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p qSr�s^tnsvuwtnx`ywzS{=xS|}q^~K{C��unx.�n�;uwtnx`{=xS|n�wyw�;x`{K�[���wywunx`{��es^~=xS|}xK�
�nyw~=x`�St}�`r�ywy�q^�;�
sSq^~K{K�=s^~�q9�}s9|n�;���l�.��z7�7|��S�}�0���}�.zS�,{C�`sS�h�.�����w�O���E�.�
�e�B�S 0�¢¡l�¢�¤£¦¥i�`�O�B§S�^�O���`¨ª©«���i¥,¬9H®H�7|��.�nx��ns^tw�nx.¯¤°Ks9�}xKs_©±~=x`�w�nsSsK�}uwtnx`zSt}�S�w�nx.¯
�ns^uwtnx`zSt}�S�w�nxKs7¬²ywzExK°`t}�.³ s^�wyns�´l�.uwtns9|}q^~`�.{`�n�0���
sSs,�EsSxK�es^~Ktwyw�µ�ns^�;x`~=x`tnx.¯
�Ex
q9�}xE�_�wywu}�0¶w·�xS|n{=s^tw�S�w�;{K¸ ynq^¹��nyw~=x`�St}�`r�yw�nsSq^�;xK�²�_uwtnx`ºnsSqSq^�=�wunxS|_|}s^»0¯
q^~K{KynsS��x`uw~Kyw�nsSq^�wy0��yluwtnx`�wy0�lynq^�0�.³ s^�wyw»*�;ywzExK°`t}�.³ s^�wyns�´µuwtns^{Kt}�.�l�`s^~`¯
qB�Y{�ywzExK°`t}�.³ s^�wyns ´

′
¶

¼5s^¸ yw~K¹A�w�;³l�nx_xK°`t}�.~K�w�;�½z7�7|��S�w�=�H~=x_sSq^~K¹Auwtwy�z7�7|��.�w�nxK�¾´¿�}�.»w~Ky*�
�0�.�;xKs[´

0
�}�7|}x��}�.twynqSx`{C�.~K¹n�.�w~=xK°`�o{�tns^zS�7�n¹7~`�.~=sÀ�nyw~=x`�St}�`r�yw�nsSq^�;x`�Exbuwtnx.¯

ºnsSqSqE�
unxE�0{Ky0�}qB�A{=x`zE�exE³l�nx�°Kx.�}sSs�°.�nywzS�wyw»M�A´ÁxK°`t}�.z=¶
´bz[r�ywzSyw�nsSq^�wy0�
q^{=x`»nq^~K{��nyw~=x`�St}�`r�yw�nsSq^�;x`»��=q^~`�.�nx`{K�wy�q9�}s9|n�=s^~.�`�w~=xbq

|}xKq^~`�.~=x`�w�nx`»M~=x`�w�nxKq^~K¹K�Â�exE³l�nx�q^�wyw~`�.~K¹�yn�es^��� yn�²yA�esSq^~=x�q9�}s9|n�;��� yns
q^{=x`»nq^~K{C�
z7�7|��S�wy����i¥�
Ã ´b�w{C�.twy}�.�w~K�nxKq^~K¹Yx`~K�nxKq^yw~=s9�n¹K�nxl|n{Kyw³ s^�wyw»Äu0�}xKq^�;xKq^~Ky*¶Å ~=x#zS�}�S�wyw~.�0�w~=x
sSq9�nyÆz7�7|��.�w�w�,»_twynq^�;�nx`�_´Çunx.�n�;�}�`s^~=qB��|n{Kyw³ s^�wynsS�
ÈÉywz�twynq^�;�w�0�M´

′
�*~=x_{M�0�S�nsSq^~K{=sÆtns^¸
s^�wyw��z7�7|��S�wyªÊ�¼iËÌ|w�n��´Í�exE³l�nx

{KzS�0~K¹ltns^¸
s^�wyns�|w�n�_´
′
y_unxS|n{=s^tw�S�w�;~K¹Æs^�Exl~`�.�;xK�²�_³ s�qO|n{Kyw�S�ÆÈÆ¶

