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M.H. Hazapos

1. BBegenue

B pa6orax [1] u [2] mpeacTaBieH HapaJIeIbHBIA AITOPUTM BbITH-
ciaeHus OyeBou (DYHKIMM Ha HECKOABKUX HE3aBUCHMBIX Habopax, KOTO-
PBI MOXeT OBITh UHTEPIPETUPOBAH KAK AJITOPUTM HAPALISTHEHOTO W3-
BiaedYeHNA mHMOpMaNUy u3 6a3bl JAHHBIX II0 HECKOJBLKHM HE3aBUCHMBIM
azgpecam. MccrenoBan ciyvai MaKCUMAJIBHOIO PACHAPAVLIEIABAHAA AIIO-
PHUTMOB IIDX IOJMHOMUAJIHHO OIDAHWTIEHHOM KOJIWIECTBE IIPOIECCOPOB.
FJIa,BHbIM OI'PAHUYICHUEM ABIACTCA HeO6XOAHMOCTb CYINTBHIBAHUA BCEX 3a-
IpAIINBAEMBIX OUT 3a OZHO OOpalleHue K BHEIIHEMY HOCHUTEII0. JTO
OrDaHUYEHNE CBA3AHO C TE€M, YTO CKOPDOCTHb CUUTBHIBAHWA MHMOPMAIUN
¢ J000r0 HOCHTENA CYyIIeCTBEHHO HUXE CKOPOCTH PabOTHI IPOIECCOopa.
DosToMy 0011ee BpeMsa JOCTyNa K 0a3e JaHHBIX MOXET ObITH MUHUMAJIb-
HO IIPY OTHOM OOpaIlleHNH K BHEITHEMY HOCHTENIO, XOTA 3TO 1 HoTpebyeT
JOIOTHATENbHBIX BEIIUCIEHUH.

OueBugHO, YTO IpU XpaHeHUN GA3BI JAHHBIX HA OJHOM HOCHUTENE W3-
BJIeYIeHNE HECKOJIbKWUX IIPOU3BOIBHBIX OUT MH(POPMAIINY 33 0HO obpailie-
Hre HeBO3MOXHO. CienoBaTenbHO, HEOOXOAUMO Pa3buTh OyreBy yHK-
OWI0O HA JaCTH, KaX/[Jad W3 KOTOPHIX OyJeT XpaHMUTLCA HA CBOEM HO-
curene u 0OCIyXUBATHCA OTAEIbHBIM npomeccopoM. OfHAKO, IPOCTOE
pa3bueHre He PEeMmuT 3aJaTd, TaK KaK MOXET NOTpeb0BaThCA U3BJIETb
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HECKOJIBLKO OUT M3 OMHOU YACTHU, ITO MPUBEAET K HAPYUICHUIO IVIABHOTO
OIDAHUYEHUs AJIrOPUTMA. JOITOMY B [1] u 2 ObLIM BBEJEHBI JOLOJHU-
TeAbHBIX OyJIeBbl (PYHKIUN, PACIIUPAIONE 6a3y NAHHBIX.

BrbiBaeT uaTEpEC 33 Ma1a KPATTOrPAPUIECKON 3AIUTHL 6a35l TaH-
HBIX U COOIIOEHAT BCEX OMUCAHHBIX BBIIE orpanudenuii. Kpome Toro,
MHTEPECEH CIy9Iayl HapaLIeIbHOrO BBIYUCACHUA CPa3y HECKOABKUX Oyiie-
BBIX (DYHKIWN HA HE3ABUCUMBIX HAOOPAaX U BO3MOXHOCTEH KpUNTOrpadu-
YECKOU 3AIUTH TAKOW 0a3bl JAHHBIX. DOJBIIOE MPAKTUIECKOE 3HAICHUE
“MeeT 33393 MAHUMU3AIAY IUCIa IPOIEeCCOPOB IpU COOIIO IEHUH TIaB-
HOT'O OT'DAHWYEHUs aJrOPUTMOB. Bee ykasaHHBIE 3a1adu OBLIM PACCMO-
TPEHBl B JAHHOU paboTe.

2. OcHOBHBIE OTIpeeJIeHUs U U3BECTHBLIE paHee
pe3yJabTaThl

DaCCMOTPUM CIENUAIBHYI0 TAPALIEIbHYI0 MO/EMb, ONACHIBAIONLYIO
HEKOTOPYIO abCTPAKTHYIO 6a3y JaHHBIX. JYCTh BCA XpaHUMasd WHPpOpMa-
uusa MOXeT OBITh IIPEeACTABJICHA, B BuUje TAaOmul ais OyaeBbIX (QyHKIIWNA
n nepeMeHHbIX f(1,Z2,...,Ty). Jodee TOIHO, 6a3a JAHHBIX 5TO HAOOP
OyJIeBbIX (PYHKIWK PEATA30BAHHBIX TAOIUIAME, IPUIEM BXOIHBIE IIOCJIe-
JOBATEIBLHOCTHU [ KAXAOU (DYHKIUU >TO HEKOTOPas (PUKCUPOBAHHAIL
06IaCTh B HAMATHU. JPOIECCOPHI MOT'YT PA3AddaTh WHAEKCHI DTUX Oy-
JEBBIX (DYHKIWU ¥ TOXY9IaTh 3HaU9eHWE (pyHKumu (OauH OMT) HA BBIXO-
ne. [lpyrumu caoBaMu, KaxXIbIM HAOOP 3HAYEHUY MEPEMEHHBIX ABIAETCA
aIpecoM, Mo KOTOPOMY XPAHUTCA OAuH OUT mHOOpPMAIUU. JOMA AOCTY-
moM K 6a3e JaHHBIX HOHUMAETCA CIMTHIBAHUE UH(GOPMAIUYA C BHEITHETO
HOCHTENA TI0 ONPENeJeHHBIM aApecaM, ITO (PaKTUIECKH O3HAIACT BbI-
quciaeHre OyneBor (PYHKIIUU HA 3aJaHHBIX HAOOpax mepeMeHHbIX. OTMe-
TUM, 9TO HOJ IPOIECCOPOM B TAKOW MOJEIM MOHMMAETCA OyJaeBa cxema
MOCTOSAHHOTO pa3Mepa, KOTOpasg MOXET BBIIOIHATD 3aIIPOCHL K BHEIIHEN
naMATH (TO eCcTh 6a3e JAHHBIX), 3aTPAIUBasg CIENUAIBHOE BpeMs, 060-
3HadeHHOe extime.

OnwuinemM HEKOTOpHIE HpeNBApPUTEIbLHBIE Pe3yabTaTh u3 [1, 2|, yuum-
TBHIBAsA, ITO CJOXKHOCTb BCEX AITOPUTMOB OINEHMBAECTCA 110 TPEM MapaMe-
TpaMm:
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ptime — Bpema msBreveHna MHPOPMATUY U3 OA3LI TAHHBIX;
bp — KOIXIECTBO IPOLECCOPOB;
mem — pa3mep 0a3bl JAHHBIX.

dycrs GF(q) — mone Iaxya pasmepmocrum ¢ = 2%, (k > 0). Dac-
cvorpuM MHOXecTBO GF(q)* Kak JeTeIpexMepHOe IMHEHHOE IIPOCTPAH-
crBo. Yepes [(A,u) 0603HAMUM TPAMYIO, IPOXOAAWIAA Uepe3 ToIKy A
apaJlIeIbHO BEKTOPY h o= (1,u,u?,u3). Ecim U aBaseTca mogMHOXKe-
crBom GF(q) pasmeproctu 73, To wepes SL,(U) o6o3uatmMm MHOXe-
ctBo Beex mpambx [(A,u) Taxmx, uto A € GF(¢)* m u € U. Kpo-
Me Toro, onpegeram Habop Touex [ (A,u) = I(A,u)\A. B pabore [2]
ONMCAH AITOPUTM A, KOTOPBIA i JIOGOU BXOMHOU IMOCJE0BATEILHO-
cru Ay, As, ..., Ay, Tae A; € GF(q)* Bo3BpamaeT mocieq0BaTeIbHOCTD
UL, U2y -« s Up, (u; € U C GF(q)) Takyto, 9T0 mas ao060u mapsr ji, j2,
(1 # J2) meen

7 (Aj1,ujn) NI (Aja, uje) = @.

ODTOT AIropuTM HaM MOHALOOUTCA mo3aHee. OTMETUM TOMBKO, ITO
OH MMeEET CIeLYIOMYIO CIOXKHOCTE!

bp(A) = O(r"k?), ptime(A) = O(logr + log k).

DepensieM Temepb K OMUCAHWIO IPOIEAYyPHI MOCTPOEHUA AJITOPUT-
ma DP,; [1, 2] pra mapamieIsHOrO BeIMHCICHEHA Oy/l1eBOM (yHKINZ
f:{0,1}" —{0,1}, ma r mHesaBmcuMBIX HA6Opax NEpeMEHHBIX X1,
Xo,... , X,

Ucxomuoe npoctpancteo {0,1}" pazobpem HA ABA HOATPOCTPAHCTBA

{07 l}n = {07 1}4k X {0, l}n—4k’

rae k = [3logr + logn]. Torga Bce Bxogmt X1, Xo, . . ., X, M0OxHO
npeacrasuts B Buge X; = A;Bi, i = 1,2,...,7, rae A; € {0,1}*%, a B; €
{0, l}n_4k. DepBoe NOAIPOCTPAHCTBO PACCMOTPHUM KAaK I€THIPEXMEPHOE
nmHeitHOe mpocTpancTo GF(¢)*, rae g = 2F.

Tz Becex A € GF(q)* pacemorpum Gynessr bynxnun f4 : {0, l}n_4k
— {0,1} Takme, aro f4(B) = f(A, B).
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st Beex | € SLy(U) pacemorpum Oyaessl dyukmuu g; : {0, 1}n_4k
— {0,1} Takue, aro g;(B) = @ fa.
A€l

OYCTb KaX[OU (PYHKIUK f4 U g; COOTBETCTBYET CBOS TabIWIa, Xpa-
HUMAas HA OTAETHHOM BHEITHEM HOcuTesne u 00padaThiBaeMas CBOUM ITPO-
neccopoM. COBOKYITHOCTD STUX (PYHKIMY TPEACTABIAIOT COOGOH BCIO Ga3y
MAHHBIX, TO €CTh MO3BOJAIT peann3oBaTh OyaeBy GpyHknuio f. Jporuec-
COp MOXeT OOPATUTHCA K JI0O0U 13 3TUX (PYHKIUHN, 3ATPATUB HEKOTOPOE
Bpemsa extime. /[isg HANIATHOCTY MOXHO OOBEAUHUTD BCE DTU TAOJUIBI
B OJHY U HOXYYUTH npeicraBieHue GyHkmuy f (6a3bl JAHHBIX) B BHUAE
Tabauubt OynaeBerx Gynkmmuint oT 1 — 4k nepemenunix (Taba. 1).

Y1 | Y2 |- Yn—ak | fay [ A |- fan |l 91 | 92 | -] 9

0 0o |... 0 * * * * * R

0 0 1 * * * * * *

1 1 1 * * * * * *
Tabaumna 1.

31echb m PaBHAETCA KOAUIECTBY TOYEK B IIEPBOM TOAMPOCTPAHCTBE
pasbuenns, To ects m = |GF(q)*| = 2*, a p paBmAerca kommuecTBy
upambix B MEoxectBe SLy(U), To ects p = [SLy(U)|. Kax e cronben
TAOJUIB XPAHUTCA HA CBOEM HOCUTENE W OOCIYyXUBACTCA OTAEILHBIM
mporeccopoM. I 1aBHOe OrpaHrteHre AITOPATMA, O3HAMAET, ITO A JI0-
OBIX 7 BXOJOB M3 KaXIOro CTOJOIA TaOIUIBI MOXHO CYATATH TOJBKO
onuH O6UT.

