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ª®««¥ª²¨¢ ¬¨  ¢²®¬ ²®¢

�. �² ¬ ²®¢¨·

�§³· ¥²±¿ ¯°®¡«¥¬  ±³¹¥±²¢®¢ ­¨¿  ¢²®¬ ²  (¯¥¸ª¨),

° ±¯®§­ ¾¹¥£® ­¥ª®²®°»© ª« ±± ¸ µ¬ ²­»µ « ¡¨°¨­²®¢ (�-
« ¡¨°¨­²®¢). �²®² ª« ±± ¢ £¥®¬¥²°¨·¥±ª®¬ ±¬»±«¥ ¯°¥¤±² -

¢«¿¥² ¶¨´°³ ¢®±¥¬¼. � [4] ¤®ª § ­®, ·²® ¤«¿ ½²®£® ª« ±±  ­¥

±³¹¥±²¢³¥² ° ±¯®§­ ¾¹¥£®  ¢²®¬ ² . � [5] ¯®ª § ­®, ·²® ¤«¿
®¤­®±¢¿§­»µ ¶¨´° ±³¹¥±²¢³¥² ° ±¯®§­ ¾¹¨©  ¢²®¬ ². � [6]

¯®ª § ­®, ·²® ¤«¿ ¤¢³±¢¿§­»µ ¶¨´° ±³¹¥±²¢³¥² ° ±¯®§­ ¾¹¨©
ª®««¥ª²¨¢ ²¨¯  (1, 1). � ¯°¥¤« £ ¥¬®© ° ¡®²¥ ¯°¨¢®¤¨²±¿ ¤®-

ª § ²¥«¼±²¢® ±³¹¥±²¢®¢ ­¨¿ ° ±¯®§­ ¾¹¥£® ª®««¥ª²¨¢  ²¨¯ 

(1, 1) ¤«¿ ¶¨´°» ¢®±¥¬¼.

1. �±­®¢­»¥ ¯®­¿²¨¿ ¨ °¥§³«¼² ²»

�±­®¢­»¥ ®¡®§­ ·¥­¨¿ ¨ ¯®­¿²¨¿, ² ª¨¥ ª ª ª®­¥·­»©  ¢²®-

¬ ², « ¡¨°¨­², ¯¥¸ª  ¨ ².¯. ¢§¿²» ¨§ [1, 2, 3]. �¡®§­ ·¨¬ ·¥°¥§

e = (1; 0); n = (0; 1); w = (�1; 0); s = (0;�1) ¥¤¨­¨·­»¥ ¢¥ª²®°»

¥¢ª«¨¤®¢  ¢¥ª²®°­®£® ¯°®±²° ­±²¢  R2 ¨ ·¥°¥§ 0 = (0; 0) { ­³«¥¢®©

¢¥ª²®°.

�³±²¼ a = (a1; a2) ¨ b = (b1; b2) - ¯°®¨§¢®«¼­»¥ ½«¥¬¥­²» ¬­®-

¦¥±²¢  Z2. �®¢®°¨¬, ·²® a ¨ b (±« ¡®) ±®±¥¤­¨¥, ¥±«¨ (ka � bk < 2)

ka�bk = 1, £¤¥ ka�bk = [(a1�b1)
2+(a2�b2)

2]1=2. �®±«¥¤®¢ ²¥«¼­®±²¼

a = p0; p1; : : : ; pm = b ¢ Z2 ­ §»¢ ¥²±¿ (±« ¡®©) ¶¥¯¼¾, ±¢¿§»¢ ¾¹¥©
²®·ª³ a ¨ ²®·ª³ b, ¥±«¨ ²®·ª¨ pi�1 ¨ pi (±« ¡®) ±®±¥¤­¨¥ ¤«¿ «¾¡®£®

i; 1 6 i 6 m. �­®¦¥±²¢® V; V � Z
2 ­ §»¢ ¥²±¿ (±« ¡®) ±¢¿§­»¬,

¥±«¨ ¤«¿ «¾¡»µ a; b 2 V ±³¹¥±²¢³¥² (±« ¡ ¿) ¶¥¯¼ ¢ V , ±¢¿§»¢ ¾-

¹ ¿ ¨µ. �®¬¯®­¥­²®© (±« ¡®©) ±¢¿§­®±²¨ ¬­®¦¥±²¢  V ­ §»¢ ¥²±¿

«¾¡®¥ ¬ ª±¨¬ «¼­®¥ (±« ¡®) ±¢¿§­®¥ ¯®¤¬­®¦¥±²¢® ¬­®¦¥±²¢  V .
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�-« ¡¨°¨­²®¬ ­ §»¢ ¥²±¿ «¾¡®¥ ®²®¡° ¦¥­¨¥ c : Z2!E2; (E2 =

f0; 1g) ² ª®¥, ·²® Pc = c�1(f1g) ¿¢«¿¥²±¿ ±¢¿§­»¬ ¬­®¦¥±²¢®¬. �±-

«¨ p0 { ¯°®¨§¢®«¼­ ¿ ²®·ª  ¢ Pc, ²®£¤  ¯ °  (c; p0) ­ §»¢ ¥²±¿ �-

« ¡¨°¨­²®¬ ± ­ · «®¬ p0. �-« ¡¨°¨­² ­ §»¢ ¥²±¿ ª®­¥·­»¬ (¡¥±ª®-

­¥·­»¬), ¥±«¨ ¬­®¦¥±²¢® Pc ¿¢«¿¥²±¿ ª®­¥·­»¬ (¡¥±ª®­¥·­»¬). �

¡³¤³¹¥¬ ¯®¤ �-« ¡¨°¨­²®¬ ¡³¤¥¬ ¯®­¨¬ ²¼ ª®­¥·­»© �-« ¡¨°¨­².
�»°®© �-« ¡¨°¨­²  c ­ §»¢ ¥²±¿ ¯°®¨§¢®«¼­ ¿ ª®¬¯®­¥­²  ±« ¡®©

±¢¿§­®±²¨ ¬­®¦¥±²¢  Z2 n Pc.

�³±²¼ c { ¯°®¨§¢®«¼­»© �-« ¡¨°¨­². � ±±¬®²°¨¬ £° ´ Gc =

(Pc;Xc), ³ ª®²®°®£® Pc { ¬­®¦¥±²¢® ¢¥°¸¨­, Xc { ¬­®¦¥±²¢® ¤³£,

¨ hp1; p2i 2 Xc ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤  p1 ¨ p2 { ±®±¥¤­¨¥ ²®·ª¨

(p1; p2 2 Pc).

�«¿ ¯°®¨§¢®«¼­®£® ¬­®¦¥±²¢  A ·¥°¥§ P0(A) ®¡®§­ ·¨¬ ¬­®¦¥-

±²¢® ¢±¥µ ¥£® ­¥¯³±²»µ ¯®¤¬­®¦¥±²¢.

�¡®§­ ·¨¬ D = fe; n; w; sg.
�³±²¼ ¤ ­» ¨­¨¶¨ «¼­»©  ¢²®¬ ² Ai = (Ai; Qi; Bi; 'i;  i; qi0) ¨

³¯®°¿¤®·¥­­»© ­ ¡®° ~Vi = (pi1; : : : ; p
i
ni) ­¥­³«¥¢»µ ¢¥ª²®°®¢ ¨§ Z2

¤«¿ «¾¡®£® i; 1 6 i 6 n. �°¥¤¯®«®¦¨¬, ·²® Ai { ² ª®©  ¢²®¬ ², ·²®

Bi � V 0

i = f0; pi1; : : : ; p
i
nig, ¨ Ai { ¬­®¦¥±²¢® ¢±¥µ ² ª¨µ

ai = (ai1; : : : ; a
i
ni) 2

2
64f0; 1g[ P0

2
64 n[

j=1

j 6=i

(fjg �Qj)

3
75
3
75
ni+1

;

·²® ¥±«¨ aikl 62 f0; 1g; l = 1; 2; 3; ²® pr1(a
i
k1
) \ pr1(a

i
k2
) = ? ¨

jaik3 \ fjg �Qjj 6 1 ¤«¿ «¾¡®£® j; 1 6 j 6 n; 0 6 k1; k2; k3 6 ni; k1 6=

k2; 1 6 i 6 n. �®¯³±²¨¬ ¤ «¥¥, ·²® ¤«¿ ¯°®¨§¢®«¼­®£® q 2 Qi, ¥±«¨

ai0 6= 0 ¨  (q; ai) = pik; 0 6 k 6 ni, ²® a
i
k 6= 0; p0i = 0; 1 6 i 6 n.