Ã Ê��St}�.�wyw�ns^�w�nxKq^~K¹ÆuwtnxKq^~Kt}�.�nq^~K{=s^�w�nx`�Ex�{`�nyw�0�wyw�H¶
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¼eynqK¶��K¶��	��
 ynq^~=x`�w�wyw�Aq^{=s^~`�0���
ÁynqO�CxS|n�nxKs�ywzExK°`t}�.³ s^�wynsK����
 x`uw~Kyw�ns9¯
q^�0�.�Aq^ynq^~=sS�h�0������
¿uwtnsSxK°`t}�.zEx`{C�.�w�nxKs#ywzExK°`t}�.³ s^�wynsK¶

�hq9�nyM|n{C��z7�7|��.�wyw�H��´ yÄ´
′
�}qSx`{Ku}�7|��.��~Æ{K�w�;~Ktwy¦xK°.���`q^~Ky�Ê �}��u0�}xKq9¯

�;xKq^~Ky*�}~=x�tns^¸
s^�wyw�A|w�n�M´
0
y¦´

′

0

~=xE³ s
qSx`{Ku}�7|��.��~.��~=x.�n¹K�;xÆ{��nsSq^�;x.�n¹K�;x
�es^�w¹K¸
s^»�xK°.���`q^~KyoÊ

−R

¶*Ê
−R

sSq^~K¹_unxS|}�²�nxE³ sSq^~K{=x��Á~`�.�;xKsK�H�w~=x_sSq9�ny
x�}s^³lyw~
{��

−R

�C~=x#�wtw�;��q�ºns^�w~KtnxK��{
x
yÆt}�7|nyw�=qSxK�

R
�}s^³lyw~
{�� ¶��i�7|}sS�

�}�.zS�,{C�.~K¹
R
t}�7|nyw�=qSxK�ª{`�nyw�0�wyw�H¶

È
�7|nyn�os^�
sf�nsSq^�;x.�n¹K�;xlx`uwtns9|}s9�}s^�wyw»*¶0¼²�`qSqS�ex`~Ktwyn�o|n{K�0�es^tw�w�;�¾u0�}xKq9¯
�;xKq^~K¹

R
2 y�sSs�unxS|}�²�nxE³ sSq^~K{=x

Z
2 ~=x`�ns^�!q�ºns9�}x`�wynq9�}s^�w�w�f�²y!�;xKx`t=|nyw�}�7¯~`�`�²y*¶��i�7|}sS��q^�wyw~`�.~K¹n���w~=x��=q9�}x`{Kyw�Äz7�7|��S��Ê�¼iË���~=xÆsSq^~K¹Yq9�}x`y¦�wywunx`{n�H�

~`�.�w³ sby_tns^¸
s^�wyw�H�;z7�7|��.��~=qB�Y�;x`�ns^�w�w�f�²yM�}�`°Kx`t}�`�²y*�0{=x`zE�exE³l�nxw�nuns^tnsSqSs9¯
�0�.��� y0�CqB�o�es^³
|n��qSxK°Kx`»ouwtC�w�ex`�;�Ex.�n¹K�wyw�;x`{��7·

i � q�{=s^tw¸ yw�}�`�²y�{ Z
2 yqSx�q^~=x`tnx`�}�`�²y*�7u}�.t}�7�w�}s9�n¹K�w�f�²y�xKqB�w�M�;xKx`t=|nyw�}�.~.¶CÊ�°Kx`zS�}�S�wyn�¦�²�nxE³ sSq^~K{=x

~`�.�wy0�_uwtC�w�ex`�;�Ex.�n¹K�wyw�;x`{���¶
�M�nxE³ sSq^~K{=x {=qSs9�µ~=x`�ns^�

R
2 �[uwtwyw�}�7|w�}s^³
�.� y0�¾�Cx`~7�Ç°`� xS|n�nxK�²�µywz

uwtC�w�ex`�;�Ex.�n¹K�wyw�;x`{��7·
i � �i�}�.zEx`{=sS����� � !�"$# %�&('��)&+* �wywu}�,�7·

i � ¶.-��`°Kx`tw�
uwtC�w�ex`�;�Ex.�n¹K�wyw�;x`{b�EsSxK�es^~Ktwyw�nsSq^�wy ~=xE³
|}sSq^~K{=s^�w�w���`sSq9�ny#y0�bywzExK°`t}�.³ s^�wyw�
qSx`{Ku}�7|��.��~.¶*¼²�`qSq^~=xE�0�wynsS�Ì�es^³
|n�Ä�}�`°Kx`t}�`�²y�uwtC�w�ex`�;�Ex.�n¹K�wyw�;x`{Ä�}�.zEx`{=sS�
�²yw�wyn�h�7�n¹K�nxKsYt}�`qSq^~=xE�0�wynsA�es^³
|n��ywzExK°`t}�.³ s^�wyw�w�²yª�}�`°Kx`tnx`{¦{��es^~Ktwyw�;s
d(x, y) = max(|x1 − x2|, |y1 − y2|)