Ucnonesyem onmcarnbie pyHKIUU aaA peanusanuu GyHKnum f. 3a-
METHUM, IIPeX e BCErO, ITO

ae( o @)= (gn)e( o rw®)=1uo

A€\ {A} A*el\ {A}

Opu nomomm aiaropurma A(A;, A, ..., A;), YHOMAHYTOro BHILIE,
MOXHO HAWUTHU 7' dIeMEeHTOB (U1, U2, . . . , Uy) w3 U Takwx, 9T0 n1a
JI000U TapBL J1 7 J2

l#(Aj17uj1) ml#(AjmujQ) =d.
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CrenoBaTeabHO, MOXHO MOCTPOUTD CAEAYIOUIYIO CACTEMY

f(Ai, Bi) = gya; up) (Bi) ® ( ® fa (Bi)> ;o 1=12 ..,
A*El#(Ai,ui)

U3 ceoucts aaropurma A caegyer, aro aobaa u3 GyHkuun f4 wim
g MOXET y4YaCTBOBATH TOJLKO B OJHOM YDABHEHUM MOCJEIHEN CHCTe-
Mel. IMenno aas sToro B [2] um 6b11 moctpoer aaroputm A. Uaade mpu
[ePEeCeYeHNN IPAMBIX MOIVIA BO3BHUKHYTH CUTYalUsd, KOr4a He0OX0MMO
6bLI0 OB BHIYMCAUTD ABa 3HadeHus f4(By) u f4(B2) mna ogHOU TOYKHU
A, HO Ha pa3auvHbIX Habopax B u By, a 3T0 mpuseno O6bI K HAPYIIEHUIO
[JIABHOT'O OPAHUYEHUS AITOPUTMA.

Tenepb MOXHO HPUCTYIUTH K HEIIOCPEICTBEHHOMY OIMCAHUIO IIPOIe-
ayp aaroput™ma DP, r, ciegya pabore [1].

Beegem caeayromue 0603HAMCHMSA:

— —

A= (A, Ay, ..., A), B=(By,Bs,...By), i@=(uius,..u)=A(A).

Onpepenum aBe BCOOMOraTEIbHBIE ITPOIENY PHI:

* # .
Bl(A,u,A*):{ 1, A*e€ I#(Au);

0, A*¢ I#(Au).
1, I=1(A,w);
82(A,U,l) - { 0, l?él(A,U)

[Jaree mocTpouM ele nBe MPOIERYPHI:

- =

B3(A7AaBaﬁ) = ~\i/1 Bl(Ai7ui’A) ’ BZ )
B4(l314'7§?ﬁ) = -\r/l 82(Ai’ui’l) : BZ :
1=

3aMeTHM, 9YTO JBe IOCIeJHHE NPOLEAYPHl IOLy9YaroT HA BBIXO-
Je KOPDPEKTHbIe BXOABI M CUCTeMbl (2). JlelcTBUTENbHO, Ausa MH060-
ro A € GF(q)%, ecru A € 1#(A;,u;), o B3(A,A,B,@) = B; un
By(I(Ai, u;), A, B, @) = B;. Beegem 0603maenns

By =Bs(A, A, B,@) u B = Bs(l(A;,u;), A, B, Q).
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Omnpegemam mepemennsie Y4 = fa(Ba), A € GF(q)* n Z; = g/(B)),
le SL4(U).

JyCTh A OpencTaBigeT cobou HaOOp IepeMeHHHIX Z;, rae | €
SL4(U), a Y o0 HaGOp nepemennbix Yy, rae A € GF(q)*.

DOCTPOUM MPOLUELYDPY

BG(A,U,Z,Y):< V Zsz(A,U,l))@ D Y 4 -Bl(A,u,A*) .
leSL4(U) A*eGF(q)*

3aMeTHM, ITO B HEPBBIX CKOOKAX ITOIYyTIaeM Zi(Au), & BO BTOPBIX

CKOOKaX IOJIyIaeM @ Y4+. CaemoBaTelbHO, MBI UMEEM CJAEIYIO-
A*el#(A,u)
U PE3YJIbTAT

—

Be(Ai,ui, Z,Y) = Zy( A i) @ < @ YA) =
Acl#(Aj,uq)

AEZ#(Ai,ui)

= 9u(A;,u)(Bi) ® ( ® fA(Bi)> = [(4i, Bi).

Taxum 06pa3oM, MOMYUIEHBI BCE MPOMEAYPLI HEOOXOAUMBIE A OIU-
CAHUA AITOPUTMA U PEIIeHUS MOCTABICHHBIX 3a1a.
Anaropurm DP, ;:
1. DOpumennm aaropur™m A ko Bxogy (A, Ag, ..., A;), TO ecTb U =
A(A).
2. DpumenuM nponeaypy By, 9TOOB MIOCTPOUTH BCE KOPPEKTHBIE BXO B
nas OyaneBbix GyHKUMA 6a3bl JaHHBIX, TO €CTh Bj:
i) gaa mobsix A € GF(q)* Beramcanm By = Bs(A, A, B, @);
ii) g mo6ex | € SLy(U) Boramcmam By = By(l, A, B, @).
3. BoruucanM BuIXOABI OyJIeBHIX (DPYHKIUA 6a3bl JAHHBIX, TO €CThb
i) gus m06b1x A € GF(q)* soraucanm Yy = fa(Ba);
ii) mua mo6eix | € SLy(U) Boraucanm Z; = g;(B)).

3aMeTuM, UTO 3TO EeJIUHCTBEHHBIM WIAT HA KOTOPOM IIPOUCXOUT
obpaleHue K BHEUIHUM HOCUTEIAM, KOTOPOE MOIMAPHO HE3ABUCUMO B CH-
Jy TIpUMeHeHUus aaropurma A.
4. Dpumenum npoueaypy By mis BEIMUCICHUS BBIXOIHOU TOCIEI0BATE b
HOCTH aJITOPUTMA, TO €CTh B7:

s mo6bix 1 = 1,2, ..., Beraucaum f(A;, B;) = Bg(A, u, Z_',?)
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3. AuropuTM mapa/LieJIbHOTO AOCTyNa K KpPH-
nTorpadguyYecKn 3aluileHHon 6a3e JaHHbIX
U €ro CJOXHOCTh

DAaCCMOTPUM 33424y KPUITOrPAPUIECKON 3aIlUTHl 0a3bl JAHHBIX
npu cobmogeHnn Beex orpanmdenny anropurma D P, ;. Kak cregyer m3
IPEeBIAYIIETO Pa3fiena, A1 9TOr0 HeOOXOAUMO KPUOTOrpadrIecKn 3a-
umTuTh Tabiuiy 1. BeiGop KOHKPETHOU KPUNTOCUCTEMBI BHIXOIUT 33,
PAMKM JaHHOU PabOTHI, MO3TOMY A HAC JOCTATOTHO TOJBKO IPEIIIO-
JOXUTb, 9YTO HAJAEKHOCTH UCHOIb3YyEeMOU KPUIITOCUCTEMBI NOCTATOYIHO
BBICOKA. OYEBUAHO, ITO B CIyUae MUMPOBAHUA CTOAOIOB HAIIEH TAOIA-
Bl TPOU30UIET HAPYIIEHUE TIABHOTO OPPAHUYEHUS AITOPUTMA, TaK KAK
mepe U3BICIEHNEM HY KHOU WHGOPMAIIMH TOTPe6yeTCA U3BICTH HEKOTO-
pBIe CTOXOIBI ETUKOM IS UX PACIIN(POBKH.

OdyneMm 3amu@pPOBBIBATH ABOUYHBIE MOCIEAOBATEIBHOCTH, COOTBET-
crBytomue cTpokaMm Tabaunbl 1. Takum obpasom, mcxomHbIE COOOIIE-
HUA I KPUITOCUCTEMBI 9TO ABOMYIHBIE IMIOCAEIOBATEILHOCTH [IIHHEL
|GF(q)*| + |SL4(U)|. Kaxnas cTpoka 3aMeHAETCA HA €€ KPUITOTPaM-
My. JammdpoBanne 6a3bl TaHHBIX OymeM MIPOU3BOAUTH IIPHU €€ IpPenBa-
putensHOUM 00paboTke gna anropurma D P, ¢, mosTomy B »TOM paboTe
DTOT MPOIECC PACCMATPUBATLCI HE Oymer.

DeTpyAHO HOKa3aTh, ITO aaroput™m DPF, ; mpu cBoer pabore mra
JIO0BIX T BXOMOB WMCIOJB3YE€T TOJBKO COOTBETCTBYIOIIWE 7' CTPOK Pac-
cmarpuBaemon Tabaunbl. ClaeqoBaTeIbHO, Mg KOPPEKTHON Pa0OTHI AJ-
ropuTMa Heob6x0auMO pacmudpoBaTh 3TU CTPOKU. Takum obpazom, 3a
OWH LIAT AJCOPUTMA HOTPEOyeTCA CUMTATh I OUT M3 KaXAOr0 CTOJI0-
1a Tabaunbl 1, 9TO AeaaeT HEBO3MOXHBIM OMHO OOpaleHue K BHEIIHUM
vocuTemsaMm. [l ycTpaHeHus MpOTUBOPENUs C IVIABHBIM OTrDAHUICHUEM
BHOBb BOCHOIb3yeMCA MeTogaMu aaroputma D P, p. DyfeMm cIuTaThb, IT0
HaM HeOOXOUMO BBIUUACIATH 3HAYCHUS Kaxou OyaeBou GyHKumu fq u
g; OT T HE3aBUCUMBIX BXOnoB Bi, Bs, . . ., B,. Torga Mbl moay4um
3ajaty, pemaemyio aaroputMom DP, ¢, u nia ee penteHus HeoOX0AMMO
CIIENUAJBHBIM 00pPa30M MPencTaBUTh TadauIry 1.

Kaxgei cronber, coorBeTcTByIOmMn f4 U g7, pa3o0beM aHAJIOTUIHO
pa3buennio QyHKIUYU [, OMUCAHHOMY BO BTOpOM pasmene. [l ymnporie-
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HuA 06o3HAMeHnN motoxuM n' = n — 4k.
!
Ucxonnoe npocrpancrso {0,1}" npencrasum B BUAC

{0, 13" = {0, 1}* x {0,1}" 4,

rae k' = [3logr + logn]. depBoe mOANPOCTPAHCTBO PACCMOTPUM KAK
weThIpexMepHoe amHeiHoe npocrpanctso GF(¢)%, rae ¢ = 2. Bee
Bxogel By, By, . . . , B, MoxHO mpejcraBuTh B Buue B; = A.B],

i =1,2,..,r, rge A} € {0,1}4”, a B € {0,1}",_4]“’. Yepes I'(A’,u)
0603HAMUM TIPAMYIO, IPOXOAAIas depes ToukKy A’ mapawienbHo BeKTO-
py k= (1,7, (u)2, («)3). BEcan U’ asasercs nogmuoxecrsom GF(q'),
70 gepes SLy(U') o603Ha M MHOXKeCTBO Beex npambix ['(A’, u') rakux,
aro A' € GF(¢)* uu' € U'.

g Bcex A’ € GF(¢')* paccmorpum Gynen dynxmumm [y,
0,13 =% — {0,1} maxue, aro f'y(B') = fa(A',B") = fa(B).