�¨±²¥¬  A = (A1;A2; : : : ;An), ª®²®° ¿ ®¡« ¤ ¥² ³ª § ­­»¬¨ ¢»¸¥

±¢®©±²¢ ¬¨, ­ §»¢ ¥²±¿ ±¨±²¥¬®© ¢§ ¨¬®¤¥©±²¢³¾¹¨µ (ª®««¥ª²¨-

¢®¬) °¥£³«¿°­»µ ¯¥¸¥ª,   ­ ¡®° ~Vi; 1 6 i 6 n { ¯®«¥¬ §°¥­¨¿ ¯¥¸ª¨

Ai. � «¥¥, ¥±«¨ ¤«¿ ¯¥¸ª¨ Ai ­ ¡®° ~Vi = (pi1; : : : ; p
i
ni) ¿¢«¿¥²±¿ ¯®«¥¬

§°¥­¨¿ ¨ ¥±«¨ pij = (�1j ; �
2
j ) (p

i
0 = 0); 1 6 j 6 ni, ²® ¯®¤ a�1j ;�

2

j
¡³¤¥¬

¯®­¨¬ ²¼ aj; a = (a0; a1; : : : ; ani) 2 Ai.

�«¿ ¯°®¨§¢®«¼­®© ¯¥¸ª¨ A ·¥°¥§ AA; BA; QA ¡³¤¥¬ ®¡®§­ · ²¼,

±®®²¢¥²±²¢¥­­®, ¥¥ ¬­®¦¥±²¢  ¢µ®¤®¢, ¢»µ®¤®¢ ¨ ±®±²®¿­¨©,   ·¥°¥§
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'A ¨  A, ±®®²¢¥²±²¢¥­­®, { ¥¥ ´³­ª¶¨¨ ¢»µ®¤  ¨ ¯¥°¥µ®¤ .

�³±²¼ A = (A1;A2; : : : ;An) { ¯°®¨§¢®«¼­ ¿ ±¨±²¥¬  ¢§ ¨¬®¤¥©-

±²¢³¾¹¨µ ¯¥¸¥ª, ~Vi = (pi1; : : : ; p
i
ni) { ¯®«¥ §°¥­¨¿ ¯¥¸ª¨ Ai; 1 6 i 6

n, ¨ c { ¯°®¨§¢®«¼­»© �-« ¡¨°¨­². �°¥¤¯®«®¦¨¬, ·²® ¯¥¸ª  Ai ¢

±®±²®¿­¨¨ qi ­ µ®¤¨²±¿ ­  ¯®«¥ zi; qi 2 QAi
; zi 2 Pc; 1 6 i 6 n.

�¯°¥¤¥«¨¬ ¢µ®¤ aAi
(zi) ¯¥¸ª¨ Ai; 1 6 i 6 n, ±«¥¤³¾¹¨¬ ®¡° §®¬:

[aAi
(zi)]�i

1
;�i

2

=

8>>>><
>>>>:

0; zi + (�i1; �
i
2) 62 Pc;

1; zi + (�i1; �
i
2) 2 Pc ^ 8j 6= i; 1 6 j 6 n;

zj � zi 6= (�i1; �
i
2);

f(j; qj) j zj � zi = (�i1; �
i
2); j 6= i; 1 6 j 6 ng

¢ ®±² «¼­»µ ±«³· ¿µ;

(�i1; �
i
2) 2 V

0

i . �±­®, ·²® aAi
(zi) § ¢¨±¨² ®² A, ~Vi (1 6 i 6 n) ¨ ®² ° §-

¬¥¹¥­¨¿ ¯¥¸¥ª ½²®© ±¨±²¥¬», ²® ¥±²¼ ®² fzig
n
i=1. �®±ª®«¼ª³ ¢±¥£¤ 

¡³¤¥² ¿±­® ¨§ ª®­²¥ª±² , ® ª ª®¬ ª®««¥ª²¨¢¥ ¨¤¥² °¥·¼ ¨ £¤¥ ­ µ®-

¤¿²±¿ ¯¥¸ª¨ ½²®© ±¨±²¥¬», ¡³¤¥¬ ¯®«¼§®¢ ²¼±¿ ½²¨¬ ®¡®§­ ·¥­¨¥¬

¡¥§ ±¯¥¶¨ «¼­®© ®£®¢®°ª¨.

�³±²¼ (c; z0) { ¯°®¨§¢®«¼­»© �-« ¡¨°¨­² ± ­ · «®¬ ¢ z0; z0 2 Pc, ¨

A = (A1;A2; : : : ;An) { ­¥ª®²®° ¿ ±¨±²¥¬  ¢§ ¨¬®¤¥©±²¢³¾¹¨µ °¥£³-

«¿°­»µ ¯¥¸¥ª. �®¢¥¤¥­¨¥¬ ª®««¥ª²¨¢  A ¢ �-« ¡¨°¨­²¥ ± ­ §»¢ ¥²-

±¿ ¯®±«¥¤®¢ ²¥«¼­®±²¼ �(A; c; z0) :
�
~z0;~a0;~b0;~q0

�
; : : : ;

�
~zt;~at;~bt;~qt

�
;�

~zt+1;~at+1;~bt+1;~qt+1

�
; : : : ; £¤¥ ~zt = (z1t ; : : : ; z

n
t ),

~at = (~a1t ; : : : ;
~ant ),

~ait = (~ait0; : : : ;
~aitni) 2 AAi

(1 6 i 6 n), ~bt = (b1t ; : : : ; b
n
t ); bit 2

BAi
(1 6 i 6 n); ~qt = (q1t ; : : : ; q

n
t ); q

i
t 2 QAi

(1 6 i 6 n) ² ª¨¥,

·²® ~z0 = (z0; : : : ; z0); ~zt+1 = ~zt +~bt; b
i
t =  i(q

i
t; a

i
t); q

i
t+1 = 'i(q

i
t; a

i
t),

  aitk = [aAi
(zit)]�i

k
;�i

k
, £¤¥ pik = (�ik; �

i
k) 2

~Vi; ~Vi = (pii; : : : ; p
i
ni) { ¯®«¥

§°¥­¨¿ ¯¥¸ª¨ Ai. �±­®, ·²® ~zt 2 P
c
n ¤«¿ «¾¡®£® t; t = 0; 1; : : :.

� «¥¥ ¢¥§¤¥ ¯°¥¤¯®« £ ¥²±¿, ·²® ~Vi = ~V0 ¨ Bi = D[f0g ¤«¿ «¾¡®-

£® i; 1 6 i 6 n, £¤¥ ~V0 = ((1;�1); (1; 0); (1; 1); (0;�1); (0; 1); (�1;�1),

(�1; 0); (�1; 1)).

�³±²¼ Int(A; c; z0) =
1S
i=0

 
nS

j=1
zji

!
. �­®¦¥±²¢® Fr(A; c; z0) = Pc n

Int(A; c; z0) ­ §»¢ ¥²±¿ ª° ¥¬ ¤«¿ ª®««¥ª²¨¢  A ¢ �-« ¡¨°¨­²¥ (c; z0).
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�±«¨ Fr(A; c; z0) = ?, ²® £®¢®°¨¬, ·²® ª®««¥ª²¨¢ A ®¡µ®¤¨² �-

« ¡¨°¨­² (c; z0).

�³±²¼ ¢»¤¥«¥­» ¯¥¸ª¨ Ai1 ;Ai2 ; : : : ;Aim ; 1 6 i1 < i2 < : : : <

im 6 n, ¢ A; Aij = (Aij ; Qij ; Bij ; 'ij ;  ij ); 1 6 j 6 m, ³¤®¢«¥-

²¢®°¿¾¹¨¥ ±«¥¤³¾¹¥¬³ ³±«®¢¨¾. �°¥¤¯®«®¦¨¬, ·²® Qij = fqijg,

¨ ¤«¿ «¾¡®£® a = (a0; a1; : : : ; a8) 2 Aij , «¨¡®  ij (qij ; a) = 0, «¨-

¡®, ¥±«¨  ij (qij ; a) = b 6= 0, ²® ±³¹¥±²¢³¾² s; s 6= ik (1 6

k 6 m) ¨ q; q 2 Qs ² ª¨¥, ·²® (s; q) 2 a0 ¨  s(q; a
0) = b, £¤¥

a0 = ((a0 n f(s; q)g)
S
f(ij ; qij )g; a1; : : : ; a8); 1 6 j 6 m. �®£¤  ¯¥¸ª¨

Ai1 ;Ai2 ; : : : ;Aim ­ §»¢ ¾²±¿ ª ¬­¿¬¨ ¢ ª®««¥ª²¨¢¥ A.

�®««¥ª²¨¢ A ± m ®²¬¥·¥­­»¬¨  ¢²®¬ ² ¬¨ Ai1 ;Ai2 ; : : : ;Aim , ª®-

²®°»¥ ¿¢«¿¾²±¿ ª ¬­¿¬¨, ­ §»¢ ¥²±¿ ª®««¥ª²¨¢®¬ ¨§ n�m  ¢²®-
¬ ²®¢ ± m ª ¬­¿¬¨ (ª®««¥ª²¨¢ ²¨¯  (n�m; m)).

