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� ±±¬®²°¨¬ ±²®µ ±²¨·¥±ª¨© ½ª±¯¥°¨¬¥² �, ¬ ²¥¬ ²¨·¥±ª®© ¬®-

¤¥«¼¾ ª®²®°®£® ¿¢«¿¥²±¿ ¤¨±ª°¥²®¥ ¢¥°®¿²®±²®¥ ¯°®±²° ±²¢®

(
; P(
); Pr), ¢ ª®²®°®¬ 
 = f!1; !2; : : : g { ª®¥·®¥ ¨«¨ ±·¥²®¥

¬®¦¥±²¢® ½«¥¬¥² °»µ ¨±µ®¤®¢ �, P(
) { �- «£¥¡°  ¢±¥µ ¯®¤¬®-

¦¥±²¢ 
, ¯°¥¤±² ¢«¿¾¹¨µ ¢±¥ ¬»±«¨¬»¥ ¨±µ®¤» �, ¨«¨, ª ª ¯°¨-

¿²® £®¢®°¨²¼, { °¥§³«¼² ²» ¨±¯»² ¨©, Pr(�) : P(
) ! [0; 1] { ¢¥-

°®¿²®±²¼, § ¤  ¿ ±¢®¨¬¨ § ·¥¨¿¬¨   ½«¥¬¥² °»µ ¨±µ®¤ µ

Pr(f!ig) = pri > 0, i = 1; 2; : : : ;

1X
i=1

pri = 1, ®¯°¥¤¥«¿¾¹¨¬¨ ¢¥°®¿²-

®±²¼ «¾¡®£® °¥§³«¼² ²  ¨±¯»² ¨© A 2 P(
) ° ¢¥±²¢®¬

Pr(A) =
X

i: !i2A

pri: (1)

� ° ¬ª µ ½ª±¯¥°¨¬¥²  � ¥¢®§¬®¦® ¤ ²¼ ±®¤¥°¦ ²¥«¼³¾ ¨-

²¥°¯°¥² ¶¨¾ § ·¥¨¿ ¢¥°®¿²®±²¨ Pr(A) ¨ ³ª § ²¼ ±¯®±®¡ ¥¥ ½¬¯¨-

°¨·¥±ª®£® ®¯°¥¤¥«¥¨¿. �«¿ ½²®£® ±«¥¤³¥² ®¡° ²¨²¼±¿ ª ½ª±¯¥°¨¬¥-

²³ �n, ª®²®°»© ¬®¦® ¯°¥¤±² ¢¨²¼ ±¥¡¥ ª ª n ª®¯¨© �, ¢»¯®«¥»µ

¢§ ¨¬® ¥§ ¢¨±¨¬®. �ª±¯¥°¨¬¥² �n ¯°¨¿²®  §»¢ ²¼ ¯®±«¥¤®¢ -

²¥«¼®±²¼¾ n ¥§ ¢¨±¨¬»µ ¨±¯»² ¨©.

� ²¥¬ ²¨·¥±ª®© ¬®¤¥«¼¾ �n, ²® ¥±²¼ n ° § ¥§ ¢¨±¨¬® ¢®±¯°®¨§-

¢¥¤¥®£® �, ¿¢«¿¥²±¿ ¢¥°®¿²®±²®¥ ¯°®±²° ±²¢® (
n
; P(
n);Prn)

�� ¡®²  ¢»¯®«¥  ¯°¨ ´¨ ±®¢®© ¯®¤¤¥°¦ª¥ ����, £° ² 44=99P
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{ n- ¿ ±²¥¯¥¼ (
; P(
); Pr), £¤¥ 
n { ¬®¦¥±²¢® ¢±¥µ ¯®±«¥¤®¢ ²¥«¼-

®±²¥© (!i1 ; : : : ; !in), !ik 2 
, k = 1; : : : ; n, ®¯¨±»¢ ¾¹¨µ ½«¥¬¥-

² °»¥ ¨±µ®¤» �n, P(
n) { �- «£¥¡°  ¢±¥µ ¯®¤¬®¦¥±²¢ 
n, ¯°¥¤±² -

¢«¿¾¹¨µ ¨±µ®¤» �n { °¥§³«¼² ²» n ¥§ ¢¨±¨¬»µ ¨±¯»² ¨©, Prn {

¢¥°®¿²®±²¼, § ¤  ¿   ¬®¦¥±²¢¥ ¢±¥µ ½«¥¬¥² °»µ ¨±µ®¤®¢ �n

° ¢¥±²¢ ¬¨

Prn(f(!i1 ; : : : ; !in)g) = pri1 : : : prin ; (!i1 ; : : : ; !in) 2 
n
; (2)

®¯°¥¤¥«¿¾¹¨¬¨ ´ ª² ¥§ ¢¨±¨¬®±²¨ ¨±¯»² ¨©.

�³±²¼ A { ¥ª®²®°»© ¨±µ®¤ �, �A(!) =

(
1; ! 2 A

0; ! =2 A

, ! 2 
,

{ ¨¤¨ª ²®° ¿ ´³ª¶¨¿ A ¨ �

(n)

A (!i1 ; : : : ; !in) = n
�1

nX
k=1

�A(!ik),

(!i1 ; : : : ; !in) 2 
n,{ ±«³· © ¿ ¢¥«¨·¨    (
n
; P(
n); Prn), ° ¢ ¿

· ±²®²¥ ¨±µ®¤  A ¢ ¯®±«¥¤®¢ ²¥«¼®±²¨ n ¥§ ¢¨±¨¬»µ ¨±¯»² ¨©.

� ª ¨§¢¥±²®1, ± ³¢¥«¨·¥¨¥¬ n ¢¥°®¿²®±²¼ «¾¡®£® ®²ª«®¥¨¿

· ±²®²» �

(n)
A ®² ¢¥°®¿²®±²¨ Pr(A) ±²°¥¬¨²±¿ ª ³«¾, ²®·¥¥, ¤«¿

«¾¡®£® " > 0

Prn((!i1 ; : : : ; !in) 2 
n
; j�

(n)
A (!i1 ; : : : ; !in)� Pr(A)j > ") �!

n!1
0:

�²®² ´ ª² «¥¦¨² ¢ ®±®¢¥ ² ª  §»¢ ¥¬®© · ±²®²®© ¨²¥°¯°¥² -

¶¨¨ ¢¥°®¿²®±²¨, ¥¥ ±² ²¨±²¨·¥±ª®£® ²®«ª®¢ ¨¿, ±®£« ±® ª®²®°®¬³

¢ ¤®±² ²®·® ¤«¨®© ¯®±«¥¤®¢ ²¥«¼®±²¨ ¥§ ¢¨±¨¬»µ ¯®¢²®°¥¨©

� · ±²®²  «¾¡®£® ¥£® ¨±µ®¤  A ®¶¥¨¢ ¥²±¿ ¢¥°®¿²®±²¼¾ A,   ¥±«¨

¯®±«¥¤¿¿ ¥¨§¢¥±² , ²® · ±²®²  A ¿¢«¿¥²±¿ ¥¥ ½ª±¯¥°¨¬¥² «¼®©

®¶¥ª®©. �¬¥¿ ¢¢¨¤³ ¶¥«¨ ½²®© ±² ²¼¨, ¯®¤·¥°ª¥¬, ·²® § ·¥¨¥

Pr(A) ±«¥¤³¥² ° ±±¬ ²°¨¢ ²¼ ª ª ¯°®£®§¨°³¥¬®¥ § ·¥¨¥ · ±²®-

²» ¨±µ®¤  A ¢ ¤®±² ²®·® ¤«¨®© ±¥°¨¨ ¥§ ¢¨±¨¬»µ ¨±¯»² ¨©,

® ¥ ª ª ½«¥¬¥² ¯°¥¤¢¨¤¥¨¿ ¨±µ®¤  A, ¥ ª ª ¬¥°³ ¢®§¬®¦®±²¨

¨±µ®¤  A ¯°¨ ª ¦¤®¬ ¨±¯»² ¨¨.

�¬¥±²¥ c ²¥¬ ¯°¨ «¾¡®¬ ®¯°¥¤¥«¥¨¨ ¢®§¬®¦®±²¨ pi ¨±µ®¤ 

!i 2 
 ª ª ¬¥°», ®¶¥¨¢ ¾¹¥© ®¡±²®¿²¥«¼±²¢ , ®¯°¥¤¥«¿¾¹¨¥ ®²-

®±¨²¥«¼³¾ ¯°¥¤¯®·²¨²¥«¼®±²¼ °¥ «¨§ ¶¨¨ ¨±µ®¤  !i ¢ ±° ¢¥¨¨

1� ª® ¡®«¼¸¨µ ·¨±¥«, [1].
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±® ¢±¥¬¨ ¤°³£¨¬¨ ½«¥¬¥² °»¬¨ ¨±µ®¤ ¬¨ �, ¥±²¥±²¢¥® ±·¨² ²¼,

·²® pi > pj, ¥±«¨ pri > prj , i; j = 1; 2; : : : . �¥´®°¬ «¼ ¿ ¬®²¨¢ ¶¨¿

¢ ¤ ®¬ ±«³· ¥ ² ª®¢ : ·¥¬ ¡®«¼¸¥ ¢¥°®¿²®±²¼ pri ¨±µ®¤  !i, ²¥¬

· ¹¥ !i ¢±²°¥²¨²±¿ ¢ ¤«¨®© ±¥°¨¨ ¨±¯»² ¨©, ²¥¬ ¡®«¥¥ ¢®§¬®¦¥

¨±µ®¤ !i ¢ ª ¦¤®¬ ®·¥°¥¤®¬ ¨±¯»² ¨¨. �® ¤«¿ ² ª®£® § ª«¾·¥¨¿

¥ ®¡¿§ ²¥«¼® § ²¼ § ·¥¨¿ ¢¥°®¿²®±²¥© pr1; pr2; : : : , ¤®±² ²®·-

® «¨¸¼ § ²¼, ª ª ®¨ ³¯®°¿¤®·¥».

� ±¢¿§¨ ± ½²¨¬¨ § ¬¥· ¨¿¬¨ ° ±±¬®²°¨¬ ±²®µ ±²¨·¥±ª¨© ½ª±-

¯¥°¨¬¥² �, ¬ ²¥¬ ²¨·¥±ª®© ¬®¤¥«¼¾ ª®²®°®£® ¿¢«¿¥²±¿ ª« ±± Pr
¤¨±ª°¥²»µ ¢¥°®¿²®±²»µ ¯°®±²° ±²¢ (
; P(
); Pr), ¢ ª®²®°»µ

§ ·¥¨¿ ¢¥°®¿²®±²¥© pri = Pr(f!ig), i = 1; 2; : : : ½«¥¬¥² °»µ

¨±µ®¤®¢ � ¯®¤·¨¥» «¨¸¼ ³±«®¢¨¿¬ ³¯®°¿¤®·¥®±²¨2 ¨ ®°¬¨°®¢-

ª¨

1 > pr1 > pr2 > : : : > 0; pr1 + pr2 + : : : = 1; (3)

  ¢ ®±² «¼®¬ ¯°®¨§¢®«¼».

�¯°¥¤¥«¥¨¥ 1. �« ±± ¢±¥µ ¢¥°®¿²®±²¥© Pr(�) (1), ®¯°¥¤¥«¿¥¬»µ
¯®±«¥¤®¢ ²¥«¼®±²¿¬¨ pr , fpr1; pr2; : : : g ¢¥°®¿²®±²¥© ½«¥¬¥² °-

»µ ¨±µ®¤®¢, ³¤®¢«¥²¢®°¿¾¹¨µ ³±«®¢¨¿¬ (3), ®¡®§ ·¨¬ Pr, ±®®²¢¥²-

±²¢¥® ª« ±± ¢¥°®¿²®±²»µ ¯°®±²° ±²¢ Pr , f(
; P(
); Pr); Pr 2
Prg ¿¢«¿¥²±¿ ¬ ²¥¬ ²¨·¥±ª®© ¬®¤¥«¼¾ �; ¤ «¥¥ ª« ±± Pr  §»¢ ¥²±¿
±²®µ ±²¨·¥±ª®© ¬®¤¥«¼¾ �.

� ¨¿ ®¤®© «¨¸¼ ³¯®°¿¤®·¥®±²¨ (3), ª®¥·®, ¥¤®±² ²®·®,

·²®¡» ®µ ° ª²¥°¨§®¢ ²¼ � ¢ ²¥°¬¨ µ ±² ¤ °²®£® ´®°¬ «¨§¬ 

²¥®°¨¨ ¢¥°®¿²®±²¥©. �±«®¢¨¿ (3) ¯®¤±ª §»¢ ¾², ·²® ¬®¤¥«¼ � ±«¥-

¤³¥² ´®°¬³«¨°®¢ ²¼ ¢ ²¥°¬¨ µ ¢®§¬®¦®±²¥© ¨±µ®¤®¢ �, ¯°¨·¥¬ ¢

° £®¢®© ¸ª «¥, ¢ ª®²®°®© ±®¤¥°¦ ²¥«¼® ¬®£³² ¡»²¼ ¨±²®«ª®¢ »

¥ ª®ª°¥²»¥ § ·¥¨¿ ¢®§¬®¦®±²¥©,   «¨¸¼ ®²®¸¥¨¿ ³¯®°¿¤®-

·¥®±²¨ ¬¥¦¤³ ¨¬¨, ª ª ½²® ±¤¥« ®,  ¯°¨¬¥°, ¢ ²¥®°¨¨ ¢®§¬®¦-

®±²¥©, ½«¥¬¥²» ª®²®°®© ¯°¥¤±² ¢«¥» ¢ [2].

�®¯®±² ¢¨¬ �, ±²®µ ±²¨·¥±ª ¿ ¬®¤¥«¼ ª®²®°®£® ®¯°¥¤¥«¥  ª ª

ª« ±± Pr ¢¥°®¿²®±²»µ ¯°®±²° ±²¢, ª« ±± P ¢®§¬®¦®±²»µ ¯°®-

±²° ±²¢ (
; P(
); P ), ¢ ª®²®°»µ § ·¥¨¿ ¢®§¬®¦®±²¥© pi ,

2�¾¡®¥ ° ±¯°¥¤¥«¥¨¥ ¢¥°®¿²®±²¥© pr1; pr2; : : : ¬®¦¥² ¡»²¼ «¨¥©® ³¯®°¿-

¤®·¥® ¯® ³¡»¢ ¨¾ ¯³²¥¬ ¯¥°¥³¬¥° ¶¨¨ ½«¥¬¥² °»µ ¨±µ®¤®¢ (±¬. ° §¤¥« 3)
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P (f!ig), i = 1; 2; : : : , ½«¥¬¥² °»µ ¨±µ®¤®¢, ®¯°¥¤¥«¿¾¹¨¥ ¢®§¬®¦-

®±²¼ P (�) : P(
)! [0; 1] ´®°¬³«®©

P (A) , sup
i: !i2A

pi; A 2 P(
); (4)

³¯®°¿¤®·¥» ² ª ¦¥, ª ª ¢¥°®¿²®±²¨ ¢ (3):

1 = p1 > p2 > : : : > 0: (5)

�¯°¥¤¥«¨¬ ª« ±± P ¢®§¬®¦®±²¥©, ±®£« ±®¢ »© ± ª« ±±®¬ ¢¥°®-

¿²®±²¥© Pr, ¤®¡ ¢¨¢ ª ³±«®¢¨¾ (5), ±®£« ±³¾¹¥¬³ ³¯®°¿¤®·¥®±²¼

¢®§¬®¦®±²¥© ½«¥¬¥² °»µ ¨±µ®¤®¢ � ± ³¯®°¿¤®·¥®±²¼¾ ¨µ ¢¥°®-

¿²®±²¥©,   «®£¨·»¥ ³±«®¢¨¿ ¤«¿ ¯°®¨§¢®«¼»µ ¨±µ®¤®¢ �, ²®·¥¥

{¤«¿ ¢±¥µ ²¥µ ¨±µ®¤®¢ A; B 2 P(
) ½ª±¯¥°¨¬¥² , ¤«¿ ª®²®°»µ ¥° -
¢¥±²¢® Pr(A) 6 Pr(B) ¢»¯®«¿¥²±¿ ¤«¿ «¾¡®© ¢¥°®¿²®±²¨ Pr 2 Pr.
�¯°¥¤¥«¥¨¥ 2. � ª±¨¬ «¼»© ¯® ¢ª«¾·¥¨¾ ª« ±± P ¢®§¬®¦®-

±²¥© P (�) : P(
) ! [0; 1]  §®¢¥¬ ±®£« ±®¢ »¬ ± ª« ±±®¬ Pr ¢¥°®-

¿²®±²¥© Pr(�) : P(
)! [0; 1] ¥±«¨ ¢»¯®«¥® ±«¥¤³¾¹¥¥ ³±«®¢¨¥:

8A;B 2 P(
) : ¥±«¨ 8Pr 2 Pr Pr(A) 6 Pr(B);

²® 8P 2 P P (A) 6 P (B);
(6)

£¤¥ ¢¥°®¿²®±²¼ Pr ¨ ¢®§¬®¦®±²¼ P ®¯°¥¤¥«¥» ±®®²¢¥²±²¢¥-

® ´®°¬³« ¬¨ (1) ¨ (4). �« ±± P, ±®£« ±®¢ »© ± Pr, ®¯°¥¤¥«¿¥²

²¥®°¥²¨ª®-¢®§¬®¦®±²³¾ ¬®¤¥«¼

P = f(
; P(
); P ); P 2 Pg

½ª±¯¥°¨¬¥²  �, ±®£« ±®¢ ³¾ ± ¥£® ±²®µ ±²¨·¥±ª®© ¬®¤¥«¼¾ Pr
³±«®¢¨¿¬¨ (3) ¨ (6).

� ¬¥²¨¬, ·²® ¥±«¨ ª« ±± P ±®£« ±®¢  ± ª« ±±®¬ Pr ¨ 8Pr 2 Pr :
Pr(A) = Pr(B), ²® 8P 2 P : P (A) = P (B). �¥©±²¢¨²¥«¼®, ¥±«¨

8Pr 2 Pr : Pr(A) 6 Pr(B) ¨ Pr(A) > Pr(B), ²® ±®£« ±® (6) 8P 2 P :

P (A) 6 P (B) ¨ P (A) > P (B).

� ¬¥²¨¬ ² ª¦¥, ·²® ¯®±ª®«¼ª³ ¯® ®¯°¥¤¥«¥¨¾, P (
) = 1, [2], ²®

³±«®¢¨¥ (6) ±®¤¥°¦¨² ª ª · ±²»© ±«³· © ³±«®¢¨¥ (5), ¨¡® ¢ ª ·¥±²¢¥

A ¨ B ¢ (6) ¬®¦® ¢»¡¨° ²¼ ®¤®²®·¥·»¥ ¬®¦¥±²¢  f!ig, i =

1; 2; : : : , ³¯®°¿¤®·¥»¥ ±®£« ±® (3).
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� ¬¥²¨¬,  ª®¥¶, ·²® ¢ ±¨«³ ¬®®²®®±²¨ Pr(�) : P(
)! [0; 1]

(1) ¨ P (�) : P(
)! [0; 1] (4), ®§ · ¾¹¥©, ·²®

A � B )

(
Pr(A) 6 Pr(B);

P (A) 6 P (B);

±®£« ±® (1) ¨ (4) ¤«¿ «¾¡»µ A; B 2 P(
)

8Pr :

(
Pr(A [B) > max(Pr(A); Pr(B));

Pr(A \B) 6 min(Pr(A); Pr(B));

8P :

(
P (A [B) = max(P (A); P (B));

P (A \B) 6 min(P (A); P (B)):

� «¥¥ ¢ ° §¤¥«¥ 1 ¡³¤¥² ¯®ª § ®, ·²®   ± ¬®¬ ¤¥«¥ ²°¥¡®¢ -

¨¿ (6) ¿¢«¿¾²±¿ ±«¥¤±²¢¨¥¬ ³±«®¢¨© (3) ¨ (5) ¨ ²¥¬ ± ¬»¬ ¯®±«¥¤-

¨¥ ®¯°¥¤¥«¿¾² ª« ±± P, ±®£« ±®¢ »© ± ª« ±±®¬ Pr, ¨ ²¥®°¥²¨ª®-

¢®§¬®¦®±²³¾ ¬®¤¥«¼ �, ±®£« ±®¢ ³¾ ± ¥£® ±²®µ ±²¨·¥±ª®© ¬®-

¤¥«¼¾ Pr .