Has Beex I € SL4(U') paccmorpum OyireBbl (yHKIHE g

I A
{0,1}" % — {0,1} raxwe, aro g, (B") = @& f'y.
Arel’
Dycrb Kax 101 GyHKIME [y, U g}, COOTBETCTBYeT CBOA TabIuIa, 06-
pabaTeIBaeMas CBOMM IPOIECCOPOM.
Taxum o6paszoM, Kax e cToa6er Tabauisl 1 OygeT mpeacTaBieH B

BuUzie TaOIuIbL 2.

vi | Y |- Yo | fan [ Fao |- | fa | 90 | G2 |- - gf'p'

0 0o |... 0 * oL * * L IR

0 0 1 * U I * * I I B
Tabaumna 2.

B aro# Tabmune m' = |GF(q')*|, p’ = |SLy(U")|. Kaxasiit cron6err,
COOTBETCTBYIOIIMYA KAKOU-IUO0 (PYyHKINM, 00pabaTHIBAETCA OT EILHBIM
IIPOIECCOPOM.

Taxum 06pa3oM MOCIeNOBATEIHLHOCTD LIATOB IPU KPUITOTrpadumte-
CKOU 3amuTe 0a3bl HAHHBIX CJIETYIOIIAL:

1) OpeacraBuTh 6a3y AaHHBIX B BUAE TAOIUAIEL 1;
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2) 3ammdpoBarh Bce CTPOKM TAOAUILL 1;

3) OpencTaBUThH KaXAbIA cTON6eI] Tabauibl 1 B Buge Tabaunbl 2.

OnuieM Teneps aIropuT™, OPraHU3YOMNUYA JOCTYI K 3aIInudpPOBaH-
HOUM Gase MAHHBIX. DAKTUYIECKM 3TO AITOPUTM, BHIMUCIAONNANA GyIeBy
(DYHKIWIO OT I HE3ABUCUMBIX BXO/IOB M YUATHIBAIOUINY €€ KpUnTorpadu-
9eCKyI0 3aIlUTy. JazoseM aToT airroputm CDP; ;.

Anroputm CDP, f

1. DpuMeHUM IpoUEaypy, KOTOpY 0603HaUIMM |depe3 D, miad CIUTHIBA-
HUS 7 CTPOK Tabuaumsl 1, coorBeTcTByOWMX Habopam By, Be, . . ., By,
u3 Tabaui Buga 2.

. 4 o
i) VA € GF(q)* upumennm anrroputm DP, ;, A1 BEIMCICHAA KaXJOK

¢yHaKuEE f4 Ha Bxoge B = (B, By, . .., B,) u u3 pesyabraTos chop-
spyes Gysesy bysxmmo Fa = (fa(B1), fa(Ba), - - -, fa(By)).
ii) VI € SL4(U) IPUMEHEM ATFOPUTM DP,, pns BIMHCICHHA KaXKIOU
byuknuu g; va Bxoge B = (By, Bo, . . ., B,) u u3 pesyabraTos cdop-
mupyem Gyresy dynxmmo Gy = (g/(B1), gi(B2), - - -, qi(By)).
DOy IeHHBIE PE3YAbTATH O0BEAUHUM B BUAE TAOIUIBI U3 7* CTPOK,
cooTBeTCTBYOIUX HabopaMm By, Bo, . .., B, (Tabr. 3).
yl‘yz‘.--‘yn_ﬁlk FA1 FA2 FAm Gh Glz Glp
Habop B * L I * L I
HAGOp By * L I * L I
Habop B, * L I * N I B
Tabauna 3.

[lanHas TAbIUIA IPENCTABIIET COO0U I 3aMMU(PPOBAHHBIX CTPOK Ta-
O6murer 1, coorBeTcTBylomux Habopam By, Be, . . ., B,.
2. DpuMeHMM TPOIEAYPY, KOTOpYI 0603Ha4duM depe3 C, I pacuiu-
(ppoBKE BCex CTPOK TAOIUIBI 3. JacmiudpPOBAHHBIE CTPOKHU OIATH Pas-
MeCTHM B Buje Tabauie 3.
3. DpuMeHnM mponeaypy A K BX0oIHOMY BEKTOPY A, TO eCTb @ = .A(A')
4. Dpumenum nporeaypy Bs, I DNOCTPOEHUsA NMPABUWILHBIX BXOLOB Oy-
JeBHIX QYHKIUU 6a3bl JAHHBIX, TO €CTh Bs:
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i) gaa mobsix A € GF(q)* eramcanm By = Bs(A, A, B, @);
ii) g mo6ex | € SLy(U) Boramcrnm By = By(l, A, B, @).
5. BeraucanMm Bce GyHKINM, HEOOXOJUMEIE MJIA JAIbHERIIeN Pab0OThl -
rOpuUTMa
i) gus m06bix A € GF(q)* soraucaum Yy = Fa(Ba);
ii) gma mobsix | € SLy(U) Beraucaum Z) = Gi(By).

OTMeTnM, 9TO HA HTOM IIAre HE OCYIIECTBIIETCS obpaleHune K 6a3e
maHHBIX. Bce HEOOXOMMMbBIE 3HAMEHUA BHIOMPAIOTCA B Tabaume 3.
6. DpuMeHuM TpOoUEAypPy 7 IS BHIMUCICHAA BBIXOJHON MOCIEI0BATENb-
HOCTH aJrOPUTMa, TO eCTb B7:
s mo0bix ¢ = 1,2, ..., r seraucaum f(A;, B;) = Bg(A, u, Z, 17)

Onenum croxnocTh anropurma C'DP, ; 0 TpeMm ImapaMeTpaM:
1. Bpemsa nmapa/ielbHLIX BHYACIEHHN — ptime.
2. Konmum4aecTBo mpomeccopos — bp.
3. Dasmep 6a3bl JAHHBIX — Mem.

Yunresas, aro U mogmmoxectso GF(q)? pasmepmoctn r2 u k =
[3logr + logn]|, MOXHO JOKA3ATH CAEAYIOULYIO TEOPEMY:
Teopema 1. as 41066l NOAOHCUMEADHOIL YEABIT TV U T, T < 216 u das
0061 6yaesvir Gynkyut f om n nepemennbis 8biNoAKEHO:
ptime(CDP, ;) = O(logr 4 logn) + extime + crypttime,
bp(CDP, ¢) = O((r*n*)(n—12logr —4logn)°(logr +log(n — 12 log r —
Llogn))?),
mem(CDP, ;) < 2" (1 + %) (1 + M).

[Moka3zaTeabcTBo. /[oKax)eM IPUBEICHHBIE OLEHKY, UCIOAb3YsA OLEHKA
g arropurma DP, ; w3 [1, 2]. DaccMOTpPEM HEPBBIE MIAr ATTOPHTMA.
Jna kaxgoro korkpetHoro A € GF(q)* mbr mmeem
bp(DP,,) = O((r3(n)°)(log r + log n')?),
ptime(DP, ;,) = O(logr + logn') 4+ extime.
s xaxnoro koukperuoro | € SLy(U):
b(DP,,) = bp(DP,1,) = O((r'3(n)°)(log  + log ')?),
ptime(DP, ;) = ptime(DP, ;,) = O(logr + log n') + extime.

GF(q)*|-|U| u
Yemsmas, wro [GF(q)] = 2%  |SLy(U)] = ISOLUL _ gue 1]
24k t

o, momydaeMm
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bp(D) = (|GF(q)*|+|SLs(U)|)-bp(DP, 1) = O2% (1 + 1) r13(n)
(logr +logn')?), rae k = [3logr +logn], n' = n — 4k. Taxum o6paszom,
bp(D) = O2% (1+ L) r3(n/)>(logr + logn’)?) = O(r'2nt (14 1) 13
(n — 12logr — 4logn)®(logr + log(n — k))?) = O(r**n*(n — 12logr —
4logn)®(logr + log(n — 12logr — 4logn))?),
ptime(D) = O(log r+log n')+extime = O(log r+log(n—k))+extime =
O(logr + log(n — 12logr — 4logn)) + extime.

Da BTOPOM Miare Mbl pacum@pOBLIBAEM CTPOKH TAOMULBL 3. DyneM
CYATATH, 9TO A DTOrO0 HaM HE TPeOyeTCsa HOBBIX IPOIECCOPOB U DTA
MIPOIe Ay Pa BHIIOMIHAETCA 33 Bpema crypttime. Tounas Bequtuua crypt-
time 3aBuCUT OT KCHIOIBE3YEMOU KPUAIITOCUCTEMBL I BO3MOXHOCTH €€ Pac-
HApaLIEIABAHUA. DOIyIaeM, ITO

bp(C) = bp(D), ptime(C) = crypttime.

[lns TpeThero mara airopuTMa, COrMIacHO oueHkKam mias DP. p, umeem
bp(A) = O(r'k?), ptime(A) = O(logr + logk).
[as gerBeproro mwara us [2] cregyer

bp(Bs) = O(IGF(a)*| - (rk? + n)) + O(SL(U)] - vk + rn)),

ptime(B;) = O(logk + logr).

Yaursisas, ato |GF(g)*| = 2% u |SL4(U)| < 2* - L1, noxyuaem

bp(Bs) = O(r2* . (k? + n)) + O(r2*% - (1 + £)).

da mAToM Iiare norpebyercs o6paTUTHCA K KaXJIOMY CTOJIOIY Ta-
6annbl 3, XpAHAIIENCA B ONEPATUBHOM MaMATH. TaK KaK KaX b CTOJ-
Oer; 0O6pabaThIBAETCSI CBOMM IIPOIIECCOPOM, TO MOXHO OIEHUTH BpeMs
kak O(1). KoarndecTBo mponeccopoB He yBEAUIUTCA.

Ja mecroM mare aaroputma CDP, ; umeeMm

bp(B7) =r-bp(Bs), ptime(B7) = ptime(Bs), rae

bp(Bs) = O(ISL4(U)| - k + |GF(g)"] - k) = O(k2" - (k + 1)),

ptime(Bs) = O(k).

W3 Bcero BBHINIEU3IOKEHHOIO CIEAYIOT OLNEHKW [ aIrOpUTMa
CDP,;.

bp(CDP.y) = max(bp(D),bp(C),bp(A),bp(Bs),bp(B7)) =
O((r®n*)(n — 12logr — 4logn)®(log r + log(n — 121logr — 4logn))?).

ptime(CDP, ) = ptime(D) +ptime(C) +ptime(A) +ptime(Bs) +
ptime(B;) = O(log r+log(n—12logr—4logn))+extime+crypttime+
O(logr +logk) + O(k) = O(logr + log n) 4+ extime + crypttime.
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[ns onenku Beumauasl mem(C D P, f) BCIOMHIM, ITO KaX JbIA CTOJI-
6en Tabmuner 1 pasbuBaerca mo anroputmy DFP 1 YauTeBasg, ITO
=|GF(g)*], p = |SLa(U)| m mem(DF,z,) <2 - (1 + 57),
MOy 9a€M

mem(CDP,) < (GF@| + 1SL@) -2 - (1) <
2 (L4 2yt (14 L) =2 (14 L) - (14 2 )—2"(1+%)-

1
(1 + n71210gr7410gn)'
Y10 u TpeboBaIOChH JOKA3ATH.

4. TlapaaneabHLIM aACOPUTM OJHOBPEMEHHO-
I'0 BBIYMCJICHUA 5 OyJeBbIX (PyHKIIUUA M €ro
CJIOXXHOCTH

DacCMOTPUM 3313y O BHYACICHWM S OyJaeBbHIX (yHKumu fi, fo,
o fs, rme fi ¢ {0,1}" — {0,1}, i = 1,2,...,s, OT T HE3ABUCUMBIX
BxogoB X1, X2, . . ., X,. Bce dynkuun peanmszoBanbl TabaunaMu u
opeacTaBIaioT cobor 6a3y MAHHBIX. DOCIEIOBATEILHOCTL 6uT (f1, fo,
., [s) mpeacrasmser cobou caoBo (ppasy), xpanumyio B Oase maH-
HBIX. TakuMm 06pa3oM, MBI UMEEM 3aa<y OPTaHU3alNKA NOCTyIa K 6ase
JAHHBIX MO HECKOJIbKAM HE3ABUCUMBIM aJPEeCcaM. JEPBOHAYAIBHYIO 6a3y
MAHHBIX MOXHO MPENCTABUTH B BUJE CICAYIOMIEH TAOCIUIL.