�°®¬¥ ¨­¨¶¨ «¼­®£® ±®±²®¿­¨¿ q0  ¢²®¬ ²  Aq0 = (A;Q;B; ';  ;

q0) ¬®¦­® ¢¢¥±²¨ ¬­®¦¥±²¢® § ª«¾·¨²¥«¼­»µ ±®±²®¿­¨© QF � Q.

�³±²¼ QF = fqF0 ; qF1g. �³¤¥¬ £®¢®°¨²¼, ·²®  ¢²®¬ ² Aq0 (ª®««¥ª-

²¨¢ S = (Aq0 ;K) ²¨¯  (1, 1)) ° ±¯®§­ ¥² « ¡¨°¨­² L� , ¥±«¨ ¯°¨

¥£® § ¯³±ª¥ ¢ « ¡¨°¨­² L� ¯°®¨±µ®¤¨² ¯¥°¥µ®¤  ¢²®¬ ²  Aq0 ¢ § -

ª«¾·¨²¥«¼­®¥ ±®±²®¿­¨¥ qF1 ,   ¯°¨ ¥£® § ¯³±ª¥ ¢ « ¡¨°¨­² L0�0 6= L�

¯°®¨±µ®¤¨² ¯¥°¥µ®¤ ¢ § ª«¾·¨²¥«¼­®¥ ±®±²®¿­¨¥ qF0 . �³±²¼ C {

ª« ±± ¨­¨¶¨ «¼­»µ « ¡¨°¨­²®¢. �®¢®°¨¬, ·²®  ¢²®¬ ² Aq0 (ª®««¥ª-

²¨¢ S = (Aq0 ;K) ²¨¯  (1, 1)) ° ±¯®§­ ¥² ª« ±± C, ¥±«¨ ¯°¨ ¥£®

§ ¯³±ª¥ ¢ «¾¡®© « ¡¨°¨­² L� ¯°®¨±µ®¤¨² ¯¥°¥µ®¤  ¢²®¬ ²  Aq0 ¢

§ ª«¾·¨²¥«¼­®¥ ±®±²®¿­¨¥ qF1 ²®«¼ª® ²®£¤ , ª®£¤  L� 2 C, ¨ ¤«¿

«¾¡®£® « ¡¨°¨­²  L� =2 C ¯°®¨±µ®¤¨² ¯¥°¥µ®¤ ¢ § ª«¾·¨²¥«¼­®¥

±®±²®¿­¨¥ qF0 .

�±«¨ ¬­®¦¥±²¢® K 2 P , ²®£¤  £° ­¨¶¥© @K ¬­®¦¥±²¢  K

¡³¤¥¬ ­ §»¢ ²¼ ¬­®¦¥±²¢® fz 2 Kj ±³¹¥±²¢³¥² ²®·ª  z00 ¢ Z2 n

K ² ª ¿, ·²® z ¨ z00 ±« ¡® ±®±¥¤­¨¥g. �®ª°³£ ª ¦¤®© ²®·ª¨ z =

(z1; z2) 2 @K ° ±±¬®²°¨¬ ª¢ ¤° ² kvz ± ¤«¨­®© ±²®°®­» 1. �£® ±²®-

°®­» ®¡®§­ ·¨¬ ·¥°¥§ �; �; �; �:

� = fx = (x1; x2) 2 R
2
jz1 � 1=2 6 x1 6 z1 + 1=2; x2 = z2 + 1=2g;

� = fx = (x1; x2) 2 R
2
jz1 � 1=2 6 x1 6 z1 + 1=2; x2 = z2 � 1=2g;

� = fx = (x1; x2) 2 R
2
jx1 = z1 � 1=2; z2 � 1=2 6 x2 6 z2 + 1=2g;

� = fx = (x1; x2) 2 R
2
jx1 = z1 + 1=2; z2 � 1=2 6 x2 6 z2 + 1=2g:
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�²®°®­» �; �; �; � ª¢ ¤° ²  kvz; z 2 @K, ¨¬¥¾² ±¢®©±²¢® À±²®°®-

­  ­ µ®¤¨²±¿ ¬¥¦¤³ ²®·ª ¬¨ ¬­®¦¥±²¢  K ¨ ¬­®¦¥±²¢  Z2nKÁ, ¥±«¨

²®·ª¨ (z1; z2+1); (z1; z2� 1); (z1� 1; z2); (z1+1; z2) ­¥ ¯°¨­ ¤«¥¦ ²

¬­®¦¥±²¢³ K, ±®®²¢¥²±²¢¥­­®.

�³±²¼ stz ¬­®¦¥±²¢® ±²®°®­ ª¢ ¤° ²  kvz, ª®²®°»¥ ¨¬¥¾² ±¢®©-

±²¢® À±²®°®­  ­ µ®¤¨²±¿ ¬¥¦¤³ ²®·ª ¬¨ ¬­®¦¥±²¢  K ¨ ¬­®¦¥±²¢ 

Z
2
n KÁ. �¨£³°  FK =

S
z2@K

stz ¯°¥¤±² ¢«¿¥² ±®¡®© ¯°¿¬®³£®«¼­»©

¯®«¨£®­.

�³±²¼ K � Z
2 ª®­¥·­®¥ ±¢¿§­®¥ ¬­®¦¥±²¢®. � ¬ ¿ ­¨¦­¿¿ ¨

± ¬ ¿ ¯° ¢ ¿ ²®·ª  (��) ¬­®¦¥±²¢  K ¥±²¼ ²®·ª  z = (z1; z2) 2 K

² ª ¿, ·²® ¤«¿ ª ¦¤®£® a = (a1; a2) 2 K; z2 < a2 ¨«¨, ¥±«¨ z2 = a2,

²®£¤  z1 > a1. � ¬ ¿ ­¨¦­¿¿ ¨ ± ¬ ¿ «¥¢ ¿ ²®·ª  (��) ¬­®¦¥±²¢ 
K ¥±²¼ ²®·ª  z = (z1; z2) 2 K ² ª ¿, ·²® ¤«¿ ª ¦¤®£® a = (a1; a2) 2

K; z2 < a2 ¨«¨, ¥±«¨ z2 = a2, ²®£¤  z1 < a1. � ¬ ¿ ¢»±®ª ¿ ¨ ± ¬ ¿
¯° ¢ ¿ ²®·ª  (��) ¬­®¦¥±²¢  K ¥±²¼ ²®·ª  z = (z1; z2) 2 K ² ª ¿,

·²® ¤«¿ ª ¦¤®£® a = (a1; a2) 2 K; z2 > a2 ¨«¨, ¥±«¨ z2 = a2, ²®£¤ 

z1 > a1. � ¬ ¿ ¢»±®ª ¿ ¨ ± ¬ ¿ «¥¢ ¿ ²®·ª  (��) ¬­®¦¥±²¢  K ¥±²¼

²®·ª  z = (z1; z2) 2 K ² ª ¿, ·²® ¤«¿ ª ¦¤®£® a = (a1; a2) 2 K; z2 >

a2 ¨«¨, ¥±«¨ z2 = a2, ²®£¤  z1 < a1.

�³±²¼ (S)� - ¬­®¦¥±²¢® ¢±¥µ ±«®¢ � = �(1)�(2) : : : �(k); k > 4, ­ ¤

 «´ ¢¨²®¬ S = f�1; 1g. �¯°¥¤¥«¨¬ ®²®¡° ¦¥­¨¥ f : P! (S)� ±«¥¤³-

¾¹¨¬ ®¡° §®¬. �³±²¼ P 2 P. �¡µ®¤¿ ¯®«¨£®­ FP ¢ ¯®«®¦¨²¥«¼­®¬

­ ¯° ¢«¥­¨¨, ­ ·¨­ ¿ ®² ± ¬®© ­¨¦­¥© ¨ ± ¬®© ¯° ¢®© ²®·ª¨, ¯°®-

­³¬¥°³¥¬ ¢¥°¸¨­» ¯®«¨£®­  FP ² ª, ·²® ±®¯®±² ¢¨¬ -1 ¨«¨ 1, ¥±«¨

³£®« ¢ ¢¥°¸¨­¥ �=2 ¨«¨ ��=2, ±®®²¢¥²±²¢¥­­®.

