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hjilk&m�kLn$o�k
pJqVr*sVt_uNv5w$x5s_y�s_v{z5sJ|{x5wN}1~�sV�L��|/~(�1v��1x{v5wNt_uNz��Fw\v5s_�{v{�Z���Vx��\�Tw\r5�-|{x{z/�

v��=�{~�s_���1��sVs��J�Fx��1u*w\r*t_�FwN�L��z���w\v{uNx-�/�Vz{v{��� �=���Fz{q_~�w;�$s_v{z5s��Fw\u*w\x5w\�;w$��w
t_z/��|5w\x�|{x5sE��t_u\�1r\~5�{s_u*tK���Vx5wN�Aw\q_�5�{z5������x5sE�5z��Lv5w\�Vz/�j|5w\|{��u*w\���F|{x5w1�
t_uNz{uN ¢¡Vu*w\u¢�{x{z{u*s_x{z{£�rN�Z��sE~5�/¤�u*tK���*tE~�w\rNz{�¥�-v��1£/��s_v{v{�ls�¦��1�/~�s_£{v5wN�j�¨§_���
©�|{x5sE�{~(�1�_�\sV�Aw\£8x��\}Nw\u*s��(�\s_u*tK���F|{x5w\��s_v{v5wNs���w\�/�1q=�1u*sE~5 *t_uNr*w�|5wNtE~�sE�5v5sE�
�;w��{x{z{u*s_x{z{�¥�

ªl«­¬¯® n�°li�n�±�k³²�°�n¢´�µ�o¢´¶o¸·�kL¹»º½¼¿¾½µLÀ�µR±
Á¥x��\�TwN�

G
v��1qV��r-�\s_u*tK�¯|��1x��

(V,E)
�Z�K��s

V Â �Fw\v5s_�{v5wNsÃv5s_|{�*t_u*wNs
�Lv5w;�$sVt_uNr*w{�/�

E Â �Fw\v5s_�{v5wNs��Lv5w;�$sVt_uNr*w$v5s_�F|5w\x-�F��w\�5s_v{v{�Z��|��1x�¡_~�sV�As_v/�u*w\r
V
�RÄ½~�sV�As_v{uN�

V
v��1qV��r-�1¤�u*tK�jr*s_x{y$z{v��\�Lzj�Vx��\�¢�/�A¡_~�sV�As_v{uN�

E Âx5sV}\x��\�Lz&�
��wV�5�Vx��\�TwN�

G′
�Vx��\�¢�

G
v��1qV��r-�\s_u*tK��|��1x��

(V ′, E′)
�N�K��s

V ′ ⊆ V,E′ ⊆
E
�1z

G′
�/r\~5�{s_u*tK�¿�Vx��\�TwN���N�J�*t_uN 

E′ ⊆ E Â |5wV���Lv5w;�$sVt_uNr*w¢x5sV}Ns_x��Vx��\�¢�
G
�;ÁFw\r*w\x{z5���=�{u*w

G′ Â |5wV�5�Vx��\���;|5w\x5w;����s_v{v{��£ E′
�VsVtE~5z

G′ Â �Lz{v{z5�½�=~5 \�v{��£$|5wV�5�Vx��\�
G
tR�Lv5w;�$sVt_uNr*wN�Ãx5sV}Ns_x

E′
�=Å½tE~5z

A
z

B Â |5wV�5�Vx��\��� G
�=u*w

A∩B Â |5wV�5�Vx��\���1|5w\x5w;����s_v{v{��£¿|5s_x5sVtVs_�5s_v{z5sV��� A+B Â wN}\Æ&sE�5z{v5s_v{z5sV���
G \ A Â x��1qVv5wNt_uN N¤ÇtVwNw\uNr*s_u*t_uNrN�F¤��$z/���Lv5w;�$sVt_uNr�x5sV}Ns_x&�
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�J�*t_uN 
v1, v2 ∈ V