Z1 Z2 e | Tp—1 Tn fl f2 fs

0 0 0 0 * * *

0 0 0 1 * * *

0 0 1 0 * * *

1 1 .. 1 1 * * - *
Tabaumna 4.

31ech cuMBOI «k» 3amenser O mam 1.

OrmerumMm, uTO HeKOTOpHIe QyHKIUU w3 f1, fo, . . ., fs ABIAIOTCA
YACTUYIHBIMU, TAK KAK [UIAHA, (JIOB, XPAHUMBIX B Oa3e NaHHBIX, MOXET
OBITH Pa3IWIHA.
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JpensapuTenbHas 06paboTKa 6a3bl JAHHBIX AHAJOTUIHA AITOPUTMY
DP, ;. JazbuBaem mcxoJHOE TPOCTPAHCTBO HA ABA HOATPOCTPAHCTBA:

{0,1}" = {0, 1}4k x {0, l}n_4k, rae k = [3logr+logn|. Depsoe mox-
OPOCTPAHCTBO PACCMOTPUM KAaK 9IE€THIPEXMEPHOE MUHEMHOE MPOCTPaH-
crBo GF(q)*, roe q = 2F.

s Becex A € GF(q)* paccmorpum 6yiesst byHKIIT fg) : {0, l}n_4k
— {0,1} Taxue, ato fi)(B) = f;(A,B), j = 1,2, ..., . |

s Beex | € SLy(U) paccmorpum GyieBsl (hyHKIIUH glm : {0, 1}”74]C
— {0, 1} Takue, aTo gl(])(B) = AGBlfIE{), j=1,2,...,s.

€

Taxum ob6pazom, Tabauia 4 pa3buBaeTCa Ha TAOIUIL AaA GYHKINN
f/({) n gl(J ). Ecam 3a ogno obpamenne K 6a3e JaHHBIX KaXX LI IPOIEC-
COP MOXET CYUTHIBATH HE MeHee S OuT mHpOpMAUWHU, TO BCE TAOIUIHI
byHKIUA fﬁlj), j = 1,2,..,s mma xokpernoro A € GF(q)* o6wenn-
HAIOTCA B OAWH OJOK ¥ MPEACTABIAIT COOOU OTAEIBHYI YacTh 0a3bl
JAHHBIX, O0CIYyXABAeMYIO OTHUM IPOIecCOpOM. g Kax Joro KOHKpeT-
Horo | € SL4(U) MBI TakXke morydaeM OTAEIbHYIO 9aCTh 0a3bl JAHHBIX,
COCTOANLYI0 U3 Tabaui (HyHKIUI gl(] ), j = 1,2,...,8, oObeTUHEHHLIX B
oauH 6J0K. [[a HATIAZHOCTH MOXHO OOBEIWHUTH BCE dTU TAOJUILI B
aBe 6OMBbIINX TAOAUIEI 13 OJIOKOB (DYHKITAN.

v | e Yoo | 1Y) Y

0 0 0 * V¥ * O, F

0 0 1 * 0 F * O, F
Tabauma 5.

B pammbix Tabaumax m = |GF(q)*| = 2%, a p = |SLy(U)|.
Bosmoxubl gBa BapmanTa obpamieHus K 0a3e TaHHBIX: MEPBBIA — 33
ozHO oOpalleHre KaX /bl IPOLECCOP CUYATHIBAET S 6uT MHGOPMAINYA 1
BTOPOU — 3a OJHO O6palleHne CINTHIBAETCA TOABKO OauH 6uT. B mepBom
caydae KaxaoMmy 6aoKy pyHKIun fﬁlll) o fﬁi), t=1,2,...,m u Kaxaomy
(1) (s)

OmoKy g, - .- g, > 1=1,2,...,p DOMKEH COOTBETCTBOBATEL CBOU IIPOIEC-
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T T
v v [ e [0 g ] gl(p) o gl(j)
Tabauna 6.

cop. Ecan xe 3a oxgHo obpamenne K 6a3e MAHHBIX KAXIABIA IIPOIECCOP
MOXET CIYUTHIBATH TOJIHKO ONUH OUT MHGOPMAIINY, TO KaX 0N OyIeBOn
(GYyHKIUE B TMOCJAEIHUX ABYX TAOJUIAX [OJKEH COOTBETCTBOBATH CBOU
TIPOIECCOP.

OTMeTuM, 9TO MIsd 060UX BAPUAHTOB AJITOPUTMBI IPAKTUIECKU HE
OTAMYAIOTCA APYT OT APyra. J03ToMy OyaeT HPENIOKEeH TOIbKO OJUH
aJITOPUTM, KOTOPbIA MbI HazoBeM DP, ;.

Anaropurm DP, g

1. Opumenum nponeaypy A K BXOZHOMY BEKTOPY A, T0 ecTb @ = A(/T)
2. DpumenuMm nponenypy Bs, Mif MOCTPOEHU MPABAILHBIX BXOIOB Oy-
JeBbiX QyHKIUYA 6a3bl JAHHBIX, TO €CTh By:

i) g mobeix A € GF(q)* Beraucanm By = Bg(A, , B, @);

ii) mua mo6wix | € SLy(U) Boraucaum B) = 84(1,14',53,12')

3. Beruucaum Bce pyHKIUM 6a36b1 JAHHBIX:

i) VA € GF(q)4 nVj=1,2,..,$ Beraucimm Y fA (Ba);

i) Vie SLy(U) nVj = 1,2,...,5 BBIIHUCIUM Zl( D = gl( )(Bl).

3aMeTuM, UTO 3TO EeJUHCTBEHHBIM WA HA KOTOPOM IIPOUCXOUT
obpaienne K 6a3e NAHHBIX U BCE BPEMA BBIYMCICHUM MOXHO OTHECTHU K
extime, Tak Kak Bce (PYHKIUU JOMKHBI CIMTATHCA 38 OJHO OOpAIleHUe
K 6a3e MAHHBIX HE3ABUCUMO OT TOrO, CKOJIBKO OUT CIATHLIBACT KAXK IBIA
MIPOLIECCOP 3a OAWH pPa3. Jda3yMeeTcsa 3TO OyAeT BBINOJIHEHO MPU ONpe-
EJEHHOM KOJIMYEeCTBE IPOIEeCCOPOB B KAXAOM ciaydae. O6a BO3ZMOXHBIX
BapUaHTa OBLIU ONUCAHBI BHIIIE.

O603masmym epes Y ) maGop mepemenmbix Y/(‘j), rae A € GF(q)*, a
Tepes Z0) HabOp IMepeMEeHHBIX Zl(j), rae |l € SLy(U).

4. Dpumenum npoueaypy By mis BEIMUCICHUSA BBIXOIHOU TOCIEI0BATE b
HOCTH aJITOPUTMA, TO €CTh B7:
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Vi=1,2,...,r uVj=1,2,..., s BErauciumm

fi(As, Bi) = Bg(Ag,ug, ZD, Y1) =

:( v Zl(j)-BQ(A,u,l))GB @ Ygl)-Bl(A,u,A*))
leSL4(U) A*cGF(q)*

OneHrM CJIOXHOCTD IMOSYYE€HHOT'O AIrOPUTMA. BHAHO, 9TO IEpBbIE
ABA IIAara HEIEM HE OTAMYAIOTCA OT maros aaropurma DP,; [2] mbt
CMOX€EM HCIOMb30BATH COOTBETCTBYIOIME Pe3yabTaTsl u3 1, 2].

Teopema 2. Jas 410061L NOAOHCUMEADHBIT UCAVIE N U T, T < 216 u das
abviz oyaesoir dynrxyut f1, fo, . . ., fs om N NEPEMEHHBIT BLINOAHERO:
ptime(DP, ;) = O(log r + logn) + extime,
bp(DP; 1,s) = O((sr'®n’)(log r + log n)?),
mem(DP, ;) <s-2" (14 1).

[Joka3zaTeabCcTBO. JepBBHIU AT AITOPATMA MOXHO OLEHUTH, UCIONb-
3ys PE3yJbTATHL U3 BTOPOIO Pasjea

bp(A) = O(r'k?),

ptime(A) = O(logr + log k).

[st BTOPOro mara Mbl ©UMEeM

bp(Bs) = O(IGF(a)"| - bp(Bs)) + O(ISLy(U))] - bp(By)),

ptime(B;) = ptime(B3) = ptime(5,).

Bocnoassyemes ganee oneHKaMu COOTBETCTBYOIMX HPoneAyp u3 [1]
u (2], yaureiBas, aro |GF(q)*| = 2'F u |SLy(U)| < 2% - L.
JoaydaeM

bp(Bs) = O(r2% - (k2 +n))+ O(r2* - (1 + £)) = O(r2'% - (k> +n)) =

ptime(Bs5) = O(logk + logr).

Da TpeTheM mIare MPOUCXOAUT ObpamjeHue K 6ase MJAHHBIX, BPEMSI
KOTOPOr0 MOXHO OIEHUTH 4Yepe3 BeamuuHy extime. KoaumuecTBo mpo-
[eCCOPOB HEOGXOAMMOE Ha DTOM IIare aarOpUTMa 3aBUCAT OT TOTO,
CKOJIBKO OUT CUYMTHIBAET KAXIBIM MPOIECCOP TPU OJHOM OOpalleHnn K
6aze mammbix. Y mHac |GF(q)*| 6aoxos dymxmmia fg) u |SLy(U)| 6uao-

KOB (DYHKIUI gl(] ), KOTOpBIE cogepxkar 1o s ¢yukuun. CaegoBaTennb-
HO, €CJINM KAXK BN TMPOIECCOP MOXET CIATHIBATL § OUT 33 OMUH pPa3, TO
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mam meobxogmmo |GF(q)t| + |SLy(U)| mpomeccopos. Ecm xe 3a oguO
obpalenue Iponeccopa CIATHIBAETCA TONBKO OAUWH OWUT, TO 3TO KOJU-
9eCTBO HEOOXOAUMO YBEIWYUTH B § Pa3 U, CIENOBATEILHO, TOTpelyeTcs
s (|GF(q)*| + |SL4(U)|) mpoueccopos. Takum 06pa3om, Ha TpeTbeM
mare aaropurma zeobxoaumo O(24F) mmm O(s - 2*F) mpomneccopos.

JIerko BUAEeTh, 9TO IETBEPTHIN WAT AITOPUTMA MOXET ObITH OL[EHEH
crenyoomuM 06pa3om:

bp(B7) =r-s-bp(Bs), ptime(B;) = ptime(Bg).

Bocnoassyemes onenkamu g npouegypst Bg us [2].

bp(Bs) = O(k2** - (k+ 1)), ptime(Bs) = O(k).

CuemoBaTeabHO,

bp(B7) = O(r-s-k-2*%.(k + 1)) = O(r-s-k?-2*), ptime(B7) = O(k).

Kak 6pu10 onpegeneno panee k = [3logr + logn]. Doncrasuas sty
BCINYIVHY B pPaHEC IIOJYICHHBIC OIICHKW, UMEEM:

bp(Bs) < O(r2* (3logr + logn + 1) - (n + (3logr + logn + 1)?)) =
O(rBnt(n + (logr +logn)?)) = O(r3n’) + O(r*3n(logr + logn)?).

