + (0 + 1)α3 + (0 + 1)α4,

qMadrf�ptDm l�jHqvo ':ynmM^]z \_^brfa_qMu/r:qdqMu_tHlfcnmva \�`baMmvc;tDm �fadcHqdz§�_mvZ]lH`]^
ỹ =

(1, 0, 0, 1, 1)
� $®mvrflHzQqd�MunmvZ�qdzh�®zWe qMa#j��H^�tn`baMmv\Mon^bcflf{±zWcHqM��qMy;on^bcnmi\�qMj;�

adlHz~mpoH�dcHqdz}cHq �Hz~mpoH�dcHqdzS�_mvZ]lH`]^

f = 1 + α21
+ α23

+ α24 ∈ B

jH^ �H^b�soHl#rij��H^�tn`baMmv\Mon^bcflfw zWcHqM��qMy;on^bcnm"\'`baMmvc;tDm �fadcHqdz �_mvZ]lH`]^�/

f = 1 + α + α3 + α4 ∈ A.

	 #���#��f¹v¶'¹v³ ²]³�´MµH¶v´¸·D³�µH¹Mº¸¹"»�´p¼v½H²¾´

¹ �H³�½:¿�´�ÀHÁ_µH¹�¿ �)µH¹�·:¿�´�ÀHÁ_µH¹�¿ �)»�´�'

¼v½H² �
�
³�¹�·D¹Mº¸¹"½:ÀH½-³�·�#b³�Á�#]º¸¹�³�½ �H´ �# ';`bad�GtDmvcHq./

n = 5
��`baMmvc;tDmvufadcfehg±�_mvZ]lH`

A = {α0, α1, α2, α3, α4} ��l�bon^]z�^bcfa�\��]a_qdz-�_mvZ]lH`]^
f =

∑4
i=0 yiα

i �p`�r:qdqMu_tHlfcnmvaMmMzWl ỹ = {1, 0, 0, 1, 1} �°+mptnq�cnmvgfadl /
x̃
-/\_^brfa_qMuir:qdqMu_tHlfcnmva

f
\"qMjfadlHz~mpoH�dcHqdz}cHqMuHz~mpoH�dcHqdz

�_mvZ]lH`]^sÅp�õ��q"l;oHl�Çp�õ��q"adlfjnm
B = {α20

, α21
, α22

, α23
, α24} �
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���� 
������� � ���	���
��� ������
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$®mvr r;mvrÃ�_`�onqM\dlf{Scnm
n
�ptnqM\Mon^bad\_qMu8{;w�a.qMjfuH^�tn^�on^bcflfw���Z]cnm]yflfa�tfoH{

�]a_qM��q
n
`b�/%�^]`bad\d�_^baQqMjfadlHz~mpoH�dcfehg/�_mvZ]lH` Åp�õ��q¦adlfjnm;�+`�on^�tnqM\8mva_^�oH�dcHqf�

z�q��"cHq"jfuflHz�^bcf{;ad��a_^]qMuH^]zW�_�
� ´dº�� � 	 #Æ·�#��f¹v¶.¹v³$»�´p¼v½H²¾´

A 
»�´p¼v½H² �

A′ ½  ¹v¹�·D¶v½HµH´M³ ỹ  ỹ′ �
A′ = {α21

, α22
, α23

, α24
, α25} �

��lfcflHz~mpoH�dcfehg�mvcfcf�poHlfuf�:w&%Alfg�zWcHqM��qMy;on^bc
mα = 0

tfoH{
n = 5

':�A^
cnmMzWl-jHqd`ba �Hqd^bc.�éa_q)^]`bad�

ai
cnmMzWl-cnmvg;tn^bcfe��A�Ä`]zh�W�Ú���_�¾���njHq]tn`baMmv\MoH{;{

ai
\

�Ú��Å_�JjHqvo ':yflHz
n∑

i=1

yiα
i = (0 + 1)α1 + (0 + 1)α2 + (1 + 1)α3 + (1 + 1)α4 + 1 · α5,

qMadr.'8tDmGl	jHqvo ':ynmM^ba_`�{	\_^brfa_q ��r:qdq �;tHlfcnmva-\#jHqMyfadl�`baMmvc;tDm �fadcHqdz��_mvZ]lH`]^
A′ ỹ = (1, 1, 0, 0, 1)