�
e = (v1, v2) ∈ E

���+w\�K�(���;w\r*w\x{z5���&�{u*w�x5sV}\x5w
e
z

r*s_x{y$z{v{�
v1

z
v2

z{v
	{z/��s_v{uNv{�T���Jz5tE~�w�x5sV}Ns_x&�(z{v
	{z/��s_v{uNv{�Z��v5s_�Fw\u*w\x5w\£
r*s_x{y$z{v5sN�{v��1qV��r-�\s_u*tK�8t_u*s_|5s_v{ N¤ ¡Vu*w\£�r*s_x{y$z{v{�T�

�J�*t_uN 
v1, . . . , vn Â x��1q_~5z{�{v{�ls r*s_x{y$z{v{�

G
�J|{x{z{�5sV�

(vi, vi+1) ∈
E, i = 1, . . . , n − 1

�
�+w\�K�(�Ç|5wV�5�Vx��\����|5w\x5w;����s_v{v{��£
{(vi, vi+1)|i =

1, . . . , n − 1}
��v��1qV��r-�\s_u*tK��	5s_|{ N¤��(Å½tE~5z�r*tVs¢r*s_x{y$z{v{��	5s_|{z&�(�{x5wN�AsN�(�Aw1�

�$s_u�}\��uN 5�
v1

z
vn

�5z5�As_¤�u�t_u*s_|5s_v{ ��¿r����5�;w\r*w\x{z5�����{u*w
	5s_|{ ��/r\~5�{s_u*tK�
|5wV�5r*s_y�s_v{v5w\£&��Å½tE~5z

(v1, vn) ∈ E
�{|5wV�5�Vx��\�

({v1, . . . , vn}, {(v1, v2), . . . , (vn−1, vn), (v1, vn)})

v��1qV��r-�\s_u*tK��	{z{�/~�wN���
Å½tE~5z�t_�F��sVt_uNrN�*s_u w\u*wN}\x��1�$s_v{z5s��Vx��\�¢�

G
r�s_rN�/~5z/��w\rN��|/~�wNt_�FwNt_uN 5�

|{x{zT�Fw\u*w\x5wN� r*s_x{y$z{v{���Vx��\�¢��w\u*wN}\x��1���1¤�u*tK�$rlu*w\�{�{z&�=x5sV}\x�� Â r�t_|{x-�{�»�~5�{sV�L�ls��{x{z{rN�lsN�&tVwNsE�5z{v{�/¤��$z5s�tVwNw\uNr*s_u*t_uNrN�F¤��$z5s¿u*w\�{�{z&�3|{x{z{�5sV���{x{z/�
rN�lsR�Aw\�V�Fu�|5s_x5sVtVs_�/�1uN *tK�¿u*w1~5 N�FwJr��Fw\v
	5s_rN�Z�$u*w\�{�/�=�¥�

G
v��1qV��r-�\s_u*tK��|/~(�=�

v��1x{v{�l�j�Vx��\�TwN���(�¿wN}\x��1q
G Â |/~�wNt_�{z5�j�Vx��\�TwN������}1~(�\t_uNz&�(w\|{x5sE��sE~5�{sE�

�L�lsR|/~�wNt_�{z5���Vx��\�TwN���1v��1q;w\r*sV�Ãs_�;w��Vx��1v{�{�Lz&�\|{x{z¿¡Vu*wN� v5sVw\�Vx��1v{z{�5s_v{v��1�
wN}1~(�\t_uN �v��1qV��r-�\s_u*tK��rNv5s_y$v5s_£8�Vx��1v{ N¤�����wNt_u\�=~5 Nv{�ls Â rNv{�FuNx5s_v{v{z5�Lz&�

�J�*t_uN 
C1, . . . , Cn Â 	{z{�/~5�­z{q

G
�¥���/�A�Aw\£

C1, . . . , Cn

|5w��AwV�5�=~5¤ �
v��1q;w\r*sV��|5wV�5�Vx��\���5|5w\x5w;����s_v{v{��£Ãr*tVsV�Lz8x5sV}\x��\�Lz&�5r\�-wV�5�/�$z5�Lz r�v5s_�5s_u\�
v5wNsJ�{z5tE~�w