�¯°¥¤¥«¨¬ ±«¥¤³¾¹¨¥ ±¥¬¥©±²¢  ¬­®¦¥±²¢ (°¨±. 1):

�1 = fP 2 P j kPk > 2; f(P ) = (-1(-1,1)n-1-1(1,-1)k-1); k; n > 0g

�2 = fP 2 P j kPk > 2; f(P ) = (-1(1,-1)n-1-1(1,-1)k-1); k; n > 0g

�3 = fP 2 P j kPk > 2; f(P ) = (-1(-1,1)n-1-1(-1,1)k-1); k; n > 0g

�4 = fP 2 P j kPk > 2; f(P ) = (-1(1,-1)n-1-1(-1,1)k-1); k; n > 0g

£¤¥ (a; b)n = (ab)(ab) : : : (ab)| {z }
n

; n 2 N .
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(-1(-1,1)4-1-1(1,-1)3-1)

(-1(1,-1)2-1-1(1,-1)3-1)

(-1(-1,1)2-1-1(-1,1)2-1)

(-1(1,-1)2-1-1(-1,1)3-1)

�¨±. 1.

�±«¨ zj = (xj ; yj) 2 Z
2; j = 1; 2; 3; 4 ² ª¨¥, ·²® y2 =

y3, y1 = y4 ¨ y1 6 y2, ²®£¤  ®¡®§­ ·¨¬ A
z1;z2;z3;z4
�i

= fK 2

�i j z1; z2; z3; z4 { ��, ��, ��, �� ²®·ª  ¬­®¦¥±²¢  K ±®®²¢¥²±²-

¢¥­­®g; i 2 f1; : : : ; 4g.

�³±²¼ zi = (xi; yi) 2 Z
2; i = 1; 2; : : : ; 30 ¨¬¥¾² ±¢®©±²¢ :

(8)

8
>>>>>>>>>>>>><
>>>>>>>>>>>>>:

y17 = y24 = y19 = y2;

x17 6 x24 < x19 � 1; x19 6 x2;

y4 > y3 > y2; y15 > y16 > y17;

y15 = y22 = y21 = y4;

x15 6 x22 < x21 � 1; x21 6 x4;

y13 = y30 = y25 = y6;

x13 6 x30 < x25 � 1; x25 6 x6;

y8 > y7 > y6; y11 > y12 > y13;

y11 = y28 = y27 = y8;

x11 6 x28 < x27 � 1; x27 6 x8

�¨±. 2.

�®£¤ ,

K
fzigi=1;30
8

= fK 2 PjK =
12S
i=1

K8
i ; K8

1 2 Az1;z2;z17;z18
�4

; K8
2 2

Az2;z3;z20;z19
�2

; K8
3 2 Az3;z4;z21;z22

�3

; K8
4 2 Az4;z5;z14;z15

�1

; K8
5 2

Az23;z22;z15;z16
�2

; K8
6 2 Az24;z23;z16;z17

�3

; K8
7 2 Az5;z6;z13;z14

�4

; K8
8 2

Az6;z7;z26;z27
�2

; K8
9 2 Az7;z8;z27;z26

�3

; K8
10 2 Az8;z9;z10;z11

�1

; K8
11 2

A
z29;z28;z11;z12
�2

; K8
12 2 A

z30;z29;z12;z13
�3

;

(x1 = x18)) (z1 + (1; 1) 2 K8
1 ^ z1 + (�1; 1) 2 K8

1 );

(z3+(0; 1) =2 K
8
3^z3+(0;�1) =2 K

8
2 )) (z3+(�1; 1) 2 K

8
3_z3+(�1;�1) 2

K8
2 );

(x5 = x14)) (z5 + (1;�1) 2 K8
4 ^ z5 + (�1;�1) 2 K8

4 );

(z16+(0; 1) =2 K
8
5^z16+(0;�1) =2 K

8
6 )) (z16+(1; 1) 2 K

8
5_z16+(1;�1) 2

K8
6 )
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(z7+(0; 1) =2 K
8
9^z7+(0;�1) =2 K

8
8 )) (z7+(�1; 1) 2 K

8
9_z7+(�1;�1) 2

K8
8 );

(x9 = x10)) (z9 + (1;�1) 2 K8
10 ^ z9 + (�1;�1) 2 K8

10);

(z12 + (0; 1) =2 K8
11 ^ z12 + (0;�1) =2 K8

12) ) (z12 + (1; 1) 2 K8
11 _ z6 +

(1;�1) 2 K8
12)g

�¯°¥¤¥«¨¬ ª« ±± �-« ¡¨°¨­²®¢ C8:

C8 = fc : Z2 ! E2
jc�1(f1g) = K 2 K

fzigi=1;30
8

; zi 2 Z
2; i = 1; :::; 30, ¨

¢»¯®«­¥­® ³±«®¢¨¥ (8)g

�¥®°¥¬  1. �³¹¥±²¢³¥² ª®««¥ª²¨¢ (A8;K8) ²¨¯  (1; 1), ª®²®-
°»© ° ±¯®§­ ¥² ª« ±± (C8;��) = f(c; p��) j c 2 C8; p��
{ ± ¬ ¿ ­¨¦­¿¿ ¨ ± ¬ ¿ ¯° ¢ ¿ ²®·ª  ¬­®¦¥±²¢  c�1(f1g)g,
£¤¥ ¯¥¸ª  A8 ¨¬¥¥² 91 ±®±²®¿­¨¥, ¨ «¾¡®© « ¡¨°¨­² ¨§
ª« ±±  (C8;��) ± n ¢¥°¸¨­ ¬¨ ®­  ®¡µ®¤¨² §  ¢°¥¬¿ ­¥

¬¥­¼¸¥¥

�
3=2(n� 11) + 29; n = 2k + 11; k 6 1

3=2(n� 12) + 31; n = 2k + 12; k > 1
¨ ­¥ ¡®«¼¸¥¥�

9=2(n � 12) + 15; n = 2k + 12; k 6 4

9=2(n � 13) + 19; n = 2k + 13; k > 5
.

2. �®ª § ²¥«¼±²¢® �¥®°¥¬» 1

� ª ª ª ¬» ¡³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ²®«¼ª® °¥£³«¿°­»¥ ¯¥¸ª¨, ¬®¦-

­® ¯®«¼§®¢ ²¼±¿ ¡®«¥¥ ª®°®²ª®© § ¯¨±¼¾: ¢µ®¤­®©  «´ ¢¨² ¥±²¼ ¬­®-

¦¥±²¢® A = f0; 1; : : : ; 255g, ¯®«³·¥­­®¥ ª®¤¨°®¢ ­¨¥¬
8P

i=1
ai2

i�1 ½«¥-

¬¥­²®¢ (1; a1; : : : ; a8) 2 (E2)9.

� ±±¬®²°¨¬ ´³­ª¶¨®­¨°®¢ ­¨¥ ª®««¥ª²¨¢  (A8;K8), ª®²®°»©

¡³¤¥² ¯®±²°®¥­ ­  ±«¥¤³¾¹¥¬ ½² ¯¥.

�§ ®¯°¥¤¥«¥­¨¿ ª« ±±  C8 ±«¥¤³¥², ·²® ¥±«¨ c 2 C8, ²® ¬­®¦¥±²¢®

c�1(f1g) ¬®¦¥² ¡»²¼ ° §¤¥«¥­® £®°¨§®­² «¼­»¬¨ ®²°¥§ª ¬¨ ­  ¯®¤-

¬­®¦¥±²¢  Cj ; j 2 (1; : : : ; 12) ² ª, ·²® ¤«¿ ª ¦¤®£® j 2 f1; : : : ; 12g

±³¹¥±²¢³¥² l 2 f1; : : : ; 4g ² ª®¥, ·²® Cj 2 �l. � [5, 6] ¯®ª § ­®, ·²®

±³¹¥±²¢³¥² ¯¥¸ª  A�i
= (A;Qi; B; 'i;  i; q0; QF ), ª®²®° ¿ ° ±¯®§­ -

¥² ª« ±± ¨­¨¶¨ «¼­»µ �-« ¡¨°¨­²®¢ (�i;��) = f(c; °��) j c
�1(f1g) 2

�i; °�� { �� ²®·ª  ¬­®¦¥±²¢  c�1(f1g)g; 1 6 i 6 4.