�
� ´dº�Å � 	 #���#��f¹v¶"¹v³ »�´p¼v½H²¾´

A′ 
²]½H²]³.#Ú¿ #

A′′ ½  ¹v¹�·D¶v½HµH´M³ ỹ′  ỹ′′ �#�^ �H^��8q]tSqd`�'/%�^]`ba�oH{f^ba_`�{.j.':a_^]zÂ�+q �Hz~mpoH�dcHqM��q-tnqd�_mv\Mon^bcflf{±c.'8on^bg.\
r:qMcH^bk#\_^brfa_q �nm

ỹ′
/
(ỹ′′)T = (1, 1, 1, 0, 1, 0, 0, 0)

�
� ´dº�Ç � 	 #���#��f¹v¶�¹v³ ²]½H²]³.#Ú¿ )

A′′ 
²]½H²]³.#Ú¿ #

B′′ ½  ¹v¹�·D¶v½HµH´M³ ỹ′′ 

¹v¹ �D¶v½HµH´M³�´�¿

x̃′′ �
�[zWcHq��A^bcflH^�z~mva �flfkfe

(F T
8 )−1 cnm �p�Æz�^bufcfehgS\_^brfa_q � ỹ′′

`b\_q]tHlfa_`�{Sr
tH\�';z ';zWcHq��A^bcflf{fz �M�Æz�^bufcfe��}\_^brfa_q �HqM\�cnm�z~mva �flfk.'

(F T
4 )−1 l �pjH^ �H^��

j.':aMmvcfcHqdz ' �'l;�i`�onq��A^bcflfw��na_q"^]`bad� /

(x̃′′)T = (X̃1, X̃2)
T = (F T

8 )−1 ⊗ ỹ′′ = (F T
8 )−1 ⊗ (Ỹ1, Ỹ2)

�é��tn^�\_^brfa_q �
Ỹ1 = (y′′1 , y′′2 , y′′3 , y′′4 )T

��m)\_^brfa_q �
Ỹ2 = (y′′5 , y′′6 , y′′7 , y′′8)T

��`b\_qv�
tHlfa_`�{ir

(ỹ′′) = (v1 + w3, v2 + w2, v3 + w1, v4, w1, w2, w3, w4),
��tn^�\_^brfa_q �nm

ṽ
l

w̃
`byflfaMmvw�a_`�{#jHq'�+q �Hz '8oDmMz /

(v1, v2, v3, v4) = (F T
4 )−1 ⊗ (X̃1) (17)

l
(w1, w2, w3, w4) = (F T

4 )−1 ⊗ (X̃2). (18)
�+mv��tDmv{GlfZ+�+q �Hz '8o��Ú�	�d�Jl��Ú� �_���;\'`b\_qMw�qMyH^ �H^�tH� �H^br.' ���H^bcfadcfe�zS`bjHqd`]qv�
�dqdz#`b\_q]tHlfa_`�{saMmvrf�A^Jr�tH\�';z ';zWcHq��A^bcflf{fz�Åp�Æz�^bufcfe��+\_^brfa_q �HqM\�cnm�z~mva �fl;�
k.'

(F T
2 )−1 ≡ E

�Ä^�tHlfcflfyfcnmv{Ãz~mva �flfknm
2 × 2

�"lSl;� �pjH^ �H^bj.':aMmvcfcHqdz ' �
`�onq��A^bcflfwÂa_q'^]`bad� /
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(v1, v2, v3, v4) = (p1 + r1, p2, r1, r2),

(w1, w2, w3, w4) = (s1 + t1, s2, t1, t2),
��tn^

(p1, p2) = E ⊗ (v1, v2)
T ,

(r1, r2) = E ⊗ (v3, v4)
T ,

(s1, s2) = E ⊗ (w1, w2)
T ,

(t1, t2) = E ⊗ (w3, w4)
T ,

��tn^
(ỹ′′) = (p1, p2, r1, r2, s1, s2, t1, t2)