� ¤ ®¬ ±«³· ¥ ¢ ¦¥ ²®² ´ ª², ·²®, µ®²¿ ¬®¤¥«¼ P ¥ ®¯°¥-

¤¥«¿¥² § ·¥¨¥ ¢®§¬®¦®±²¨ P (C) (4) «¾¡®£®3 ¨±µ®¤  C 2 P(
)

½ª±¯¥°¨¬¥² , ²¥¬ ¥ ¬¥¥¥ ®  ³¯®°¿¤®·¨¢ ¥² ¢±¥ ¨±µ®¤» � ¯®

§ ·¥¨¿¬ ¨µ ¢®§¬®¦®±²¥©,   ¨¬¥®, ¤«¿ «¾¡»µ ¨±µ®¤®¢ A ¨ B

¬®¤¥«¼ P ¯®§¢®«¿¥² ®¯°¥¤¥«¨²¼, ª ª®¥ ¨§ ¥° ¢¥±²¢ P (A) 6 P (B)

¨«¨ P (B) 6 P (A) ¨¬¥¥² ¬¥±²®, ¨¡® ±®£« ±® ³±«®¢¨¿¬ (5) ¨ ´®°¬³-

«¥ (4),  ¯°¨¬¥°, P (A) 6 P (B), ¥±«¨ ¨ ²®«¼ª® ¥±«¨ i(A) , min
!k2A

k >

min
!k2B

k , i(B). �²®² ´ ª² ¯®§¢®«¿¥² ¯®«®±²¼¾ ®µ ° ª²¥°¨§®¢ ²¼

� ¢ ²¥°¬¨ µ ´®°¬ «¨§¬  ²¥®°¨¨ ¢®§¬®¦®±²¥© [2]   ®±®¢¥ ¥£®

¬®¤¥«¨ P.

�¥«® ¢ ²®¬, ·²® ¢ ²¥®°¨¨ ¢®§¬®¦®±²¥© [2] ¸ª «  L = ([0; 1]; 6

; max; min) § ·¥¨© ¢®§¬®¦®±²¨, ®¯°¥¤¥«¥ ¿ ª ª ®²°¥§®ª [0; 1]

·¨±«®¢®© ¯°¿¬®© ± ¥±²¥±²¢¥®© ³¯®°¿¤®·¥®±²¼¾, ®¯°¥¤¥«¥®©

¥° ¢¥±²¢®¬ À6Á, ¨ ¤¢³¬¿ ¯° ¢¨« ¬¨ ª®¬¯®§¨¶¨¨: ÀmaxÁ ª ª ±«®-

¦¥¨¥ À+++Á ¨ ÀminÁ ª ª ³¬®¦¥¨¥ À�Á, ¨¬¥¥² ®¡¸¨°³¾ £°³¯¯³ �

3§  ¨±ª«¾·¥¨¥¬ C = ?, P (C) = 0, ¨ C, ±®¤¥°¦ ¹¨µ !1, ¤«¿ ª®²®°»µ P (C) = 1
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¨§®²®»µ  ¢²®¬®°´¨§¬®¢  : L ! L, ®¯°¥¤¥«¿¾¹³¾ ²®, ·²® ¢ [2]

 §¢ ® ¯°¨¶¨¯®¬ ®²®±¨²¥«¼®±²¨ ¢®§¬®¦®±²¨. �®£« ±® ½²®-

¬³ ¯°¨¶¨¯³ ¢±¥ ¸ª «» L,  2 �, ®¡º¿¢«¿¾²±¿ ½ª¢¨¢ «¥²»¬¨,

½ª¢¨¢ «¥²»¬¨ ±·¨² ¾²±¿ «¾¡»¥ ²¥®°¥²¨ª®-¢®§¬®¦®±²»¥ ³²¢¥°-

¦¤¥¨¿, ¥±«¨ ¢ ¥ª®²®°»µ ¸ª « µ ¨µ ´®°¬³«¨°®¢ª¨ ±®¢¯ ¤ ¾²,   ±®-

¤¥°¦ ²¥«¼® ¨±²®«ª®¢ » ¬®£³² ¡»²¼ «¨¸¼ ²¥  ±¯¥ª²» ²¥®°¥²¨ª®-

¢®§¬®¦®±²®© ¬®¤¥«¨, ª®²®°»¥ ¥ ¨§¬¥¿¾²±¿ ¯°¨ ¨§¬¥¥¨¨ ¸ª -

«».

�®°¬ «¼® ¤¥«® ®¡±²®¨² ±«¥¤³¾¹¨¬ ®¡° §®¬. �³±²¼ ´³ª¶¨¿

(�) ®¯°¥¤¥«¥  ¨ ¯°¨¨¬ ¥² § ·¥¨¿ ¢ [0; 1] ¨ L{ ¸ª «  ([0; 1]; 6

;+++; �) , ([0; 1]; 6; max; min).

�¯°¥¤¥«¥¨¥ 3. �³ª¶¨¿ (�) : [0; 1] ! [0; 1] ®¯°¥¤¥«¿¥² ®²®¡° -

¦¥¨¥  : L ! L,  §»¢ ¥¬®¥ ½¤®¬®°´¨§¬®¬ L, ¥±«¨ ¢»¯®«¥»

±«¥¤³¾¹¨¥ ³±«®¢¨¿:

8a; b 2 [0; 1] : ¥±«¨ a 6 b; ²® (a) 6 (b);

(a+++b) = (a)+++(b); (a � b) = (a) � (b);

(0) = 0; (1) = 1:

�¤®¬®°´¨§¬   §»¢ ¥²±¿  ¢²®¬®°´¨§¬®¬, ¥±«¨ ´³ª¶¨¿ (�) ¨¬¥-
¥² ®¡° ²³¾ 

�1(�) : [0; 1] ! [0; 1];  ¢²®¬®°´¨§¬ 
�1, ®¯°¥¤¥«¿¥¬»©

´³ª¶¨¥© 
�1(�),  §»¢ ¥²±¿ ®¡° ²»¬ ª . �®¬¯®§¨¶¨¿ 

0 � (�) :
[0; 1] ! [0; 1] ´³ª¶¨© 

0(�) ¨ (�) ®¯°¥¤¥«¿¥²±¿ ±®£« ±® ° ¢¥±²¢³4


0 � (x) , 

0((x)); x 2 [0; 1],  0 � {±®®²¢¥²±²¢³¾¹ ¿ ª®¬¯®§¨¶¨¿

½¤®¬®°´¨§¬®¢  ¨ 
0. �¨¬¢®« � ¤ «¥¥ ®¡®§ · ¥² ª ª ¬®¦¥±²¢®

´³ª¶¨© (�) : [0; 1] ! [0; 1], ² ª ¨ ¬®¦¥±²¢® ±®®²¢¥²±²¢³¾¹¨µ ½-

¤®¬®°´¨§¬®¢  : L! L (ª ª ¯° ¢¨«®, {  ¢²®¬®°´¨§¬®¢).

�¡®§ ·¨¬ ±¨¬¢®«®¬ L! L ²®, ·²® ¤ «¥¥  §»¢ ¥²±¿ ¯¥°¥µ®¤®¬

®² ¸ª «» L ª ¯°¥®¡° §®¢ ®© ¸ª «¥ L,  2 �, ¯®±«¥¤¾¾  §®¢¥¬

£®¬®¬®°´®© (¨§®¬®°´®©, ½ª¢¨¢ «¥²®©) L, ¥±«¨ {½¤®¬®°´¨§¬

( ¢²®¬®°´¨§¬). �±«¨ L(
){ª« ±± ´³ª¶¨© f(�) : 
 ! L, L(L(
)){

ª« ±± ¨²¥£° «®¢ p(�) : L(
)! L, ²® ¯°¨ ¯¥°¥µ®¤¥ L! L [2]:

� a ! (a); a 2 [0; 1];

� f(�)!  � f(�); £¤¥  � f(!) , (f(!)); ! 2 
;

� p(�)!  � p(�); £¤¥  � p(f(�)) , (p(�1 � f(�))); f(�) 2 L(
):

4�1
� (x) =  � �1(x) = x; x 2 [0; 1]; ( 0

� )�1(�) = �1
�  0�1(�)
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�°¨ ½²®¬ P (A) , p(�A(�)), £¤¥ �A(!) =

(
1; ! 2 A

0; ! =2 A

, ! 2 
, A 2 P(
),

¯®½²®¬³  � P (A) ,  � p(�A(�)) = (p(�1 � �A(�))) = (p(�A(�))) =
(P (A)), ¨¡® 

�1 � �A(�) = A(�); (�) 2 �; A 2 P(
). �³±²¼ P (A) ¨

P (B){¢®§¬®¦®±²¨ A ¨ ±®®²¢¥²±²¢¥® B ¢ ¸ª «¥ L, ²®£¤  ¢ ¸ª -

«¥ L ¢®§¬®¦®±²¨ A ¨ B ±³²¼ ±®®²¢¥²±²¢¥® (P (A)) ¨ (P (B)),

¯°¨·¥¬ ¥° ¢¥±²¢  P (A) < P (B) ¨ (P (A)) < (P (B)) ½ª¢¨¢ «¥²-

», ¥±«¨ { ¢²®¬®°´¨§¬,   ¢ ¯°®²¨¢®¬ ±«³· ¥ ¥ ¨±ª«¾·¥®, ·²®

¥° ¢¥±²¢® P (A) < P (B) ¯®¢«¥·¥² ° ¢¥±²¢® (P (A)) = (P (B)).

� «¥¥, ¥±«¨ ¥ ®£®¢®°¥® ¯°®²¨¢®¥, � ®¡®§ · ¥² ¬®¦¥±²¢®

¢±¥µ ´³ª¶¨© (�) : [0; 1] ! [0; 1], ¥¯°¥°»¢»µ, ±²°®£® ¬®®²®-

® ¢®§° ±² ¾¹¨µ ¨ ¯°¨¨¬ ¾¹¨µ § ·¥¨¿ (0) = 0, (1) = 1. �®-

±ª®«¼ª³ ª ¦¤ ¿ ´³ª¶¨¿ (�) 2 � ¨¬¥¥² ®¡° ²³¾ 
�1(�) 2 �, ¨ ¤«¿

«¾¡»µ ¤¢³µ ´³ª¶¨© (�) 2 � ¨ 
0(�) 2 � ¨µ ª®¬¯®§¨¶¨¿  � 0(�) 2 �,

²® ¬®¦¥±²¢® � ¿¢«¿¥²±¿ £°³¯¯®© ®²®±¨²¥«¼® ®¯¥° ¶¨¨ ³¬®¦¥-

¨¿ À�Á. � «¥¥ ´³ª¶¨¨ (�) 2 � ¨ ®¯°¥¤¥«¿¥¬»¥ ¨¬¨  ¢²®¬®°´¨§¬»

 2 � ¡³¤¥¬  §»¢ ²¼ ¨§®²®»¬¨, �{£°³¯¯®© (¢±¥µ) ¨§®²®»µ  ¢-

²®¬®°´¨§¬®¢ L, �� , f�;  2 �g ¨ �� , f�;  2 �g{£°³¯¯ ¬¨ ¢±¥µ

¨§®²®»µ  ¢²®¬®°´¨§¬®¢ ª« ±±  L(
) ´³ª¶¨© f(�) : 
! L ¨ ±®®²-

¢¥²±²¢¥® ª« ±±  L(L(
)) ¨²¥£° «®¢ p(�) : L(
)! L. �±«¨ ¥ ®£®-

¢®°¥® ¯°®²¨¢®¥ e� ¤ «¥¥ ®¡®§ · ¥² ª ª ¬®¦¥±²¢® ¢±¥µ ¬®®²®®

¥³¡»¢ ¾¹¨µ ´³ª¶¨© e(�) : [0; 1] ! [0; 1] = 0, e(0) = 0, e(1) = 1,

² ª ¨ ¬®¦¥±²¢® ®¯°¥¤¥«¿¥¬»µ ¨¬¨ ½¤®¬®°´¨§¬®¢ e : L ! L;e�� , fe�; e 2 e�g ¨ e�� , fe�; e 2 e�g ®¡®§ · ¥² ¬®¦¥±²¢  ½¤®-

¬®°´¨§¬®¢ e� : L(
) ! L ¨ e� : L(L(
)) ! L ±®®²¢¥²±²¢¥®;

� � e�.
�®§¢° ¹ ¿±¼ ª ¯°¨¶¨¯³ ®²®±¨²¥«¼®±²¨, § ¬¥²¨¬, ·²® ¢ ²¥®-

°¨¨ ¢®§¬®¦®±²¥© [2] «¾¡»¥ ¢®§¬®¦®±²¨ P (�) : P(
) ! L ¨ e
P (�) :

P(
)! L, ° ¢® ª ª ¨ ±®®²¢¥²±²¢³¾¹¨¥ ¢®§¬®¦®±²»¥ ¯°®±²° -

±²¢  (
; P(
); P ) ¨ (
;P(
); eP ) (¨ ®¯°¥¤¥«¿¥¬»¥ ¨¬¨ ¬®¤¥«¨ �!)

±·¨² ¾²±¿ ½ª¢¨¢ «¥²»¬¨ (®¡®§ ·¥¨¥: P s e
P ; (
; P(
); P ) s

(
;P(
); eP )), ¥±«¨ ±³¹¥±²¢³¥² ´³ª¶¨¿ (�) 2 �, ² ª ¿, ·²® eP (A) =
(P (A)) ¤«¿ «¾¡®£® A 2 P(
). � ¯®±ª®«¼ª³ ¥¤¨±²¢¥»¬ ¯®«»¬

¨¢ °¨ ²®¬ ° ±¯°¥¤¥«¥¨¿ ¢®§¬®¦®±²¥© (5) ®²®±¨²¥«¼® £°³¯¯»

� ¨§®²®»µ ¯°¥®¡° §®¢ ¨© (�) : [0; 1]! [0; 1] ¿¢«¿¥²±¿ ®¯°¥¤¥«¥-
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 ¿ ¢ (5) ³¯®°¿¤®·¥®±²¼, ¨«¨ ª« ±± P, ¥±«¨ °¥·¼ ¨¤¥² ® ±®®²¢¥²-

±²¢³¾¹¨µ (5) ¢®§¬®¦®±²¿µ, ²® ¢ ²¥®°¨¨ ¢®§¬®¦®±²¥© [2] ±®¤¥°¦ -

²¥«¼®, ¥§ ¢¨±¨¬® ®² ¢»¡®°  ¸ª «», ¬®£³² ¡»²¼ ¨±²®«ª®¢ » ¥

§ ·¥¨¿ ¢®§¬®¦®±²¨,   «¨¸¼ ®²®¸¥¨¿ À<Á, À>Á ¨«¨ À=Á ¬¥¦¤³ ¨-

¬¨. � ·¥ £®¢®°¿, ¢ ²¥®°¨¨ ¢®§¬®¦®±²¥© ¸ª «  L ¨£° ¥² °®«¼ À¨-

¤¨¢¨¤³ «¼®© ±¨±²¥¬» ®²±·¥² Á ¨±±«¥¤®¢ ²¥«¿, ¨ ±®¤¥°¦ ²¥«¼® ¨±-

²®«ª®¢ » ¬®£³² ¡»²¼ «¨¸¼ ²¥  ±¯¥ª²» ²¥®°¥²¨ª®-¢®§¬®¦®±²®©

¬®¤¥«¨ �, ª®²®°»¥ ¥ ¨§¬¥¿¾²±¿ ¯°¨ ¯°¥®¡° §®¢ ¨¨ ¸ª «», ¥

§ ¢¨±¿² ®² ¢»¡®°  L. � · ±²®±²¨, ¥ § ¢¨±¨² ®² ¢»¡®°  ¸ª «»

®²¬¥·¥ ¿ ¢»¸¥ ³¯®°¿¤®·¥®±²¼ ¢±¥µ ¨±µ®¤®¢ � ¯® § ·¥¨¿¬ ¨µ

¢®§¬®¦®±²¥©. � ½²®¬ ±¬»±«¥ ª« ±± P ¿¢«¿¥²±¿ À¯®«®¶¥®©Á ¬®¤¥-

«¼¾ �.

�°®¬¥ ¯®¿²¨¿ ±®£« ±®¢ ®±²¨ ª« ±±  P ± ª« ±±®¬ Pr (±¬. ®¯°¥-

¤¥«¥¨¥ 2) ¨±¯®«¼§³¾²±¿ ¯®¿²¨¿ ±®£« ±®¢ ®±²¨ ¢®§¬®¦®±²¨ P ±

¢¥°®¿²®±²¼¾ Pr, ª« ±±  P(Pr) ¢®§¬®¦®±²¥©, ±®£« ±®¢ »µ ± ¢¥-

°®¿²®±²¼¾ Pr ¨ ².¤. �®   «®£¨¨ ± ®¯°¥¤¥«¥¨¥¬ 2  §®¢¥¬ ¢®§-

¬®¦®±²¼ P ±®£« ±®¢ ®© ± ¢¥°®¿²®±²¼¾ Pr, ¥±«¨ ¢»¯®«¥»

±«¥¤³¾¹¨¥ ³±«®¢¨¿ ±®£« ±®¢ ®±²¨: 8A;B 2 P(
) ¥±«¨ Pr(A) 6

Pr(B), ²® P (A) 6 P (B)(¨, ª ª ±«¥¤±²¢¨¥, ¥±«¨ Pr(A) = Pr(B),

²® P (A) = P (B)). �°®¬¥ ²®£®, ¥±²¥±²¢¥® ±·¨² ²¼, ·²® ¥±«¨

Pr(A) = 0; Pr(B) = 1, ²® P (A) = 0; P (B) = 1. �²® ±®£« ¸¥¨¥

®¯°¥¤¥«¿¥² ±®£« ±®¢ ®±²¼ ¸ª «» § ·¥¨© ¢®§¬®¦®±²¨ ±® ¸ª -

«®© § ·¥¨© ¢¥°®¿²®±²¥©.

� ¤ «¼¥©¸¥¬ ¡³¤¥¬ ¨±µ®¤¨²¼ ¨§ ®¯°¥¤¥«¥¨¿ À¡®«¥¥ ±¨«¼®©Á

±®£« ±®¢ ®±²¨ P ± Pr, ¢ª«¾· ¾¹¥© ±®£« ±®¢ ®±²¼ ¸ª «.

�¯°¥¤¥«¥¨¥ 4. �®§¬®¦®±²¼ P  §»¢ ¥²±¿ ±®£« ±®¢ ®© ± ¢¥-

°®¿²®±²¼¾ Pr, ¥±«¨ ±³¹¥±²¢³¥² ½¤®¬®°´¨§¬ e(�) 2 e� ² ª®©, ·²®

8A 2 P(
) P (A) = e(Pr(A)) , e � Pr(A).�®£« ±®¢ ®±²¼ P ± Pr

®¡®§ ·¨¬ ±¨¬¢®«®¬ Pr s> P .

�®§¬®¦®±²¼ P  §»¢ ¥²±¿ ¬ ª±¨¬ «¼® ±®£« ±®¢ ®© ± ¢¥°®-

¿²®±²¼¾ Pr, ¥±«¨ Pr s> P ¨ 8 eP Pr s> e
P 9e(�) 2 e� 8A 2

P(
) e
P (A) = e(P (A)) , e � P (A). � ª±¨¬ «¼³¾ ±®£« ±®¢ ®±²¼

P ± Pr ®¡®§ ·¨¬ ±¨¬¢®«®¬ Pr t> P .