Da Tpersem mare Ham Tpebyerca O(r'2nt) mm O(s-r'?n?) mpomnec-
COPOB.

OueHKY 9eTBEPTOrO MIAra IPUMYT CIACTYIOIIAA BU

bp(B;) = O(r -s-k*-2%) < O(r-s- (3logr + logn + 1) -
24(3 logr—l—logn—l—l)) =0(s - r13n4(logr + log n)2)

3aMeTuM, ITO YeTBEPTHIM WA ATTOPUTMA TpebyeT GOoMbIIe IPOoLec-
COpoB, YeM B JI0O0M ciydae OymeT HeEOOXOQWMO HA TPEThEM IIare u,
CIe0BATENLHO, /A OLEHOK AJrOPATMA He BAXKHO, CKOJIBKO OUT CIUTHI-
BAETCS KaXIBIM ITPOIECCOPOM 3a OmHO oOpalieHue K 6a3e JaHHBIX.

OxKOHYATEIBEHO UMEEM CJIEIYIOIIEe:

bp(DPnyy) = max(bp(A),bp(Bs),bp(B)) = max(O(r7k?)
O(r3n®) + O(rB3nt(logr + logn)?),0(srB3nt(logr + logn)?)) <
O(sr3n’(logr + logn)?),

ptime(DP, ;) = ptime(A) + ptime(B;5) + extime + ptime(B7) =
O(logr+log k)+O(k)+extime = O(log r+log(logr+logn))+O(logr+
logn) + extime = O(log r + logn) + extime.

Ouenka pasmepa 6a3bl JAHHBIX, TOJLYIEHHOU IPU MOCTPOEHUN AJITO0-
PUTMA JIEKO HOIYIAeTCA U3 AHAIOIMHON OeHKH 1A aaropurma DP, .
Tabmuane: 5 u 6 Bmecre cogepxar s - (|GF(q)*|+ |SL4(U)|) croabuos mo
24 Gur B Kax oM. ClegoBaTEIBHO,
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mem(DP, ;) = s- 2" (|GF(q)*|+|SLa(U)]) < s-2n~ 1 (21F 425,
1y _ 1

Taxwm 06pa3oM, MBI HOLYIUIA BCE OUEHKN Aa anroputma D ;s u
TeopeMa [0Ka3aHa IOJHOCTHIO.

5. Ilapa/ebHBIM AArOPUTM JOCTYIIa K KpH-
nTorpadguyYecKn 3aluileHHon 6a3e JaHHbIX
13 s OyJeBbIX (PYHKIUU M €ro CJA0XKHOCTb

DAaCCMOTPUM BO3MOXKHOCTEH KPUITOrPAPAICCKON 3AMIATH 0a3BI TAH-
HEIX W3 S OyleBHIX (DYHKIUHM OPM WMCIONL30BaHMM anrropurma DP, f.s
73 OpPEeNbIAYIIEro pasfena Misd AocTyma K mHdopMmanuu. OTMeTHM, ITO
aaa paboTel aaroputma DP f s HEOOXOAMMO CIENUATbHBIM 00pa3oM
npeobpa3oBaTh 6a3y JaHHBIX. Je3yJIbLTAT TAKOTO MPeoOpasoBaHUsA ObLI
IpeacTaBieH B Tabaunax b u 6.

B 3aBUCHMOCTHU OT TOro, CKOJBKO 6I/IT MOXET CYUTHIBATH IIPOLIEC-
cop 3a OAHO oOpalneHne K 6a3e MAHHBIX, KaX OB OJOK OyJIeBBIX (PYHK-
nuy aubo Kaxgas OyreBa (QyHKIWA M3 YKA3AHHBIX TAOIUI XPAHUTCA HA
OT/JeIbHOM HOCUTeNe U OOCIyXKUBaeTCsa cBOMM mporeccopoM. O6a BO3-
MOXHBIX BapUAHTa OBLIM PACCMOTPEHBI B OpeAbIAyIIEM paszene. Tam
XKe OBLIO TOKA3aHO. 9TO B 060UX CIyYadX OIEHKW CJIOXKHOCTU AJTOPUTMA
OJVWHAKOBBIC.

Takum 06pa3oM, mepen HaMU CTOUT 330494, KPUITOTrPAPUICCKON 3a-
IUTH Tabaul 5 u 6. JpudeM TIABHBIM OTDAHUYEHUEM ABIAETCA Tpe-
60BaHUE obecneveHnsa AOCTYIa K He0OX0auMbIM OyJIeBbBIM (DYHKIUAM 33
oIHO oOpatenue K 6a3e gaHHbIX. C MOA06HON CUTYAIMER MBI YK€ BCTPe-
Jamuck npu pazpaborke aaropurma CD P, r 1 31€Ch BOCIONB3yeMCA aHa-
JOTMYIHBIMU METOAMU.

Cpasy ke 0TMETHM, YTO IIPU PEIIEHUN PACCMATPUBACMOU 3a0a9U
MOXHO BECTH pPeYb TONBKO O MudPOBAHUY CTPOK YKABAHHBIX TaOIHII,
Tak KaK mudpoBaHue CTOMOIOB IPUBEAET K HAPYUIEHUIO [VIABHOT'O Or'pa-
araeHna aaroputma DP, r . [eucTsuTensro, npu paboTe aaropurMa
norpebyeTcsa pacmm@poBaATh UCHOAb3YEeMble CTOJOIBL, & NI DTOTO He-
00X0MMO CHAYANA, CIATATH UX C BHEITHEI'0 HOCUTENA. TaK KaK KaX b7
cTon6er XPaHUTCA Ha OTAETHHOM HOCUTEIE, TO IHOJHOCTBIO CINTATEL €r0
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3a oqHO obOpareHne K 60a3e MJAHHBIX HEBO3MOXHO.

OPEIIOIOXUM CHAYAAA, 9TO § YAOBIETBOPAET MapaMeTpaM Kpu-
NTOCACTEMBI, TO €CTh MIWHA MuGPYEMON MOCIEJOBATEILHOCTH [OMKHA,
ObITh MenbIle aub0 paBHA S. B aToM ciayuae B 6a3e JAHHBIX MOXHO XPa-

o v 1 s
HUTH 3amu(POBAHHBIM KaX AL OJ0K OyJIeBbIX (hyHKIUN fﬁl_) c fﬁl_) u
1 1

gl(il) C. gl(j), rae 1= 1, 2, . . ., p. Torga HOBBIM AICOPUTM IPAKTHUIE-
cku HmeM He Oy et orymaercsa or D P, ¢ o, 3a HCKIIOYeHIEM TPOTELY PBI
pacmmdpOBKY KaX IOT'0 CINTAHHOT0 O6J0KA, KOTOPYIO HeoOx0oauMo noba-
BUTB TIOCIE TPeThero mara aaropurma D P, ¢ . CaegoBarensro, mocaes-
HUU (ME€TBEPTHIN) MIAT ATTOPATMA, CTAHET HATHIM M AOOABATCA HOBBIU
YeTBEPTHIN IIAr:

4. dpumenum nporeaypy C mis paciimdpOBKEU BCEX U3BICYCHHBIX 0J0-
KOB:

i) VA € GF(q)* pacumpyem 6moKxm (Yfgl), cey /(‘S));

ii) VI € SL4(U) pacumdpyem 610Km (Zl(l), e, Zl(s)).

CJI0XHOCTD 5TOU MPOIENYPHI MOJHOCTBIO 3ABUCAT OT UCIOIB3YEMOU
KPUITOCUCTEMBI ¥ BO3MOXHOCTH €€ pacnapajiennBanus. Tak Kak B qaH-
HOU pab0oTe He MCIOAb3YETCA HUKAKAA KOHKPETHAS KPUITOCUCTEMA, TO
IPEANONOXUM, ITO HaM OyeT AOCTATOYHO KOJXIECTBA IPOIECCOPOB UC-
MOAB3YEMBIX PU PpaboTe aIrOpUTMa, & BpeMsa PabOThI DTOU MPOIELYPhI
o6o3HaUMM Uepe3 BeawduHy crypttime. flcuo, uTo mocrennsaa Berwtm-
Ha 2T0 Bpemsa meobxomumoe mas pacumdposku (|GF(q)*| + |SLy(U)|)
6JOKOB TI0 § 6UT B KaX/AOM IPY UCIOIH30BAHUY HAPALIEIbHBIX IIPOIEC-
COPOB.

Jlerko BUAETH, ITO CIOKHOCTD MOLYIEHHOT'O HOBOT'O aJCOPATMA OT-
JTIIAETCA OT CIOKHOCTH aaropurma D P, ¢, Tombko BemmamHOM ptime,
TakK KakK K Hel g06aBuTCA crypttime.

DACCMOTPUM TeNephb CUTYAINI0, KOIa, MaPpAMETPBI KPUITOCUCTEMBI
TAKOBBI, ITO HYXHO 3alMIU(POBLIBATE MOCIEI0BATEILHOCTH, COCTOAIINE
W3 HECKOJbKMX OJOKOB Tabuuil 6a3bl gaHHBIX O # 6. To ecTh kaxmasa
CTPOKA YKA3aHHBIX Tabaui] pa3ObuBaeTCsa HA 9aCTH, COMAEPKAIIUE [0 He-

o (1 1
CKOJIBKO OI0KOB OyJIeBBIX (DYHKIUU fﬁl) .. fﬁf) nim gl(v) C. gl(é), rie
3 a (3 (3
1 =1,2,...,p. JonydeHHbIE YACTU MUPPYIOTCA MO OTAEALHOCTA U XPa-
HATCA B 3aumdpoBaHHoM Buge. OUeBuHO, ITO mEepe] IPUMEHEHUEM aJl-

roputma DP; § s He06X0AuMO pacmm@poBaTh BCe IaCTH CTPOK TalOMImMI
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6a3bl TaHHBIX, UCIOJAbL3yeMbIe Ipu ero padore. O THAKO, MOXET CJIy IUTh-
€A TaK, YTO A PA3HBIX CTPOK MOTPebyIOTCA OQUHAKOBHIE Oa0KuU Oyite-
BBIX (PYHKIIMN, KOTOpLIE OBLIM 3alIA(POBAHLI B PA3IUIHLIX IACTAX W,
CIeOBATENBHO, HEOOXOIUMO CIUTATH U PACHIN(PPOBATH KAXKAYIO TAKYIO
9acTh. B 5TOM caydae u3 OmHOTO cTOJA0IA TabIuIbl 6236l TaHHBIX OymIeT
CYUTHIBATHCA HECKOJABKO OUT, TO €CTh MPOU30UAET HAPYIIEHUE OrPAHMU-
qeHua aarroputma DP; r . DacCMOTPHUM ONMCAHHYIO CHTYalldio Ha IIPO-
CTOM IIpUMeEpPE.

dpusegeM HpParMeHT OAHOU w3 Tabauy 6a3bl JaHHBIX (TaOauIb 5).

vi L | e [ D DY)

0 0 0 * Lk * 0 F

0 0 1 * Lk * O, F

1 1 1 * * * *
Tabauna 7.