� ¬¥²¨¬, ·²® ®ª°¥±²­®±²¼ ²®·ª¨, ¢ ª®²®°®©  ¢²®¬ ² ­ µ®¤¨²±¿
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{ ½²® ¥¤¨­±²¢¥­­ ¿ ¨­´®°¬ ¶¨¿, ª®²®°³¾  ¢²®¬ ² ¨¬¥¥² ¢ ª ¦¤»©

¬®¬¥­² ¢°¥¬¥­¨. �¢²®¬ ² ­¥ ¨¬¥¥² ¨­´®°¬ ¶¨¨ ® ²®¬, ­ µ®¤¨²±¿

«¨ ®­ ¢ À®ª°¥±²­®±²¨Á ¡¥±ª®­¥·­®© ¢­¥¸­¥© ®¡« ±²¨ ¨«¨ ¢ ®ª°¥±²-

­®±²¨ ª®­¥·­®© ¤»°» (±«¥¤±²¢¨¥¬ ½²®£® ´ ª²  ¿¢«¿¥²±¿ ²¥®°¥¬  1.1

[4]). �¢²®¬ ² ­³¦¤ ¥²±¿ ¢ ¤®¯®«­¨²¥«¼­®© ¨­´®°¬ ¶¨¨, ª®²®° ¿ ¯®-

¬®¦¥² ¥¬³ ¯°¨ ®¡µ®¦¤¥­¨¨ ª®­¥·­®© ¤»°» ¢ ®¤­®¬ ­ ¯° ¢«¥­¨¨ (¢

­ ¸¥© ª®­±²°³ª¶¨¨ ½²® ®²°¨¶ ²¥«¼­®¥ ­ ¯° ¢«¥­¨¥) ¯®­¿²¼, ·²® ®­

­¥ À§ ¶¨ª«¨«±¿Á.

�³±²¼ c 2 C8 ¨ c
�1(f1g) = K. �®««¥ª²¨¢ (A8;K8) ­ ·¨­ ¥² ¤¢¨-

¦¥­¨¥ ¢ ²®·ª¥ z1 (�� ²®·ª ). �¡µ®¤¨²±¿ ¬­®¦¥±²¢® K ²¥¬ ¦¥ ± ¬»¬

±¯®±®¡®¬, ª ª ¢ �¥¬¬¥ 1, ¯°¨ ½²®¬ ¢ ­¥ª®²®°»© ¬®¬¥­²  ¢²®¬ ² (¨

ª ¬¥­¼, ª®²®°»© ¢±¥ ¢°¥¬¿ °¿¤®¬ ± ­¨¬) ¡³¤¥² ¢ ®ª°¥±²­®±²¨ ª®­¥·-

­®© ¤»°». �¢²®¬ ² ª ¬¥­¼ K8 ²®£¤  À®²±² ¥²Á ¢ ®¤­®© ²®·ª¥ « ¡¨-

°¨­²  ¨ ¯®¬­¨², ·²®  ¢²®¬ ² A8 ¡»« ¢ ½²®© ²®·ª¥. � ª®­±²°³ª¶¨¨

 ¢²®¬ ²  ½²® ±«³· ¥²±¿ ¢ ®¤­®¬ ¨§ ±®±²®¿­¨© q7; q8; q9  ¢²®¬ ²  A8.

�¢²®¬ ² A8 ¯°®¤®«¦ ¥² ¤¢¨£ ²¼±¿ ² ª ¦¥, ª ª ¨  ¢²®¬ ² A0 ¨§ [6,

²¥®°¥¬  1]. �®±²®¿­¨¿ qi, i 2 f1; 2; : : : ; 10; 12; 13; 14; 16; 18; 19; : : : ; 25g

 ¢²®¬ ²  A8 ±®¢¯ ¤ ¾² ± ±®±²®¿­¨¿¬¨  ¢²®¬ ²  A0, ¨ §¤¥±¼ ¬» ­¥

¡³¤¥¬ ¨µ ®¯¨±»¢ ²¼.

� «¥¥, ¯°¨ ®¡µ®¤¥ ª®­¥·­®© ¤»°» ¢ ²®¬ ¦¥ ± ¬®¬ ­ ¯° ¢«¥­¨¨

 ¢²®¬ ² A8 ¢ ­¥ª®²®°»© ¬®¬¥­² ±­®¢  ®ª ¦¥²±¿ ¢ ²®·ª¥, £¤¥ ­ µ®-

¤¨²±¿ ª ¬¥­¼ K8, ²® ¥±²¼  ¢²®¬ ² A8 ®¡®©¤¥² ª®­¥·­³¾ ¤»°³. �

ª®­±²°³ª¶¨¨  ¢²®¬ ²  ½²® ¯°®¨±µ®¤¨² ¢ ®¤­®¬ ¨§ ±®±²®¿­¨© q22; q24.

� «¥¥,  ¢²®¬ ²-ª ¬¥­¼ K8 ¢¬¥±²¥ ±  ¢²®¬ ²®¬ A8 ®¡µ®¤¨² « ¡¨-

°¨­². � ¤ «¼­¥©¸¥¬ ¤¢¨¦¥­¨¨ ª®««¥ª²¨¢ ±­®¢  ®ª ¦¥²±¿ ¢ ®ª°¥±²-

­®±²¨ ª®­¥·­®© ¤»°» (¢²®°®©), £¤¥  ¢²®¬ ²» ±­®¢  ° §¤¥«¿²±¿

( ¢²®¬ ²-ª ¬¥­¼ K8 ²®£¤  À®²±² ¥²Á ¨ ¦¤¥²,    ¢²®¬ ² A8 ®¡µ®¤¨²

ª®­¥·­³¾ ¤»°³). � ª®­±²°³ª¶¨¨  ¢²®¬ ²  ½²® ¯°®¨±µ®¤¨² ¢ ®¤­®¬

¨§ ±®±²®¿­¨© q48; q56; q57; q58.

� ²¥¬  ¢²®¬ ² A8 ®¯¿²¼ ®¡¿§ ²¥«¼­® ¯®¯ ¤ ¥² ¢ ª ¬¥­¼. � ª®­-

±²°³ª¶¨¨  ¢²®¬ ²  ½²® ¯°®¨±µ®¤¨² ¢ ®¤­®¬ ¨§ ±®±²®¿­¨© q71; q73.

�®±«¥ ¢±²°¥·¨ ± ª ¬­¥¬  ¢²®¬ ² A8 ¯°®¤®«¦ ¥² ¤¢¨¦¥­¨¥, ¨ ¯°¨

½²®¬ qi = q0i�49, i 2 f51; 52; : : : ; 66; 68; 69; 70; 74; 75; : : : ; 89g, £¤¥ ·¥-

°¥§ q0j ®¡®§­ ·¥­» ±®±²®¿­¨¿ ª®²®°»¥ ¨¤¥­²¨·­» ±®±²®¿­¨¿¬ qj ,

j 2 f2; 3; : : : ; 17; 19; 20; 21; 25; 26; : : : ; 40g ¨§ ª®­±²°³ª¶¨¨  ¢²®¬ ²  A0

[6].
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�®±²°®¨¬ ª®««¥ª²¨¢ S8 = (A8;K8).

� ®¯¨± ­¨¨  ¢²®¬ ²  A8 ¯°¥¤¯®« £ ¥²±¿ ±³¹¥±²¢®¢ ­¨¥ À¯°¨®-

°¨²¥² Á ¬¥¦¤³ ¢µ®¤­»¬¨ ¡³ª¢ ¬¨ ¢ ­¥ª®²®°®¬ ±®±²®¿­¨¨, ª®²®°»©

®¯°¥¤¥«¿¥¬ ·¥°¥§ ¯®­¿²¨¥ À®¯¨± ­ ° ­¼¸¥Á. �®±¯®«¼§³¥¬±¿ ª®¤¨°®¢-

ª®©, ª®²®°³¾ ¬» ¢¢¥«¨ ¢»¸¥. �«¿ ½«¥¬¥­²  ¢µ®¤­®£®  «´ ¢¨²   ¢²®-

¬ ² A8 ¬®¦­® ¯®«¼§®¢ ²¼±¿ ¡®«¥¥ ª®°®²ª®© § ¯¨±¼¾ (s; a), £¤¥ s = �

(¯³±²®© ±¨¬¢®«) ¨«¨ s = qk8 ; QK8
= fqk8g;   2 f0; 1; : : : ; 255g. � ª-

¦¥ ¢ ®¯¨± ­¨¨  ¢²®¬ ²  A8 ®¯³±²¨¬ ª®¤ ±®±²®¿­¨¿  ¢²®¬ ² -ª ¬­¿

K8; ¡³¤¥¬ ¯¨± ²¼ ¥£® ²®«¼ª® ¢ · ±²¨ ´³­ª¶¨®­¨°®¢ ­¨¿  ¢²®¬ ² 

A8, £¤¥ ®­® § ¢¨±¨² ®²  ¢²®¬ ² -ª ¬­¿ K8.