�¡®§ ·¨¬

P(Pr) = f � P (�);  2 �g; Pr t> P;
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ª« ±± ¢±¥µ ¢®§¬®¦®±²¥©, ¬ ª±¨¬ «¼® ±®£« ±®¢ »µ ± ¢¥°®¿²®-

±²¼¾
5 Pr. �±«¨ Pr 2 Pr, ²® ½²  ´®°¬³«  ®¯°¥¤¥«¿¥² ¬®£®§ ·®¥

®²®¡° ¦¥¨¥ P(�) : Pr! P(P), ¯®±ª®«¼ª³ ¥±«¨ Pr t> P , ²® P 2 P, ¨,
±«¥¤®¢ ²¥«¼®, P(Pr) � P. � ½²®¬ ±«³· ¥ ®¡° ²®¥ ª P(�) ®²®¡° ¦¥-
¨¥ Pr(�) : P! P(Pr) ®¯°¥¤¥«¿¥²±¿ ° ¢¥±²¢®¬6

Pr(P ) = fPr 2 Pr; P 2 P(Pr)g; P 2 P;

Pr(P ){ª« ±± ¢±¥µ ¢¥°®¿²®±²¥©, ± ª ¦¤®© ¨§ ª®²®°»µ ¢®§¬®¦-

®±²¼ P 2 P ¬ ª±¨¬ «¼® ±®£« ±®¢  . �ª«¾·¥¨¿ P 2 P(Pr) ¨

Pr 2 Pr(P ), ¯® ®¯°¥¤¥«¥¨¾, ½ª¢¨¢ «¥²».
� ¬¥²¨¬, ·²® ª« ±± P ¢®§¬®¦®±²»µ ¯°®±²° ±²¢ ¬®¦¥² ¡»²¼

¯°¥¤±² ¢«¥ ¢ ¢¨¤¥ ®¡º¥¤¨¥¨¿ ¯®¯ °® ¥¯¥°¥±¥ª ¾¹¨µ±¿ ¯®¤-

ª« ±±®¢ ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²»µ ¯°®±²° ±²¢, ª ¦¤»© ¨§ ª®-

²®°»µ ®¯°¥¤¥«¿¥² ¢ ¨§¢¥±²®¬ ±¬»±«¥ À¥¯°¨¢®¤¨¬³¾Á, ¥ ¤®¯³±ª ¾-

¹³¾ ¤ «¼¥©¸¥© À¤¥² «¨§ ¶¨¨Á ¬®¤¥«¼ �. �¥©±²¢¨²¥«¼®, ¯®±ª®«¼ª³

8 � 2 �� ¢ª«¾·¥¨¿ P (�) 2 P ¨ �P (�) 2 P ½ª¢¨¢ «¥²», ¨ 8P (�) 2 P
¬®¦¥±²¢® f � P (�); � 2 ��g � P ¿¢«¿¥²±¿ ª« ±±®¬ ½ª¢¨¢ «¥²»µ

(¨ ½ª¢¨¢ «¥²»µ P (�)) ¢®§¬®¦®±²¥©, ²® ª« ±± P ¬®¦® ¯°¥¤±² -

¢¨²¼ ¢ ¢¨¤¥ ®¡º¥¤¨¥¨¿ (ª®²¨³³¬ ) ¯®¯ °® ¥¯¥°¥±¥ª ¾¹¨µ±¿

ª« ±±®¢ P(ord); ord 2 [0; 1], ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥©

P =
[

ord2[0; 1]

P(ord); (26�)

£¤¥ ord{¤¢®¨·®¥ ·¨±«® ¨§ [0; 1], ®¯°¥¤¥«¿¾¹¥¥ À²®·³¾Á ³¯®°¿¤®-

·¥®±²¼ ° ±¯°¥¤¥«¥¨¿ ¢®§¬®¦®±²¨ P (�) 2 P(ord), ®¯°¥¤¥«¥³¾

«¨¸¼ ®²®¸¥¨¿¬¨7 À=Á s À0Á ¨ À>Á s À1Á (±¬. ° §¤¥« 3). � -

¦¤»© ª« ±± P(ord); ord 2 [0; 1], ®¯°¥¤¥«¿¥² À¥¯°¨¢®¤¨¬³¾Á ¬®¤¥«¼

� ª ª ª« ±± ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²»µ ¯°®±²° ±²¢ P(ord) =

f(
; P(
); P ); P 2 P(ord)g, ord 2 [0; 1]. �°¨ ½²®¬ P =
S

ord2[0;1]

P(ord).

�±«¨ P{«¾¡ ¿ ¢®§¬®¦®±²¼ ¨§ P(ord), ²® P(ord) = f � P; � 2 �g,

  ¥±«¨ b
P 2 P(0:11::: ), ²® ¤«¿ «¾¡®£® ord 2 [0; 1] ¬®¦® ³ª § ²¼ ª« ±±

5�±«¨ Pr t> P , ²® 8 2 � Pr t>  � P
6�« ±±» P(Pr);Pr 2 Pr ¨ Pr(P ); P 2 P, ¯®¤°®¡® ° ±±¬®²°¥» ¢ ° §¤¥«¥ 3
7� ¯°¨¬¥°, 0:01110 : : : ±®®²¢¥²±²¢³¥² 1 = p1 = p2 > p3 > p4 > p5 = p6, £¤¥

À®«¼Á ¯¥°¥¤ À²®·ª®©Á ±®®²¢¥²±²¢³¥² ¢±¥£¤  ¢¥°®¬³ ° ¢¥±²¢³ 1 = p1
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e�(ord) ½¤®¬®°´¨§¬®¢ e : L ! L, ² ª¨µ, ·²® P(ord) = fe � bP ; e� 2
�(ord)�g.

� ¤°³£®© ±²®°®», ª ª ¯®ª § ® ¢ ° §¤¥«¥ 3, ° §¡¨¥¨¾ (26�)

¢§ ¨¬® ®¤®§ ·® ±®®²¢¥²±²¢³¥² ° §¡¨¥¨¥ ª« ±±  Pr:

Pr =
[

ord2[0; 1]

Pr(ord); (27�)

  ª« ±±» ¢¥°®¿²®±²¥© Pr(ord), ord 2 [0; 1], ¯°¨·¥¬ ² ª, ·²® «¾¡ ¿

¢®§¬®¦®±²¼ P 2 P(ord), ¬ ª±¨¬ «¼® ±®£« ±®¢   ±® ¢±¥¬¨ ¢¥°®¿²-

®±²¿¬¨ Pr 2 Pr(ord), ¨ ²®«¼ª® ± ¨¬¨, ord 2 [0; 1]. �²®² ´ ª² ¯®§¢®-

«¨² ±¢¥±²¨ § ¤ ·³ ½ª±¯¥°¨¬¥² «¼®£® ®¯°¥¤¥«¥¨¿ ¢®§¬®¦®±²¨ ª

§ ¤ ·¥ ¯°®¢¥°ª¨ ±² ²¨±²¨·¥±ª¨µ £¨¯®²¥§ ®¡ ³¯®°¿¤®·¥®±²¨ ° ±-

¯°¥¤¥«¥¨¿ ¢¥°®¿²®±²¥©.

� § ª«¾·¥¨¥ § ¬¥²¨¬, ·²®, ¥±«¨ °¥·¼ ¨¤¥² ® ²¥®°¥²¨ª®-

¢¥°®¿²®±²®¬ À¯°®²®²¨¯¥Á ¢®§¬®¦®±²¨, ²® ¢ ²®¬ ±«³· ¥ ª®£¤  ¬ -

²¥¬ ²¨·¥±ª ¿ ¬®¤¥«¼ � ®¯°¥¤¥«¥  ª ª ¢¥°®¿²®±²®¥ ¯°®±²° ±²¢®

(
; P(
); Pr), «¾¡ ¿ ±®£« ±®¢  ¿ ± ¥© ²¥®°¥²¨ª®-¢®§¬®¦®±² ¿

¬®¤¥«¼ (
; P(
); P ) ¥ ¡³¤¥² ¢®±²°¥¡®¢  , ¨¡® ¢ ½²®¬ ±«³· ¥ ¯®«-

®±²¼¾ ®¯°¥¤¥«¥®© ¢¥°®¿²®±²¨ Pr(�) : P(
) ! [0; 1] ¬®¤¥«¼

(
; P(
);Pr) ±®¤¥°¦¨² ¢±¥, ·²® ¬®¦® ¨§¢«¥·¼ ¨§ (
; P(
); P ).

�®, ° §³¬¥¥²±¿, ²¥®°¥²¨ª®-¢®§¬®¦®±² ¿ ¬®¤¥«¼ (
; P(
); P ) ¥

®¡¿§   ¨¬¥²¼ ²¥®°¥²¨ª®-¢¥°®¿²®±²»© À¯°®²®²¨¯Á. �®«¥¥ ²®£®,

²¥®°¥²¨ª®-¢®§¬®¦®±²»¥ ¬®¤¥«¨ ª ª ° § µ ° ª²¥°» ¤«¿ À¥·¥²-

ª¨µÁ, À° §¬»²»µÁ ¨ ².¯. ®¡º¥ª²®¢ ¨ ¿¢«¥¨©, [3], ¥ ±®¤¥°¦ ¹¨µ µ®-

°®¸® ®¯°¥¤¥«¥®© ±²®µ ±²¨·¥±ª®© ª®¬¯®¥²».

�¬¥±²¥ ± ²¥¬, ª ª ¡³¤¥² ¯®ª § ® ¢ ° §¤¥«¥ 3,  «¨·¨¥ ±²®µ -

±²¨·¥±ª®£® À¯°®²®²¨¯ Á ®²ª°»¢ ¥² ¯³²¼ ½ª±¯¥°¨¬¥² «¼®£® ®¯°¥-

¤¥«¥¨¿ ²¥®°¥²¨ª®-¢®§¬®¦®±²®© ¬®¤¥«¨. �® ¢ · «¥ ° ±±¬®-

²°¨¬ ²®, ·²® ¬®¦®  §¢ ²¼ ¯°¨¶¨¯®¬ ±®®²¢¥²±²¢¨¿ ²¥®°¥²¨ª®-

¢®§¬®¦®±²®© ¬®¤¥«¨ ¬®¤¥«¨ ²¥®°¥²¨ª®-¢¥°®¿²®±²®©. �¥·¼ ¯®©-

¤¥² ®¡ ³±«®¢¨¿µ ±®£« ±®¢ ®±²¨ ª« ±±®¢ ¢®§¬®¦®±²¥© ± ª« ±± ¬¨

¢¥°®¿²®±²¥©, ²¥®°¥²¨ª®-¢®§¬®¦®±²®© ¥§ ¢¨±¨¬®±²¨ ± ¥§ ¢¨±¨-

¬®±²¼¾ ²¥®°¥²¨ª®-¢¥°®¿²®±²®© ¨ ².¯.
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1. �±«®¢¨¿ ±®£« ±®¢ ®±²¨ ª« ±±  P ± ª« ±-

±®¬ Pr

� ½²®¬ ¯ ° £° ´¥ ¯°¥¤±² ¢«¥» ¥ª®²®°»¥ ±¢®©±²¢  ª« ±±  Pr

¢¥°®¿²®±²¥©, ®¯°¥¤¥«¥®£® ³±«®¢¨¥¬ (3), ¯®§¢®«¿¾¹¨¥ ³¡¥¤¨²¼±¿

¢  ®±¨°®¢ ®© ¢® ¢¢¥¤¥¨¨ ±®£« ±®¢ ®±²¨ ª« ±±  P ¢®§¬®¦-

®±²¥©, ³¤®¢«¥²¢®°¿¾¹¨µ ³±«®¢¨¾ (5), ± ª« ±±®¬ Pr, ®¯°¥¤¥«¥»¬

³±«®¢¨¥¬ (3).

�³¤¥² ¯®ª § ®, ·²® ¤«¿ ¢®§¬®¦®±²¨ P (�) : P(
) ! [0; 1], ®¯°¥-

¤¥«¥®© ¢ (4), ²°¥¡®¢ ¨¿ (6) ¿¢«¿¾²±¿ ±«¥¤±²¢¨¥¬ ³±«®¢¨© (3) ¨ (5),

ª®²®°»¥ ¨ ®¯°¥¤¥«¿¾² ±®£« ±®¢ ®±²¼ P ± Pr. �°¨ ½²®¬ °¥¸ ¾¹¥¥

§ ·¥¨¥ ¨¬¥¥² ±«¥¤³¾¹¨© ´ ª².

�¥¬¬  1. �³±²¼ A =
[
i2IA

f!aig, B =
[
i2IB

f!big { ¥ª®²®°»¥ ¯®¤-

¬®¦¥±²¢  
, £¤¥8 IA , f1; 2; : : : ; iAg � I, IB , f1; 2; : : : ; iBg �
I , f1; 2; :::g, ¯°¨·¥¬ ¥ ¨±ª«¾· ¾²±¿ ±«³· ¨ iA = 1, iB = 1,

a1 < a2 < : : : , b1 < b2 < : : : . �®£¤  Pr(A) 6 Pr(B) (Pr(A) = Pr(B))

¯°¨ «¾¡»µ § ·¥¨¿µ ¢¥°®¿²®±²¥© pr1; pr2; : : : ; pri , Pr(f!ig),
i = 1; 2; : : : , ³¤®¢«¥²¢®°¿¾¹¨µ ³±«®¢¨¾ (3), ¥±«¨ ¨ ²®«¼ª® ¥±«¨

IA � IB ¨ 8i 2 IA \ IB ai > bi

(IA = IB ¨ 8i 2 IA = IB ai = bi; ):
(7)

�®ª § ²¥«¼±²¢®. �®±² ²®·®±²¼. �®£« ±® ³±«®¢¨¿¬ (7),(4) prai 6

prbi , i 2 IA \ IB = IA, ¯®½²®¬³ Pr(B) =
P
i2IA

prbi +
P

i2IBnIA

prbi >P
i2IA

prai +
P

i2IBnIA

prbi >
P
i2IA

prai = Pr(A).

�±«¨ ai = bi; i 2 IA = IB , ²®, ®·¥¢¨¤®, Pr(A) = Pr(B) ¯°¨ «¾¡»µ

pr1 > pr2 > : : : .

�¥®¡µ®¤¨¬®±²¼. �³±²¼  °³¸¥® ¯¥°¢®¥ ³±«®¢¨¥ (7), ²® ¥±²¼

¯³±²¼ IA � IB, IA 6= IB . �®¦¥±²¢® IB ¢ ² ª®¬ ±«³· ¥ ª®¥·®,

iB < 1, IA \ IB = IB ¨IA n IB 6= ?. �®ª ¦¥¬, ·²® ¯°¨ ² ª®¬ ³±«®-

¢¨¨ ¥° ¢¥±²¢® Pr(A) 6 Pr(B) ¥ ¬®¦¥² ¡»²¼ ¢»¯®«¥® ¯°¨ ¢±¥µ

8I { ¬®¦¥±²¢® ·¨±¥«  ²³° «¼®£® °¿¤ ; ¥±«¨ iA =1, ²® IA = I, ¥±«¨ IA � I,
IA 6= I, ²® IA { ª®¥·®¥ ¯®¤¬®¦¥±²¢® I.



36 �.�. �»²¼¥¢

§ ·¥¨¿µ ¢¥°®¿²®±²¥©, ®£° ¨·¥»µ «¨¸¼ ³±«®¢¨¥¬ (3). �»¡¥°¥¬

¢ ±¨«³ ³±«®¢¨¿ (3) prj = q = const ¤«¿ j = 1; 2; : : : ; aiB , ¯°¨·¥¬

² ª, ·²®¡» q � praiB
< 1, ²®£¤  prai = prbi = q ¤«¿ i = 1; 2; : : : ; iB ,

¨¡® bi 6 ai, i 2 IB. �°¨ ² ª®¬ ¢»¡®°¥ ¢¥°®¿²®±²¥© Pr(A)�Pr(B) =P
i2IB

(prai � prbi)+
P

i2IAnIB

prai =
P

i2IAnIB

prai > 0. �®±«¥¤¥¥ ¥° ¢¥±²¢®

¡³¤¥² ¢»¯®«¥®, ¥±«¨ ¢»¡° ²¼ praiB+1
> 0, ¢®§¬®¦®±²¼ ² ª®£® ¢»-

¡®°  ±«¥¤³¥² ¨§ ³±«®¢¨© IA n IB 6= ? ¨ q � praiB
< 1. �² ª, ¢ ½²®¬

±«³· ¥ ¥° ¢¥±²¢® Pr(A) 6 Pr(B) ¥ ¬®¦¥² ¡»²¼ ¢»¯®«¥® ¤«¿

¢±¥µ pr1 > pr2 > : : : .

�³±²¼ ²¥¯¥°¼ IA � IB, ²® ¥±²¼ IA = f1; 2; : : : ; iAg �
f1; 2; : : : ; iBg = IB , £¤¥ iA 6 iB , ¯°¨·¥¬, ¢®§¬®¦®, iA = 1 ¨ (¨«¨)

iB = 1, ® ¢²®°®¥ ³±«®¢¨¥ (7)  °³¸¥®: ai > bi, i = 1; : : : ; k � 1,

ak < bk, ai > bi, i = k + 1; : : : ; iA. �®ª ¦¥¬, ·²® ¨ ¢ ½²®¬ ±«³· ¥

¥° ¢¥±²¢® Pr(A) 6 Pr(B) ¥ ¢»¯®«¿¥²±¿ ¤«¿ ¥ª®²®°»µ § ·¥-

¨© ¢¥°®¿²®±²¥© pr1 > pr2 > : : : . �»¡¥°¥¬ ¢¥°®¿²®±²¨ ±«¥¤³¾¹¨¬

®¡° §®¬: pri = q = const ¤«¿ i = 1; 2; : : : ; ak�1, prak > prbk + �,

� > 0,
P
i>bk

pri < ", " > 0 (ak�1 < ak < bk < bk+1 6 ak+1!). �°¨

½²®¬ Pr(A) 6 1, Pr(B) 6 1, ¥±«¨ q � prak�1
+ prak 6 1 � " � �, ¨

Pr(A) � Pr(B) =
P
i2IA

(prai � prbi) �
P

i2IBnIA

prbi =

k�1X
i=1

(prai � prbi) +

(prak � prbk) +

iAX
i=k+1

(prai � prbi) �
X
i>iA

prbi > � � " > 0, ¥±«¨ ¢»¡° ²¼

� > ", ¨¡® ±« £ ¥¬®¥

k�1X
i=1

(prai � prbi) ° ¢® ³«¾, prak � prbk > �,  

¢±¥ ®±² «¼»¥ ±« £ ¥¬»¥ ¥ ¬¥¼¸¥ �" (� ¬®¦® ¢»¡¨° ²¼ > ", ¨¡®

" > 0 ¬®¦® ¢»¡¨° ²¼ ±ª®«¼ ³£®¤® ¬ «»¬).

� ª®¥¶, ¥±«¨ Pr(A) = Pr(B) ¯°¨ «¾¡»µ pr1 > pr2 > : : : , ²®,

®·¥¢¨¤®, ¤®«¦» ¡»²¼ ¢»¯®«¥» ³±«®¢¨¿ ai = bi, i 2 IA = IB.

� ¬¥· ¨¥. �¥¬¬  1 ¢ ¤ ®© ´®°¬³«¨°®¢ª¥ ¢¥°  ¯°¨ «¾¡®© ³¯®-

°¿¤®·¥®±²¨ pr1; pr2; : : : , ¯®«³· ¥¬®© ¨§ (3) ¯³²¥¬ § ¬¥» À6Á  

¯°®¨§¢®«¼³¾ ª®¬¡¨ ¶¨¾ À6Á ¨ À<Á.

�²®¡» ³¡¥¤¨²¼±¿ ¢ ½²®¬, ¤®±² ²®·® ¨§¬¥¨²¼ ¤®ª § ²¥«¼±²¢®
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¥®¡µ®¤¨¬®±²¨ «¨¸¼ ¢ ²®© · ±²¨, £¤¥ ¨±¯®«¼§®¢ » ° ¢¥±²¢  prj =

q = const, j = 1; 2; : : : ,   ¨¬¥®, ° ¢¥±²¢  ±«¥¤³¥² § ¬¥¨²¼   ¥-

° ¢¥±²¢  pr1 > pr2 > : : : > prk ¨ ¢®±¯®«¼§®¢ ²¼±¿ ²¥¬, ·²® ° §®±²¼

pr1 � prk > 0 ¬®¦¥² ¡»²¼ ±¤¥«   ±ª®«¼ ³£®¤® ¬ «®©.