��a_q�^]`bad�
p1 = 1

�
p2 = 1, r1 = 0

�
r2 = 0

�
s1 = 1

�
s2 = 0

�
t1 = 0

�
t2 = 0

��#�q]tHcflHz~mv{f`b� �H^br.' �H`blf\dcHqi\d\_^ �;�
jHqvo ':yflHzh�fyfa_q

(x̃′′) = (1, 1, 1, 0, 1)
�

� ´dº � � 	 #Æ·�#��f¹v¶�¹v³ ²]½H²]³.#Ú¿ )
B′′ 

»�´p¼v½H² �
B′ ½  ¹v¹�·D¶v½HµH´M³ x̃′′ 


¹v¹ �D¶v½HµH´M³�´�¿

x̃′ �
�WtDmpoHlHz.jHqd`�on^�tHcflH^+r:qdq �;tHlfcnmvade /

(x̃′)T � � �d���d���d� �;�����8�
� ´dº � � 	 #Æ·�#��f¹v¶)¹v³�»�´p¼v½H²¾´

B′ 
»�´p¼v½H² �

B
½

¹v¹�·D¶v½HµH´M³

x̃′  
¹v¹ �('

¶v½HµH´M³�´�¿
x̃ �#�q.qd�MunmvadcHqMg jH^ �H^]`baMmvcHqM\dr:^�r¦jH^buH^]`baMmvcHqM\dr:^

π
�Ú���:�)jHqvoH�:yflHz

x̃ =
(1, 1, 0, 1, 1)

�
$®mvrflHzÃqd�MunmvZ�qdzh��zWe�qMa)j��H^�tn`baMmv\Mon^bcflf{	zWcHqM��qMy;on^bcnm)\G`baMmvc;tDm �fadcHqdz

�_mvZ]lH`]^
f = 1 + α3 + α4 ∈ A

jH^ �H^b�soHlÃr j��H^�tn`baMmv\Mon^bcflfw zWcHqM��qMy;on^bcnm±\±qMjfadlHz~mpoH�dcHqdz cHq �Hz~mpoH�dcHqdz
�_mvZ]lH`]^sÅp�õ��q"adlfjnm /

f = 1 + α21
+ α23

+ α24 ∈ B.

�+O�����TWV��AX ¯5ª"¨�� V�¨�¯@¢JX £h¤AX�� ©�TW¢JX���T�¯ �AX� ¨���T 

¤�£��AX�	 R ��¨hV�T
�AV�¥"� ��¨�ª�� �

#[�_`bad�Qr:qMcH^byfcHqd^}jHqvon^
GF (2n)

jfuH^�tn`baMmv\Mon^bcHqx`baMmvc;tDmvufadcfe�z �_mvZ]l;�
`]qdzh�+jHqMuHq���tn^bcfcfe�z r:qMufcH^]z�cH^bjfuflf\_q]tHlHz�qM��q�cnmpt

GF (2)
zWcHqM��qMy;on^bcnm

g(x)
`ba_^bjH^bcfl

n.
�~onq��"cHqd`bad� qMjH^bunmvkflfl �;zWcHq��A^bcflf{QzWcHqM��qMy;on^bcHqM\S`ba_^��

jH^bcfl
n − 1

cnmpt�jHqvon^]z
GF (2)

qd�dqMZ]cnm]yflHz
M(n).

��qM��oDmM`bcHq � �v�
M(n) =
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O(n log log n).
�+mvr}qMa_z�^bynmponqd`b��\.��� �p�Æ��cnm-jfunmvrfadlfr:^#jfufl.Z]cnm]yH^bcflf{:�

njHqMu8{:tHr;m�cH^]`br:qvoH�drfl;�#`]qMa_^bcGoH�:yf��^�unmM�dqMaMmM^ba)mpoH��qMuflfa_z �+mvunmvkf�;�Me+�;lHz�^��
w&%Alfgia_^]qMuH^badlfyH^]`brfl#�;�ptH�A�:wxqMkH^bcfrf�

M(n) = O(nlog2 3).
� kH^bcflHz�`�onq��"cHqd`bad�

Mg(n)
qMjH^bunmvkflfl"�;zWcHq��A^bcflf{"\��:r;mvZpmvcfcHqdz�jfuH^�tf�

`baMmv\Mon^bcflfl#jHqvoH{
GF (2n)

� $®mvrir;mvri�;zWcHq��A^bcflH^�\"unmM`]`]z~mvaduflf\8mM^]z�qdzS`�oH�8�
ynmM^�`b\_q]tHlfa_`�{ir)�;zWcHq��A^bcflfw�zWcHqM��qMy;on^bcHqM\'cnmptGjHqvon^]z