�®««¥ª²¨¢ S8 = (A8;K8) ¯®±²°®¨¬ ±«¥¤³¾¹¨¬ ®¡° §®¬:

Q8 = fqi j i 2 f1; : : : ; 89gg [QF ,

'8(q11; a) = q11;  8(q11; a) = w ¤«¿ a 2 f214; 66; 194; 210; 248; 104; 232,

203, 215; 211; 67; 195; 216; 200; 72; 255; 223; 251; 219; 107; 75; 235; 249; 233;

105, 217, 201; 73g;

'8(q11; a) = q11;  8(q11; a) = n ¤«¿ a 2 f18; 19; 24; 25; 28; 29; 27; 146; 147,

152, 153; 155g;

'8(q11; a) = q12;  8(q11; a) = e ¤«¿ a 2 f22; 23; 31; 150; 151; 159g;

'8(q11; a) = q13;  8(q11; a) = w ¤«¿ a 2 f253; 125; 221; 93; 95; 127; 88; 92,

220, 252; 124; 120; 121; 89g;

'8(q11; a) = q15;  8(q11; a) = e ¤«¿ a 2 f10; 14; 30g;

'8(q11; a) = q17;  8(q11; a) = e ¤«¿ a 2 f26; 154; 158g;

'8(q11; a) = qF0 ;  8(q11; a) = 0 ¨­ ·¥;

'8(q15; a) = q15;  8(q15; a) = e ¤«¿ a 2 f246; 63; 30; 10; 14; 110; 111; 214,

66; 70; 86; 254; 126; 127; 106; 107; 43; 47; 62; 46; 42; 255; 31; 15; 11; 118; 98,

102g,

'8(q15; a) = q15;  8(q15; a) = n ¤«¿ a 2 f56; 60; 124; 120; 24; 28; 112; 116,

80; 84g;

'8(q15; a) = q16;  8(q15; a) = w ¤«¿ a 2 f208; 212; 240; 244; 248; 252g;

'8(q15; a) = q17;  8(q15; a) = e ¤«¿ a 2 f154; 158; 26; 186; 190; 58; 59; 155,

159; 187; 191; 215; 211; 210; 250; 251; 242; 243; 247; 99; 103; 114; 115; 119,

122, 123; 67; 71; 82; 83; 87; 250g;

'8(q15; a) = qF0 ;  8(q15; a) = 0 ¨­ ·¥;

'8(q17; a) = q17;  8(q17; a) = e ¤«¿ a 2 f66; 67; 70; 71; 86; 87; 98; 99; 102,

103; 106; 107; 110; 111; 118; 119; 126; 127; 214; 215; 246; 247; 254; 255; 234,
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235, 238, 239; 194; 195; 198; 199, 226, 227; 230; 231; 242; 243; 251g;

'8(q17; a) = q18;  8(q17; a) = s ¤«¿ a 2 f93; 95; 75; 79; 203; 207; 220; 216,

88; 89; 92; 219; 223; 221; 217; 72; 73; 91; 200; 201g;

'8(q17; a) = qF0 ;  8(q17; a) = 0 ¨­ ·¥;

'8(q25; a) = q25;  8(q25; a) = n ¤«¿ a 2 fb 2 A j 24 6 b 6 31 ¨«¨ 56 6

b 6 63 ¨«¨ 80 6 b 6 95 ¨«¨ 112 6 b 6 127g;

'8(q25; a) = q26;  8(q25; a) = n ¤«¿ a 2 fb 2 A j 144 6 b 6

159 ¨«¨ 184 6 b 6 191g;

'8(q25; a) = qF0 ;  8(q25; a) = 0 ¨­ ·¥;

'8(q26; a) = q26;  8(q26; a) = w ¤«¿ a 2 fb 2 A j 64 6 b 6

103 ¨«¨ 112 6 b 6 119 ¨«¨ 192 6 b 6 231 ¨«¨ 240 6 b 6 247g;

'8(q26; a) = q26;  8(q26; a) = n ¤«¿ a 2 fb 2 A j 16 6 b 6 25 ¨«¨ b =

27 ¨«¨ b = 28 ¨«¨ b = 29 ¨«¨ b = 31 ¨«¨ 144 6 b 6 159g;

'8(q26; a) = q46;  8(q26; a) = e ¤«¿ a 2 f26; 58; 186; 190; 154; 158g;

'8(q26; a) = q27;  8(q26; a) = w ¤«¿ a 2 f106; 110; 122; 126; 234; 250; 254,

238g;

'8(q26; a) = q30;  8(q26; a) = e ¤«¿ a 2 f10; 42g;
'8(q26; a) = q28;  8(q26; a) = e ¤«¿ a 2 f14; 30; 46; 62g;

'8(q26; a) = qF0 ;  8(q26; a) = 0 ¨­ ·¥;

'8(q27; a) = q27;  8(q27; a) = w ¤«¿ a 2 f107; 111; 127; 123; 235; 239; 251,

255g;

'8(q27; a) = q28;  8(q27; a) = e ¤«¿ a 2 f15; 31; 63; 47g;

'8(q27; a) = q46;  8(q27; a) = e ¤«¿ a 2 f27; 187; 59; 155; 159; 191g;
'8(q27; a) = q30;  8(q27; a) = e ¤«¿ a 2 f11; 43g;

'8(q27; a) = qF0 ;  8(q27; a) = 0 ¨­ ·¥;

'8(q28; a) = q28;  8(q28; a) = e ¤«¿ a 2 f254; 255; 246; 247; 214; 215; 126,

127; 118; 119; 86; 87g;

'8(q28; a) = q29;  8(q28; a) = e ¤«¿ a 2 f122; 123; 114; 115; 82; 83; 250,

251, 242; 243; 210; 211g;

'8(q28; a) = q31;  8(q28; a) = e ¤«¿ a 2 f95; 223g;

'8(q28; a) = q32;  8(q28; a) = e ¤«¿ a 2 f91; 219g;
'8(q28; a) = q36;  8(q28; a) = n ¤«¿ a 2 f216; 217g;

'8(q28; a) = q53;  8(q28; a) = n ¤«¿ a 2 f220; 221g;

'8(q28; a) = qF0 ;  8(q28; a) = 0 ¨­ ·¥;

'8(q29; a) = q29;  8(q29; a) = e ¤«¿ a 2 f234; 235; 226; 227; 194; 195; 106,
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107, 98; 99; 66; 67g;

'8(q29; a) = q32;  8(q29; a) = e ¤«¿ a 2 f203; 75g;

'8(q29; a) = q46;  8(q29; a) = e ¤«¿ a 2 f239; 207; 231; 238; 199; 230; 198,

111; 110; 102; 70; 71; 103; 79g;

'8(q29; a) = q35;  8(q29; a) = w ¤«¿ a 2 f200; 201; 72; 73g;

'8(q29; a) = qF0 ;  8(q29; a) = 0 ¨­ ·¥;

'8(q30; a) = q30;  8(q30; a) = e ¤«¿ a 2 f66; 67; 98; 99; 106; 107g;

'8(q30; a) = q28;  8(q30; a) = e ¤«¿ a 2 f110; 111; 102; 103; 70; 71g;

'8(q30; a) = q31;  8(q30; a) = e ¤«¿ a = 79;

'8(q30; a) = q33;  8(q30; a) = e ¤«¿ a = 75;

'8(q30; a) = qF0 ;  8(q30; a) = 0 ¨­ ·¥;

'8(q31; a) = q36;  8(q31; a) = n ¤«¿ a 2 f248; 249g;

'8(q31; a) = q53;  8(q31; a) = n ¤«¿ a 2 f252; 253g;

'8(q31; a) = q31;  8(q31; a) = e ¤«¿ a 2 f127; 255g;

'8(q31; a) = q32;  8(q31; a) = e ¤«¿ a 2 f123; 251g;

'8(q31; a) = qF0 ;  8(q31; a) = 0 ¨­ ·¥;

'8(q32; a) = q35;  8(q32; a) = w ¤«¿ a 2 f72; 73; 104; 105; 232; 233g;

'8(q32; a) = q32;  8(q32; a) = e ¤«¿ a 2 f107; 235g;

'8(q32; a) = q47;  8(q32; a) = e ¤«¿ a = 111;

'8(q32; a) = qF0 ;  8(q32; a) = 0 ¨­ ·¥;

'8(q33; a) = q33;  8(q33; a) = e ¤«¿ a = 107;

'8(q33; a) = q34;  8(q33; a) = e ¤«¿ a = 111;

'8(q33; a) = qF0 ;  8(q33; a) = 0 ¨­ ·¥;

'8(q34; a) = q34;  8(q34; a) = e ¤«¿ a 2 f127; 255g;

'8(q34; a) = q36;  8(q34; a) = n ¤«¿ a 2 f248; 249g;
'8(q34; a) = q32;  8(q34; a) = e ¤«¿ a 2 f123; 251g;

'8(q34; a) = qF0 ;  8(q34; a) = 0 ¨­ ·¥;

'8(q35; a) = q36;  8(q35; a) = n ¤«¿ a 2 f210; 114; 115; 122; 123; 82; 242,

243, 250; 251; 219; 83; 211; 91g;

'8(q35; a) = q35;  8(q35; a) = w ¤«¿ a 2 fb 2 A j b = a0 + a12 + a22
2 +

a32
3 + a42

4 + a52
5 + a62

6 + a72
7; a6 = 1g;

'8(q35; a) = qF0 ;  8(q35; a) = 0 ¨­ ·¥;

