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1. �¢¥¤¥­¨¥

�­ «¨§ ¤¥±ª°¨¯²®°  ±®£« ¸¥­¨¿ À¯®«¼§®¢ ²¥«¼-±¥²¼Á [1] ¤«¿ ®°-

£ ­¨§ ¶¨¨ ½´´¥ª²¨¢­®£® ° ±¯°¥¤¥«¥­¨¿ °¥±³°±®¢ ¢ ±¥²¨ ¤®±²³¯  ª

¸¨°®ª®¯®«®±­®© ¶¨´°®¢®© ±¥²¨ ¨­²¥£° «¼­®£® ®¡±«³¦¨¢ ­¨¿ (��-

���) ­  ²¥µ­®«®£¨¨ ��� ¯®ª §»¢ ¥² ­  ­¥®¡µ®¤¨¬®±²¼ ª®­²°®«¿

¯ ° ¬¥²°®¢ ²° ´¨ª   ¡®­¥­²  k-®© ±«³¦¡» ����� ­  ²¥µ­®«®£¨¨

���. �²®µ ±²¨·¥±ª¨© ¯°®¶¥±± ¯¥°¥¤ ·¨ ¡¨²®¢®£® ²° ´¨ª  ­  ª®­-

ª°¥²­®¬ ±¥ ­±¥ ±¢¿§¨ (±¥±±¨¨) ¯°®¤®«¦¨²¥«¼­®±²¨ T ¬®¦­® µ ° ª-

²¥°¨§®¢ ²¼ [1]:

� ¬ ª±¨¬ «¼­®© (¯¨ª®¢®©) ±ª®°®±²¼¾ ¯¥°¥¤ ·¨ ¨±²®·­¨ª  k-®©

±«³¦¡» B
(k)
max = max b(k)(t);

� ±°¥¤­¥© ±ª®°®±²¼¾ ¯¥°¥¤ ·¨ ¨±²®·­¨ª  k-®© ±«³¦¡» B
(k)
±° =

1
T

TR
0

b(k)(t)dt;

� ±®®²­®¸¥­¨¥¬ ¬¥¦¤³ ¯¨ª®¢®© ¨ ±°¥¤­¥© ±ª®°®±²¼¾ ¨±²®·­¨ª 

k-®© ±«³¦¡», ²® ¥±²¼ ª®½´´¨¶¨¥­²®¬ ¯ ·¥·­®±²¨ ¨«¨ ¯ ·¥·­®-

±²¼¾ k� =
B
(k)
p

B
(k)
m

;

� ±°¥¤­¥© ¤«¨²¥«¼­®±²¼¾ ¯¨ª  T
(k)
p .
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�·¥¢¨¤­®, ·²® ¤ ¦¥ ¤«¿ ®¤­®© ±«³¦¡» ±²®µ ±²¨·¥±ª¨© ¯°®¶¥±±

®² ±¥ ­±  ª ±¥ ­±³ ¬®¦¥² ¯°®²¥ª ²¼ ¯® ° §­®¬³. �®² ´ ª², ·²®

 ¡®­¥­² k-®© ±«³¦¡» ­¥®¤­®ª° ²­® ¯°®¢®¤¨² ±¥ ­±» ¯¥°¥¤ ·¨ ±¢®-

¥© ¨­´®°¬ ¶¨¨, ±®§¤ ¥² ¯°¥¤¯®±»«ª¨ ¤ «¼­¥©¸¨µ ¨±±«¥¤®¢ ­¨© ¯®

³²®·­¥­¨¾ ¬®¤¥«¼­®© ¨­²¥°¯°¥² ¶¨¨ ¨«¨ ¨¤¥­²¨´¨ª ¶¨¨ ¥£® ¡¨²®-

¢®£® ²° ´¨ª . �¥§³«¼² ²» ¨§¬¥°¥­¨© ¡¨²®¢®£® ²° ´¨ª   ¡®­¥­² 

k-®© ±«³¦¡» ����� ­  ¬­®¦¥±²¢¥ ±¥±±¨© ¯®§¢®«¿¾² ° §° ¡®² ²¼

¯®¤µ®¤», ¨±¯®«¼§³¾¹¨¥ ° §¡°®± §­ ·¥­¨© ¯ ° ¬¥²°®¢ ²° ´¨ª  ®²

±¥±±¨¨ ª ±¥±±¨¨.