O PEIIOIOKUM, ITO 3AUPPOBBIBAIUCH MOCIEI0BATEALHOCTH, COLEP-
XKalnue 10 a8a 610Ka GyJeBBIX (PYHKINE, TO €CTh MIMHA MU(PYEMOU 1O~
CIeIOBATEABHOCTH 2§ OUT. JyCTh IpU PaboTe AITrOPUTMA BHIACHUIOCH,

- o (1) (s)
9TO U3 MEPBOU CTPOKU HYXKHO CIATATH OI0K pyHKIUU f AL e f PR

o 6 (1) (s) 0 v
U3 BTOPOM CTPOKM OMOK [, . .. f, . OJHaKO B KaxX[OM CTPOKE Ha-
men Tabaumel 063 3T OJOKA 3aU(POBAHBI BMECTE W YTOOBI U3BJEYb
0J0K (DYHKIUT f(l) f(s) JIf TEPBOU CTPOKK HEOOXOIUMO CUYUTATH
YHKI Ay v Ja B p p s
u3 dTou cTpoku 0b6a OGI0Ka BMecTe, a 3aTeM paciiudpoBaTh nx. Ana-
JOTUYHO, JJA BTOPOU CTPOKM TPeOyeTCsA CUMTATH OJHOBPEMEHHO 06a
O6moka mia ux pacumdpoBanusa. Takum o6pa3oM, Ipu OAHOM OOpPAILIEHUT
1 s
K 6a3e maHHBIX HEOOXOUMO OJLHOBPEMEHHO CIUTATH OJIOKHU fﬁh) e fﬁll) u

f(l) f(s) 73 IEePBOU U BTOPOU cTPOKM Tabaunsl. OueBugHO, 9TO 00BIY-

Ay = Ay P P P IBI. AHO,

HBIMU METOJAaMU DTO CAeJaTh HEeBO3MOXHO. CrefoBaTenbHO, MBI IMEEM

CUTyanuio TOA00HYIO TOU, KOTOPas OBbLIA PELIeHA DU MOCTPOCHUU AJ-

roputma CDP, ; m MBI MOXEM BOCTIONB30BATHCA TEMU XK€ METOJAMM.
Bo BTOpoM paspgene GbLIO OTMEYEHO, 9TO TPU CBOEH PaboTe airo-

put™m DP, ; obpamaeTcsa TOIbKO K CTPOKaM, COOTBETCTBYIONMM HabO-
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pam Bi, . . ., By. 9T0 Xe yTBepX/[eHue BHINOIHEHO U [JII AJCOPUTMA
DP, ;. D02TOMy OJHO W3 BO3MOXHBIX PEIIEHMH TPOOAEMbI COCTOUT B
pacuimdpoBKe BCEX COOTBETCTBYIOUIUX 7" CTPOK Tabauil 6a3bl JAHHBIX C
npumenerneM MeTofosB arroputma CDP, ¢ naa camreiBanus r OUT U3
KaXI0T0 CTOJOIA.

3aMeTuM, OfHAKO, 9TO He TpeOyeTcs CUMTHIBATH U paciudpPOBHI-
BAThb T CTPOK TAOIUI] HEIUKOM. [[eACTBUTENBHO, I KaXI0I0 KOHKDPET-
uoro A € GF(q)* cymecrByer equrcTBennbIi HAGOP B4, OIpegeaseMbIi
B aaroput™me DP, f ¢, a gna kaxjgoro koHKperHoro | € SLy(U) exun-
crBernbir Ha0op B;. CreqoBaTenbHO, U3 KaxXA0ro cToabma Tabmun 5 u 6
CYIUTHIBAETCS TOJABKO OauH 6uT. B 5TOM, COGCTBEHHO, U COCTOUT INIABHOE
OI'PAHUYCHUA aJrOpUTMa. 9yCTI) napaMeTpbl KPAIITOCUCTEMBI TaKOBBI,
ITO JOMKHBI IMHAPPOBATHCA MOCIENOBATEILHOCTH IIWHOU bs 6uT, rae b —
HEKOTOPO€ HATYPAJbHOE UUCIO, TO €CTh mudpPyoTca Kax e b 6J0koB
OyneBBIX (PYHKIUA. DpU paboTe ANTOPATMA HYKHO BBITUCIUTE KAXK THIA
60K OyneBbIX DYHKIUHT HA OIIPEIEJEHHOM HAO0Pe, TO eCTh CINTATH €ro ¢
BHELIHEr0 HOCUTENA IO OIPENeJIeHHOMY aapecy. D0 Ipu 3TOM HeOOX0au-
MO CYATATh U BCIO 3am(pPOBAHHYIO HOCAEI0BATEIBHOCTD, COAEPKAIILY IO
>TOT OJIOK, & dTO O3HAYMAET JOMOJMHUTENBLHOE BhIYmMcaeHue b — 1 6I0KOB
OyaeBHIX PYHKINK Ha >ToM Habope. Tak kak jarobaa 3ammudppoBaHHAA IIO-
CIeI0BATEABHOCTD COAEPXKUT 10 b OJI0KOB, TO B Xy[ALIEM CIydae HOTpe-
6yeTCa BBIYUCIUTDL KaX b OM0K GyJeBBIX (PYHKIUUA HA b HE3ABACUMBIX
agpecax. CregoBaTeabHo, HEOOXOAUMO OyAeT CYATATH MAKCUMYM 1O b
3HAYEHNN U3 KAaXOI0r0 CTOJOA Tabaul 6a3bl JaHHBIX O 1 6.

Takum o6pas3oMm, HaM HeEOOXOAUMO MOAUMPUINPOBATHL AJITOPUTM
DP, ¢, mo aganorun ¢ aaropurmom CD P, ; nia u3piedeHns b 3HaIeHAN
U3 Kaxoro croabuma Tabann 6a3bl JAHHBIX 33 OAHO K Hel oOpalieHue.
Dospm arroput™ o6ozpauM depes CDP, f .

Bocnoabsyemcsa m3moxeHHBIM Ipu mocTpoerHun aiaroputma CDP, ¢
MeTONOM pa3bumeHusA KaxJIoro cToua0Ia Tabaui 6a3bl JaHHBIX M Pa3o-
6beM UX TaK, 9TOOBI CTAI0 BO3MOXHEIM IIpUMeHeHue aaroputma DP, ;.
Omnumewm arroputm CDP, ¢ B ciydae, Korja mudpyroTca IOCIeI0Ba-
TeIbHOCTY U3 bs OyJaeBbIX (DYyHKIUT (b 0JIOKOB 110 § (PYHKIIUU B TAOAUIIAX
6a3bl JAHHBIX ). DPU HTOM OyJeM CIATATH, ITO 3a OAHO obpaieHue K 6ase
JAHHBIX KX IbIA IIPOIECCOP MOXET CINTATH TOALKO oguH 6ut. (Cayaan,
KOT'/[a MOXHO CUATBIBATH [0 S OUT AHAJOIUIEH. )
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Anropurm CDP, ¢ g:

1. Opumennm nponeaypy A K BXOZHOMY BEKTOPY A, T0 ecTb @ = A(/T)
2. DpumenuMm nponenypy Bs, Mif MOCTPOEHU MPABAILHBIX BXOIOB Oy-
JeBbIX QyHKIUYA 6a3bl JAHHBIX, TO €CTh By:

i) g mobeix A € GF(q)* soramcanm By = B (A, E,g,ﬁ);

ii) gua mobex [ € SLy(U) Boramcanm By = By(l, A, B, @).

3. DOpumenum mpoueaypy D musa BHIYUCICHUS BCEX HEOOXOMUMBIX BHEII-
aux pysxmmia. [as aroro ¢ momomeio aaropurma D Py ¢ Beraucaam 1o b
COOTBETCTBYIOIINX 3HAYMEHUN KaX 10U OyIeBOr (hyHKIUI fgi) u g(i] ), s
TOro, 9T06B CHOPMUPOBATH IPABWILHBIE 3AIIN(POBAHHBIE HTOCICIOBA-
TeIbHOCTH OyaeM OTAeabHO 06pabaThiBaTh IO b OJOKOB OyJeBbIX (PyHK-
nuu. KommgecTBo nocrepoBaTenbHOCTEN U3 b O610KOB OyieBbIX yHKIIIN

f/(fi) . fﬁf}, rae 1 = 1,2, ..., MOXHO OLUEHUTH KK
b b ’
a KOIMYECTBO IOCAENOBATEILHOCTEN (DYHKITUN gl(il) C gl(j)’ rae i =

1,2,...,p paBHO

<1542

Takum 06pa3oM, IOIydaeM CASAYIOILYI0 MPOLeaypYy:
i) Vi=1,2,...,b mVj = 1,2,...,$ IpEMEHAM ATTOPUTM DP(b,f)gi) KO
Bxoay (Ba,, Ba,, . . ., Ba,) u u3 pe3yibraToB chopMupyem TabIaIy
F12

fOBA) o OB FBA) . B ][ 1B . 1§ Ba)
FUBA) . 1B [ BA) . 15 BA) ] 1 BA) . 1) BA)

OB - 0B 1B . B 1B . 1) Ba)

Tabauna 8.

Vi = b+ 1, b+ 2,...,2b u Vj = 1,2,...,$ OpUMEHUM AITOPUTM
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DP(b,f)Egi) ko Bxoay (Ba,+1, Ba,+2,.--, Ba,,) n u3 pesyapraros chop-
MupyeM Tabauiy Fy:

1 1
P Baye) o 5 (Bay) | | £ (Bay) o fi) (Bays,)
1 1
Py (Bagys) o f5) (Bayes) | | £ (Baga) - £ (Bayys)
1 s 1 s
£ (Bay) o £ (Bay,) || £ (Bay,) - £5) (Bay,)
Tabauna 9.

OPOIOIKAEM JajJee AHAJIOTHUTHO.

Vi=(z—-1b+1,(z—-1)b+2,....m u Vj = 1,2,..., s npumernm
AITOPUTM DP(b,f)gi) KO BXOZY (BA(Z—1)b+17 BA _yyppnr - - s By,,) n
U3 pe3yabTaToB chopMmupyem Tabaumy F, 1m0 aHAIOTMEM ¢ Tabiunamu,
ONMCAHHBIMH BHIIIE. ‘

i) Vi = 1,2,...,b mwVj = 1,2,..., s IPUMEHUM AITOPUTM DP(b,g)g_J)
sxoxy (By,, By,, . . ., B,) n u3 pesyabraros chopmupyem tabaumy Gy
o aHaJjgorum ¢ tabmunen Fy:

KO

7

gl(ll)(Blz) gl(ls)(Blz) gl(zl)(Blz) g[(;)(Blz) g[(bl)(Blz) gl(bs)(Blz)

a(By) .. o By) |6 (By,) . 0By | |9V (By,) - 0 (By,)

Tabmuma 10.

Vi = b+ 1,b+2,...,2b m Vj = 1,2,...,s NpEMEHHM aIrOPUTM
DP(b, g)g) ko Bxoay (By,, ., Bi,,ss - - -, Bl,,) u u3 pesyabraros chop-
MupyeM Tabauiy G 1o aHAIOTHHU ¢ Tabaumen Fy.

IPOJOIKAEM [ajee TAKUM XKe 00Pa3oM.
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Vi = (v=1)b+1, (v—=1)b+2,...,puVj = 1,2, ..., s IpEUMEHUAM ATTOPUTM
DP(b, g)g) K0 BXOAY (Bi,_ )11 Bl 1ypins -
copmupyem Tabauiy G, .

ITO €IMHCTBEHHBIN MIAT AICOPATMA, Ha KOTOPOM IIPOMCXOAUT 06pa-
wenve K Oase gaubix. OTmermm, uTo Bee Tabmuubt F; u G; BMecTe
sarmmatoT bs(|GF(q)t| + [SLy(U)|) 6UT m qOMKHBI XpaHATHCA B OMepa-
TUBHOU TAMSATH.

.., Bip) m u3 pesynbraTos

4. Dpumennm npouenypy C s pacumdpPOBKA BCEX CTPOK KaXIOU Ta-
6maner Fj, rpe 4 = 1,2,..., 2z u kaxgou Tabmnsl G, rae j = 1,2,...,0.
DacuudpoBaHHbIE TAOIUIIEI IO TPEXKHEMY MOJKHBI XPAHUTHCA B OIEPa-
TUBHOU MAMSATH.
5. Bei6epeMm HE0OX0uMBIE HAM 3HAYEHUA GYHKINYA B pACIIA(POBAHHLIX
Tabmnax F' u G:
i) VA € GF(q)* mVj =1,2,..., s BuIGepem Ylgj) = fg)(BA);
i) VI € SLy(U) mVj = 1,2, ..., s smbepem Z) = ¢ (B)).