GF (2)
lGjHqd`�on^�tH�8�

w&%�^]zW��tn^�on^bcflfw uH^bZ]�poH�paMmvaMm�cnm�zWcHqM��qMy;on^bc
g(x)

`Gqd`baMmvadr:qdzh�~a_q-cH^bZpmp�
\dlH`blHz�q�qMa�\de��dqMunm

g(x)
lfZ]\_^]`badcnm�qMkH^bcfr;m���� �v�

Mg(n) = 3M(n) + O(n),^]`�oHl�jfuH^bcH^]�MuH^byf��`�onq��"cHqd`bad�dw jfuH^�tH\8mvuflfa_^�oH�dcHqM��q�\dehyflH`�on^bcflf{	cH^br:qMa_qv�
uHqM��q'zWcHqM��qMy;on^bcnm

f(x),
Zpmv\dlH`�{ %�^b��q'a_qvoH�dr:q�qMa

g(x)
�

#[ufl��ptDm]yfcHqdzS\de��dqMuH^
g(x)

�]ad�#qMkH^bcfrf�#z�q��"cHq��poH�:yf�Alfad�H� �A^bgH`bad\dl;�
a_^�oH�dcHqf�f^]`�oHl

g(x)
`]q]tn^bu8�"lfa

k
q]tHcHqMy;on^bcHqM\H�fa_q"`�onq��"cHqd`bad�'uH^�tH�:rfkflflijHq

z�q]tH�poHw
g(x)

qMkH^bcflf\8mM^ba_`�{Ar;mvr
kn
�bl+jHqM�]a_qdzW��lHz�^]^]z

Mg(n) = M(n)+kn.��\de�`]qMr:qMg�\_^buHq�{;adcHqd`bad�dwQ\+r;m]yH^]`bad\_^
k
z�q��"cHq+\dZ]{;ad�

3,
m�^]`�oHl'cH^bjfuflf\_qv�

tHlHz�qM��qhaduH^��;y;on^bcnm�`ba_^bjH^bcfl
n
cH^~`b�/%�^]`bad\d�_^bav��a_qf�br;mvrsjfuHqM\_^buH^bcHq��]r:`bjH^bufl;�

z�^bcfaMmpoH�dcHqf�>cHq)cH^stnqMr;mvZpmvcHqGa_^]qMuH^badlfyH^]`brfl5��\_`]^b��tDmGz�q��"cHqG\dZ]{;ad�
k = 5

�
aMmvrSr;mvrÃ`b�/%�^]`bad\d�_^ba�cH^bjfuflf\_q]tHlHzWehg¦jf{;adlfy;on^bc5� ��mpon^]^d��^]`�oHlScH^��M�ptn^ba
qM��qM\_qMuH^bcHq"jfuHqMadlf\dcHqd^d�n\_z�^]`ba_q

Mg(n)
jflf��^]z

M(n). �qMZ]\_^�tn^bcflH^"\Grf\8mptHunmvai�bon^]z�^bcfaMmGjHqvoH{
GF (2n)

jfuHqMlfZ]\_q]tHlfa_`�{�mpoH��qv�
uflfa_z�qdzQ\_`baMmv\drfl.cf�pon^bgÃ�é\-jHqd`�on^�tnqM\8mva_^�oH�dcHqd`bad�	r:qM���+��lfkflH^bcfa_qM\�yH^buH^bZ
r;mv��tHehg�r:qM���+��lfkflH^bcfaS\_`baMmv\MoH{;w�a_`�{�jHq}cf�poHw+����`�onq��"cHqd`bad�¦r:qMa_qMuHqM��q
qMkH^bcflf\8mM^ba_`�{iyflH`�onqdz

n
�:jHqd`�on^�yH^b��q�jfuHqMlfZ]\_q]tHlfa_`�{iuH^�tH�:rfkflf{GjHq�z�q]tH�poHw

g
�®\�uH^bZ]�poH�paMmva_^��Ä`)�:yH^ba_qdz�`¾tn^�oDmvcfcHqM��q�\deh��^)ZpmMz�^bynmvcflf{n�slHz�^]^]z �éa_^]qv�
uH^badlfyH^]`brfl.cH^�tnqMr;mvZpmvcfcf�:w+��qMkH^bcfrf��`�onq��"cHqd`badl}\_qMZ]\_^�tn^bcflf{.\-rf\8mptHunmva
K(n) = 6n