�«¿ ¤ «¼¥©¸¥£® ±³¹¥±²¢¥  «¨¸¼ ²  · ±²¼ «¥¬¬» 1, ª®²®° ¿

®²®±¨²±¿ ª ¥®¡µ®¤¨¬®±²¨. �´®°¬³«¨°³¥¬ ¥¥ ±«¥¤³¾¹¨¬ ®¡° §®¬:

¥±«¨ Pr(A) 6 Pr(B) ¯°¨ «¾¡»µ § ·¥¨¿µ pri, i = 1; 2; :::, ³¤®¢«¥²¢®-

°¿¾¹¨µ ³±«®¢¨¾ (3), ²® i(A) , min
!i2A

i = a1 > b1 = min
!i2B

i , i(B).

�¥®¡µ®¤¨¬®±²¼ ½²®£® ³±«®¢¨¿ «¥£ª® ¢¨¤¥²¼ , ¥ ®¡° ¹ ¿±¼ ª �¥¬-

¬¥ 1. �¥©±²¢¨²¥«¼®, ¥±«¨ a1 < b1, ²®, ¢»¡° ¢ ¢ ±®£« ±¨¨ ± (3)

pr1 = : : : = pra1 = 1=a1, pra1+1 = pra1+2 = : : : = 0,  ©¤¥¬:

Pr(A) > pra1 = 1=a1 > 0 = Pr(B).

�¥®°¥¬  1. �±«¨ 
 = f!1; !2; : : : g, pri , Pr(f!ig), pi , P (f!ig),
i = 1; 2; : : : , ¨ ¢»¯®«¥» ³±«®¢¨¿ (3) ¨ (5), ²® ¥° ¢¥±²¢® Pr(A) ,P
i: !i2A

pri 6
P

i: !i2B

pri , Pr(B) ¤«¿ ¢¥°®¿²®±²¥© ¨±µ®¤®¢ A ¨ B, ¢¥°-

®¥ ¯°¨ «¾¡»µ § ·¥¨¿µ ¢¥°®¿²®±²¥© pr1; pr2; : : : , ³¤®¢«¥²¢®°¿-

¾¹¨µ ³±«®¢¨¾ (3), ¢«¥·¥² ¥° ¢¥±²¢® P (A) , sup
i: !i2A

pi 6 sup
i: !i2B

pi ,

P (B) ¤«¿ ¢®§¬®¦®±²¥© A ¨ B ¯°¨ «¾¡»µ § ·¥¨¿µ ¢®§¬®¦®±²¥©

p1; p2; : : : , ³¤®¢«¥²¢®°¿¾¹¨µ ³±«®¢¨¾ (5).

�®ª § ²¥«¼±²¢®. sup
i: !i2A

pi = pi(A) 6 pi(B) = sup
i: !i2B

pi.

�² ª, ª« ±± P ¢®§¬®¦®±²¥©, ®¯°¥¤¥«¥»µ ´®°¬³«®© (4), ±®-

£« ±®¢  ± ª« ±±®¬ Pr ¢¥°®¿²®±²¥©, ®¯°¥¤¥«¥»µ ´®°¬³«®© (1),

²¥®°¥²¨ª®-¢®§¬®¦®±² ¿ ¬®¤¥«¼ � P = f(
; P(
); P ); P 2
Pg ±®£« ±®¢   ± ¥£® ²¥®°¥²¨ª®-¢¥°®¿²®±²®© ¬®¤¥«¼¾ Pr =

f(
; P(
); Pr); Pr 2 Prg, ²°¥¡®¢ ¨¿ ³¯®°¿¤®·¥®±²¨ (3) ¨ (5) ¿¢«¿-
¾²±¿ ³±«®¢¨¿¬¨ ±®£« ±®¢ ®±²¨.

� ¬¥· ¨¥. �¥ ±«¥¤³¥² ¤³¬ ²¼, ·²® ±®£« ±®¢ ®±²¼ P ± Pr ®¯°¥-

¤¥«¿¥² ±®®²¢¥²±²¢¨¥ Pr(�) ! P (�) Pr(�) 2 Pr, P (�) 2 P, ¯°¨ ª®²®°®¬

¢®§¬®¦®±²¼ P (A) ±®®²¢¥²±²¢³¥² ¢¥°®¿²®±²¨ Pr(A), A 2 P(
). �®-
£« ±®¢ ®±²¼ P ± Pr ®¯°¥¤¥«¿¥² ±®®²¢¥²±²¢¨¥ ³¯®°¿¤®·¥®±²¥©

(6), ±®£« ±® ª®²®°®¬³ (±¬. ²¥®°¥¬³ 1) ¯° ¢¨«³ ±³¬¬¨°®¢ ¨¿ ¢¥°®-

¿²®±²¥© (1) ±®®²¢¥²±²¢³¥² ¯° ¢¨«® À±³¬¬¨°®¢ ¨¿Á ¢®§¬®¦®-
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±²¥©
9 (4).

�  °¨±. 1, 2, 3 ³±«®¢¨¿ (3) ¨ (5) ¯°®¨««¾±²°¨°®¢ »   ¯°¨-

¬¥°¥, ¢ ª®²®°®¬ 
 = f!1; !2; !3g. �  °¨±. 1 Pr123 � Pr =

f(pr1; pr2; pr3) 2 R3; pr1 + pr2 + pr3 = 1; 1 > pr1 > pr2 > pr3 > 0g,
P
123 � P = f(p1; p2; p3) 2 R3; 1 = p1 > p2 > p3 > 0g. Pr { ®¤¨

¨§ ¸¥±²¨10 À²°¥³£®«¼¨ª®¢ ¢¥°®¿²®±²¥©Á Prijk = f(pr1; pr2; pr3) 2
R3; pr1 + pr2 + pr3 = 1; 1 > pri > prj > prk > 0g, i 6= j 6= k 6= i,

i; j; k = 1; 2; 3, ®¡° §³¾¹¨µ ¯®ª°»²¨¥ À²°¥³£®«¼¨ª  ¢±¥µ ¢¥°®¿²®-

±²¥©Á Pr� , f(pr1; pr2; pr3) 2 R3; pr1 + pr2 + pr3 = 1; pr1 > 0; pr2 >

0; pr3 > 0g =
[

i; j; k=1; 2; 3
i6=j 6=k 6=

Prijk. � ¦¤®¬³ À²°¥³£®«¼¨ª³ ¢¥°®¿²®±²¥©Á

Prijk ³±«®¢¨¿ ±®£« ±®¢ ®±²¨ ³¯®°¿¤®·¥®±²¥© ° ±¯°¥¤¥«¥¨©,   -

«®£¨·»¥ (3) ¨ (5), ±² ¢¿² ¢ ±®®²¢¥²±²¢¨¥ À²°¥³£®«¼¨ª ¢®§¬®¦®-

±²¥©Á Pijk = f(p1; p2; p3) 2 R3; 1 = pi > pj > pk > 0g, i 6= j 6= k 6= i,

i; j; k = 1; 2; 3. � · ±²®±²¨, ²°¥³£®«¼¨ª³ Pr = Pr123 ³±«®¢¨¿¬¨ (3),

(5) ±®¯®±² ¢«¥ ²°¥³£®«¼¨ª P = P
123. À�°¥³£®«¼¨ª¨ ¢®§¬®¦®±²¥©Á

®¡° §³¾² À¯®ª°»²¨¥ ª« ±±  ¢±¥µ ¢®§¬®¦®±²¥©Á P� =
[

i; j; k=1; 2; 3
i6=j 6=k 6=i

P
ijk.

2. �®£« ±®¢ ®±²¼ ²¥®°¥²¨ª®-¢®§¬®¦®±²-

®© ¥§ ¢¨±¨¬®±²¨ ±® ±²®µ ±²¨·¥±ª®© ¥-

§ ¢¨±¨¬®±²¼¾

� ±±¬®²°¨¬ ¢®¯°®± ® ±¢¿§¨ ¬¥¦¤³ ²¥®°¥²¨ª®-¢¥°®¿²®±²»¬

¨ ²¥®°¥²¨ª®-¢®§¬®¦®±²»¬  ±¯¥ª² ¬¨ ¯®¿²¨¿ ¥§ ¢¨±¨¬®±²¨.

�² ¤ °²®© ²¥®°¥²¨ª®-¢¥°®¿²®±²®© ¬®¤¥«¼¾ ¤¢³µ ½ª±¯¥°¨¬¥-

²®¢ �(1) ¨ �(2) ¿¢«¿¥²±¿ ¢¥°®¿²®±²®¥ ¯°®±²° ±²¢®

9� [2] P (A) = sup
i: !i2A

pi , +++
i: !i2A

pi.

10� ° ±±¬ ²°¨¢ ¥¬®¬ ¯°¨¬¥°¥ §¤¥±¼ ¨ ¢±¾¤³ ¤ «¥¥ ¢¥°®¿²®±²¼ Pr (¢®§-

¬®¦®±²¼ P ) ¤«¿ ³¯°®¹¥¨¿ ´®°¬³«¨°®¢®ª À®²®¦¤¥±²¢«¿¥²±¿Á ± ²®·ª®© pr ,

(pr1; pr2; pr3) 2 Pr� � R3 (± ²®·ª®© p , (p1; p2; p3) 2 P� � R3), ®¯°¥¤¥«¿¾-

¹¥© ¥¥ ° ±¯°¥¤¥«¥¨¥, ²°¥³£®«¼¨ª Pr (P) ¨ ¥£® ¯®¤¬®¦¥±²¢  ®¡®§ · ¾² ª ª

¬®¦¥±²¢  ° ±¯°¥¤¥«¥¨© ¢¥°®¿²®±²¥© (¢®§¬®¦®±²¥©), ² ª ¨ ±®®²¢¥²±²¢³¾¹¨¥

¬®¦¥±²¢  ¢¥°®¿²®±²¥© (¢®§¬®¦®±²¥©).
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�¨±. 1. �« ±±» (° ±¯°¥¤¥«¥¨©) ¢¥°®¿²®±²¥© Pr = Pr123 ¨ ¢®§¬®¦-

®±²¥© P = P
123 ¢ ±«³· ¥ 
 = f!1; !2; !3g, pr1 > pr2 > pr3 > 0,

pr1 + pr2 + pr3 = 1, 1 = p1 > p2 > p3 > 0.

(
; P(
); Pr) = (
(1) � 
(2)
; P(
(1) � 
(2)); Pr); (8)

o¯°¥¤¥«¥®¥ ª ª ¯°®¨§¢¥¤¥¨¥ ¢¥°®¿²®±²»µ ¯°®±²° ±²¢

(
(1)
; P(
(1)); Pr(1)) ¨ (
(2)

; P(
(2)); Pr(2)), ¿¢«¿¾¹¨µ±¿ ²¥®°¥²¨ª®-

¢¥°®¿²®±²»¬¨ ¬®¤¥«¿¬¨ �(1) ¨ �(2) ±®®²¢¥²±²¢¥®. �ª±¯¥°¨¬¥²,

¢»¯®«¥¨¥ ª®²®°®£® ®§ · ¥² ¢»¯®«¥¨¥ �(1) ¨ �(2), ®¡®§ ·¨¬

� = �(1)��(2). � ¥£® ¬®¤¥«¨ (8) 
(1)�
(2) { ¬®¦¥±²¢® ¢±¥µ ³¯®°¿¤®-

·¥»µ ¯ ° (!
(1)
i1
; !

(2)
i2
), ®¯°¥¤¥«¿¾¹¨µ ½«¥¬¥² °»¥ ¨±µ®¤» �, ®²¢¥-

· ¾¹¨¥ ½«¥¬¥² °»¬ ¨±µ®¤ ¬ !

(1)
i1

2 
(1), !
(2)
i2

2 
(2) ½ª±¯¥°¨¬¥²®¢

�(1) ¨ ±®®²¢¥²±²¢¥® �(2), £¤¥ i� ¯°®¡¥£ ¥² ª®¥·®¥ ¨«¨ ¡¥±ª®¥·-

®¥ ¬®¦¥±²¢® § ·¥¨© I(�) = f1; 2; : : : g, � = 1; 2. P(
(1) � 
(2)) {

ª« ±± ¢±¥µ ¯®¤¬®¦e±²¢ (
(1)�
(2)), ¯°¥¤±² ¢«¿¾¹¨µ ¢±¥ ¬»±«¨¬»¥

¨±µ®¤» �.

�¯°¥¤¥«¨¬ ¢¥°®¿²®±²¼ Pr ¥¥ § ·¥¨¿¬¨   ½«¥¬¥² °»µ ¨±µ®-

¤ µ � ° ¢¥±²¢ ¬¨
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�¨±. 2. À�°¥³£®«¼¨ª ¢±¥µ ¢¥°®¿²®±²¥©Á Pr� =
[
i; j; k

i6=j 6=k 6=i

Prijk, ²°®©-

ª  ijk ®¡®§ · ¥² ³¯®°¿¤®·¥®±²¼ pri > prj > prk, ®¯°¥¤¥«¿¾¹³¾

À²°¥³£®«¼¨ª ¢¥°®¿²®±²¥©Á Prijk.

pri1;i2 , Pr(f(!
(1)
i1
; !

(2)
i2
)g) = pr

(1)
i1
� pr

(2)
i2
,

, (Pr(1) � Pr(2))(f(!
(1)
i1

; !

(2)
i2
)g); i� 2 I(�); � = 1; 2; (9)

£¤¥ pr
(�)
i�
, Pr(�)(f!

(�)
i�
g) { ¢¥°®¿²®±²¼ ½«¥¬¥² °®£® ¨±µ®¤  !

(�)
i�

2


(�) ½ª±¯¥°¨¬¥²  �(�), � = 1; 2. �°¨ ½²®¬ ¢¥°®¿²®±²¼ «¾¡®£® ¨±-

µ®¤  A � 
(1) � 
(2) ½ª±¯¥°¨¬¥²  � ®¯°¥¤¥«¨²±¿ ´®°¬³«®©

Pr(A) =
X

(i1; i2):

(!
(1)

i1
; !

(2)

i2
)2A

pr
(1)
i1
� pr

(2)
i2
: (10)

�®£« ±® ° ¢¥±²¢ ¬ (9) ½ª±¯¥°¨¬¥²» �(1) ¨ �(2), ±®±² ¢«¿¾-

¹¨¥ �, ±²®µ ±²¨·¥±ª¨ ¥§ ¢¨±¨¬» ¢ (
; P(
); Pr) (8),(±°. ± (2)), [1].

�¥©±²¢¨²¥«¼®, ¤«¿ «¾¡®£® ¨±µ®¤  C = A
(1) � A

(2) , f(!
(1)
i1
; !

(2)
i2
) 2


(1) � 
(2), !

(1)
i1

2 A
(1) � 
(1), !

(2)
i2

2 A
(2) � 
(2)g ½ª±¯¥°¨¬¥²  �,

¯°¥¤±² ¢«¿¾¹¥£® ¨±µ®¤» A
(1) ¨ A

(2) ½ª±¯¥°¨¬¥²®¢ �(1) ¨ �(2),
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�¨±. 3. À�°¥³£®«¼¨ª¨ ¢®§¬®¦®±²¥©Á, ²°®©ª  ijk ®¡®§ · ¥² ³¯®°¿-

¤®·¥®±²¼ 1 = pi > pj > pk, ®¯°¥¤¥«¿¾¹³¾ À²°¥³£®«¼¨ª ¢®§¬®¦-

®±²¥©Á Pijk, i 6= j 6= k 6= i, i; j; k = 1; 2; 3; P� =
[
i; j; k

i6=j 6=k 6=i

P
ijk { ª« ±±

¢±¥µ ¢®§¬®¦®±²¥©.

Pr(C) , (Pr(1) � Pr(2))(C) ,
X

i1: !
(1)

i1
2A(1)

i2: !
(2)

i2
2A(2)

pr
(1)
i1
� pr

(2)
i2

=

=

 X
i1: !

(1)

i1
2A(1)

pr
(1)
i1

!
�

 X
i2: !

(2)

i2
2A(2)

pr
(2)
i2

!
= Pr(1)(A(1)) � Pr(2)(A(2)):

(11)

� ¤°³£®© ±²®°®» ¨±µ®¤ ¬ A
(1) ¨ A

(2) ½ª±¯¥°¨¬¥²®¢ �(1) ¨ �(2)

±®®²¢¥²±²¢³¾² ¨±µ®¤» C1 = A
(1) � 
(2) ¨ C2 = 
(1) � A

(2) ½ª±¯¥°¨-

¬¥²  �, ¯°¨·¥¬ (c¬. °¨±. 5)
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Pr(C1) = (Pr(1) � Pr(2))(C1) =
X

i1: !
(1)

i1
2A(1)

i2: !
(2)

i2
2
(2)

pr
(1)
i1
� pr

(2)
i2

= Pr(1)(A(1));

Pr(C2) = Pr(2)(A(2)):

(12)

� ¯®±ª®«¼ª³ C = A
(1) �A

(2) = (A(1) � 
(2)) \ (
(1) �A
(2)) = C1 \C2,

²® ±®£« ±® (11), (12)

Pr(C1 \ C2) = Pr(C1) � Pr(C2); (13)

²® ¥±²¼ ¨±µ®¤» C1 ¨ C2 ½ª±¯¥°¨¬¥²  �, ¯°¥¤±² ¢«¿¾¹¨¥ ±®®²¢¥²-

±²¢¥® ¨±µ®¤» A
(1) ¨ A

(2) ½ª±¯¥°¨¬¥²®¢ �(1) ¨ �(1) ¢ (
; P(
); Pr),

±²®µ ±²¨·¥±ª¨ ¥§ ¢¨±¨¬».

�³±²¼ ²¥¯¥°¼ ¬®¤¥«¿¬¨ �(1) ¨ �(2) ¿¢«¿¾²±¿ ¥ ª®-

ª°¥²»¥ ¢¥°®¿²®±²»¥ ¯°®±²° ±²¢  (
(1)
; P(
(1)); Pr(1)) ¨

(
(2)
; P(
(2)); Pr(2)),   ª« ±±»

Pr (1) =f(
(1)
; P(
(1)); Pr(1)); Pr(1) 2 Pr(1)g;

Pr (2) =f(
(2)
; P(
(2)); Pr(2)); Pr(2) 2 Pr(2)g;

£¤¥ Pr(�) { ª« ±± ¢¥°®¿²®±²¥©, ³¤®¢«¥²¢®°¿¾¹¨µ ³±«®¢¨¿¬ (3)

pr
(�)
1 > pr

(�)
2 > : : : > 0, pr

(�)
1 + pr

(�)
2 + : : : = 1, � = 1; 2,   ¬®¤¥-

«¼¾ � = �(1) � �(2) ¿¢«¿¥²±¿ ª« ±± Pr = Pr (1) � Pr (2) , f(
(1) �

(2)

; P(
(1) � 
(2)); Pr = Pr(1) � Pr(2)); Pr 2 Pr , Pr(1) � Pr(2)g, £¤¥
¢ª«¾·¥¨¥ Pr = Pr(1) � Pr(2) 2 Pr(1)�Pr(2) ®§ · ¥² ¯® ®¯°¥¤¥«¥¨¾,
·²® Pr(1) 2 Pr(1), Pr(2) 2 Pr(2).

�®£¤  ¤«¿ «¾¡»µ ¨±µ®¤®¢ C1 = A
(1) � 
(2), C2 = 
(1) � A

(2) ½ª±-

¯¥°¨¬¥²  �, ±®®²¢¥²±²¢³¾¹¨µ ¨±µ®¤ ¬ A
(1) ¨ A

(2) ½ª±¯¥°¨¬¥²®¢

�(1) ¨ �(2), ª ª ¢ (13),

Pr(C1 \ C2) = Pr(C1) � Pr(C2)

¤«¿ «¾¡®© ¢¥°®¿²®±²¨ Pr = Pr(1) � Pr(2) 2 Pr(1) � Pr(2). � ª¨¥ ½ª±-
¯¥°¨¬¥²» �(1) ¨ �(2) ±®±² ¢«¿¾¹¨¥ � = �(1)��(2) , ² ª¦¥  §®¢¥¬

±²®µ ±²¨·¥±ª¨ ¥§ ¢¨±¨¬»¬¨.
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�«¥¤³¾¹ ¿ «¥¬¬  ¯®§¢®«¨² ³±² ®¢¨²¼ ±¢¿§¼ ¬¥¦¤³ ² ª

®¯°¥¤¥«¥®© ±²®µ ±²¨·¥±ª®© ¥§ ¢¨±¨¬®±²¼¾ ¨ ¥¥ ²¥®°¥²¨ª®-

¢®§¬®¦®±²»¬   «®£®¬.