¶
È#{Kyw³ s^�wyw�

Z
2 xK°`t}�.zS�;��~=qB�
�;xK�²unx`zSywºwyw�w�²y�u}�.t}�7�w�}s9�n¹K�w�[�luns^tns^�nxKqSx`{�}�
ºns9�}x`�wynq9�}s^�w�w�fs#{=s^�w~=x`tw���}unx`{=x`tnx`~=x`{Æ�}�
�;�B�n�Ç�wt}�.~K�w�fs0/�1
�St}�7|n�=qE�`�

y!x`~Kt}�.³ s^�wyw�w�²yµx`~�xKqSs^»*�²u}�.t}�7�w�}s9�n¹K�w�[� xKqB�w� �;xKx`t=|nyw�}�.~.¶,Ê�°Kx`zS�}�S�wyn�
�²�nxE³ sSq^~K{=x�~`�.�wy0�Y|n{Kyw³ s^�wyw»

D(Z2)
¶
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�i�7|}sS� t}�`qS�h�.~Ktwyw{C�.~K¹¦~=x.�n¹K�;xMuwtC�w�ex`�;�Ex.�n¹K�w�fsYxK°.���`q^~Kyoy�{Äx`uwtns9|}s9¯
�}s^�wywy�x`�St}�.�wyw�ns^�w�nxKq^~Ky�{`�nyw�0�wyw��q^�wyw~`�`sS�ÇÊÂuwtC�w�ex`�;�Ex.�n¹K�wyw�;xK�,�5�_Ê

−R
¿�0�es^�w¹K¸
s^�w�w�f�ªqSxl{=qSs9�_q^~=x`tnx`�A�}�
{=s9�nyw�wyw�w�
R
uwtC�w�ex`�;�Ex.�n¹K�wyw�;xK�,¶

�b~=xK°`� tns^¸ yw~K¹ z7�7|��S�w�Çqox`�St}�.�wyw�ns^�w�w�f�É{`�nyw�0�wynsS�,���exE³l�nxµ°`�[�}x
°`�¾t}�.zStns^z7�.~K¹Æ{=q^� u0�}x`�l�7|n¹��wywu}�l�}�l�nsS°Kx.�n¹K¸ yns�uwtC�w�ex`�;�Ex.�n¹K�wyw�wy*�n|w�n�
�0�.³
|}x`�ExouwtC�w�ex`�;�Ex.�n¹K�wyw�0��{KzS�0~K¹�x`�wtw�;³ s^�wynsÄ�}��t}�`qSq^~=xE�0�wywy

R
�Ày tns9¯

¸ yw~K¹�{=qSsi~`�.�wyns[�nsS°Kx.�n¹K¸ yns[z7�7|��S�wy*¶CÊf|n�}�.�;xb�}��uwt}�.�w~Kyw�;s,�=q9�}x`{Kyw� z7�7|��S�
Ê�¼iËªqSxKq^~=xE�0~
ywz�unx`tC�;|n�0�

108 uwtC�w�ex`�;�Ex.�n¹K�wyw�;x`{n�}��tns^¸
s^�wyw���}�`q^~=x yn�es9¯��~fs^�
se�}�[unx`tC�;|}x`�
°Kx.�n¹K¸
shqSxKq^~`�.{`�n�0��� y0��y0��uwtC�w�ex`�;�Ex.�n¹K�wyw�;x`{n�.unx��S~=x.¯
�²� ~`�.�;x`»ÆunxS|w�CxS|Yuwtwyw{=xS|nyw~ ��q9�nyw¸ �;xK�o°Kx.�n¹K¸ yn��{KtnsS�es^�w�w�f��z7�.~Kt}�.~`�`�,¶
�[x`tnx`~K¹=qB�Yq��S~=x`»YuwtnxK°.�}sS�ex`»YunxK�ex`�^�`s^~
~=xw�C�w~=x#�wywuw�µyn�es^��~
xS|n�nx`tnxS|n�nxKs
q^~KtnxKs^�wynsK�1~=x_sSq^~K¹AqSxKq^~=xE�0~Aywz
unx`{K~=x`tC�0��� y0�CqB���}�`q^~=s^»*¶ Ê�uwynqE�.�wynsl�wywu}�
�0{`�n�ws^~=qB�_yns^t}�.t=�0yw�nsSq^�wyn�,¶
·b�=q^~K¹