� ±¢¿§¨ ± ½²¨¬ ¤«¿ ®¯¨± ­¨¿ ¯®«¨¯ ·¥·­®£® ²° ´¨ª  �����

[2] ª ª ¤¨­ ¬¨·¥±ª®© ±¨±²¥¬» ¯°¨ ¬¨­¨¬ «¼­®¬ ®¡º¥¬¥  ¯°¨®°­®©

¨­´®°¬ ¶¨¨ ¬®¦­® ¯®¯»² ²¼±¿ ¨±¯®«¼§®¢ ²¼ ² ª ­ §»¢ ¥¬»¥ ´®°-

¬ «¼­»¥ ¬®¤¥«¨, ±¨­²¥§¨°³¥¬»¥ ­  ®±­®¢¥ °¥§³«¼² ²®¢ ¨§¬¥°¥­¨©,

¯®«³· ¥¬»µ ¯°¨ ½ª±¯¥°¨¬¥­² «¼­»µ ¨±±«¥¤®¢ ­¨¿µ [4] ­  ¬­®¦¥±²¢¥

±¥±±¨©. �¥±¬®²°¿ ­  ®·¥¢¨¤­»¥ ¤®±²®¨­±²¢ , ¤ ­­»¥ ¬®¤¥«¨ ®¡« -

¤ ¾² ±³¹¥±²¢¥­­»¬ ­¥¤®±² ²ª®¬, § ª«¾· ¾¹¨¬±¿ ¢ ¢®§¬®¦­®±²¨

®¯¨± ­¨¿ ¯®¢¥¤¥­¨¿ ¨±±«¥¤³¥¬®© ±¨±²¥¬» «¨¸¼ ¯°¨ ´¨ª±¨°®¢ ­­»µ

§­ ·¥­¨¿µ ­ · «¼­»µ ³±«®¢¨© ° §«¨·­»µ ¯ ° ¬¥²°®¢ ±¨±²¥¬».

� ° ¡®² µ [5, 6] ¡»« ° §¢¨² ¬¥²®¤ ®¯®°­»µ ¨­²¥£° «¼­»µ ª°¨¢»µ

(®.¨.ª.) °¥¸¥­¨¿ § ¤ ·¨ �®¸¨ ¤«¿ ®¡»ª­®¢¥­­»µ ¤¨´´¥°¥­¶¨ «¼-

­»µ ³° ¢­¥­¨©, ¯®§¢®«¿¾¹¨© ¯®«³·¨²¼ ¯°¨¡«¨¦¥­­®¥ °¥¸¥­¨¥ ¨±-

µ®¤­®£® ³° ¢­¥­¨¿ ¢ § ¤ ­­®© ®¡« ±²¨ ± ²°¥¡³¥¬®© ²®·­®±²¼¾ ¢ ¢¨-

¤¥ ®¡®¡¹¥­­®£® ¨­²¥°¯®«¿¶¨®­­®£® ¯®«¨­®¬ . � ®±­®¢¥ ¤ ­­®£® ¬¥-

²®¤  «¥¦¨² ¨§¢¥±²­»µ ¯°¨­¶¨¯ ­¥¯°¥°»¢­®© § ¢¨±¨¬®±²¨ ¨±ª®¬»µ

°¥¸¥­¨© ®² ­ · «¼­»µ ³±«®¢¨© ¨ ¯ ° ¬¥²°®¢ ¤¨´´¥°¥­¶¨ «¼­®© § -

¤ ·¨. �³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ±«³· ©, ¿¢«¿¾¹¨©±¿ ®¡®¡¹¥­¨¥¬ ³ª -

§ ­­®£® ¬¥²®¤ , ª®£¤  ¤¨­ ¬¨·¥±ª ¿ ¬®¤¥«¼ ¨±±«¥¤³¥¬®© ±¨±²¥¬»

{ ¯®«¨¯ ·¥·­®£® ¡¨²®¢®£® ²° ´¨ª  �����  ¯°¨®°­® ­¥¨§¢¥±²­ 

(±²°³ª²³°­ ¿ ­¥®¯°¥¤¥«¥­­®±²¼),   ­¥¯®±°¥¤±²¢¥­­®¬³ ­ ¡«¾¤¥­¨¾

¤®±²³¯­» «¨¸¼ § ¸³¬«¥­­»¥ §­ ·¥­¨¿ ¢¥ª²®°  ±®±²®¿­¨© ±¨±²¥¬»