�¥¬¬  2. �±«¨ ¯°¨ «¾¡»µ ¢¥°®¿²®±²¿µ pr
(�)
i�

, i� 2 I(�), ³¤®¢«¥-

²¢®°¿¾¹¨µ ³±«®¢¨¿¬

pr
(�)
1 > pr

(�)
2 > : : : > 0; pr

(�)
1 + pr

(�)
2 + : : : = 1; � = 1; 2; (14)

¤«¿ ¥ª®²®°»µ A; B � 
(1) � 
(2)
,

Pr(A) ,
X

i1;i22I(A)

pr
(1)
i1
� pr

(2)
i2
6

X
i1;i22I(B)

pr
(1)
i1
� pr

(2)
i2
, Pr(B); (15)

£¤¥ I(C) , f(i1; i2) 2 I(1) � I(2); (!
(1)
i1
; !

(2)
i2
) 2 Cg, C � 
(1) � 
(2)

, ²®

¯°¨ «¾¡»µ pr
(�)
i�

, i� 2 I(�), � = 1; 2, ³¤®¢«¥²¢®°¿¾¹¨µ ³±«®¢¨¿¬ (14),

¤«¿ ½²¨µ A; B :

sup
(i1;i2)2I(A)

min(pr
(1)
i1
;pr

(2)
i2
) 6 sup

(i1;i2)2I(B)

min(pr
(1)
i1
;pr

(2)
i2
); (16)

�®ª § ²¥«¼±²¢®. �®ª ¦¥¬, ·²® ¥±«¨ ±³¹¥±²¢³¾² ¢¥°®¿²®±²¨

pr
(�)
i�
, i� 2 I(�), � = 1; 2, ³¤®¢«¥²¢®°¿¾¹¨¥ ³±«®¢¨¿¬ (15), ² ª¨¥, ·²®

sup
(i1;i2)2I(A)

min(pr
(1)
i1
;pr

(2)
i2
) > sup

(i1;i2)2I(B)

min(pr
(1)
i1
;pr

(2)
i2
); (17)

²® pr
(�)
i�
, i� 2 I(�), � = 1; 2, ¬®¦® ¢»¡° ²¼ ² ª, ·²®¡» ¢»¯®«¿«¨±¼

³±«®¢¨¿ (14) ¨ (17) ¨ ¯°¨ ½²®¬  °³¸ «®±¼ ³±«®¢¨¥ (15), ²® ¥±²¼ ¢»-

¯®«¿«®±¼ ¥° ¢¥±²¢® Pr(A) > Pr(B). �¥©±²¢¨²¥«¼®, ¯³±²¼ ¤«¿ ¥-

ª®²®°»µ ¢¥°®¿²®±²¥©, ³¤®¢«¥²¢®°¿¾¹¨µ ³±«®¢¨¿¬ (14), ¢»¯®«¥®

¥° ¢¥±²¢® (17). �®±ª®«¼ª³, ¢ ±¨«³ (14), ²®·»¥ ¢¥°µ¨¥ £° ¨ ¢ (17)

¤®±²¨£ ¾²±¿, ±³¹¥±²¢³¥² ¯ °  ¨¤¥ª±®¢ (i1(A); i2(A)) 2 I(1) � I(2),

¤«¿ ª®²®°®©

sup
(i1;i2)2I(A)

min(pr
(1)
i1
;pr

(2)
i2
) = min(pr

(1)

i1(A)
;pr

(2)

i2(A)
);

¨, ±«¥¤®¢ ²¥«¼®, ±®£« ±® (17), (14) ¯°¨ «¾¡»µ (i1; i2) 2 I(B)
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max(i1; i2) > max(i1(A); i2(A)) , d(A):

�¯°¥¤¥«¨¬ ±«¥¤³¾¹¨¥ ¯®¤¬®¦¥±²¢  I(1) � I(2), ¯®ª § »¥  

°¨±. 4:

J
(1)(A)

4
= f(i1; i2) 2 I(1) � I(2); max(i1; i2) 6 d(A)g;

J
(2)(A)

4
= (I(1)�I(2))nJ

(1)(A) = f(i1; i2)2I(1)�I(2); max(i1; i2)>d(A)g:

�¨±. 4. �®¦¥±²¢  J
(1)(A), J (2)(A) ¯°¨ d(A) = 4.

�»¡¥°¥¬ pr
(�)
i�
, i� 2 I(�), � = 1; 2, ² ª, ·²®¡»

pr
(1)
i1

= pr
(2)
i2

= 1=d(A); ¥±«¨ (i1; i2) 2 J
(1)(A);

pr
(1)
i1

= pr
(2)
i2

= 0; ¥±«¨ i1 > d(A); i2 > d(A);

²® e±²¼ ·²®¡» pr
(1)
i1
� pr

(2)
i2

= 0; ¥±«¨ (i1; i2) 2 J
(2)(A):

�°¨ ½²®¬ ³±«®¢¨¿ (14) ¢»¯®«¥»,   ¯®±ª®«¼ª³ I(A)\J (1)(A) 6= ?

¨ I(B) � J
(2)(A), ²® ¢»¯®«¥® ³±«®¢¨¥ (17) ¨
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Pr(A) =
X

(i1;i2)2I(A)

pr
(1)
i1
� pr

(2)
i2
>

X
(i1;i2)2(I(A)\J(1)(A))

pr
(1)
i1
� pr

(2)
i2

> 0;

Pr(B) =
X

(i1;i2)2I(B)

pr
(1)
i1
� pr

(2)
i2
6

X
(i1;i2)2J(2)(A)

pr
(1)
i1
� pr

(2)
i2

= 0;

²® ¥±²¼ Pr(A) > Pr(B) = 0.

�³±²¼ P(�) { ª« ±± ¢®§¬®¦®±²¥© P
(�), P (�)(f!

(�)
i�
g) = p

(�)
i�
, i� 2

I(�), ±®£« ±®¢ »© ± ª« ±±®¬ ¢¥°®¿²®±²¥© Pr(�), ®¯°¥¤¥«¥»¬

³±«®¢¨¿¬¨ (14), ²® ¥±²¼ ¯³±²¼

1 = p

(�)
1 > p

(�)
2 > : : : > 0; (18)

P(�) = f(
(�)
; P(
(�)); P (�)); P

(�) 2 P
(�)g{±®£« ±®¢  ¿ ± Pr (�)

²¥®°¥²¨ª®-¢®§¬®¦®±² ¿ ¬®¤¥«¼ �(�), � = 1; 2. �¥®°¥²¨ª®-¢®§¬®¦-

®±²³¾ ¬®¤¥«¼ P ½ª±¯¥°¨¬¥²  � = �(1) � �(2) ®¯°¥¤¥«¨¬ ° ¢¥-

±²¢®¬

P , P(1) �P(2)
, f(
(1) � 
(2)

; P(
(1) � 
(2)); P = P
(1) � P

(2));

P
(1) 2 P(1); P (2) 2 P(2)g; (19)

¢ ª®²®°®¬ ¢®§¬®¦®±²¼ P 2 P , P
(1) � P(2) § ¤     ½«¥¬¥² °»µ

¨±µ®¤ µ (!
(1)
i1
; !

(2)
i2
) ½ª±¯¥°¨¬¥²  � ° ¢¥±²¢ ¬¨

P (f(!
(1)
i1

; !

(2)
i2
)g) , P (f(!

(1)
i1
g � f!

(2)
i2
)g) = min(p

(1)
i1
; p

(2)
i2
);

(i1; i2) 2 I(1) � I(2);
(20)

®¯°¥¤¥«¿¾¹¨¬¨ ²¥®°¥²¨ª®-¢®§¬®¦®±²³¾ P -¥§ ¢¨±¨¬®±²¼ ½«¥-

¬¥² °»µ ¨±µ®¤®¢ � [2]. �«¿ «¾¡®£® C � 
(1) � 
(2) ±®£« ±® ´®°-

¬³« ¬ (4) ¨ (20)

P (C) = sup
(i1; i2)2I(C)

min(p
(1)
i1
; p

(2)
i2
): (21)

�®£« ±® ®¯°¥¤¥«¥¨¾ (21) ¤«¿ «¾¡»µ ¨±µ®¤®¢ C1 = A
(1) � 
(2)

¨ C2 = 
(1) � A
(2) ½ª±¯¥°¨¬¥²  � = �(1) � �(2), ±®®²¢¥²±²¢³¾¹¨µ

¨±µ®¤ ¬ A
(1) ¨ A

(2) ½ª±¯¥°¨¬¥²®¢ �(1) ¨ �(2),
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P (C1) = sup
i1: !

(1)

i1
2A(1);

i2: !
(2)

i2
2
(2)

min(p
(1)
i1
; p

(2)
i2
) = P

(1)(A(1)); P (C2) = P
(2)(A(2));

P (C1\C2) = sup
i1: !

(1)

i1
2A(1);

i2: !
(2)

i2
2A(2)

min(p
(1)
i1
; p

(2)
i2
) = min( sup

i1: !
(1)

i1
2A(1)

p

(1)
i1
; sup
i2: !

(2)

i2
2A(2)

p

(2)
i2
) =

= min(P (1)(A(1)); P (2)(A(2))) = min(P (C1); P (C2)): (22)

�«¥¤®¢ ²¥«¼®, ¨±µ®¤» C1 ¨ C2 P -¥§ ¢¨±¨¬» ¯°¨ «¾¡®© ¢®§¬®¦-

®±²¨ P = P
(1) � P

(2) 2 P(1) � P(2), [2].
�±µ®¤» C1 ¨ C2  §»¢ ¾²±¿ N -¥§ ¢¨±¨¬»¬¨ [2], ¥±«¨

N(C1 [ C2) = max(N(C1); N(C2));

£¤¥ N(�) : P(
) ! [0; 1]{¥®¡µ®¤¨¬®±²¼, ±¢¿§  ¿ ± ¢®§¬®¦®±²¼¾

P (�) : P(
) ! [0; 1] ° ¢¥±²¢®¬ N(A) , � � P (
 n A); A 2 P(
), ¢

ª®²®°®¬ �(�) : [0; 1] ! [0; 1]{¥¯°¥°»¢ ¿ ±²°®£® ¬®®²®® ³¡»¢ -

¾¹ ¿ ´³ª¶¨¿, ² ª ¿, ·²® � � �(a) = a, a 2 [0; 1]. �±µ®¤» C1 ¨ C2

 §»¢ ¾²±¿ ¥§ ¢¨±¨¬»¬¨, ¥±«¨ ®¨ P - ¨ N -¥§ ¢¨±¨¬».

�°®¢¥°¨¬, ·²® ¢ ¬®¤¥«¨ (19), (20) ¨ (21) «¾¡»¥ ¨±µ®¤» C1 =

A
(1)�
(2) ¨ C2 = 
(1)�A

(2)
N -¥§ ¢¨±¨¬». �¥©±²¢¨²¥«¼®, ¢®±¯®«¼-

§®¢ ¢¸¨±¼ ° ¢¥±²¢®¬ (22),  ©¤¥¬ (±¬. °¨±. 5)

N(C1) , � � P ((
(1) � 
(2)) n C1) = � � P ((
(1) n A(1))�
(2)) =

� � P (1)(
(1) nA(1)) , N
(1)(A(1)); N(C2) = N

(2)(A(2)) ¨

N(C1 [ C2) , � � P ((
(1) �
(2)) n (C1 [C2)) =

� � P ([
(1) nA(1))� 
(2)] \ [
(1) � (
(2) n A(2))]) =

� �min(P (1)(
(1) n A(1)); P (2)(
(2) n A(2))) =

max(N (1)(A(1)); N (2)(A(2))) = max(N(C1); N(C2)):

�² ª, ¢ ¬®¤¥«¨ P, ®¯°¥¤¥«¥®© ° ¢¥±²¢ ¬¨ (19), (20) ¨ (21),

«¾¡»¥ ¨±µ®¤» C1 = A
(1) � 
(2) ¨ C2 = 
(1) �A

(2) ¥§ ¢¨±¨¬».
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�¨±. 5. � ¸²°¨µ®¢ »:  ) ¶¨«¨¤°¨·¥±ª¨¥ ¬®¦¥±²¢  C1 ¨ C2 ¨ ¨µ ¯¥-

°¥±¥·¥¨¥ C1\C2; ¡)¤®¯®«¥¨¥ (
(1)�
(2))nC1 = (
(1)nA(1))�
(2)

¬®¦¥±²¢  C1 � 
(1) �
(1); ¢) ®¡º¥¤¨¥¨¥ C1 [C2 ¬®¦¥±²¢ C1 ¨

C2;

�¯°¥¤¥«¥¨¥ 5. �« ±± P = P
(1) � P(2) ¢®§¬®¦®±²¥©, ®¯°¥¤¥«¥»µ

´®°¬³«®© (21),  §®¢¥¬ ±®£« ±®¢ »¬ ± ª« ±±®¬ Pr = Pr(1)�Pr(2) ¢¥-
°®¿²®±²¥©, ®¯°¥¤¥«¥»µ ¢ (10), ¥±«¨ ¤«¿ «¾¡»µ A; B � 
(1) � 
(2),

² ª¨µ, ·²® ¥° ¢¥±²¢®

Pr(A) , (Pr(1) � Pr(2))(A) 6 (Pr(1) � Pr(2))(B) , Pr(B); (23)

¢¥°®¥ ¤«¿ ¢±¥µ ¢¥°®¿²®±²¥© Pr 2 Pr (²® ¥±²¼ ¤«¿ ¢±¥µ Pr(1) 2 Pr(1)

¨ Pr(2) 2 Pr(2)), ¢«¥·¥² ¥° ¢¥±²¢®

P (A) = (P (1) � P
(2))(A) 6 (P (1) � P

(2))(B) = P (B) (24)

¤«¿ ¢±¥µ ¢®§¬®¦®±²¥© P 2 P (²® ¥±²¼ ¤«¿ ¢±¥µ P
(1) 2 P(1) ¨ P

(2) 2
P
(2)).

� ª ±«¥¤±²¢¨¥ «¥¬¬» 2 ¯®«³· ¥¬ ±«¥¤³¾¹¨© °¥§³«¼² ².

�¥®°¥¬  2. �±«¨ P
(�)

{ ª« ±± ¢®§¬®¦®±²¥©, ±®£« ±®¢ »© ±

ª« ±±®¬ Pr(�) ¢¥°®¿²®±²¥©, � = 1; 2, ²® ª« ±± P = P
(1) � P

(2)

¢®§¬®¦®±²¥©, ®¯°¥¤¥«¥»µ ¢ (21), ±®£« ±®¢  ± ª« ±±®¬ Pr =

Pr(1) � Pr(2) ¢¥°®¿²®±²¥©,®¯°¥¤¥«¥»µ ¢ (10).

�®ª § ²¥«¼±²¢®. �¥©±²¢¨²¥«¼®, ¥±«¨ ¥° ¢¥±²¢® (15) ¢»¯®«¥®

¤«¿ ¢±¥µ ¢¥°®¿²®±²¥© Pr = Pr(1) � Pr(2), Pr(1) 2 Pr(1), Pr(2) 2 Pr(2),
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²®, ¯®±ª®«¼ª³ ¢ ±¨«³ «¥¬¬» 2 ¤«¿ «¾¡»µ pr
(�)
i�
, i� 2 I(�), � = 1; 2, ¢»-

¯®«¿¥²±¿ ¥° ¢¥±²¢® (16), ²® ¤«¿ ¢±¥µ ¢®§¬®¦®±²¥© p

(�)
i�
, i� 2 I(�),

� = 1; 2, ³¤®¢«¥²¢®°¿¾¹¨µ ³±«®¢¨¾ (18), ¡³¤¥² ¢»¯®«¥® ¥° ¢¥-

±²¢®

P (A) = sup
(i1;i2)2I(A)

min(p
(1)
i1
; p

(2)
i2
) 6 sup

(i1;i2)2I(B)

min(p
(1)
i1
; p

(2)
i2
) = P (B):

�² ª, ±®£« ±® ²¥®°¥¬¥ 2, ±®£« ±®¢ ®±²¼ ª« ±±  P = P
(1) � P(2)

¢®§¬®¦®±²¥© (21) ± ª« ±±®¬ Pr = Pr(1) � Pr(2) ¢¥°®¿²®±²¥© (10),

®§ · ¾¹ ¿ ±®®²¢¥²±²¢¨¥ ³¯®°¿¤®·¥®±²¨ (24) ³¯®°¿¤®·¥®±²¨

(23), ®¯°¥¤¥«¿¥² ±®®²¢¥²±²¢¨¥ ¯° ¢¨«  À±³¬¬¨°®¢ ¨¿Á ¢®§¬®¦®-

±²¥© (21), ®§ · ¾¹¥£® ²¥®°¥²¨ª®-¢®§¬®¦®±²³¾ ¥§ ¢¨±¨¬®±²¼11

�(1) ¨ �(2), ¯° ¢¨«³ ±³¬¬¨°®¢ ¨¿ ¢¥°®¿²®±²¥© (10), ®§ · ¾¹¥-

¬³ ±²®µ ±²¨·¥±ª³¾ ¥§ ¢¨±¨¬®±²¼ �(1) ¨ �(2);  ª®¥¶, ±®®²¢¥²-

±²¢¨¥ ²¥®°¥²¨ª®-¢®§¬®¦®±²®© ¥§ ¢¨±¨¬®±²¨ ¥§ ¢¨±¨¬®±²¨ ±²®-

µ ±²¨·¥±ª®© ®¯°¥¤¥«¿¥² ±®®²¢¥²±²¢¨¥ ¯° ¢¨«³ ³¬®¦¥¨¿ ¢¥°®¿²-

®±²¥© ±²®µ ±²¨·¥±ª¨ ¥§ ¢¨±¨¬»µ ½«¥¬¥² °»µ ¨±µ®¤®¢ ¢ (10):

Pr(f!
(1)
i1
g�f!

(2)
i2
g) � Pr((f!

(1)
i1
g�
(2))\ (
(1)�f!

(2)
i2
g)) = Pr(f!

(1)
i1
g�


(2)) � Pr(
(1) � f!
(2)
i2
g) ®¯¥° ¶¨¨ min ª ª À®¯¥° ¶¨¨ ³¬®¦¥¨¿ ¢®§-

¬®¦®±²¥©Á P - ¥§ ¢¨±¨¬»µ ½«¥¬¥² °»µ ¨±µ®¤®¢ ¢ (20): P (f!
(1)
i1
g�

f!
(2)
i2
g) � P ((f!

(1)
i1
g � 
(2)) \ (
(1) � f!

(2)
i2
g)) = min(P (f!

(1)
i1
g �


(2)); P (
(1) � f!
(2)
i2
g)) . �²¨ ´ ª²» ¢ ±®¢®ª³¯®±²¨ ±®±² ¢«¿¾² ²®,

·²® ¬®¦®  §¢ ²¼ ±®£« ±®¢ ®±²¼¾ ²¥®°¥²¨ª®-¢®§¬®¦®±²®©

¥§ ¢¨±¨¬®±²¨ ±® ±²®µ ±²¨·¥±ª®© ¥§ ¢¨±¨¬®±²¼¾.