C = {Ai}

 sSq^~K¹_�;x`�ns^�w�nxKs��²�nxE³ sSq^~K{=xw���^�}sS�es^�w~K�Á�;x`~=x`tnx`�Ex

°`�7|}sS� �}�.zS�,{C�.~K¹M�0�ns^»w�0�`�²y*¶
C
°`�7|}sS�¾�}�.zS�,{C�.~K¹ �)& "$# "	� �	
�&��� ������� "�����

���("����}¶
���.³
|��.�M�0�ns^»w�0�

A = {ei}
�0{`�n�ws^~=qB�M~`�.�w³ s �;x`�ns^�w�w�f�µ�²�nxE³ sSq^~K{=xK�,�

�^�}sS�es^�w~`�`�²yo�;x`~=x`tnx`�ExM�0{`�n�0��~=qB��uwtC�w�ex`�;�Ex.�n¹K�wyw�wy�ywz ��� �Y~`�.�w³ s��^�}s9¯
�es^�w~K� q9�}s9|n�;���
s^�ExA{Ky0|��0

(T, ϕ)
� z^|}sSq^¹

T
uwtwyw�}�7|w�}s^³lyw~

D(Z2)
y�sSq^~K¹

uwtnsSxK°`t}�.zEx`{C�.�wyns��;xKx`t=|nyw�}�.~.�}�
ϕ
sSq^~K¹
r��;�w�wºwyw��ywz

{1}
{

C
�=~=x#sSq^~K¹ �;�0�7¯

z7�.~=s9�n¹ �}���0�.�w�;��¯«~=x#�0�ns^»w�w��ywz
C
¶`È��n���wt}�.~K�;xKq^~Ky_°`�7|}sS��uwynqE�.~K¹

(T,A)
�

sSq9�ny
ϕ : {1} → A

¶��5�.�wyns,u}�.tw�!°`�7|}sS�¦�}�.zS�,{C�.~K¹�{K�,zEx`{C�`�²yl�0�nsSs^�ly
�Ex`{=x.¯
twyw~K¹l�w~=x
�0�ns^»w�0�

A
{K�,zS�,{C�`s^~��0�ns^»w�w�

B
�wsSq9�nyAq^tns9|ny��^�}sS�es^�w~=x`{

B
sSq^~K¹

�Cx`~7�A°`�¾xS|nyw�M{K�,zEx`{
A
¶

�M� unx`~KtnsS°`�=sS�,�;�w~=xK°`��|w�n�
C
�ns�q^�;�
sSq^~K{=x`{C�7�}x ºns^unx`�ns^�Y�0�nsSs^�Æ{Ky0|��

AB1B2 . . . BiA
�n�B|}s��0�.³
|��.�MunxKq9�}s9|n�;���l�.�M�0�ns^»w�0��{K�,zS�,{C�`s^~Æuwtns9|n�[|n�C¯

� �;�
¶��;x`{=x`twyn� ~=x`�B|��0�w�w~=x
C
�;x`twtns^�w~K�}�0¶�p��;x`twtns^�w~K�nx`»Äyns^t}�.t=�0yw�nsSq^�;x`»

q^~Ktw�;�w~K�;tnsbxK°E�0z7�.~=s9�n¹K�nxlsSq^~K¹
�0�ns^»w�wy*�0�;x`~=x`tw�fsb�ns�{K�,zS�,{C�.��~=qB�Y�wyw�0�.�wy0¯
�²y |ntw�;�Syn�²yl�0�ns^»w�0�`�²y*¶ �i�7|}sS�Ä�}�.zS�,{C�.~K¹�~`�.�wyns[�0�ns^»w�wyl�;x`tw�ns^{K�f�²y*�=y0�ny
�wywu}�`�²y*�²�_�ns^�;x`tw�ns^{K�fs 
 unxS|n�wywu}�`�²y*¶��i�7|}sS�Çq^�wyw~`�.~K¹Ä|��7�}sSsK� �w~=xM{