'8(q36; a) = q36;  8(q36; a) = n ¤«¿ a = 123;

'8(q36; a) = q36;  8(q36; a) = w ¤«¿ a 2 f104; 105; 107; 232; 233; 235g;
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'8(q36; a) = q37;  8(q36; a) = w ¤«¿ a 2 f248; 249; 251g;

'8(q36; a) = q48;  8(q36; a) = w ¤«¿ a 2 f120; 121; 124; 125g;

'8(q36; a) = q42;  8(q36; a) = w ¤«¿ a 2 f252; 253g;

'8(q36; a) = q40;  8(q36; a) = s ¤«¿ a = 189;

'8(q36; a) = qF0 ;  8(q36; a) = 0 ¨­ ·¥;

'8(q37; a) = q37;  8(q37; a) = w ¤«¿ a = 255;

'8(q37; a) = q39;  8(q37; a) = e ¤«¿ a 2 f31; 63g;

'8(q37; a) = q50;  8(q37; a) = e ¤«¿ a 2 f159; 191g;

'8(q37; a) = q38;  8(q37; a) = w ¤«¿ a = 127;

'8(q37; a) = qF0 ;  8(q37; a) = 0 ¨­ ·¥;

'8(q38; a) = q38;  8(q38; a) = w ¤«¿ a 2 f107; 111g;

'8(q38; a) = q39;  8(q38; a) = e ¤«¿ a 2 f11; 15; 43; 47g;

'8(q38; a) = q44;  8(q38; a) = w ¤«¿ a 2 f239; 235g;

'8(q38; a) = qF0 ;  8(q38; a) = 0 ¨­ ·¥;

'8(q39; a) = q36;  8(q38; a) = n ¤«¿ a 2 f248; 249; 251g;
'8(q39; a) = q39;  8(q39; a) = e ¤«¿ a 2 fb 2 A j b = a0 + a12 + a22

2 +

a32
3 + a42

4 + a52
5 + a62

6 + a72
7; a1 = 1g;

'8(q39; a) = qF0 ;  8(q39; a) = 0 ¨­ ·¥;

'8(q40; a) = q40;  8(q40; a) = w ¤«¿ a 2 f82; 83; 91; 114; 115; 122; 123,

70, 71, 79; 102; 103; 110; 111; 66; 67; 75; 98; 99; 106; 107g;
'8(q40; a) = q41;  8(q40; a) = e ¤«¿ a 2 f10; 11; 14; 15; 42; 43; 46; 47g;

'8(q40; a) = qF0 ;  8(q40; a) = 0 ¨­ ·¥;

'8(q41; a) = q53;  8(q41; a) = n ¤«¿ a = 189;

'8(q41; a) = q41;  8(q41; a) = n ¤«¿ a 2 f122; 123; 114; 115; 82; 83; 91g;

'8(q41; a) = q41;  8(q41; a) = e ¤«¿ a 2 fb 2 A j b = a0 + a12 + a22
2 +

a32
3 + a42

4 + a52
5 + a62

6 + a72
7; a1 = 1g;

'8(q41; a) = qF0 ;  8(q41; a) = 0 ¨­ ·¥;

'8(q42; a) = q42;  8(q42; a) = w ¤«¿ a = 255;

'8(q42; a) = q43;  8(q42; a) = e ¤«¿ a 2 f31; 191; 63; 159g;

'8(q42; a) = q48;  8(q42; a) = w ¤«¿ a = 127;

'8(q42; a) = qF0 ;  8(q42; a) = 0 ¨­ ·¥;

'8(q43; a) = q43;  8(q43; a) = e ¤«¿ a = 255;

'8(q43; a) = q53;  8(q43; a) = n ¤«¿ a 2 f252; 253g;

'8(q43; a) = qF0 ;  8(q43; a) = 0 ¨­ ·¥;
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'8(q44; a) = q44;  8(q44; a) = w ¤«¿ a 2 f251; 255g;

'8(q44; a) = q45;  8(q44; a) = e ¤«¿ a 2 f31; 191; 27; 63; 159; 187; 59; 155g;

'8(q44; a) = qF0 ;  8(q44; a) = 0 ¨­ ·¥;

'8(q45; a) = q48;  8(q45; a) = w ¤«¿ a 2 f248; 249g;

'8(q45; a) = q45;  8(q45; a) = e ¤«¿ a 2 fb 2 A j b = a0 + a12 + a22
2 +

a32
3 + a42

4 + a52
5 + a62

6 + a72
7; a1 = 1g;

'8(q45; a) = qF0 ;  8(q45; a) = 0 ¨­ ·¥;

'8(q46; a) = q48;  8(q46; a) = w ¤«¿ a 2 f216; 217; 220; 221; 88; 89; 92,

93g;

'8(q46; a) = q47;  8(q46; a) = e ¤«¿ a 2 f223; 79; 95; 75; 219; 203; 207g;

'8(q46; a) = q46;  8(q46; a) = e ¤«¿ a 2 fb 2 A j b = a0 + a12 + a22
2 +

a32
3 + a42

4 + a52
5 + a62

6 + a72
7; a1 = 1g;

'8(q46; a) = qF0 ;  8(q46; a) = 0 ¨­ ·¥;

'8(q47; a) = q47;  8(q47; a) = e ¤«¿ a 2 f111; 127; 107; 251; 235; 255; 239g;

'8(q47; a) = q48;  8(q47; a) = w ¤«¿ a 2 f248; 249; 252; 253; 120; 121; 124,
125g;

'8(q47; a) = qF0 ;  8(q47; a) = 0 ¨­ ·¥;

'8(q48; a) = q48;  8(q48; a) = w ¤«¿ a 2 f255; 127; 223; 95; 111; 79; 247,

119; 215; 87; 103; 71; 67; 99; 75; 107; 126; 254; 110; 246; 214; 118; 86; 70; 102,

106, 98, 66g,

'8(q48; a) = q50;  8(q48; a) = e ¤«¿ a 2 f158; 159; 190; 191g;

'8(q48; a) = qF0 ;  8(q48; a) = 0 ¨­ ·¥;

'8(q49; a) = q49;  8(q49; a) = w ¤«¿ a 2 f251; 211; 243; 250; 210; 242; 255,

214, 246; 254; 219; 215; 247; 223g;

'8(q49; a) = q50;  8(q49; a) = e ¤«¿ a 2 f30; 31; 62; 63; 158; 159; 190; 191g;

'8(q49; a) = q60;  8(q49; a) = n ¤«¿ a 2 f187; 155; 59; 27; 186; 154; 58; 26g;

'8(q49; a) = qF0 ;  8(q49; a) = 0 ¨­ ·¥;

'8(q50; a) = q60;  8(q50; a) = n ¤«¿ a 2 f251; 211; 243; 250; 210; 242; 219g;

'8(q50; a) = q53;  8(q50; a) = n ¤«¿ a 2 f216; 217; 220; 221; 248; 249; 252,

253g;

'8(q50; a) = q50;  8(q50; a) = e ¤«¿ a 2 fb 2 A j b = a0 + a12 + a22
2 +

a32
3 + a42

4 + a52
5 + a62

6 + a72
7; a1 = 1g;

'8(q50; a) = qF0 ;  8(q50; a) = 0 ¨­ ·¥;



378 �. �² ¬ ²®¢¨·

'8(q67; a) = q67;  8(q67; a) = e ¤«¿ a 2 f107; 66; 67; 75; 31; 22; 23; 235,

203, 194; 195; 27; 18; 19; 255; 251; 223; 219; 214; 210; 215; 211; 159; 151; 150,

155, 146, 147g;

'8(q67; a) = q67;  8(q67; a) = s ¤«¿ a 2 f24; 25; 72; 73; 152; 153; 216; 217,

200; 201; 184; 56g;

'8(q67; a) = q68;  8(q67; a) = w ¤«¿ a 2 f104; 105; 232; 233; 248; 249g;
'8(q67; a) = q69;  8(q67; a) = e ¤«¿ a 2 f154; 158; 30; 62; 63; 59; 58; 26,

254, 250; 186; 187; 190; 191g;

'8(q67; a) = q71;  8(q67; a) = w ¤«¿ a 2 f80; 112; 120g;

'8(q67; a) = q73;  8(q67; a) = w ¤«¿ a 2 f88; 89; 121g;

'8(q67; a) = qF0 ;  8(q67; a) = 0 ¨­ ·¥;

'8(q71; a) = q71;  8(q71; a) = w ¤«¿ a 2 f246; 66; 98; 120; 80; 112; 106,

107, 255; 127; 254; 126; 214; 86; 118; 248; 240; 208; 70; 102; 110; 124; 116; 84,

252, 244, 212; 111g;