C1, . . . , Cn

����z5t_u*sV�½��	{z{�/~�w\r
C1, . . . , Cn

v��1qV��r-�\s_u*tK��|5w1~5v5w\£&�
sVtE~5z¢~5¤J}Nw\£�	{z{�/~¿r

G
�/r\~5�{s_u*tK��t_�/�A�Aw\£$|5wJ�AwV�5�=~5¤��lv5s_�Fw\u*w\x{�Z��	{z{�/~�w\r

z{q
C1, . . . , Cn

�
�����������! #"�$&%�'�(�)

G *�+-,�*�.0/�12*43�, (657(2'8579;: /�<�= 5 <�/�<6>2? (�@�A <6>2? ( + 5 . :
1-BDCE.01-/E+�B�.0/F37<G, 57( *�1-H71-/E. :I(&J H A ,7<6+ @KAD(�L ?�<6. ' .0M ' < A <�/�< '89�N�5 .O3 ' H7P57( ?-,�. L H7/QM�<G,�.-.R=S. : ?6+�B :FJ H A , (T:�U

V�« h ® ²�°XW °XY(À�µRk»¼¿¾�n�±�k³ºJµRilkL·!Z m�kLn$o¢´
Á¥x��\�

G
v��1qV��r-�\s_u*tK�8tVs_|��1x��\}NsE~5 Nv{�l���(sVtE~5z8w\v�wN}1~(�=�(�\s_u¿�5rN�/�L��|5wV�{�

�Vx��\�¢�\�Lz
F1

z
F2

�Nu\�1�{z5�Lz&�F�{u*w
F1 +F2 = G

�F�
F1

z
F2

v5slz5�As_¤�u$wN}\�$z/�
x5sV}Ns_x8z �Aw\�V�Fu�z5�As_uN �v5s¢}Nw1~�sVs¢wV�5v5w\£�wN}\��s_£ r*s_x{y$z{v{�T�5|{x{z{�5sV�jz8�

F1

�
z��

F2

�Lv5w;�$sVt_uNr*w�x5sV}Ns_x�v5s_|{�*t_u*w{�
�J�*t_uN 

G = (V,E) Â �Vx��\���;[Jz{�/~�wN�½�1uNz{�5sVt_�{z5�­�{z5tE~�wN�
G
v��1q;w\r*sV�

N(G) = |E| − |V | + 1
�
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	 > '�(�)K@ N(G) > 1
@
R � J H A , H��

G
@ /�<E+ R 1-BDCE.01-/E+�B�.0/ J .03�� A

@ 37<�?6+6.�
E. 5757( * + G
@
G \A � 5 .01T.03 (2'�( P

M6. ,�� 579
	 > '�(�)K@ H N(G \ A) = N(G) − 1
U

������ ��� ��S���
����������$���wNt_uNx5w\z5� |5wNtE~�sE��w\r-�1u*sE~5 Nv5wNt_uN Çv5sVtVs_|��1x��\}NsE~5 Nv{�Z�
|5wV�5�Vx��\�Tw\r

H1 ⊂ H2 ⊂ . . . ⊂ G
�8�»�1� �/�1�

N(G) > 1
�(t_�F��sVt_uNrN�*s_u�x5sV}\x5w

e1

�\v5s�|{x{z{v��=�{~�s_���1��sVs
R
�N��w1~�w;�¿z5�

H1

x��1rNv{�l�Ãv5s_�Fw\u*w\x5wN�L�E	{z{�/~5�*�*tVw1�
��s_x-���1��sV�L�

e1

z�v5s_�Fw\u*w\x5wNs¿x5sV}\x5w�z{q
R � r�t_z/~5��v5sVtVs_|��1x��\}NsE~5 Nv5wNt_uNz Gu\�1�Fw\£ 	{z{�/~�z5�AsVs_u*tK���E�&Å½tE~5z