¨ ¥£® ®²¤¥«¼­»µ ¯°®¨§¢®¤­»µ ¢ ° §«¨·­»¥ ¬®¬¥­²» ¢°¥¬¥­¨ ¯°¨

° §«¨·­»µ ­ ¡®° µ ­ · «¼­»µ ³±«®¢¨©. �®¯»² ¥¬±¿ ¯® °¥§³«¼² ² ¬

­ ²³°­»µ ½ª±¯¥°¨¬¥­²®¢ ±¨­²¥§¨°®¢ ²¼ ´®°¬ «¼­®-¤¨­ ¬¨·¥±ª³¾

¬®¤¥«¼,  ¤¥ª¢ ²­³¾ °¥ «¼­®¬³ ¯®¢¥¤¥­¨¾ ¨±±«¥¤³¥¬®© ±¨±²¥¬» ¢

§ ¤ ­­®© ¯°®±²° ­±²¢¥­­®-¢°¥¬¥­­®© ®¡« ±²¨.
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2. �®±² ­®¢ª  § ¤ ·¨

� ®¡¹¥¬ ±«³· ¥ ¤¨­ ¬¨·¥±ª ¿ ´³­ª¶¨¿ ª®«¨·¥±²¢  ¯¥°¥¤ ¢ ¥-

¬®© ¡¨²®¢®© ¨­´®°¬ ¶¨¨ v(k)(t) ¿¢«¿¥²±¿ ±«³· ©­»¬ ¯°®¶¥±±®¬ [2].

�³±²¼ ¯®¢¥¤¥­¨¥ b(k)(t) =
dv(k)(t)

dt = _v(k)(t) ®¯¨±»¢ ¥²±¿ ­¥ª®²®°»¬

 ¯°¨®°­® ­¥¨§¢¥±²­»¬ ³° ¢­¥­¨¥¬

_v(k)(t) = f(v(k); t; a(k)); v(k)(t0; v0) = v0 2 R
J ; t 2 [t0; T ] � R; (1)

£¤¥ v(k) = fv
(k)
j (t=v0); j = 1; 2; :::; JgT { ¢¥ª²®° ±®±²®¿­¨¿ ±¨-

±²¥¬» (1); a(k) = fa
(k)
i ; i = 1; IgT { ¢¥ª²®° ¯®±²®¿­­»µ ¯ ° ¬¥-

²°®¢; ¢¥ª²®°­ ¿ ´³­ª¶¨¿ f(v(k); t; a(k)) ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¿¬ ±³-

¹¥±²¢®¢ ­¨¿ ¨ ¥¤¨­±²¢¥­­®±²¨ °¥¸¥­¨¿ ³° ¢­¥­¨¿ (1), ¯°¨ ½²®¬

jf(v(k)�; t; a(k)) � f(v(k)��; t; a(k))j 6 L�
JP
j=1

jv
(k)�
j � v

(k)��
j j; L� { ¯®±²®-

¿­­ ¿ �¨¯¸¨¶ .

�®±ª®«¼ª³ ¨±¯®«¼§³¥¬»© ¢ ¤ ­­®¬ ° §¤¥«¥ ¬¥²®¤ ®.¨.ª. [5, 6] «¥£-

ª® ¯¥°¥­®±¨²±¿ ±® ±ª «¿°­»µ ³° ¢­¥­¨©, ­¥ ±®¤¥°¦ ¹¨µ ¯ ° ¬¥²°®¢

¢ ¯° ¢®© · ±²¨, ­  ®¡¹¨© ±«³· © (1), ²® ¢ ¤ «¼­¥©¸¥¬, ± ¶¥«¼¾ ±®-

ª° ¹¥­¨¿ § ¯¨±¥©, ®£° ­¨·¨¬±¿ ° ±±¬®²°¥­¨¥¬ ¯¥°¢®© ¯°®¨§¢®¤­®©

¤¨­ ¬¨·¥±ª®© ´³­ª¶¨¨ ª®«¨·¥±²¢  ¡¨²®¢®© ¨­´®°¬ ¶¨¨ ¢ ¢¨¤¥

_v(k)(t) = f(v(k); t); v(k)(t0) = v
(k)
0 2 R; t 2 [t

(k)
0 ; T (k)

c ] � R (2)

¯®« £ ¿ ¯°¨ ½²®¬, ·²® ¢¨¤ ³° ¢­¥­¨¿ (2)  ¯°¨®°­® ­¥¨§¢¥±²¥­.