�
� mMz�^badlHzh�Wyfa_qf�@�:yflfadeh\8mv{.`¾tn^�oDmvcfcfe�^G\deh��^)ZpmMz�^bynmvcflf{��W`�onq��"cHqd`bad�

\_qMZ]\_^�tn^bcflf{.jfuHqMlfZ]\_qvoH�dcHqM��q��bon^]z�^bcfaMm�jHqvoH{
GF (2n)

\	`ba_^bjH^bcf�
d < 2nz�q��"cHq�qMkH^bcflfad�H�HlH`bjHqvoH�dZ]�d{#cH^br:qMa_qMufe�^+uH^bZ]�poH�paMmvade�qd��mptftHlfadlf\dcfe��#kH^��

jHqMyfr;mp�§���d�b�Æ�;r;mvr

O(n log d) + O(
M(n) log d

log log d
),

aMmvr±r;mvr±tfoH{�\_qMZ]\_^�tn^bcflf{.\�`ba_^bjH^bcf�
d
tnqd`baMmva_qMyfcHq

log2 d
\_qMZ]\_^�tn^bcflfg}\

rf\8mptHunmva'l
O( log d

log log d)
cH^baduflf\dlnmpoH�dcfe����;zWcHq��A^bcflfg5�

Y[Z]\_^]`badcHq$���d�b�Æ�>yfa_q)tfoH{�jHqMyfadl�\_`]^��
d
\da_qMuHqd^'`�oDmv�bmM^]z�qd^"jHqGjHqMu8{:tf�

rf�.cH^�oH�dZ]{ �;z�^bcf�d�Alfad�H�JcHq�yflH`�onq�cH^baduflf\dlnmpoH�dcfe��Ã�;zWcHq��A^bcflfg z�q��"cHq
qMkH^bcflfad��`bcflfZ]�.jHq	jHqMu8{:tHrf�}r;mvr

log ν(d)
�~��tn^

ν(d)
- yflH`�onq�^�tHlfcflfk \



Å ��� ��� �����	��
������������ �������������������� ����������
���

tH\_qMlfyfcHqdzÃunmvZbonq��A^bcflfl	yflH`�oDm
d
��m�aMmvrf�A^�r;mvr

(l(d) − log d)
�D��tn^

l(d)
-

mptftHlfadlf\dcnmv{�`�onq��"cHqd`bad��yflH`�oDm
d
�ÄqMjfuH^�tn^�on^bcflH^s`]zh�f\ ���d�b�Ä���

Y[Z]\_^]`badcHq aMmvrf�A^ ���d�b�Æ� yfa_q qMkH^bcfr;m tfoH{ \da_qMuHqM��q$`�oDmv�bmM^]z�qM��q
M(n) log ν2(d)

jHq�jHqMu8{:tHrf�}tnqd`badlf�bmM^ba_`�{���cnmvjfuflHz�^bu5��tfoH{
d = 2n − 2

�
yfa_q"z�q��"cHq�qd�dqd`bcHqM\8mvad�H�nqMjflfunmv{f`b��cnmAunmv\_^bcH`bad\8m

2n−2 = 2(2n−1−1), 22m−1 = (2m−1)(2m+1), 22m+1−1 = 2(22m−1)+1.

$®mvr	r;mvr�`]qM��oDmM`bcHq#�+qMuHzW�pon^ �A^buHz~m
f−1 = f2n−2,

a_q)tfoH{�qMjH^bunmvkflfl
lfcf\_^bufadlfuHqM\8mvcflf{��é\dehyflH`�on^bcflf{Gqd�MunmvadcHqM��qA�bon^]z�^bcfaMm_�~\sjHqvon^�jHqMcnmptnqd�MlfaM�
`�{�cH^'�dqvon^]^

λ(n − 1) + ν(n − 1)
�;zWcHq��A^bcflfg�l

(n − 1)
�Æq#\_qMZ]\_^�tn^bcflH^�\

rf\8mptHunmvav�H��tn^
λ(n) = dlog2(n − 1)e �#�qM�]a_qdzW��`�onq��"cHqd`bad�"lfcf\_^bufadlfuHqM\8mvcflf{G\�`baMmvc;tDmvufadcHqdz.�_mvZ]lH`]^[qMkH^bcfl;�

\8mM^ba_`�{ir;mvr

(n − 1)K(n) + (λ(n − 1) + ν(n − 1))M(n),

m�`�onq��"cHqd`bad�'tn^�on^bcflf{
D(n)

-/r;mvr

(n − 1)K(n) + (λ(n − 1) + ν(n − 1) + 1)M(n).