Hm−1 6= G
�
Hm

t_uNx5w\z5��u\�1���&}Ns_x5sV��x5sV}\x5w
em

z{q
G\Hm−1

�\v5s�tVwV��s_x-���1��sVsVtK��r
R � sVtE~5z�u\�1�FwNs�z5�AsVs_u*tK���E���»�1���/�1� Gv5sVtVs_|��1x��\}NsE~�s_v&�1t_�F��sVt_uNrN�*s_u 	{z{�/~

D
�;tVwV��s_x-���1�$z{£

em

z¢v5s_�Fw\u*w\x5wNs�x5sV}\x5w
z{q

Hm−1

�5�J�*t_uN 
Am Â �½�1�Ft_z5�½�=~5 Nv��1� 	5s_|{ 5�5~�s_���1�¿�1�8v��

D
��tVwV��s_x-���=�

�¿�1�
em

z¿v5s�tVwV��s_x-���1�¿�1��x5sV}Ns_x�z{q
Hm−1

�N��w1~�w;�¿z5�
Hm = Hm−1 +Am

�
�T�1���5��£ z{q

Hm Â v5sVtVs_|��1x��\}NsE~5 Nv{��£ �Vx��\����Ä�u*w�~�s_�V�Fwj|5w\�/�1q=�1uN 
z{v/�5�F�
	{z5s_£ |5w

m
�J��w\�/�1�$sV��u*s_|5s_x{ 5�J�{u*w�z{q

R ⊂ Hm

tE~�sE�5�*s_u1���{u*w
Hm = G

�/��w¢|5wNt_uNx5wNs_v{z{¤��
R 6⊂ H1

�F©Zw\qV *�AsV� v��1z5�As_v{ Ny�sVs
m
�*�{~5���Fw\u*w1�

x5w\�;w
R ⊂ Hm

�¥© ¡Vu*wN��tE~5�F���\s
R 6⊂ Hm−1

�3zÃr
R
t_�F��sVt_uNrN�*s_u�x5sV}\x5w

d
�

v5s¿|{x{z{v��=�{~�s_���1��sVs
Hm−1

�&�J�*t_uN 
F Â �½�1�Ft_z5�½�=~5 Nv��1� 	5s_|{ 5�3~�s_���1�¿�1�

v��
R
�*tVwV��s_x-���1�¿�1�

d
z�v5s�tVwV��s_x-���1�¿�1��x5sV}Ns_x�z{q

Hm−1

�-��wT|5wNt_uNx5wNs_v{z{¤
Am

z�r	t_z/~5���½�1�Ft_z5�½�=~5 Nv5wNt_uNz
Am

z
F
�
Am = F

�ApJu\�1�&�
Am ⊂ R

�Lz
u*w\�K�(�/�F|5w$|5wNt_uNx5wNs_v{z{¤

Am

�
G \Hm−1

tVwV��s_x-�¿z{u*tK��r
R
�{�½~�sE��w\r-�1u*sE~5 Nv5w{�

Hm = G
�

��w¿|5wNt_uNx5wNs_v{z{¤��
N(Hm) = m

�
�»�1�{z5�jwN}\x��1q;wN����|{x5w6	5sVtVt�q=�1�/�1v{�{z{r-�=�
s_u*tK��v��

Hn

|{x{z
n = N(G)

�-��wNtE~�sE�5v{�/��z{ql��wN}*�1r\~�s_v{v{�Z� 	5s_|5s_£
A
|5wV�5r*sE�

y�s_v��¿r
Hn = G

z tVwV��s_x-�¿z{u*tK��r
R
�5tE~�sE��w\r-�1u*sE~5 Nv5w{�

N(G \ A) = n − 1
�

�TsV�A�½��§���w\�/�1q=�1v��/�
pJq�|{x{z{r*sE��s_v{v5w\£�r¢��w\�/�1q=�1u*sE~5 *t_uNr*s�~�sV�A�L� §l�Fw\v5t_uNx{�F�
	{z{z�rN��u*s_�/�\s_u