�·¨² ¥¬, ·²® ­  ­¥ª®²®°®¬ ´¨ª±¨°®¢ ­­®¬ ¬­®¦¥±²¢¥ ±¥±±¨©

­ ¤ ¨±±«¥¤³¥¬»¬ ¯¥°¥¤ ¢ ¥¬»¬ ¡¨²®¢»¬ ²° ´¨ª®¬ k-®© ±«³¦¡» ¬®-

¦¥² ¡»²¼ ¯°®¢¥¤¥­® ª®­¥·­®¥ ·¨±«® ­ ²³°­»µ ½ª±¯¥°¨¬¥­²®¢ ¤«¿ r

° §«¨·­»µ ¬®¬¥­²®¢ ¢°¥¬¥­¨ t(r); r = 0; R � 1, ¯°¨ n ° §«¨·­»µ,

­® ª ¦¤®¥ ¨§ ª®²®°»µ ±®®²¢¥²±²¢³¥² ®¯°¥¤¥«¥­­®© ±¥±±¨¨, ­ · «¼-

­»µ ³±«®¢¨¿µ v
(k)
0(n); n = 0; N � 1, ¯°¨­ ¤«¥¦ ¹¨µ § ¤ ­­®© ®¡« ±²¨

D
(k)
1 = [v

(k)
1 ; v

(k)
2 ]� [t

(k)
0 ; T

(k)
c ], £¤¥ v

(k)
1 6 v

(k)
0(n) 6 v

(k)
2 . � ¯°¥¤¥« µ D

(k)
1

­¥®¡µ®¤¨¬® ®¯¨± ²¼ ¤¨­ ¬¨·¥±ª³¾ ´³­ª¶¨¾ ª®«¨·¥±²¢  ¯¥°¥¤ ¢ ¥-

¬®© ¡¨²®¢®© ¨­´®°¬ ¶¨¨ ± ¨±¯®«¼§®¢ ­¨¥¬ "(k)- ¤¥ª¢ ²­®© ¬ ²¥¬ -

²¨·¥±ª®© ¬®¤¥«¨ [4, 11]:
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�[v(k)(t=v
(k)
0 ); ~v(k)(t=v

(k)
0 )] 6 "(k); t; v

(k)
0 2 D

(k)
1 ; (3)