3. �ª±¯¥°¨¬¥² «¼®¥ ¯®±²°®¥¨¥ ²¥®°¥²¨-

ª®-¢®§¬®¦®±²®© ¬®¤¥«¨ �

� ½²®¬ ¯ ° £° ´¥ § ¤ ·  ½ª±¯¥°¨¬¥² «¼®£® ®¶¥¨¢ ¨¿ ° ±-

¯°¥¤¥«¥¨¿ ¢®§¬®¦®±²¥© ±¢¥¤¥  ª § ¤ ·¥ ¯°®¢¥°ª¨ ±² ²¨±²¨·¥±ª¨µ

11� [2] P (C) = sup
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£¨¯®²¥§ ® ª« ±± µ ½ª¢¨¢ «¥²»µ ° ±¯°¥¤¥«¥¨© ¢®§¬®¦®±²¥©, ª -

¦¤»© ¨§ ª®²®°»µ ®¯°¥¤¥«¥ ²®© ¨«¨ ¨®© ³¯®°¿¤®·¥®±²¼¾ § ·¥-

¨© ¢®§¬®¦®±²¥© ½«¥¬¥² °»µ ¨±µ®¤®¢ ½ª±¯¥°¨¬¥² . �²¨ ª« ±-

±», ®¡° §³¾¹¨¥ ° §¡¨¥¨¥ ª« ±±  P� À¢±¥µ ¢®§¬®¦®±²¥©Á   ª« ±-

±» ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥©, ¢ ±¢®¾ ®·¥°¥¤¼ ®¯°¥¤¥«¿¾² ° §-

¡¨¥¨¥ ª« ±±  Pr� À¢±¥µ ¢¥°®¿²®±²¥©Á   ±®®²¢¥²±²¢³¾¹¨¥ ª« ±±»

¢¥°®¿²®±²¥©, ¯°¨·¥¬ ² ª, ·²® ¢ ½²¨µ ° §¡¨¥¨¿µ ¬¥¦¤³ ª« ±± ¬¨

¢®§¬®¦®±²¥© ¨ ¢¥°®¿²®±²¥© ³±² ®¢«¥® ¢§ ¨¬® ®¤®§ ·®¥ ±®-

®²¢¥²±²¢¨¥, ±®£« ±® ª®²®°®¬³ ª ¦¤»© ª« ±± ½ª¢¨¢ «¥²»µ ¢®§-

¬®¦®±²¥© ¬ ª±¨¬ «¼® ±®£« ±®¢  [2] ± ±®®²¢¥²±²¢³¾¹¨¬ ª« ±±®¬

¢¥°®¿²®±²¥© (¨ ± ª ¦¤®© ¢¥°®¿²®±²¼¾ ¨§ ½²®£® ª« ±± ).

�¥¬ ± ¬»¬ § ¤ ·  ½ª±¯¥°¨¬¥² «¼®£® ®¯°¥¤¥«¥¨¿ ²¥®°¥²¨ª®-

¢®§¬®¦®±²®© ¬®¤¥«¨ ½ª±¯¥°¨¬¥² , ½ª¢¨¢ «¥² ¿ § ¤ ·¥ ¢»¡®° 

®¤®£® ¨§ ª« ±±®¢ ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥©, ®¡° §³¾¹¨µ ° §-

¡¨¥¨¥ P�, ±¢®¤¨²±¿ ª § ¤ ·¥ ¯°®¢¥°ª¨ ±² ²¨±²¨·¥±ª¨µ £¨¯®²¥§, ¢

ª®²®°®©   ®±®¢¥  ¡«¾¤¥¨¿ ¨±µ®¤®¢ ½ª±¯¥°¨¬¥²  ²°¥¡³¥²±¿ ¯°¨-

¿²¼ °¥¸¥¨¥ ® ¯°¨ ¤«¥¦®±²¨ ° ±¯°¥¤¥«¥¨¿ ¢¥°®¿²®±²¥©, ª®-

²°®«¨°³¾¹¥£®  ¡«¾¤¥¨¿, ª ®¤®¬³ ¨§ ª« ±±®¢ ¢¥°®¿²®±²¥©, ®¡° -

§³¾¹¨µ ° §¡¨¥¨¥ Pr�.

3.1. �« ±±» P ¨ Pr ¨ ¨µ ª®£¥°¥²»¥ ° §¡¨¥¨¿

� «¥¥, ¥±«¨ ¥ ®£®¢®°¥® ¯°®²¨¢®¥, ¯°¥¤¯®« £ ¥²±¿, ·²® ¢ ®¯°¥-

¤¥«¥¨¨ 3 ±®£« ±®¢ ®±²¨ P ± Pr (Pr s> P ) ¨ ¬ ª±¨¬ «¼®© ±®£« -

±®¢ ®±²¨ P ± Pr (Pr t> P ) ¢¥°®¿²®±²¼ Pr 2 Pr, ²® ¥±²¼ ° ±¯°¥¤¥-
«¥¨¥ Pr ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ (3). � ² ª®¬ ±«³· ¥ ° ±¯°¥¤¥«¥¨¥

«¾¡®© ±®£« ±®¢ ®© ± Pr ¢®§¬®¦®±²¨ ³¤®¢«¥²¢®°¿¥² ±«¥¤³¾¹¨¬

³±«®¢¨¿¬

1 = p1 > p2 > : : : > 0;

pri = pri+1;) pi = pi+1; pri = 0;) pi = 0; i = 1; 2; : : : ;
(5�)

  ¤«¿ ¬ ª±¨¬ «¼®© ±®£« ±®¢ ®±²¨ ¤®¯®«¨²¥«¼® ²°¥¡³¥²±¿, ·²®-

¡» ¢ (5�) ¡»«® ¬ ª±¨¬ «¼®¥ ·¨±«® ±²°®£¨µ ¥° ¢¥±²¢ ¯°¨ ª ¦¤®¬

ª®ª°¥²®¬ ° ±¯°¥¤¥«¥¨¨ Pr 2 Pr [2].
� ¯®¬¨¬, ·²® P(Pr){ª« ±± ¢±¥µ ¢®§¬®¦®±²¥©, ¬ ª±¨¬ «¼® ±®-

£« ±®¢ »µ ± Pr 2 Pr (±¬. ¢¢¥¤¥¨¥).
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� ¬®®£° ´¨¨ [2] ¯®ª § ®, ·²® «¾¡ ¿ ¢®§¬®¦®±²¼ P 2 P(Pr),

¬ ª±¨¬ «¼® ±®£« ±®¢  ¿ ± ¢¥°®¿²®±²¼¾ Pr 2 Pr, ¬®¦¥² ¡»²¼

§ ¤   ° ±¯°¥¤¥«¥¨¥¬

pi = g(pri); i = 1; 2; : : : ; (25)

£¤¥ g(�) { ¥ª®²®° ¿ ´³ª¶¨¿ ¨§ ª« ±±  G (Pr) � e� ¬®®²®® ¥-

³¡»¢ ¾¹¨µ ´³ª¶¨© g(�) : [0; 1] ! [0; 1], ¥¯°¥°»¢»µ   (0; 1],

¯°¨¨¬ ¾¹¨µ ¯®±²®¿»¥ § ·¥¨¿ pi   ª ¦¤®¬ ¨²¥°¢ «¥ �i =

[pri; 1 � pr1 � : : : � pri�1], ±²°®£® ¬®®²®® ¢®§° ±² ¾¹¨µ ¢±¾-

¤³ ¢¥ ¨²¥°¢ «®¢ �i, i = 1; 2; : : : , ¨ ² ª¨µ, ·²® pi < pi�1, ¥±«¨

�i \�i�1 = ?, pi = pi�1, ¥±«¨ �i \�i�1 6= ?, p1 = g(pr1) = g(x) = 1,

x 2 [pr1; 1], g(0) = 0; ¯°¨ ½²®¬ ¤«¿ ¢®§¬®¦®±²¨ P , ®¯°¥¤¥«¿¥-

¬®© ° ±¯°¥¤¥«¥¨¥¬ (25), ¢ ±¨«³ ¥¯°¥°»¢®±²¨ g(�) ±®£« ±® (4)

P (A) = g(Pr(A)), A 2 P(
).

�»¡¥°¥¬ ¯°®¨§¢®«¼® ¢®§¬®¦®±²¨ P ¨ e
P ¨§ P(Pr), ¯³±²¼ pi =

g(pri), epi = eg(pri), i = 1; 2; : : : , { ¨µ ° ±¯°¥¤¥«¥¨¿, £¤¥ g(�) ¨ eg(�) {
´³ª¶¨¨ ¨§ G (Pr). � ª ª ª ¤«¿ «¾¡»µ g(�) ¨ eg(�) ¨§ G (Pr) ¬®¦® ³ª -
§ ²¼ ´³ª¶¨¾ (�) 2 �, ² ª³¾, ·²®12 g(pri) = (eg(pri)) , ( � eg)(pri),
i = 1; 2; : : : , ²® ±®£« ±® ®¯°¥¤¥«¥¨¾ (4) ¤«¿ «¾¡®£® A 2 P(
)

P (A) = ( � eP )(A), ¨¡® (�) { ±²°®£® ¬®®²®® ¢®§° ±² ¥² ¨ ¥-

¯°¥°»¢    [0; 1]. �«¥¤®¢ ²¥«¼®, P(Pr) { ª« ±± ½ª¢¨¢ «¥²»µ

¢®§¬®¦®±²¥© P 2 P, ¨«¨, ¨ ·¥ £®¢®°¿, P(Pr) { ª« ±± ½ª¢¨¢ -

«¥²®±²¨ ¢ P. �³±²¼ P { «¾¡ ¿ ¢®§¬®¦®±²¼ ¨§ P(Pr), ²®£¤ 

P(Pr) = f � P; (�) 2 �g ¨, ±«¥¤®¢ ²¥«¼®, ª« ±± P(Pr) ¨¢ °¨ ²¥
®²®±¨²¥«¼® «¾¡®£® ¯°¥®¡° §®¢ ¨¿ � : P! P:  � P(Pr) = P(Pr),

� 2 ��.

�°®¢¥°¨¬, ·²® «¾¡»¥ ¤¢  ª« ±±  ½ª¢¨¢ «¥²®±²¨ P(Pr) ¨ P(fPr),
ª ª ¯®¤¬®¦¥±²¢  P, «¨¡® ¥ ¨¬¥¾² ®¡¹¨µ ½«¥¬¥²®¢, «¨¡® ±®¢¯ ¤ -

¾². �¥©±²¢¨²¥«¼®, ¥±«¨ P 2 P(Pr) \ P(fPr), ²® P(Pr) = f � P; � 2

��g = P(fPr).
� ª®¥¶, ³¡¥¤¨¬±¿, ·²® ª« ±± P ¬®¦® ¯°¥¤±² ¢¨²¼ ¢ ¢¨¤¥

®¡º¥¤¨¥¨¿ ¯®¯ °® ¥¯¥°¥±¥ª ¾¹¨µ±¿ ª« ±±®¢ ½ª¢¨¢ «¥²®±²¨

P(Pr), Pr 2 Pr:

12�±«¨ g(�) { ¥ª®²®° ¿ ´³ª¶¨¿ ¨§ G (Pr), ²® G (Pr) = f( � g)(�); (�) 2 �g:
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P =
[

Pr2Pr�

P(Pr); (26)

£¤¥ Pr� { ¬®¦¥±²¢® ²¥µ ¢¥°®¿²®±²¥© Pr 2 Pr, ª®²®°»¬ ®²¢¥-

· ¾² ¯®¯ °® ° §«¨·»¥ ª« ±±» P(Pr) : P(Pr) \ P(fPr) = ?, ¥±-

«¨ Pr; fPr 2 Pr� ¨ Pr 6= fPr. �¥©±²¢¨²¥«¼®, ¯³±²¼ ¤«¿ ¥ª®²®°»µ

A; B 2 P(
) Pr(A) 6 Pr(B) ¤«¿ «¾¡®© ¢¥°®¿²®±²¨ Pr 2 Pr ¨ P

{ ¯°®¨§¢®«¼ ¿ ¢®§¬®¦®±²¼ ¨§
[

Pr2Pr�

P(Pr). �®£¤  ¯°¨ ¥ª®²®°®©

¢¥°®¿²®±²¨ Pr 2 Pr� � Pr P 2 P(Pr) ¨, ±«¥¤®¢ ²¥«¼®, ¬®¦®

³ª § ²¼ ´³ª¶¨¾ g(�) 2 G (Pr) ² ª³¾, ·²® ¤«¿ «¾¡®£® C 2 P(
)

P (C) = g(Pr(C)). �®½²®¬³ P (A) = g(Pr(A)) 6 g(Pr(B)) = P (B), ²®

¥±²¼ ¢»¯®«¥» ³±«®¢¨¿ (6), P 2 P, ¨, ±«¥¤®¢ ²¥«¼®,
[

Pr2Pr�

P(Pr) � P.

� ¤°³£®© ±²®°®», ª ª ¯®ª § ® ¢ [5], ¤«¿ «¾¡®© ¢®§¬®¦®±²¨ P 2 P
¬®¦® ³ª § ²¼ ¢¥°®¿²®±²¼ Pr 2 Pr, ¤«¿ ª®²®°®© P 2 P(Pr). �«¥¤®-

¢ ²¥«¼®, P �
[

Pr2Pr�

P(Pr) ¨ ¯®½²®¬³ P =
[

Pr2Pr�

P(Pr) { ° §¡¨¥¨¥ P

  ª« ±±» ½ª¢¨¢ «¥²®±²¨.

�¯°¥¤¥«¨¬ ª« ±± ¢¥°®¿²®±²¥© Pr(P ) = fPr 2 Pr; P 2 P(Pr)g,
P 2 P. �±«¨ P(Pr) ° ±±¬ ²°¨¢ ²¼ ª ª § ·¥¨¥ ¢ ²®·ª¥ Pr 2 Pr ¬®-
£®§ ·®£® ®²®¡° ¦¥¨¿ P(�) : Pr ! P(P), ²® Pr(P ) { § ·¥¨¥ ¢

²®·ª¥ P 2 P ¬®£®§ ·®£® ®²®¡° ¦¥¨¿ Pr(�) : P ! P(Pr), ®¡° ²-

®£® ª P(�).
� ª ª ª ¤«¿ «¾¡®£® � 2 ��

Pr( �P ) = fPr 2 Pr;  �P 2 P(Pr)g = fPr 2 Pr; P 2 
�1 �P(Pr)g =

= fPr 2 Pr; P 2 P(Pr)g = Pr(P ); P 2 P;

²® Pr(P ) ¬®¦® ° ±±¬ ²°¨¢ ²¼ ª ª ®¡° § ¯°¨ ®²®¡° ¦¥¨¨ Pr(�) :
P ! P(Pr) ª« ±±  ½ª¢¨¢ «¥²®±²¨ ¢ P, ±®¤¥°¦ ¹¥£® ¢®§¬®¦®±²¼

P . � ¯®±ª®«¼ª³ ¢ª«¾·¥¨¿ P 2 P(Pr) ¨ Pr 2 Pr(P ), P 2 P, Pr 2 Pr,
½ª¢¨¢ «¥²», ²® Pr 2 Pr(P ) \ Pr( eP ) , (P 2 P(Pr)&( eP 2 P(Pr)) ¨,

±«¥¤®¢ ²¥«¼®, Pr(P ) = Pr( eP ), ¨¡® ¢®§¬®¦®±²¨ P ¨ eP ½ª¢¨¢ «¥²-

». �² ª, ª« ±±» Pr(P ), P 2 P, «¨¡® ¥ ¨¬¥¾² ®¡¹¨µ ½«¥¬¥²®¢
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¢ Pr, «¨¡® ±®¢¯ ¤ ¾², ²® ¥±²¼ ¿¢«¿¾²±¿ ª« ±± ¬¨ ½ª¢¨¢ «¥²®±²¨

¢ Pr { ®¡° § ¬¨ ª« ±±®¢ ½ª¢¨¢ «¥²®±²¨ P(Pr), Pr 2 Pr�, ¢ P ¯°¨

®²®¡° ¦¥¨¨ Pr(�) : P! P(Pr), ¨   «®£¨·® ° §¡¨¥¨¾ (26)

Pr =
[
P2P�

Pr(P ); (27)

£¤¥ P� { ¬®¦¥±²¢® ¢±¥µ ¯®¯ °® ¥½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥©

P 2 P (ª®²®°»¬ ®²¢¥· ¾² ¯®¯ °® ° §«¨·»¥ ª« ±±» ¢¥°®¿²®±²¥©:

Pr(P )\Pr( eP ) = ?, ¥±«¨ P; eP 2 P�, P 6= e
P ). � ·¥ £®¢®°¿, ¢ ° §¡¨¥¨¨

(27) ¬®¦¥±²¢  Pr   ª« ±±» Pr(P ), P 2 P�, P� { ¬®¦¥±²¢® ¢±¥µ ¢®§-
¬®¦®±²¥©, ¢»¡° »µ ¯® ®¤®© ¨§ ª ¦¤®£® ª« ±±  ½ª¢¨¢ «¥²»µ

¢®§¬®¦®±²¥© P(Pr), Pr 2 Pr�.

�¢¿§¼ ¬¥¦¤³ ° §¡¨¥¨¿¬¨ (26) ¨ (27) ¬®¦® ®µ ° ª²¥°¨§®¢ ²¼

±«¥¤³¾¹¨¬ ®¡° §®¬. �³±²¼ ¢®§¬®¦®±²¼ P0 2 P ¨ ¢¥°®¿²®±²¼

Pr0 2 Pr ² ª®¢», ·²® P0 2 P(Pr0) ¨ Pr0 2 Pr(P0). �®£¤  ª« ±± P(Pr0)

±®±²®¨² ¨§ ²¥µ ¨ ²®«¼ª® ²¥µ ¢®§¬®¦®±²¥© P 2 P, ª ¦¤ ¿ ¨§ ª®²®-

°»µ ¬ ª±¨¬ «¼® ±®£« ±®¢   ± ²¥¬¨ ¨ ²®«¼ª® ²¥¬¨ ¢¥°®¿²®±²¿¬¨

Pr 2 Pr, ª®²®°»¥ ±®±² ¢«¿¾² ª« ±± Pr(P0), ¨ ±®®²¢¥²±²¢¥® ª« ±±

Pr(P0) ±®±²®¨² ¨§ ²¥µ ¨ ²®«¼ª® ²¥µ ¢¥°®¿²®±²¥© Pr 2 Pr, ± ª ¦¤®©
¨§ ª®²®°»µ ¬ ª±¨¬ «¼® ±®£« ±®¢ » ²¥ ¨ ²®«¼ª® ²¥ ¢®§¬®¦®±²¨

P 2 P, ª®²®°»¥ ±®±² ¢«¿¾² ª« ±± P(Pr0). � ·¥ £®¢®°¿, ½ª¢¨¢ «¥²-

»¥ ¢ª«¾·¥¨¿ P0 2 P(Pr0) , Pr0 2 Pr(P0) ®¯°¥¤¥«¿¾² ¢§ ¨¬®

®¤®§ ·®¥ ±®®²¢¥²±²¢¨¥ P(Pr0), Pr(P0) ¬¥¦¤³ ª« ±± ¬¨ ¢ ° §¡¨-

¥¨¿µ (26) ¨ (27), ¯°¨ ª®²®°®¬ ª« ±± P(Pr0) ¥±²¥±²¢¥®  §¢ ²¼

¬ ª±¨¬ «¼® ±®£« ±®¢ »¬ ± ª« ±±®¬ Pr(P0). �«¿ ª° ²ª®±²¨ ² ª

±®£« ±®¢ ³¾ ¯ °³ ° §¡¨¥¨© (27) ¨ (26)  §®¢¥¬ ª®£¥°¥²®©.