� � �! "������#�� "�$�pJq ~5¤J}Nw\£�|5w1~5v5w\£¯t_z5t_u*sV�L� 	{z{�/~�w\r �Vx��\�¢�
G
�Aw;�¿v5w

rN�Z��sE~5z{uN �|5w1~5v{�F¤­|5wV��t_z5t_u*sV�L��z{q
N(G)

	{z{�/~�w\r5�
�J�*t_uN 

G Â v5sVtVs_|��1x��\}NsE~5 Nv{��£��Vx��\���
C1, . . . , Cn Â |5w1~5v��1�	t_z5t_u*sV�½�

	{z{�/~�w\r5�3r��Fw\u*w\x{�F¤Ç~5¤J}NwNs�x5sV}\x5w�r\�-wV�5z{u�v5s�}Nw1~�sVs$�5rN�-�8x��1q*�%$Zs_q¿w\�Vx��=�
v{z{�5s_v{z{��wN}\�$v5wNt_uNz&�

n = N(G)
�S��}Nw\qVv��V�{z5���5s_x5s_q

R
t_�/�A�L�$r*tVsE�
	{z{�/~�w\r

t_z5t_u*sV�L�¯|5w��AwV�5�=~5¤Ç���

R = C1 + C2 + . . . + Cn (mod 2).

���5s_rNz/�5v{�l�jwN}\x��1q;wN��t_�/�A�½��v5s�x��1rNv���v{�=~5¤���&T�1q;w\r*sV�jsVs�wN}NwV��wN���
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���=~�sVs$r�¡Vu*wN��x��1q_��sE~�s�|5wV�Ã|5w1~5v5w\£	t_z5t_u*sV�Aw\£�	{z{�/~�w\r��L� }\�=��sV�j|5w1�
v{z5�½�1uN 	|5w1~5v{�F¤ t_z5t_u*sV�L� z{q

N(G)
	{z{�/~�w\r5�½r	�Fw\u*w\x{�F¤ �/�1����wNs8x5sV}\x5w

r\�-wV�5z{u�v5s�}Nw1~�sVs¢�5rN�-��x��1q*�¥��|5wV�Ãv5sVtVs_|��1x��\}NsE~5 Nv{�l���Vx��\�TwN� Â v5sVtVs_|��=�
x��\}NsE~5 Nv{��£8�Vx��\�ÇtJ|5w1~5v5w\£8t_z5t_u*sV�Aw\£4	{z{�/~�w\r5�
�4���O�! ���$�� 1 ,7H G � 5 .01T.03 (2'�( M6. ,�� 579
	 > '�(�)K@ /�< .->2< <�M�<�?�*�+-,�*�.0/�12*J H A ,7< :�U
������ ��� ��S���
����������$F�Jx5sE�5|5w1~�w;�¿z5��|{x5w\uNz{rNv5wNsN�6�»�1���/�1�$r*tK�/�/�1�$r*s_x{y$z{v��
R
z5�AsVs_u��5s_uNv{�F¤ t_u*s_|5s_v{ 5�

R
r�tVwN}Nt_uNr*s_v{v5wN��tV�L�ltE~�s¿tVwV��s_x-�¿z{u�v5s_�Fw\u*w1�

x{��£ 	{z{�/~
D
��$Zs_q¢w\�Vx��1v{z{�5s_v{z{�8wN}\�$v5wNt_uNz

D = C1 + . . . + Cm (mod 2).

�»�1�	�/�1�
D 6= R

�
n > m

�3|5w\¡Vu*wN�L�Ã�Vx��\�
F = Cm+1 + . . . + Cn(mod 2)v5s_|{�*t_u1�A��w\�/�1�$sV���½�{u*w

G
�Aw;�¿v5wÃx��1q_��sE~5z{uN Ãv��

D
z

F
�LÅ½tE~5z x5sV}\x5w

e|{x{z{v��=�{~�s_�¿z{u
D ∪ F

�Lu*w
e
tVwV��s_x-�¿z{u*tK��x5w\rNv5wÃr�wV�5v5wN� z{q�|5s_x{rN�Z�

m	{z{�/~�w\r�z�x5w\rNv5w¿r�wV�5v5wN� z{q
n − m
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