'8(q71; a) = q71;  8(q71; a) = s ¤«¿ a 2 f14; 46; 28; 60; 62; 30; 24; 56, 10,

42g;

'8(q71; a) = q72;  8(q71; a) = e ¤«¿ a 2 f11; 15; 31; 43; 47; 63g;
'8(q71; a) = q73;  8(q71; a) = w ¤«¿ a 2 f222; 78; 95; 223; 94; 74; 79; 75,

253; 221; 249; 217; 125; 92; 93; 121; 88; 89; 216; 220g;

'8(q71; a) = qF0 ;  8(q71; a) = 0 ¨­ ·¥;

'8(q72; a) = q71;  8(q72; a) = s ¤«¿ a 2 f126; 120; 106; 124; 252; 248; 110,

254g;
'8(q72; a) = q72;  8(q72; a) = e ¤«¿ a 2 fb 2 A j b = a0 + a12 + a22

2 +

a32
3 + a42

4 + a52
5 + a62

6 + a72
7; a1 = 1g;

'8(q72; a) = qF0 ;  8(q72; a) = 0 ¨­ ·¥;

'8(q73; a) = q73;  8(q73; a) = w ¤«¿ a 2 fb 2 A j b = a0 + a12 + a22
2 +

a32
3 + a42

4 + a52
5 + a62

6 + a72
7; a6 = 1g;

'8(q73; a) = qF0 ;  8(q73; a) = 0 ¨­ ·¥;

�³±²¼ M = f194; 195; 198; 199; 202; 203; 206; 207; 226; 230; 234, 235,

238, 239g � A: �®£¤ ,  k8(qk8; (fqig; a)) =  8(qi; (fqk8g; a)) ¤«¿ i 2

f1; 2; 3; 4; 5; 6g, a 2 A;

 k8(qk8; (fq7g; a)) = 0; a 2 M1 = f202; 206; 234; 238; 194; 198; 226; 230g

�M;

 k8(qk8; (fq7g; a)) =  8(q7; (fqk8g; a)) ¤«¿ a 62M1;
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 k8(qk8; (fq8g; a)) = 0; a 2M1 = f195; 194; 203; 239; 207; 235g �M;

 k8(qk8; (fq8g; a)) =  8(q8; (fqk8g; a)) ¤«¿ a 62M1;

 k8(qk8; (fq9g; a)) = 0; a 2 M1 = f195; 194; 203; 239; 207; 235; 198; 199g

�M;

 k8(qk8; (fq9g; a)) =  8(q9; (fqk8g; a)) ¤«¿ a 62M1;

'8(q22; (fqk8g; a)) = q25;  8(q22; (fqk8g; a)) = e ¤«¿ a 2M n f195; 199g

'8(q22; (f�g; a)) = qF0 ;  8(q22; (f�g; a)) = 0 ¤«¿ a 2 M n f195; 199g; ²®

¥±²¼ ¥±«¨  ¢²®¬ ²» A8;K8 ­¥ ¢±²°¥²¿²±¿,

'8(q24; (fqk8g; a)) = q25;  k8(qk8; (fq24g; a)) =  8(q24; (fqk8g; a)) =

e ¤«¿ a 2 f194; 195; 198; 199g �M;

'8(q24; (f�g; a) = qF0 ;  8(q24; (f�g; a) = 0 ¤«¿ a 2 f194; 195; 198; 199g;

²® ¥±²¼ ¥±«¨  ¢²®¬ ²» A8;K8 ­¥ ¢±²°¥²¿²±¿,

�³±²¼ M = f194; 195; 198; 199; 202; 203; 206; 207; 226; 227; 230; 231,

234, 235, 238; 239g � A: �®£¤ ,  k8(qk8; (fqig; a)) =  8(qi; (fqk8g; a))

¤«¿ i 2 f25; 26; : : : ; 47g; a 2 A;

 k8(qk8; (fq48g; a)) = 0; a 2M n f202; 206g;

 k8(qk8; (fq48g; a)) =  8(q48; (fqk8g; a)) ¤«¿ a 62M n f202; 206g;

 k8(qk8; (fqig; a)) =  8(qi; (fqk8g; a)) ¤«¿ i 2 f50; 51; : : : ; 55g; a 2 A;

 k8(qk8; (fq56g; a)) = 0; a 2 M1 = f202; 206; 234; 238; 194; 198; 226; 230g

�M;

 k8(qk8; (fq56g; a)) =;  8(q56; (fqk8g; a)) =  8(q56; a) ¤«¿ a 62M1;

 k8(qk8; (fq57g; a)) = 0; a 2 M1 = f195; 194; 203; 239; 207; 235; 198; 199g

�M;

 k8(qk8; (fq57g; a)) =;  8(q57; (fqk8g; a)) ¤«¿ a 62M1;

 k8(qk8; (fq58g; a)) = 0; a 2 M1 = f195; 194; 203; 239; 207; 235; 198; 199g

�M;

 k8(qk8; (fq58g; a)) =  8(q58; (fqk8g; a)) =  8(q58; a) ¤«¿ a 62M1;

 k8(qk8; (fq71g; a)) = 0; a 2 A

'8(q71; (fqk8g; a)) = q74;  8(q71; (fqk8g; a)) = e ¤«¿ a 2 M n

f195; 199; 227; 231g

'8(q71; (f�g; a)) = qF0 ;  8(q71; (f�g; a) = 0 ¤«¿ a 2 M n

f195; 199; 227; 231g; ²® ¥±²¼ ¥±«¨  ¢²®¬ ²» A8;K8 ­¥ ¢±²°¥²¿²±¿,

 k8(qk8; (fq73g; a)) = 0; a 2 A:

'8(q73; (fqk8g; a)) = q74;  8(q73; (fqk8g; a)) = e ¤«¿ a 2M;

'8(q73; (f�g; a) = qF0 ;  8(q73; (f�g; a) = 0 ¤«¿ a 2 M; ²® ¥±²¼ ¥±«¨

 ¢²®¬ ²» A8;K8 ­¥ ¢±²°¥²¿²±¿.
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�®««¥ª²¨¢ S8 = (A8;K8) ¯°¨ ° ±¯®§­ ¢ ­¨¨ « ¡¨°¨­²  c 2 C8

®¡µ®¤¨² ½²®² « ¡¨°¨­² ¨ ¯°®¨§¢®¤¨² ° §«¨·­»¥ ¯°®¢¥°ª¨. �°¨ ½²®¬

­¥ª®²®°»¥ ¢¥°¸¨­»  ¢²®¬ ² ¯®±¥¹ ¥² ­¥±ª®«¼ª® ° § (¯®±«¥ ¢±²°¥·¨

± ª ¬­¥¬ K8  ¢²®¬ ² A8 ¤®«¦¥­ ¢¥°­³²¼±¿ ¢ ­¥ª®²®°³¾ ¢¥°¸¨­³ ¨

¯°®¤®«¦¨²¼ ®¡µ®¤ ¨ ¯°®¢¥°ª³ « ¡¨°¨­²  c). �­ ·¨², ¤«¿ ª ¦¤®£®

« ¡¨°¨­²  c 2 C8 ¢¥°­®, ·²® µ®²¿ ¡» ®¤­³ ¨§ ¢¥°¸¨­ « ¡¨°¨­²  c
 ¢²®¬ ² A8 ¯®±¥¹ ¥² ­¥ ¬¥­¼¸¥, ·¥¬ ¤¢  ° § . � ª¦¥, ¤«¿ n > 22,

n 2 N, ¬®¦­® ¯®±²°®¨²¼ « ¡¨°¨­² c0 2 C8 ² ª®©, ·²® ­¥ª®²®°³¾ ¨§

¢¥°¸¨­ « ¡¨°¨­²  c0  ¢²®¬ ² A8 ¡³¤¥² ¯®±¥¹ ²¼ ¯¿²¼ ° §. � ª¨¬

±¢®©±²¢®¬ ®¡« ¤ ¾² « ¡¨°¨­²» c00 2 C8, ¤«¿ ª®²®°»µ kK8
4 \ K

8
7k,

£¤¥ c00�1(f1g) =
12S
i=1

K8
i (±¬. ®¯°¥¤¥«¥­¨¥ ª« ±±  C8).

�§ ¯°¥¤»¤³¹¥£® ¢»²¥ª ¥², ·²® ¤«¿ ª ¦¤®£® n > 13 ¢±¥£¤  ¬®¦­®

¯®±²°®¨²¼ « ¡¨°¨­²» L;L0 2 C8 ² ª¨¥, ·²® kV (L)k = kV (L0)k = n, ¨

¢°¥¬¿ ®¡µ®¤  ¤«¿ « ¡¨°¨­²  L ¡³¤¥² ¬¨­¨¬ «¼­»¬,   ¤«¿ « ¡¨°¨­² 

L0 { ¬ ª±¨¬ «¼­»¬.
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