Cyn�esSs^~=qB�_~=x.�n¹K�;x�xS|n�}�l�;x`tw�ns^{C�.�A�0�ns^»w�0�
C(C)

¶
�Ht}�`r�yw�nsSq^�wy¦yns^t}�.t=�0yw�nsSq^�w�;�¿q^~Ktw�;�w~K�;tw�Ä�exE³l�nxYywzExK°`t}�.zSyw~K¹_{Y{Ky0|}s

�}�.�Stw�;³ s^�w�nx`�Ex�|}s^tns^{C��q_�;x`tw�nsS�
D(C) = (V, v0, ϕ,R)

�hx`uwtns9|}s9�n�wsS�ex`�Ex
q9�}s9|n�;��� yn�!xK°`t}�.zExK�,
ϕ : V → {Ai}

�1~=xAsSq^~K¹Mr��;�w�wºwyw�¦�}�.�Stw�;zS�wy
ϕ
qSx`unxKq^~`�.{`�n�ws^~Ä{=s^tw¸ yw�}�`�

|}s^tns^{C�
�0�ns^»w�wyAyns^t}�.t=�0ywy
C
�
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ϕ(v0) = C(C)
�

(v1, v2)
uwtwyw�}�7|w�}s^³lyw~

R ⇐
�0�ns^»w�0�

ϕ(v1)
{K�,zS�,{C�`s^~��0�ns^»w�w�

ϕ(v2)
¶

¼eynqK¶��0¶

p�|��7�n¹K�ns^»w¸
sS�¦�}�`�Munx`�}�7|}xK°`yw~=qB�lynq^unx.�n¹KzEx`{C�.~K¹��nsSq^�;x.�n¹K�;x�x`uns^t}�.ºwyw»
�}�7|_yns^t}�.t=�0yw�nsSq^�wyn�²yÄq^~Ktw�;�w~K�;t}�`�²y*¶w·b�=q^~K¹l{lq^uwynq^�;s �^�}sS�es^�w~=x`{��ns^�;x`~=x.¯
tnx`»Ä�0�ns^»w�wy��Âyn�esSs^~=qB�Ä{K�,zEx`{

(T,B)
�0�ns^»w�wy

B
���

B
sSq^~K¹

{e1e2 . . . en}
¶

®H�`�es^�wyn���S~=x`~
{K�,zEx`{
�}���}�`°Kx`t
T ∗ e1T ∗ e2 . . . T ∗ en

�C�B|}s
T ∗ e

sSq^~K¹ |}s^»0¯
q^~K{KynsÆuwtnsSxK°`t}�.zEx`{C�.�wyw�

T
�}� �^�}sS�es^�w~

e
¶
T ∗

·ÉsSq^~K¹�uwtnsSxK°`t}�.zEx`{C�.�w�w�,»
uwtC�w�ex`�;�Ex.�n¹K�wyw�*�

T ∗ (T ′, C)
sSq^~K¹

(T ∗ T ′, C)
¶
T ∗ T ′

sSq^~K¹�uwtnx`ywzS{=s9|}s^�wyns
uwtnsSxK°`t}�.zEx`{C�.�wyw»Äywz

D(Z2)
¶ �5�.�0�.�Az7�`�es^�}�l�}�.zS�,{C�`s^~=qB� ���)& "$#	���)&���
 ��"� �
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 #K¶
�hq9�nylyns^t}�.t=�0yw�nsSq^�0�.��q^~Ktw�;�w~K�;t}�

C
z7�7|��.�}���;x`twtns^�w~K�nxw�K~=x�|w�n�#�n�b°Kx`»

�0�ns^»w�wy
A
{�tns^zS�7�n¹7~`�.~=si�;x`�ns^�w�nx`�Ex��wynq9����x`uns^t}�.ºwyw» {KzStw�,{C�.�wyw� �²��unx.�n�C¯
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¶0·b�=q^~K¹�~=s^uns^tw¹
{
·

i}
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