� ±¢®¾ ®·¥°¥¤¼, ª ¦¤»© ª« ±± P(Pr), Pr 2 Pr�, ½ª¢¨¢ «¥²-

»µ ¢®§¬®¦®±²¥© ®¯°¥¤¥«¿¥²±¿ ±¢®©±²¢¥®© ¢±¥¬ ¯°¨ ¤«¥¦ ¹¨¬

¥¬³ ¢®§¬®¦®±²¿¬ P ®¤®© ¨ ²®© ¦¥ À²®·®©Á ³¯®°¿¤®·¥®±²¼¾

¢®§¬®¦®±²¥© pi = P (f!ig), i = 1; 2; : : : , ½«¥¬¥² °»µ ¨±µ®¤®¢,

ª®²®° ¿, ¢ ®²«¨·¨¥ ®² À®¡¹¥©Á ³¯®°¿¤®·¥®±²¨ (5), ®¯°¥¤¥«¿¥²±¿

²®«¼ª® ° ¢¥±²¢ ¬¨ ¨ ±²°®£¨¬¨ ¥° ¢¥±²¢ ¬¨13. � ±«³· ¥ ±·¥²-

®£® 
 = f!1; !2; : : : g ª ¦¤®© À²®·®©Á ³¯®°¿¤®·¥®±²¨ ¢§ ¨¬®

13� ¯°¨¬¥°, 1 = p1 = p2 = p3 > p4 = p5 > : : : ; ½²®© ³¯®°¿¤®·¥®±²¨ ±®®²¢¥²-

±²¢³¥² ¤¢®¨·®¥ ·¨±«® 0:00101 : : : .
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®¤®§ ·® ±®®²¢¥²±²¢³¥² ¤¢®¨·®¥ ·¨±«®,  ¯°¨¬¥°, ³¯®°¿¤®·¥-

®±²¨ 1 = p1 = p2 > p3 > p4 = p5 > : : : ±®®²¢¥²±²¢³¥² ·¨±«®

ord = 0:01101 : : : 2 [0; 1], ¢ ª®²®°®¬ ²®·ª  ®²¤¥«¿¥² ¯¥°¢»© ®«¼

®²¢¥· ¾¹¨© ¢±¥£¤  ¢¥°®¬³ ° ¢¥±²¢³ 1 = p1,   ¤ «¥¥ ª ¦¤®¬³

° ¢¥±²¢³ ®²¢¥· ¥² ®«¼, ¥° ¢¥±²¢³ { ¥¤¨¨¶ . �²±¾¤  ±«¥¤³¥²,

·²® ¬®¦¥±²¢® ¢±¥µ À±²°®£¨µÁ ³¯®°¿¤®·¥®±²¥©, ª ¦¤ ¿ ¨§ ª®²®-

°»µ ®¯°¥¤¥«¿¥² ®¤¨ ¨§ ª« ±±®¢ ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥© ¢ (26)

¨ ±®®²¢¥²±²¢³¾¹¨© ¥¬³ ª« ±± ¢¥°®¿²®±²¥© ¢ (27), ¨¬¥¥² ¬®¹®±²¼

ª®²¨³³¬ . �«¥¤®¢ ²¥«¼®, ¢ ±«³· ¥ ±·¥²®£® 
 ¬®¦¥±²¢  Pr� ¢

(26) ¨ P� ¢ (27) ¨¬¥¾² ¬®¹®±²¼ ª®²¨³³¬ .

�®±ª®«¼ª³ «¾¡®¥ ·¨±«® ¨§ [0; 1] ¬®¦® ¯°¥¤±² ¢¨²¼ ¢ ¤¢®¨·-

®© § ¯¨±¨ ord = 0:e1e2 : : : , £¤¥ ei ° ¢® «¨¡® ³«¾, «¨¡® ¥¤¨¨-

¶¥, i = 1; 2; : : : ,   ª ¦¤ ¿ ² ª ¿ § ¯¨±¼ ¢»¤¥«¿¥² ®¤¨ ¨§ ª« ±±®¢

P(ord) ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥© ¢ ° §¡¨¥¨¨ (26), ®¯°¥¤¥«¥»µ

À²®·®©Á ³¯®°¿¤®·¥®±²¼¾ § ·¥¨© p1; p2; : : : , ±®®²¢¥²±²¢³¾¹¥©

ord 2 [0; 1], ° §¡¨¥¨¥ (26) ¬®¦® ¯°¥¤±² ¢¨²¼ ¢ ±«¥¤³¾¹¥¬ ¢¨¤¥:

P =
[

ord2[0; 1]

P(ord): (26�)

�¤¥±¼ ¨¤¥ª± (ord) ¢ ¿¢®¬ ¢¨¤¥ ³ª §»¢ ¥²   À²®·³¾Á ³¯®°¿-

¤®·¥®±²¼ ° ±¯°¥¤¥«¥¨© pi = P (f!ig), i = 1; 2; : : : , ½ª¢¨¢ «¥²-

»µ ¢®§¬®¦®±²¥©, ®¡° §³¾¹¨µ ª« ±± P(ord). � ¢¥±²¢® (26
�)  §®¢¥¬

° §¡¨¥¨¥¬ ª« ±±  P   (¥° §«®¦¨¬»¥!) ª« ±±» P(ord), ½ª¢¨¢ «¥²-

»µ, À²®·®Á ³¯®°¿¤®·¥»µ ¢®§¬®¦®±²¥©. �®®²¢¥²±²¢¥® ¢¬¥±²®

(27) ¯®«³·¨¬

Pr =
[

ord2[0; 1]

Pr(ord): (27�)

�¤¥±¼ ¨¤¥ª± (ord) ³ª §»¢ ¥²   ±®®²¢¥²±²¢¨¥ ª« ±±  ¢¥°®¿²®-

±²¥© Pr(ord) ª« ±±³ ¢®§¬®¦®±²¥© P(ord), ¬ ª±¨¬ «¼® ± ¨¬ ±®£« -

±®¢ »µ, ord 2 [0; 1]. � °  ° §¡¨¥¨© (26�), (27�), ¯® ®¯°¥¤¥«¥¨¾,

¿¢«¿¥²±¿ ª®£¥°¥²®©.

3.2. �« ±±» P�, Pr� ¨ ¨µ ª®£¥°¥²»¥ ° §¡¨¥¨¿

�¡° ²¨¬±¿ ²¥¯¥°¼ ª ª« ±±³ À¢±¥µ ¢®§¬®¦®±²¥©Á ¨ ³²®·¨¬ ¥£®

±²°³ª²³°³. �¡®§ ·¨¬ P� ª« ±± ¢±¥µ ¢®§¬®¦®±²¥©, ° ±¯°¥¤¥«¥¨¥
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ª ¦¤®© ¨§ ª®²®°»µ ¬®¦¥² ¡»²¼ «¨¥©® ³¯®°¿¤®·¥® ¯® ¥¢®§° -

±² ¨¾ ¯³²¥¬ ¯¥°¥³¬¥° ¶¨¨ ½«¥¬¥² °»µ ¨±µ®¤®¢ !i, i = 1; 2; : : : .

�®·¥¥, ¯³±²¼ pi = P (f!ig), i = 1; 2; : : : , { ° ±¯°¥¤¥«¥¨¥ ¢®§¬®¦-

®±²¨ P 2 P�, ²®£¤  ±³¹¥±²¢³¥² ² ª ¿ ¡¨¥ª¶¨¿ j
�
: f1; 2; : : : g !

f1; 2; : : : g, ·²® 1 = pj1 > pj2 > : : : . �²® ®§ · ¥², ·²® ±³¹¥±²¢³¾²

¬ ª±¨¬ «¼»¥ ½«¥¬¥²»:

1 = pj1 = max
i

pi; pj2 = max
i: i6=j1

pi; pj3 = max
i: i6=j1; i 6=j2

pi; : : : :

�« ±± P� ¥ ±®¤¥°¦¨²,  ¯°¨¬¥°, ¢®§¬®¦®±²¨, ¤«¿ ° ±¯°¥¤¥«¥-

¨© ª®²®°»µ 9 i0 : 8i > i0 : pi 6 pi+1 < pi+2 6 : : : , £¤¥ ±²°®£¨µ

¥° ¢¥±²¢ À<Á ¡¥±ª®¥·® ¬®£®14. � ¤°³£®© ±²®°®», ¥±«¨ 
 ª®-

¥·®, ²® P� { ª« ±± ¢±¥µ ¢®§¬®¦®±²¥©.

� ½²®¬ ±«³· ¥ ª« ±± P� ¬®¦¥² ¡»²¼ ¯°¥¤±² ¢«¥ ¢ ¢¨¤¥ ° §¡¨¥¨¿

  ª« ±±» P(�), � 2 �, ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥©

P� =
[
�2�

P(�); (26��)

¢ ª®²®°®¬ ª ¦¤»© ª« ±± P(�) ±®±²®¨² ¨§ ¢®§¬®¦®±²¥©, ° ±¯°¥¤¥«¥-

¨¿ ª®²®°»µ ¬®£³² ¡»²¼ ®¤¨ ª®¢® À²®·®Á ³¯®°¿¤®·¥» ±®£« ±®

®¤®¬³ ¨§ ³±«®¢¨©, ±¢®¥¬³ ¤«¿ ª ¦¤®£® ª« ±±  P(�),  ¯°¨¬¥°, ª ª

1 = pj1 > pj2 = pj3 > : : : , ¯³²¥¬ ¤®«¦®© ¯¥°¥±² ®¢ª¨ i ! ji,

i = 1; 2; : : : ; n, ¨¤¥ª±®¢ ½«¥¬¥² °»µ ¨±µ®¤®¢ !i, i = 1; : : : ; n.

�¤¥ª± � ¢ (26��) ®²«¨· ¥² ª ª ·¨±«® ord 2 [0; 1], µ ° ª²¥°¨§³¾-

¹¥¥ À²®·³¾Á ³¯®°¿¤®·¥®±²¼, ² ª ¨ § ¢¨±¿¹³¾ ®² ° ±¯°¥¤¥«¥¨¿

p1; p2; : : : ; pn (³¯®°¿¤®·¨¢ ¾¹³¾ ¥£®) ´³ª¶¨¾ j
�
, ¯°¨·¥¬ ®¤¨ ¨

²®² ¦¥ ¨¤¥ª± � ±®¯®±² ¢«¥ ·¨±«³ ord ¨ ¢±¥¬ ´³ª¶¨¿¬ j
�
, ®²«¨· -

¾¹¨¬±¿ ¯¥°¥±² ¢®¢ª ¬¨ ¨¤¥ª±®¢ ½«¥¬¥²° »µ ¨±µ®¤®¢, ¢®§¬®¦-

®±²¨ ª®²®°»µ ° ¢».

� §¡¨¥¨¾ (26��) ±®®²¢¥²±²¢³¥² ° §¡¨¥¨¥ ª« ±±  Pr� ¢±¥µ ¢¥°®-

¿²®±²¥©

Pr� =
[
�2�

Pr(�); (27��)

14� ª®© ¢®§¬®¦®±²¨ ¤®«¦  ±®®²¢¥²±²¢®¢ ²¼ À¢¥°®¿²®±²¼Á, ° ±¯°¥¤¥«¥¨¥

ª®²®°®© ¥ ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ ®°¬¨°®¢ª¨.
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®¡° §³¾¹¥¥ ± (26��) ª®£¥°¥²³¾ ¯ °³.

� ±«³· ¥ ±·¥²®£® 
 ° §¡¨¥¨¿ (26��) ¨ (27��), ®¡° §³¾¹¨¥ ª®-

£¥°¥²³¾ ¯ °³, ®±² ¾²±¿ ¢ ±¨«¥, ¯°¨·¥¬ ¢ (27��) Pr� { ª« ±± ¢±¥µ

¢¥°®¿²®±²¥©.

�¥©±²¢¨²¥«¼®, ¯³±²¼ pr1;pr2; : : : { ¯°®¨§¢®«¼®¥ ° ±¯°¥¤¥«¥¨¥

¢¥°®¿²®±²¥©. � ±¨«³ ³±«®¢¨© pri > 0; i = 1; 2; : : : ; pr1+pr2+ : : : = 1,

¢®-¯¥°¢»µ, ±³¹¥±²¢³¥²  ¨¬¥¼¸¨© ®¬¥° i1, ¤«¿ ª®²®°®£® pri1 > 0,

¨, ¢®-¢²®°»µ, pri ! 0 ¯°¨ i ! 1. �®½²®¬³ 9n1 8i > n1 pri < pri1

¨, ±«¥¤®¢ ²¥«¼®, sup
i

pri = max
i6n1

pri = prj1 ; 1 6 j1 < n1. �±«¨ i2{

 ¨¬¥¼¸¨© ±°¥¤¨ i > i1 ®¬¥°, ¤«¿ ª®²®°®£® pri2 > 0, ²® 9n2 8i >
n2 pri < pri2 ¨, ±«¥¤®¢ ²¥«¼®, sup

i; i 6=j1

pri = max
i6n2;i6=j1

pri = prj2 6 prj1 ¨

².¤.

3.3. � ¤ ·  ½¬¯¨°¨·¥±ª®£® ®¯°¥¤¥«¥¨¿ ²¥°®°¥²¨ª®-

¢®§¬®¦®±²®© ¬®¤¥«¨ � ª ª § ¤ ·  ¯°®¢¥°ª¨

±² ²¨±²¨·¥±ª¨µ £¨¯®²¥§

� ±±¬®²°¨¬ § ¤ ·³ ¯°®¢¥°ª¨ ±² ²¨±²¨·¥±ª¨µ £¨¯®²¥§ ® ° ±¯°¥-

¤¥«¥¨¨ ¢¥°®¿²®±²¨ Pr 2 Pr�, ®¯°¥¤¥«¿¾¹¥© ±²®µ ±²¨·¥±ª³¾ ¬®-

¤¥«¼ (
; P(
); Pr) ½ª±¯¥°¨¬¥²  �, ¢ ª®²®°®©   ®±®¢¥  ¡«¾¤¥¨¿

¨±µ®¤®¢ � ²°¥¡³¥²±¿ ¯°¨¿²¼ °¥¸¥¨¥ ¢ ¯®«¼§³ ®¤®£® ¨§ ¢§ ¨¬®¨±-

ª«¾· ¾¹¨µ ¢ª«¾·¥¨© Pr 2 Pr(�), � 2 �. �±«¨ ¯°¨¨¬ ¥²±¿ £¨¯®²¥-

§ , ±®£« ±® ª®²®°®© Pr 2 Pr(�0), ²®  ¡«¾¤¥»¥ ¨µ®¤» � ±¢¨¤¥²¥«¼-

±²¢³¾² ¢ ¯®«¼§³ «¾¡®© ¨§ ½ª¢¨¢ «¥²»µ ²¥®°¥²¨ª®-¢®§¬®¦®±²»µ

¬®¤¥«¥© (
; P(
); P ), P 2 P(�0), ½ª±¯¥°¨¬¥² .

� ¬¥²¨¬, ·²® ¢ ²® ¢°¥¬¿ ª ª £¨¯®²¥§  Pr 2 Pr(�0) ®¯°¥¤¥«¿-

¥² ±²®µ ±²¨·¥±ª³¾ ¬®¤¥«¼ � ª ª ª« ±± ¢¥°®¿²®±²»µ ¯°®±²° ±²¢

(
; P(
); Pr), Pr 2 Pr(�0), ¨, ¢®®¡¹¥ £®¢®°¿, ² ª ¿ ¬®¤¥«¼ � ¥ ¯®-

§¢®«¿¥² ¨±¯®«¼§®¢ ²¼ ±² ¤ °²»© ´®°¬ «¨§¬ ²¥®°¨¨ ¢¥°®¿²®±²¥©

¤«¿   «¨§  ¨ ¨²¥°¯°¥² ¶¨¨ ¥£® ¨±µ®¤®¢, ¢±¥ ¢®§¬®¦®±²»¥ ¯°®-

±²° ±²¢  (
; P(
); P ), P 2 P(�0), ®¯°¥¤¥«¿¾², ¯® ±³¹¥±²¢³, ®¤³ ¨

²³ ¦¥ ²¥®°¥²¨ª®-¢®§¬®¦®±²³¾ ¬®¤¥«¼ ½ª±¯¥°¨¬¥²  �, ¯®±ª®«¼ª³

°¥§³«¼² ²»   «¨§  ¨ ¨²¥°¯°¥² ¶¨¨ ¥£® ¨±µ®¤®¢ ¤«¿ ¢±¥µ ¬®¤¥«¥©

(
; P(
); P ), P 2 P(�0) ®¤¨ ª®¢» [2].

�¡° ²¨¬±¿ ª ¯°¨¬¥°³ 
 = f!1; !2; !3g ¨ ° ±±¬®²°¨¬ ®¤¨ ¨§
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¸¥±²¨ À²°¥³£®«¼¨ª®¢ ¢®§¬®¦®±²¥©Á Pijk, i 6= j 6= k 6= i, i; j; k =

1; 2; 3, ¨§®¡° ¦¥»µ   °¨±. 2,  ¯°¨¬¥°, P123 = P. �»¤¥«¨¬ ¢ ¥¬

±¥¬¼ ¯®¤¬®¦¥±²¢, P(ord), ord 2 [0; 1], ®¡° §³¾¹¨µ ° §¡¨¥¨¥ (26�)

ª« ±±  P   ª« ±±» ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥©. �²® { ²°¨ ®¤®-

²®·¥·»µ ¯®¤¬®¦¥±²¢  P:

P(0:100) = f(1; 0; 0)g; P(0:010) = f(1; 1; 0)g; P(0:001) = f(1; 1; 1)g;

±®¤¥°¦ ¹¨µ ¢¥°¸¨» P, ²°¨ ±²®°®» P:

P(0:110) = f(p1; p2; p3) 2 P; 1 = p1 > p2 > p3 = 0g;

P(0:011) = f(p1; p2; p3) 2 P; 1 = p1 = p2 > p3 > 0g;

P(0:101) = f(p1; p2; p3) 2 P; 1 = p1 > p2 = p3 > 0g;

¨,  ª®¥¶, ¬®¦¥±²¢®

P(0:111) = f(p1; p2; p3) 2 P; 1 = p1 > p2 > p3 > 0g;

¢³²°¥¨µ ²®·¥ª P.

�°®¢¥°¨¬, ·²® ª ¦¤®¥ ¨§ ¬®¦¥±²¢ (° ±¯°¥¤¥«¥¨©) P(0:100); : : : ;

P(0:111) ®¯°¥¤¥«¿¥² ª« ±± ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥©, ®²«¨·»© ®²

®±² «¼»µ. �±«¨ p , (p1; p2; p3) 2 P ¨, ¯® ®¯°¥¤¥«¥¨¾,

p , ((p1); (p2); (p3)); (�) 2 �; (28)

²®, ª ª «¥£ª® ¢¨¤¥²¼, ¢±¥ ¢»¤¥«¥»¥ ¬®¦¥±²¢  P(0:100); : : : ; P(0:111)
¨¢ °¨ ²» ®²®±¨²¥«¼® ¯°¥®¡° §®¢ ¨© (28). � ¯°¨¬¥°, ¥±«¨

p 2 P(0:111), ²® ¥±²¼ p = (p1; p2; p3), £¤¥ 1 = p1 > p2 > p3 > 0, ²® ¨

p = ((p1); (p2); (p3)) 2 P(0:111), ¨¡® 1 = (p1) > (p2) > (p3) > 0,

(�) 2 �.

� ¤°³£®© ±²®°®», ¯®±ª®«¼ª³ ª ¦¤®© ²®·ª¥ p = (p1; p2; p3) 2 P
±®®²¢¥²±²¢³¥²15 ¢®§¬®¦®±²¼ P (�) : P(
) ! [0; 1], ®¯°¥¤¥«¥ ¿

¤«¿ «¾¡®£® A 2 P(
) ° ¢¥±²¢®¬ P (A) = max
i: !i2A

pi,   ¯°¥®¡° §®-

¢ ®© ²®·ª¥ p = ((p1); (p2); (p3)) ±®®²¢¥²±²¢³¥² ½ª¢¨¢ «¥² ¿

P (�) ¢®§¬®¦®±²¼ ( � P )(�), ( � P )(A) = max
i:!i2A

(pi) = ( max
i: !i2A

pi) =

(P (A)), ²® ª ¦¤®¬³ ¬®¦¥±²¢³ ° ±¯°¥¤¥«¥¨© P(0:100); : : : ; P(0:111)
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�¨±. 6.  ) À�°¥³£®«¼¨ª ¢®§¬®¦®±²¥©Á P ¨ ±¥¬¼ ª« ±±®¢

° ±¯°¥¤¥«¥¨© P(0:100); : : : ; P(0:111), ®¡° §³¾¹¨µ ° §¡¨¥¨¥

P = P(0:100) [ P(0:010) [ : : : [ P(0:111) (26�) ¨ ®¯°¥¤¥«¿¾¹¨µ ±¥¬¼

¯®¯ °® ° §«¨·»µ ª« ±±®¢ P(0:100); : : : ; P(0:111) ½ª¢¨¢ «¥²»µ

¢®§¬®¦®±²¥©. ¡) À�°¥³£®«¼¨ª ¢¥°®¿²®±²¥©Á Pr123 = Pr ¨ ±¥¬¼

¥£® ¯®¤¬®¦¥±²¢-¯°®®¡° §®¢ P(0:100); : : : ; P(0:111), ®¡° §³¾¹¨µ

° §¡¨¥¨¥ (27�). �°¨ ½²®¬ P(0:100) = P(Pr), Pr 2 Pr(0:100), : : : ,

P(0:111) = P(Pr), Pr 2 Pr(0:111); Pr(0:100) = Pr(P ), P 2 P(0:100), : : : ,

Pr(0:111) = Pr(P ), P 2 P(0:111).