O603masmym 1epes Y ) maGop mepemenmbix Y/(‘j), rae A € GF(q)*, a
Tepes Z0) HabOp IMepeMeHHbIX Zl(j), rae l € SLy(U).
6. DpuMeHuM TpOoUEAypPy 7 IS BHIMUCIEHAA BBIXOJHON MOCIEI0BATENb-
HOCTH aJrOPUTMa, TO eCTb B7:

Vi=1,2,...,r uVj =1,2,..., 5 BeIIucaimm

fi(As, Bi) = Bg(Ag,ug, ZD, Y1) =

:( v Zl(j)-BQ(A,u,l))GB @ ij)-Bl(A,u,A*))
leSL4(U) A*EGF(q)*

OueHuM CIOXHOCTD MOIYYEHHOTO AJCOPUTMA, TI0 TPEM HapaMeTpaM,
OImMpPaACh Ha MOKa3aTeIbCTBO ONEHOK A1A aaropuT™mos DP. ru DP; g .

Teopema 3. as 4106bIT NOAOHCUMEADHOIL YEABIT TV U T, T < 216 u das
a06oix oyaesvir Pynxyud f1, fo, . . ., fs om n nepemennvir 8LINOAHEHO:
bp(CDP, ) = O((sb'3r'3n*)(n — 121og r — 4logn)°(log b+ log(n —
12logr — 4logn))?),
ptime(CDP, s ,) = O(logr + logn) + extime + crypttime,

mem(ODPT,f,S) < 52" (1 + %) (1 + n71210g1r7410gn) :
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[Joka3aTeabCTBO. DepPBHIY WAl AIMOPATMA OLEHUM, UCIOJIb3YS PaHee
omacanubie peayastars bp(A) = O(r'k?), ptime(A) = O(logr+logk).

[las BTOpOro mara, COrIacHO NOKA3aTeAbCTBY OLEHOK [ aJrOPUT-
ma DP, s (Teopema 2) mpt umeeM bp(B;) = O(r'3n®) + O(r'3n*(logr +
logn)?) u ptime(Bs) = O(logk + logT).

DAaCCMOTPUM TPETHUU WIAT AJCOPUTMA. Ja 3TOM Iare 3 0a3bl TaH-
HBIX 33 OJHO K HeW oOpalieHue CIATBIBACTCA 1O b COOTBETCTBYIOLMX
3HAYEHNN KaxXgou Oy/aeBod (PyHKIIUN fgi) u gl(lj ), [l >TOro MCIOIb-
syerca amroput™ DD, . Ykazanubx OyaeBbIX (yHKIME y HaC BCETO
s+ (1GF(q)!] + |SLy(U))).

Cae1oBaTEIBHO, MOLYIaeM:

bp(D) = s - (|GF()!| + |SL4(U)]) - bp(D Py 1, ).

Bocnonbayemcs omeHKaMu CI0KHOCTH A1 anroputma D P, ¢ u3 [1, 2].
YuareMm, uTo B HameMm ciaydae 1 = b, a f = f4. Opuuem dymkuma fq —
oTo GymreBa pyukmusa n — 4k nepemenubx. Mmeem

bp(DP, ) = O(b**(n — 4k)°(log b + log(n — 4k))?).

Takum obpasom, 3Hasg, uro k = [3logr + logn]|, |GF(q)
u |SLy(U)| < 24k . %, MOJIy9aeM OIEHKY KOMUYIECTBa MPONECCOPOB HA
YeTBEPTOM Ilare

bp(D) = O(s - 2% - (1+ 1) - b3 (n — 4k)°(logb + log(n — 4k))?) =
O(sr12n*b!3(n — 121logr — 4logn)®(log b + log(n — 12log r — 4logn))?).

BpeMs BLIYUCIEHUN OIEHUBAECTCA CIEAYIOMUM 06pa3oM

ptime(D) = ptime(DP, ;,) = O(logb+1log(n —12logr —4logn)) +
extime, rje BeruuuHa extime xapakTepusyeT BpeMsa CUATHLIBAHUA WH-

4| — 24k

¢dopManuyu ¢ BHEIIHUX HOCHATEIEH.

Da YeTBepTOM Iare MIPOUCXOAUT pacHIn@pOBaHUE CTPOK TabJIWI.
JyIeM CIUTATH, 9TO HAM HEe TPeOyeTcs s dTOr0 HOBBIX MPOIECCOPOB,
TaK KaK MBI HE UCIOJb3YyEeM HUKAKOU KOHKPETHOU KPUITOCUCTEMEI U HE
3HAEM OIICHOK €€ CJAOXKHOCTHU. 3aMEeTHM, 9TO Ha DTOM IIare HeoOXOquMO
pacumdpoBaTh

b-(z+v) = b- (PGF,SQ)ﬂ + ['SL‘;}U)D < 16720t (14 1) 4 20

[OCIEJ0BATEILHOCTEN 110 bs 6uT B Kaxagou. OueHnM BpeMsa 3TOU IpoIe-
nypel 1epe3 crypttime.

OATHIN ar He TpefyeT HOBBIX MPOIECCOPOB, & BPEMs ero paboTh
MOXHO oreHuTb Kak O(1).
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OueHKM [/ WeCTOro IMara IHOJHOCTBIO COOTBETCTBYIOT COOTBET-
CTBYIOIIUM OmeHKaM s aaroputma D P, ¢ . CregoBaTensHo,

bp(B7) = O(r - s- k?-2*) = O(s - r'3n*(3logr + logn)?),

ptime(B7) = O(k) = O(logr + logn).

OKOHYATEIBHO HMEEM CIeAYIoLIee:
bp(CDP, ;) = max(bp(A),bp(Bs),bp(D),bp(B7)) = max(O(r'k?)
O(r3n®) + O(rBnt(logr + logn)?), O(sr'?n*b'3(n — 121logr — 4logn)
(logh + log(n — 12logr — 4logn))?),O0(sr'3n*(logr + logn)?))
O(srB3n*b3(n — 12logr — 4logn)>(log b + log(n — 12log r — 4logn))?);

ptime(CDP, f ;) = ptime(A) + ptime(B5) + ptime(D) + extime +
crypttime+O(1)+ptime(B7) = O(logr+log(logr+logn))+O(logr+
logn)+O(log b+log(n—12log r—4logn))+extime+crypttime+O(1) =
O(logr + logn) + O(logb + logn) + extime + crypttime.

3aMeTuM, 9TO TEOPETHIeCKN (Ha IPAKTUKE DTO HEPEAIbHO) MAKCH-
MasbHOE 3Havenue b pasaaerca |GF(q)*| + [SLi(U)| < 2% - (1+ 1) <
16r'2n* (1+ %), u, caepoBaTenbHo, logb = O(logr + logn).

N "

Takum o6pasom,

ptime(CDP, s ;) = O(logr + log n) + extime + crypttime.

Ouenum pasmep 6a3bl AAHHBIX, [TOJYYEHHOU MPU MOCTPOCHUU AJITO-
putMma. [lna arropurma D P, ¢ s KOTAIeCTBO CTOAOIOB Tabamm S u 6 ompe-
MESIETCA KAK

s (GF(@)*| + SLa(U)]).

Kaxaemn cronber; gomxeH OBITH pa3OUT Ha IACTU IJIA NPUMEHEHUA
anroputma D P, ¢, Tae B KagecTse pyHKImA f BEICTYnAOT OyIeBEI (hyHK-
uuu fgi) u g(_] ), onpegesenusie Ha 1 —4k nepemenubx. COrmacHo OIeHKam
LA a.nropnql‘Ma DP, s, nony1aem

mem(DP, ) < 2" 4. (1 + L )

n—4k
CuenoBaTeabHO,
mem(CDP, ;) = s- (|GF(@)!] +|SLa(U)]) - bp(DPy ) < s+ (21 +
24’6-%)-2n—4k-(1+ﬁ) <s-2"-(1+%)-<1+
Taxum 06pa3oM, Mbl HOLY YUK BCEe OLEHKM s anroputma DP, ¢ u
TeopeMa JI0Ka3aHa MOJHOCTBIO.

S U
n—12logr—4logn | *

3aMeTuM, OfHAKO, 9TO ecaud b > 1, TO BEHITOJHEE CUUTHIBATH U Pac-
mudPOBBIBATE BCE I CTPOK Tabau1l 6a3bl TaHHBIX, COOTBETCTBYIOMINX Ha-
6opam Bi, . .., B;. [lencTBUTEILHO, B 3TOM CIydae ¥ KaxA0r0 CTOAOIA,
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TpebyeTcsa cauTaTh © 6UT, HO TaK KakK b > 1, TO 3TO BBITOHEE, I€M CUU-
ThiBaTh b 6uT. Torga na Tpersem mare DP,. o HeOOX0AMMO IPUMEHATD
arroput™m DP, ;. CrefosaTelbHo,

bp(D) = s- (IGF(9)*] +|SL.(U))) - bp( np) = 520 (145
O(r'3(n — 4k)>(logr + log(n — 4k))?) < O(sr'’n (n — 12logr —
4logn)®(logr + log(n — 12logr — 4log n)) ) = O(sr 2 nt(n — 12logr —

4logn)’(logr + log(n — 12log r — 4logn))?).

[anee, crenys [0Ka3aTeIbLCTBY TPEILIIYIIEN TEOPEMbI, HETPY JHO MO-
Ka3aTb, ITO

bp(CDP, ;) = O(sr®n*(n — 12logr — 4logn)5(logr + log(n —
12logr — 4logn))?).

OcranbHbIe OIEHKU AJTOPUTMA OCTAHYTCA 6€3 M3MEHEHUH.

6. CaoxnocTp amropurma DF,; npu orpaHu-
YeHHOM YHCJIE IIPOIEeCCOPOB

OrMerum, 94TO BCe 33291, PACCMOTPEHHBIE B IPEABIAYIINX PA3[eIax
JAHHOU pabOTHI, PELIAIUCH MPU YCJIOBUU MAKCUMAJIBHOTO PACIAPAILIE-
JUBAHUA QJIT'OPUTMOB, ITO CyHI€eCTBECHHO YBEININBAJIO KOJIUICCTBO IIPO-
1IECCOPOB B OIIEHKAX WX CJIOXKHOCTH. MUHUMWU3UpPYeEM KOIMIECTBO IIPO-
neccopos B aaropurme DP, ; npu cOOMIOAEHMU TIABHOI'O OTDaHUYeHUA
332491, & UMEHHO OJHOKPATHOro obpamennsa K 6a3e TaHHBIX. SICHO, 9TO
HeT HeOOXOMMOCTH B MO Au(MUKAIIAY AATOPUTMA. VIBMEHATCA TOIBKO €ro
OIIEHKW CJIOXHOCTH.

DAaCCMOTPUM 33,4349y NaPALIETHLHOTO U3BIeYeHUsA nHdopManuy u3 6a-
3Bl JAHHBLIX IO 7" HE3ABUCUMBIM apeECaM 32 OJHO oOpalleHre K BHEITHIM
HOCUTEIAM IIPDU MUHUMAJBHO BO3MOXHOM KOJIWYIECCTBE IIPOTECCOPOB.