� kH^bcflHz	`�onq��"cHqd`bad�A�;zWcHq��A^bcflf{'\s`�oH�:ynmM^�lH`bjHqvoH�dZ�qM\8mvcflf{)qMjfadlHz~mpoH�M�
cHqM��q'cHqMuHz~mpoH�dcHqM��qG�_mvZ]lH`�m'jH^buf\_qM��q)adlfjnm;� �+oH{#\dehjHqvoHcH^bcflf{-�;zWcHq��A^bcflf{
jH^buH^��8q]tHlHz r `baMmvc;tDmvufadcHqdzW� �_mvZ]lH`b��`]qM��oDmM`bcHq a_^]qMuH^]z�^SÅÃ`]q¦`�onq��"cHqv�
`bad�dw

2n − 2
��Zpmva_^]z tn^�oDmM^]z��;zWcHq��A^bcflH^�\±`baMmvc;tDmvufadcHqdz �_mvZ]lH`]^-l jH^��

uH^��8q]tHlHz/qd�MunmvadcHq±r cHqMuHz~mpoH�dcHqdzW� �_mvZ]lH`b� `]q�`�onq��"cHqd`bad�dw
n − 1.

��qv�
��oDmM`bcHq `¾tn^�oDmvcfcHqdzW�ÂjHqd`�on^±a_^]qMuH^]zWe Å ZpmMz�^bynmvcflfw���jHqvoH�:ynmM^]z qMkH^bcfrf�
MO1(n) 6 M(n) + 7n − 8,

��tn^
M(n)

-§`�onq��"cHqd`bad���;zWcHq��A^bcflf{ zWcHqv�
��qMy;on^bcHqM\�`ba_^bjH^bcfl

n − 1
�

 `�oH�:ynmM^)�_mvZ]lH`]qM\-\da_qMuHqM��q-l�aduH^bad�_^b��q�adlfjnm-mvcnmponqM�]lfyfcHq�jHqvoH�:ynmM^]z
qMkH^bcfrf�

MO2(n) 6 3M(n) +
3n

2
log2n + O(n),

r:qMa_qMunmv{�qMr;mvZ]eh\8mM^ba_`�{'mM`blHzWjfa_qMadlfyH^]`brfl"\�aduflAunmvZpmh�;�:�A^d�paMmvr�r;mvrA\[`]qdqMaM�
\_^ba_`bad\d�:w&%Al;��`baMmvc;tDmvufadcfe����_mvZ]lH`�mp��jHqMuHq���tDmvw&%Alfg�l;��cH^bjfuflf\_q]tHlHzWehg
zWcHqM��qMy;on^bc5�W\dehyflH`�on^bcfcfehg.\-a_^]qMuH^]z�^ �;�®qMr;mvZ]eh\8mM^ba_`�{.cH^baduflf\dlnmpoH�dcfe�zh�
l-tfoH{�uH^�tH�:rfkflfl�jHqi^b��qiz�q]tH�poHw�jfufl;�8q]tHlfa_`�{	lH`bjHqvoH�dZ�qM\8mvad���:r;mvZpmvcfcf�:w
\deh��^�qd��%A�:w�qMkH^bcfrf�

Mg(n).
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� kH^bcflHzx`�onq��"cHqd`bad��lfcf\_^bufadlfuHqM\8mvcflf{±\-qMjfadlHz~mpoH�dcfe���cHqMuHz~mpoH�dcfe��
�_mvZ]lH`�mp���& �qMZ]\_^�tn^bcflH^±\Srf\8mptHunmva¦\dehjHqvoHcf{f^ba_`�{ �v�d^]`bj;oDmvadcHq �v��jHqM�]a_qdzW�
lHz�^]^]z}qMkH^bcfrf�

IO(n) 6 (λ(n − 1) + ν(n − 1))(MO(n)),

r:qMa_qMunmv{#`bjfunmv\_^�tfoHlf\8m'a_qvoH�dr:q"tfoH{Ga_^��
n
�:tfoH{ir:qMa_qMufe���`b�/%�^]`bad\d�:w�a"aMmp�

rflH^)�_mvZ]lH`be+� � cnmponqM�]lfyfcHqf�W`�onq��"cHqd`bad��\_qMZ]\_^�tn^bcflf{�\-jfuHqMlfZ]\_qvoH�]�:w `ba_^��
jH^bcf�

d < 2n \'qMjfadlHz~mpoH�dcfe��#cHqMuHz~mpoH�dcfe����_mvZ]lH`�mp�#qMkH^bcflf\8mM^ba_`�{#r;mvr

O(
M(n) log d

log log d
).

� O�� ¤AXsª"¨�� TWVAX�T

 .cH^]z	jfuflf\_^�tn^bcnmA`]qd`baMmv\Mon^bcfcnmv{Gcnm+qd`bcHqM\_^�r:qdzWjf�dw�a_^bufcfe��)\dehyflH`�on^��
cflfg-aMmM�voHlfknm)unmvZ�z�^bufcHqd`ba_^bg�jHqvon^bg

GF (2n)
jfufl

1000 < n 6 10000,
tfoH{

r:qMa_qMufe��A`b�/%�^]`bad\d�:w�a�qMjfadlHz~mpoH�dcfe�^�cHqMuHz~mpoH�dcfe�^��_mvZ]lH`be+� 	`br:qd�Mr;mp�sjHqv�
`�on^�unmvZ�z�^bufcHqd`badlG�:r;mvZpmvc)adlfj)�_mvZ]lH`�m)�Ä^]`�oHl�tfoH{'unmM`]`]z~mvaduflf\8mM^]z�qM��q�jHqvoH{
q]tHcHqM\duH^]z�^bcfcHqi`b�/%�^]`bad\d�:w�aG�_mvZ]lH`bexadlfjnm-�+l�Å;�na_q�\)`br:qd�Mr;mp��`ba_qMlfa���Å �
tHuf�:�]lH^[\8mvuflnmvcfadeQcH^�\_`baduH^bynmvw�a_`�{n���

$®mM�voHlfkf�itfoH{
n 6 1000

zWexcH^sjfuflf\_q]tHlHzh�DaMmvr-r;mvr�qMcnm"lHz�^]^ba_`�{��Dcnmp�
jfuflHz�^bu5�H\-� Çp�Æ��$®mvrf�A^AzWeQcH^+jfuflf\_q]tHlHzS\dehyflH`�oH{f^]zWe�^AjfuHqM�]unmMz�z�qMg�tfoH{
r;mv��tnqM��q[qMjfadlHz~mpoH�dcHqM��q[cHqMuHz~mpoH�dcHqM��q��_mvZ]lH`�m�z~mvaduflfkfe

A, T,
qMjfuH^�tn^�on^bc;�

cfe�^[\'cnm]ynmpon^s`baMmvad�dl5�HlijHqMuHq���tDmvw&%AlH^+�bon^]z�^bcfadeQ�]adl;�i�_mvZ]lH`]qM\H�
� �;��Çf� Å_� � �;���n� Å_� � �;� �f�Ú�p� � �;� �f� Ç_� � �dÅ��f� Å_� � �dÇ;�_� Ç_� � �dÇ��n� Å_�
� ���H�_� Å_� � ���8Çf� Ç_� � �����f� Å_� � �����f� Ç_� � �����f�Ú�p� � �����f� Å_� � ��� �f� Å_�
� � ���f�Ú�p� �d� �dÇf� Ç_� �d� ���f� Å_� �d� � �f�Ú�p� �d�d� �f� Å_� �d�d���f�Ú�p� �d�d� �f� Å_�
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�����MÇf� Å_� ����� �f� Ç_� ��� ���f�Ú�p� ��� � �f�Ú�p� ��� �dÇf� Å_� �������f� Å_� �������f� Å_�
����� �f� Å_� ���;��Åf�Ú�p� ���;���n� Å_� ���dÅ;�_� Å_� ���dÇ��f� Å_� ���dÇ �f� Å_� ���dÇ �f� Ç_�
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