®²¢¥· ¥² ª« ±± ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥©, ª®²®°»¥ ®¡®§ ·¥»

²¥¬¨ ¦¥ ±¨¬¢®« ¬¨ P(0:100); : : : ; P(0:111).

� ±±¬®²°¨¬ ²¥¯¥°¼ À²°¥³£®«¼¨ª ¢¥°®¿²®±²¥©Á Pr = Pr123 ¨

¢»¤¥«¨¬ ¢ ¥¬ ¯®¤¬®¦¥±²¢ , ±®®²¢¥²±²¢³¾¹¨¥ ¯®¤¬®¦¥±²¢ ¬

P(0:100); : : : ; P(0:111) À²°¥³£®«¼¨ª  ¢®§¬®¦®±²¥©Á. � ±±¬®²°¨¬ ¯®¤-

¬®¦¥±²¢®

Pr(0:111) = f(pr1; pr2; pr3) 2 Pr;

1 > pr1 > 1=2 > pr2 > pr3 = 1� pr1 � pr2 > 0g: (29)

�«¿ ª ¦¤®© ²®·ª¨ pr = (pr1; pr2; pr3) 2 Pr(0:111) ¨²¥°¢ «» �1 =

[pr1; 1], �2 = [pr2; 1 � pr1] ¨ �3 = [pr3; 1 � pr1 � pr2 = pr3] = fpr3g
¥ ¯¥°¥±¥ª ¾²±¿, ±«¥¤®¢ ²¥«¼®, ®²®¡° ¦¥¨¥ (25) pi = g(pri), i =

1; 2; 3, g(�) 2 G (Pr), Pr 2 Pr(0:111), ª ¦¤®© ²®·ª¥16 pr 2 Pr(0:111)

15� ¯®¬¨¬, ·²® ¢ ½²®¬ ¯°¨¬¥°¥ P(ord) ®¡®§ · ¥² ª ª ª« ±± ½ª¢¨¢ «¥²»µ

¢®§¬®¦®±²¥©, ² ª ¨ ¬®¦¥±²¢® ¨µ ° ±¯°¥¤¥«¥¨© ¢ R3.
16� ¯®¬¨¬, ·²® ¢ ° ±±¬ ²°¨¢ ¥¬®¬ ¯°¨¬¥°¥ ¢¥°®¿²®±²¼ Pr 2 Pr À®²®¦¤¥-
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¯°¨ «¾¡®© ´¨ª±¨°®¢ ®© ´³ª¶¨¨ g(�) 2 G (Pr) ±² ¢¨² ¢ ±®®²¢¥²-

±²¢¨¥ ²®·ª³ ¬®¦¥±²¢  P(0:111) � P,  , ª®£¤  g(�) ¯°®¡¥£ ¥² ¢±¥ G (Pr),

²®·ª¨ gpr , (g(pr1); g(pr2); g(pr3)) § ¯®«¿¾² ¢±¥ ¬®¦¥±²¢® P(0:111)
(¯°¨ «¾¡®© ´¨ª±¨°®¢ ®© ²®·ª¥ pr 2 Pr(0:111)!), ²® ¥±²¼

P(0:111) =
[

g(�)2G (Pr)

f(g(pr1); g(pr2); g(pr3))g;

pr = (pr1; pr2; pr3) 2 Pr(0:111): (30)

� ¢¥±²¢® (30) ®¯°¥¤¥«¿¥² ¬®£®§ ·®¥ ®²®¡° ¦¥¨¥ P(�) :

Pr(0:111) ! P(P), ±² ¢¿¹¥¥ ¢ ±®®²¢¥²±²¢¨¥ ª ¦¤®© ²®·ª¥ pr 2 Pr(0:111)
¬®¦¥±²¢® P(0:111) � P.

�®®¯°¥¤¥«¨¬ P(�)   ¢±¥¬ ²°¥³£®«¼¨ª¥ ¢¥°®¿²®±²¥© Pr. �«¿

½²®£® ¢¢¥¤¥¬ ª°®¬¥ ¯®¤¬®¦¥±²¢  P(0:111) (29) ¥¹¥ ¸¥±²¼ ¯®¤¬®-

¦¥±²¢ Pr (±¬. °¨±. 6, ¡)) Pr(0:100) = f(1; 0; 0)g { ¢¥°¸¨  Pr, ¥©

±®£« ±® ¯° ¢¨«³ (25) ®²¢¥· ¥² ¢¥°¸¨  P(0:100) = f(1; 0; 0)g � P,

´³ª¶¨¿ g(�) 2 G (Pr), Pr 2 Pr(0:100) ¢ (25): g(1) = 1, g(0) =

0; Pr(0:010) = f(1=2; 1=2; 0)g { ¢¥°¸¨  Pr, ¥© ®²¢¥· ¥² ¢¥°¸¨ 

P(0:010) = f(1; 1; 0)g � P; Pr(0:001) = f(pr1; pr2; pr3) 2 Pr; 1=2 >

pr1 > pr2 = pr3 = 1 � pr1 � pr2g { ®²°¥§®ª, ±®¥¤¨¿¾¹¨© ²®·ª¨

pr = (1=2; 1=4; 1=4) ¨ pr = (1=3; 1=3; 1=3), ±®¤¥°¦ ¹¨© ½²¨ ²®·-

ª¨. �® ¯° ¢¨«³ (25) ¥¬³ ±®®²¢¥²±²¢³¥² ®¤®²®·¥·®¥ ¯®¤¬®¦¥±²¢®

P(0:001) = f(1; 1; 1)g � P, ¨¡® ¤«¿ ¢±¥µ ²®·¥ª ®²°¥§ª  Pr(0:001) g(pr1) =

g(pr2) = g(pr3) = 1; Pr(0:110) = f(pr1; pr2; pr3) 2 Pr; 1 > pr1 > 1=2 >

1 � pr1 = pr2 > pr3 = 0g { ¨¦¿¿ ±²®°®  ²°¥³£®«¼¨ª  Pr ¡¥§

¥£® ¢¥°¸¨. � ¦¤®© ²®·ª¥ pr 2 Pr(0:110) ®²¢¥· ¥² ¯®¤¬®¦¥±²¢®

P(0:110) � P: P(0:110) = f(g(pr1); g(pr2); g(pr3)); g(�) 2 G (Pr)g, pr =
(pr1; pr2; pr3) 2 Pr(0:110). Pr(0:011) { ¯®¤¬®¦¥±²¢® ²°¥³£®«¼¨ª  ± ¢¥°-
¸¨ ¬¨ (1=2; 1=2; 0), (1=3; 1=3; 1=3), (1=2; 1=4; 1=4) ¡¥§ ½²¨µ ¢¥°¸¨

¨ ¡¥§ ±²®°®», ±®¥¤¨¿¾¹¥© ¢¥°¸¨» (1=3; 1=3; 1=3) ¨ (1=2; 1=2; 0).

� ¦¤®© ²®·ª¥ Pr(0:011) ®²¢¥· ¥² ¯®¤¬®¦¥±²¢® P(0:011) � P: P(0:011) =

f(g(pr1); g(pr2); g(pr3)); g(�) 2 G (Pr)g, pr = (pr1; pr2; pr3) 2 Pr(0:011).
� ª®¥¶, ª ¦¤®© ²®·ª¥ ¯®¤¬®¦¥±²¢  Pr(0:101) = f(pr1; pr2; pr3) 2

±²¢«¿¥²±¿Á ± ²®·ª®© pr = (pr1; pr2; pr3) 2 Pr, ª®®°¤¨ ²» ª®²®°®© § ¤ ¾² ° ±-

¯°¥¤¥«¥¨¥ Pr.
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Pr; 1 > pr1 > 1=2 > 1 � pr1 > pr2 = pr3 > 0g ®²¢¥· ¥² ¯®¤¬®-

¦¥±²¢® P(0:101) � P, P(0:101) = f(g(pr1); g(pr2); g(pr3)); g(�) 2 G (Pr)g,
pr = (pr1; pr2; pr3) 2 Pr(0:101).

�  °¨±. 7 ¨§®¡° ¦¥ À²°¥³£®«¼¨ª ¢±¥µ ¢¥°®¿²®±²¥©Á Pr�, ¯°¥¤-

±² ¢«¥»© ¢ ¢¨¤¥ ®¡º¥¤¨¥¨¿ ¤¢ ¤¶ ²¨ ¯¿²¨ ¥¯¥°¥±¥ª ¾¹¨µ-

±¿ ¯®¤¬®¦¥±²¢, ª ¦¤®¬³ ¨§ ª®²®°»µ ¯® ¯° ¢¨«³ (25) ±®¯®±² ¢«¥

ª« ±± ¢®§¬®¦®±²¥©, ®¯°¥¤¥«¥»© ³±«®¢¨¿¬¨ ³¯®°¿¤®·¥®±²¨ ¢®§-

¬®¦®±²¥© pi, i = 1; 2; 3, ½«¥¬¥² °»µ ¨±µ®¤®¢ �, { ¢±¥£® 25 ¯®¯ °®

° §«¨·»µ ª« ±±®¢ ½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²¥©.

�¨±. 7. �¢ ¤¶ ²¼ ¯¿²¼ ¯®¤¬®¦¥±²¢ Pr�, ®¡° §³¾¹¨µ ° §¡¨¥¨¥

(27��), ¨ ±®®²¢¥²±²¢³¾¹¨¥ ¨¬ ³±«®¢¨¿ ³¯®°¿¤®·¥®±²¨ ¢®§¬®¦®-

±²¥© pi, i = 1; 2; 3, ®¯°¥¤¥«¿¾¹¨¥ ° §«¨·»¥ ª« ±±» ½ª¢¨¢ «¥²®-

±²¨ ¢®§¬®¦®±²¥© ¢ ° §¡¨¥¨¨ (26��). �°¥¤¨ ¤¢ ¤¶ ²¨ ¯¿²¨ ¯®¤¬®-

¦¥±²¢ ¤¥¢¿²¼, ¨¬¥¾¹¨µ À¯®«®¦¨²¥«¼³¾ ¯«®¹ ¤¼Á, ®²¬¥·¥» ±¨¬-

¢®« ¬¨ H1; H2; : : : ; H9.

�¡° ²¨¬±¿ ²¥¯¥°¼ ª § ¤ ·¥ ½ª±¯¥°¨¬¥² «¼®£® ®¯°¥¤¥«¥¨¿

²¥®°¥²¨ª®-¢®§¬®¦®±²®© ¬®¤¥«¨ �   ®±®¢¥  ¡«¾¤¥¨¿ ¥£® ¨±-

µ®¤®¢. �¡¹³¾ ±µ¥¬³ °¥¸¥¨¿ ° §º¿±¨¬   ¯°¨¬¥°¥ ®¯°¥¤¥«¥¨¿

²¥®°¥²¨ª®-¢®§¬®¦®±²®© ¬®¤¥«¨ ±²®µ ±²¨·¥±ª®£® ½ª±¯¥°¨¬¥²  �,
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¢ ¬®¤¥«¨ (
 = f!1; !2; !3g; P(
); Pr)g ª®²®°®£®   ±¥© ° § ¥ ²®«¼-

ª® ¢¥°®¿²®±²¨ pri = Pr(f!ig, i = 1; 2; 3, ® ¨ ¨µ ³¯®°¿¤®·¥®±²¼

¥¨§¢¥±²». �°¥¤¯®«®¦¨¬, ·²® � ¬®¦¥² ¡»²¼ ¢®±¯°®¨§¢¥¤¥ n ° §

¯°¨ ®¤¨µ ¨ ²¥µ ¦¥ § ·¥¨¿µ ¢¥°®¿²®±²¥© pr1; pr2; pr3. � ² ª®¬

±«³· ¥ ¢¥°®¿²®±²¼ ²®£®, ·²® ¯°¨ n ¥§ ¢¨±¨¬»µ ¨±¯»² ¨¿µ ¨±µ®¤

!i °¥ «¨§³¥²±¿ ki ° §, i = 1; 2; 3, ° ¢ 

Pr(n)(k1; k2; k3jpr1;pr2; pr3) =
n!

k1!k2!k3!
(pr1)

k1(pr2)
k2(pr3)

k3
;

k1 + k2 + k3 = n: (31)

� ° ¢¥±²¢¥ (31) § ·¥¨¿ ¢¥°®¿²®±²¥© pr1; pr2; pr3 = 1 � pr1 �
pr2 ¿¢«¿¾²±¿ ¥¨§¢¥±²»¬¨ § ·¥¨¿¬¨ ¯ ° ¬¥²°®¢ ¯®«¨®¬¨ «¼-

®£® ° ±¯°¥¤¥«¥¨¿, ®²®±¨²¥«¼® ª®²®°»µ,   ®±®¢¥  ¡«¾¤¥¨¿

k1; k2; k3,  ¤«¥¦¨² ¯°¨¿²¼ ®¤³ ¨§ 25 £¨¯®²¥§, ¯°¥¤±² ¢«¥»µ  

°¨±. 7. �²  § ¤ ·  ¯°®¢¥°ª¨ ±² ²¨±²¨·¥±ª¨µ £¨¯®²¥§ ½ª¢¨¢ «¥² 

§ ¤ ·¥ ¢»¡®°  ®¤®© ¨§ 25 ²¥®°¥²¨ª®-¢®§¬®¦®±²»µ ¬®¤¥«¥© �  

®±®¢¥  ¡«¾¤¥¨¿ § ·¥¨© k1; k2; k3, ¨«¨, ·²® ²® ¦¥ ± ¬®¥, {  

®±®¢¥  ¡«¾¤¥¨¿ · ±²®² fi = ki=n ¨±µ®¤®¢ !i, i = 1; 2; 3.

�°¨  ¯°¨®°¨ ¯°®¨§¢®«¼»µ § ·¥¨¿µ pr1; pr2; pr3 ¯°®±²¥©¸¨¬

°¥¸¥¨¥¬ § ¤ ·¨ ®¯°¥¤¥«¥¨¿ ° ±¯°¥¤¥«¥¨¿ ¢®§¬®¦®±²¥© (¨ ±®®²-

¢¥²±²¢¥® { ²¥®°¥²¨ª®-¢®§¬®¦®±²®© ¬®¤¥«¨ �) ±®±²®¨² ¢ ²®¬,

·²®   ®±®¢¥  ¡«¾¤ ¥¬®£® ¢¥ª²®°  · ±²®² f , (f1; f2; f3) ¢»¡¨-

° ¥²±¿ ³¯®°¿¤®·¥®±²¼ ¢®§¬®¦®±²¥© p1; p2; p3, ®¯°¥¤¥«¿¥¬ ¿ ²¥¬

¯®¤¬®¦¥±²¢®¬ Pr�, ¢ ª®²®°®¬ ±®¤¥°¦¨²±¿17 f , ±¬. °¨±. 7.

�°®¨««¾±²°¨°³¥¬ °¥¸¥¨¥ ° ±±¬ ²°¨¢ ¥¬®© § ¤ ·¨ ¢ «¥£ª® ®¡®-

§°¨¬®© ¡ ©¥±®¢±ª®© ¯®±² ®¢ª¥. �®¯³±²¨¬, ·²® ¢ (31) ¢¥ª²®° ¢¥°®-

¿²®±²¥© pr = (pr1; pr2; pr3) ¿¢«¿¥²±¿ § ·¥¨¥¬ ±«³· ©®£® ¢¥ª²®-

°  � = (�1; �2; �3), ¨¬¥¾¹¥£®,  ¯°¨¬¥°, ° ±¯°¥¤¥«¥¨¥ �¨°¨µ«¥ ±

¯«®²®±²¼¾18

17� ¬¥²¨¬, ·²® f = (f1; f2; f3) ¿¢«¿¥²±¿ ®¶¥ª®© ¬ ª±¨¬ «¼®£® ¯° ¢¤®¯®¤®¡¨¿
pr = (pr1; pr2; pr3).

18�¤¥±¼ �(�) { £ ¬¬ -´³ª¶¨¿, �(�) { ¤¥«¼² -´³ª¶¨¿.
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d(prjs) =
�(s1 + s2 + s3)

�(s1)�(s2)�(s3)

3Y
i=1

(pri)
si�1 � �(pr1 + pr2 + pr3 � 1);

pr = (pr1; pr2; pr3); pri > 0; i = 1; 2; 3;

«®ª «¨§®¢ ®©   ¯«®±ª®±²¨ pr1 + pr2 + pr3 = 1, s = (s1; s2; s3) {

¯ ° ¬¥²°» ° ±¯°¥¤¥«¥¨¿ �¨°¨µ«¥, si > 0, i = 1; 2; 3. � ² ª®¬ ±«³· ¥

¢ (31) q(kjpr) , Pr(n)(k1; k2; k3jpr1;pr2; pr3) { ³±«®¢ ¿ ¢¥°®¿²®±²¼

§ ·¥¨¿ k = (k1; k2; k3) ±«³· ©®£® ¢¥ª²®°  { = ({1;{2;{3) ¯°¨

³±«®¢¨¨ � = pr ¨, ª ª ¥²°³¤® ¯°®¢¥°¨²¼, d(prjs + k) { ³±«®¢ ¿

¯«®²®±²¼ ° ±¯°¥¤¥«¥¨¿ � ¯°¨ ³±«®¢¨¨, ·²® ¨±µ®¤ !i ¢ n ¨±¯»² ¨¿µ

 ¡«¾¤ ¥²±¿ ki ° §, i = 1; 2; 3, [4]. �°¨ ½²®¬ ®²«¨·»¬¨ ®² ³«¿

¡³¤³² ³±«®¢»¥ ¢¥°®¿²®±²¨ ¥ ¢±¥µ 25,   «¨¸¼ ¢»¤¥«¥»µ ¤¥¢¿²¨

£¨¯®²¥§ H1; H2; : : : ; H9:

Pr(� 2 Hjjk) =

Z
pr2Hj

d(prjs+ k)dpr1dpr2dpr3; j = 1; 2; : : : ; 9:

� ©¥±®¢±ª®¥ °¥¸¥¨¥, ¬¨¨¬¨§¨°³¾¹¥¥ ¢¥°®¿²®±²¼ ®¸¨¡ª¨,

¯°¥¤¯¨±»¢ ¥² ¯°¨  ¡«¾¤¥¨¨ k = (k1; k2; k3) ¯°¨¿²¼ £¨¯®²¥§³

Hj(k), £¤¥ j(k) = arg max
16i69

Pr(� 2 Hijk), ¨ ±®®²¢¥²±²¢³¾¹¨© ª« ±±

½ª¢¨¢ «¥²»µ ¢®§¬®¦®±²»µ ¯°®±²° ±²¢ ±·¨² ²¼ ²¥®°¥²¨ª®-

¢®§¬®¦®±²®© ¬®¤¥«¼¾ �. �°¥¤¿¿ ¢¥°®¿²®±²¼ ®¸¨¡ª¨ ¡ ©¥±®¢-

±ª®£® °¥¸¥¨¿, ° ¢ ¿ 1�Emax
16i69

Pr(� 2 Hij{), ¥±²¼ ±°¥¤¿¿ ¢¥°®¿²-

®±²¼ ®¸¨¡®·®£® ®¯°¥¤¥«¥¨¿ ²¥®°¥²¨ª®-¢®§¬®¦®±²®© ¬®¤¥«¨ �.

�¤¥±¼ E{±¨¬¢®« ¬ ²¥¬ ²¨·¥±ª®£® ®¦¨¤ ¨¿ ¯® ° ±¯°¥¤¥«¥¨¾ � ¨

{, [6].

� § ª«¾·¥¨¥ ¬¥ ¯°¨¿²® ¢»° §¨²¼ ¯°¨§ ²¥«¼®±²¼ ¬®¨¬ ª®«-

«¥£ ¬ �. �¨¢®²¨ª®¢³, �. �³·ª® ¨ �. �®¤°³± §  ®¡±³¦¤¥¨¥ ±®-

¤¥°¦ ¨¿ ±² ²¼¨ ¨ ¯®¬®¹¼ ¯°¨ ¥¥ ®´®°¬«¥¨¨.
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