Anroputm DP, ; pastuBaer 6a3y NaHHBIX Ha OIpPeNEICHHOE KOJHI-
YECTBO YaCTEN, KAXKAAd U3 KOTOPBIX 00CIYyXUBAETCA CBOUM ITPOIECCO-
poM. Dpu obpaienunu K 6a3e JaHHBIM IO JIOOBIM 7 afpecaM MOIIyCKaeT-
€S TOJBKO OJHO OOpallleHne KaxkIOro MPOIECcopa K COOTBETCTBYIOIIEN
eMy YaCTU ¥ BCA MHMOpPMAIuUA MONXKHA OBITH CUMTAHA 33 OJUH IIar.
D03TOMY A BBIMOJIHEHWS TJABHOIO OTPAHWYIEHUSA AITOPUTMA HEOOXO-
IAMO MUHUMYM CTOJBKO MPOIECCOPOB, HA CKOJIBKO dacTel pasburta Oa-
3a JaHHBIX. 3JaMeTHM, 9TO Aad paboTsl arropurma DP, ; Heo6Xogmmo



O nmapasuieabHOM BeIYuUCAeHUN OyJIEBBIX (DYHKIUNA 329

OpeACTaBUTL OyJaeBy (QYHKIUIO [, IPeACTaBIAIONIYI0 coOou 0asy maH-
HBIX, depe3 OyJeBbl (QPyHKIUN fg) u glm : {0,1}”74}C — {0,1}, rme
A € GF(q)*, | € SL4(U). Kaxnas Takas GyHKIUS dTO 4acTh pasdu-
enna 6a3bl JaHHBIX, OOCIyXUBaeMas OTAeabHBIM mpoteccopoM. Ciemo-
BaTEJIBHO, KOIUICCTBO tIa,CTeI‘/)I B DPT‘,f HE MOXET IIPEBBINIATH BCIANINHY
|GF(q)"|+|SLa(U)| < 2% + 2% Ly = 2% . (1 + L) < 160120t (14 2).

Takum 06pasoM, KOIUIECTBO MPOLECCOPOB AITOPUTMA MOXHO OI'Da-
aranTs semmanaon O(r12nt).

Ouenum BpeMs pabOTHI AITOPUTMA IIPU TAKOM OUPAHUYIEHHOM KO-
JaugaecTBe npoueccopos. s aroro Ham norpefyeTca pacCMOTPETH BCe
mary aaropurma D P, ;, onmcaHHOr0 BO BTOPOM pasjele JaHHOM pabo-
THhI.

Teopema 4. Jas 4100661 NOAOHCUMEADHBIT UCAVIE N U T, T < 216 4 das
a0bviz oyasesvir Pynryut f om n nepemennbir 8pems pabomuvt GA20-
pumma DP, ; npu xoauuecmee npoyeccopos, 02paHUUEHHOM 6EAUNUHOT
O(r2nt) moxcno ouenumo wax:

ptime(DP, ;) =O(r(n+log” r+log” n+log r log n)(log r+logn))+extime.

[JlokazaTenbcTBO. JacCMOTPUM HepBbIA mar aaropurma DF, r. Ero
CJIOXHOCTb OLEHUBAIACH CJACAYIOIUM 00Pa3oM.

bp(A) = O(r"(logr + log n)?),

ptime(A) = O(logr + log(logr + logn)).

KomuaecTBo mpomeccopoB, HEOGXOAUMOE HA JAHHOM IIATe, YIOBJIE-
TBOpAET HAIleMy OTPDAHWYIEHUWIO M, CIeNOBATENBHO, OIEHKA BPEMEHU HE
A3MEHUTC.

[Mns Broporo mara airoput™a DP,. ; 6€3 orpaHuYeHUs KOJIMIeCTBA
MPOIECCOPOB MBI UMEIN

bp(Bs) < O(r3n®) + O(rBni(logr + logn)?),

ptime(Bs5) = O(logr + log(logr + logn)).

YKa3aHHOE KOJUIECTBO IPONECCOPOB MPEBLIIACT OrPAHUICHIE TEO-
PeMBI, & 3HAYUT HEOOXOAMMO 3aHOBO OIEHUTH BPEMS 3TOU MPOIEAYPHI
IIPY OIPAHUTEHHOM YHCJIE MPOIECCOPOB.

DaCCMOTPUM TOT Iar noapobduee. Jpoueaypa Bs cocTouT us aByx
MO/IYHKTOB:
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i) gaa mobsix A € GF(q)* eramcanm By = Bs(A, A, B, @);
ii) gua mobex [ € SLy(U) Boramcanm By = By(l, A, B, @).

Nlas mepsoro mogmynkTa meobxogumo |GF(q)*| - bp(Bs), mpomecco-
POB, KOTOpbIE BBEIIOIHAT €ro 3a BpeMsa ptime(B3), a mas BToporo mog-
nyuakTa Tpebyercs |SLy(U)|-bp(By), npoueccopos u BpeMs BHIIOIHEHUS
pasuo ptime(B,). Kak 65110 0TMEYEHO BBINIE, KOAMIECTBO IPOLECCOPOB
y Hac orpanmieno semmsaumaont |GF(g)*| + |SLy(U)| < O(r'?n*). Buige-
qam w3 proi Bemmaumael |G F(q)*| mporeccopos Ha mepBbiit MOATYHKT 1
|SL4(U)| ma ropoir. Tak xax |GF(g)*|-bp(B3) mpomeccopos BHIOTHACT
nepBhIA MOAMYHKT 3a Bpemsa ptime(B3), To |GF(q)*| nponeccopos BbI-
HOIHUT DTy Xe mporenypy 3a spemsa ptime(Bs) - bp(B3). Aramoru<so
UL BTOPOrO MOAIYHKTA monyvaem spemsa ptime(By) -bp(B,). Bocnoas-
syemcs mis npouenyp Bz u By onenkavu u3 [1] u [2].

bp(B3) = O(r - (k? +n)) u ptime(B3) = O(logk + logr),

bp(Bs) = O(r - (k +n)) u ptime(Bs) = O(logk + logr).

Takum 00pa3oM, IpU OrPAHUYIEHHOM KOJIMYECTBE IPOIECCOPOB

ptime(Bs) = O(r - (k? + n) - (logk +logr)) + O(r - (k +n) - (logk +
log7)) = O(r - (n + (logr + logn)?) - (logr + log(log r + logn))).

Da TpeTbeM LIare alropuTMa OPOUCXOAUT obpamieHue K 6a3e naH-
HBIX. Dallle OrPAHUYEHNE HA TUCJIO MPOUECCOPOB YCTAHABINBAIOCH MCXO-
IS U3 DTOrO MIara, IMO>TOMY HOBBIX IPOIECCOPOB He Tpebyercs. Bpems
BBIIIOJIHEHNUA OINECHUBACTCA KaK extime.

DaccMoTpuM deTBepTHIN war (mponeaypa By). dasa Beex i = 1,2, ...,7
BBIIUCIACTCA

—

F(Ai, Bi) = Bs(Ajyui, 2,Y) =

1eSL4(U) A*eGF(q)*

OueHkM CIOKHOCTH DTOU MPOUEAYPHI A0 OrPAHUYEHUA KOJIMIECTBA
IPOIECCOPOB OBLIM TAKOBHI

bp(B7) = O(s - rB3n*(logr + logn)?), ptime(B;) = O(logr + logn).

YKazaHHOE KOIUIECTBO MPOLECCOPOB MPEBHIIAET OrPAHUICHIE TEO-
PEMBI, OTOMY HEOOXOAMMO 3aHOBO ONpEeTnTh BeamdmHy ptime(B7)
[p¥ OTPAHWIEHHOM KOJUIECTBE IPOIECCOPOB.



O nmapasuieabHOM BeIYuUCAeHUN OyJIEBBIX (DYHKIUNA 331

[as BeIMuUCIeHUs Kaxaoro npoussenenus Z; - By(A, u,l) B anropur-
me DP, ; mcnons3osanocsk bp(B2) mpomeccopos m mpOUCXOAMIO DTO 3a
Bpemsa ptime(Bs), a mua mo6oro npowmssenenus Ya- - Bi(A, u, A*) uc-
nonb30Ba10ck bp(B1) mponeccopos u 3arpatusanock Bpems ptime(By).
DPpOoU3BeLEeHNY IEPBOI0 THUINA TOKHO OBITE BerauciaeHo |SLy(U)|, a mpo-
ussegenunit Broporo tumna |GF(q)*|. Oamaxo, mo orpamwdenuio Teope-
Mu1 y Hac Beero |GF(q)*| + |SL4(U)| mpomeccopos, TO eCTh IO OJHOMY
OpONECcCcOpy Ha NPOU3BEACHME KAXKAOr0 THUIMA. Ja BHIMUCICHUE KAXKI0-
ro npowmssenenus Z; - By(A,u,l) ogHuM mpomeccopom Oyper 3aTpate-
HO Bpema bp(Bs) - ptime(B;), a ma kaxgoe Ya- - Bi(A, u, A*) Bpemsa
bp(B;) - ptime(B;). Takum 06pasoM, Bce yKasaHHBIE IPOU3BeACHU Oy-
IyT BeraucIeHsr 33 BpeMa max(bp(Bs)-ptime(B2), bp(B;) -ptime(B;)).
[lasmee nerko m0Ka3aTh, 9TO BPEMs BBIYUCIEHUSA BCEX NUIBIOHKIIMUA OIle-
uuBaerca Kak O(log|SL4(U)|), a HA BEIYHCIEHEE BCEX CYMM IIO MOZYJIIO
asa meobxoaumo spemenu O(log |GF(q)*|). CregoBarensuo, Bpems Bbi-
NOMHEHWs BCEW MPOUenypsl B MOXKHO OLEHUTDH KAK

ptime(Bs) = max(bp(B2) - ptime(B;),bp(B;1) - ptime(B;)) +
max(O(log [SLy(U)]), O(log |GF(g)'])).

W3 [2] MBI mMeeM CIeAyIomye OLeHKY

bp(B1) = O((log 7 + logn)?),

ptime(B;) = O(log(logr + logn)),

bp(B3) = O(logr + logn),

ptime(B;) = O(log(logr + logn)),

log [SL4(U)| = O(logr + log n),log |GF(q)*| = O(logr + logn).
Orcrona nonygaem, 910

ptime(Bs) = O((logr + logn)? - log(log r + log n))

OKOHYIATENBHO, A 9€TBEPTOrO IIAra alrOpuTMa OMpefeaseM

ptime(B7) = O(r - (logr + logn)? - log(log r + logn)).

Bpemsa paboThl BCEro aaropuTMma OpU OTPAHUYEHHOM KOJUIECTBE
IPOLECCOPOB OMPENETAETCA KAK

ptime(DP, ;) = ptime(A) + ptime(Bs5) + extime + ptime(B;) =
O(log r +log(log r+logn)) +O(r- (n+ (log r+logn)?) - (log r +log(log v +
logn))) + extime + O(r - (logr + log n)? - log(log r + logn)) = O(r - (n +
(logr + logn)?) - (logr + log(log r + logn))) + extime.

YTto u Tpe6oBaIOCH TOKA3ATh.
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O4eBuaHO, 9TO pasMep 6a3bl JAHHBIX HE YBEAWTUTCA IIPU OrPAHITE-
HUM KoJauvaecTBa npoieccopos.To ectb

mem(DP, ;) <2" (1+ 1),

CJIer[IOBa.TeJII)HO, OKOHYaTEJIBbHO HOﬂyqaeM CJIerquOHLI/Ie HOBBIE OLICHKU
anaroputma D P, y Ipy OrpaHIIEHHOM KOIXIECTBE IIPOIeCCOPOB:

ptime(DP, ;) = O(r(n + log® r + log® n + log r log n) (log 7 + log n)),

bp(D P ) = Ofr'2nt),

mem(DP, ;) < 2" (1+ 1).
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