£¤¥ v(k)(t=v
(k)
0 ) { ¨±²¨­­®¥ ª®«¨·¥±²¢® ¯¥°¥¤ ¢ ¥¬®© ¡¨²®¢®© ¨­-

´®°¬ ¶¨¨ ª ¬®¬¥­²³ ¢°¥¬¥­¨ t ²¥ª³¹¥© ±¥±±¨¨  ¡®­¥­²®¬ k-®©

±«³¦¡» ¨«¨ §­ ·¥­¨¥ ¤¨­ ¬¨·¥±ª®© ´³­ª¶¨¨ ª®«¨·¥±²¢  ¯¥°¥¤ ¢ -

¥¬®© ¡¨²®¢®© ¨­´®°¬ ¶¨¨  ¡®­¥­²  k-®© ±«³¦¡» ¢ ¬®¬¥­² ¢°¥¬¥-

­¨ t, ¿¢«¿¾¹¥¥±¿ °¥¸¥­¨¥¬ ³° ¢­¥­¨¿ (2) ¯°¨ ­ · «¼­®¬ ³±«®¢¨¨

v(k)(t
(k)
0 =v

(k)
0 ) = v

(k)
0 ; ~v(k)(t=v

(k)
0 ) { ´³­ª¶¨¿,  ¯¯°®ª±¨¬¨°³¾¹ ¿ ¤¨­ -

¬¨·¥±ª³¾ ´³­ª¶¨¾ ª®«¨·¥±²¢  ¯¥°¥¤ ¢ ¥¬®© ¡¨²®¢®© ¨­´®°¬ ¶¨¨

¯°¨ ²®¬ ¦¥ ­ · «¼­®¬ ³±«®¢¨¨ ~v(k)(t
(k)
0 =v

(k)
0 ) = v

(k)
0 ; �[�] { § ¤ ­­®¥

®¯°¥¤¥«¥­­»¬ ®¡° §®¬ ° ±±²®¿­¨¥ ¢ ±®®²¢¥²±²¢³¾¹¥¬ ¬¥²°¨·¥±ª®¬

¯°®±²° ­±²¢¥. �±«®¢¨¥ "(k)- ¤¥ª¢ ²­®±²¨ § ¯¨¸¥¬ ¢ ¢¨¤¥

max
t;v

(k)
0

jv(k)(t=v
(k)
0 )� ~v(k)(t=v

(k)
0 )j 6 "k; t; v

(k)
0 2 D

(k)
1 : (4)

�®« £ ¥¬ ² ª¦¥, ·²® ½ª±¯¥°¨¬¥­² «¼­»¥ ¨§¬¥°¥­¨¿ ¬®£³² ±®¤¥°-

¦ ²¼  ¤¤¨²¨¢­»¥ ±«³· ©­»¥ ®¸¨¡ª¨. � ½²®¬ ±«³· ¥ ¯°®¢¥¤¥­­»¥

½ª±¯¥°¨¬¥­²» µ ° ª²¥°¨§³¾²±¿ ¢¥ª²®°®¬-±²®«¡¶®¬ ¨§¬¥°¥­¨©

�V (k)[Q]fHg =
n
�v
(k)[q]fhg; n=0;N�1; r=0;R�1; q=0;Q�1; h=0;H�1
(n;r)

oT
:

v
(k)[q]fhg
(n;r) = v

(k)[q]fhg
(n;r) + �v

(k)[q]fhg
(n;r) ;

(5)

£¤¥ v
(k)[q]fhg
(n;r) =

@q+hv(k)
�
t=v

(k)
0

�

@tq@�
(k)h

0

����� v0=v0(n)

t=t(r)

, �v
(k)[q]fhg
(n;r) { ±«³· ©­»¥ ®¸¨¡ª¨

¨§¬¥°¥­¨©.

�³¤¥¬ ¯®« £ ²¼, ·²® ®¸¨¡ª¨ ¨§¬¥°¥­¨© ¡¨²®¢®£® ²° ´¨ª  k-®©

±«³¦¡» ­¥ª®°°¥«¨°®¢ ­» ¨ µ ° ª²¥°¨§³¾²±¿ ­³«¥¢»¬ ¬ ²¥¬ ²¨·¥-

±ª¨¬ ®¦¨¤ ­¨¥¬ ¨ ±®®²¢¥²±²¢³¾¹¨¬¨ ±°¥¤­¥ª¢ ¤° ²¨·¥±ª¨¬¨ ®²-

ª«®­¥­¨¿¬¨ �
(k)[q]fhg
(n;r) = �

(k)[q]fhg
0 =!

(k)[q]fhg
(n;r) , £¤¥ !

(k)[q]fhg
(n;r) { ¨§¢¥±²­»¥

¯®«®¦¨²¥«¼­»¥ ¢¥±  ¨§¬¥°¥­¨©; �
(k)[q]fhg
0 { ­¥ª®²®°»© ¢ ®¡¹¥¬ ±«³· ¥

¡¥§° §¬¥°­»© ª®½´´¨¶¨¥­², § ¢¨±¿¹¨© ®² ¯®°¿¤ª®¢ ¯°®¨§¢®¤­»µ q

¨ h.
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� § ¢¨±¨¬®±²¨ ®² ®¡º¥¬  ¨­´®°¬ ¶¨¨, ¯®«³·¥­­®© ¯°¨ ¯°®¢¥-

¤¥­¨¨ ½ª±¯¥°¨¬¥­²®¢, ¡³¤¥¬ ° §«¨· ²¼, ±«¥¤³¿ °¥ª®¬¥­¤ ¶¨¿¬ [9],

¯¿²¼ ° §«¨·­»µ ª ²¥£®°¨© ´³­ª¶¨®­ «¼­®£® ®¯¨± ­¨¿ ª®«¨·¥±²¢ 

¯¥°¥¤ ¢ ¥¬®£® ¡¨²®¢®£® ²° ´¨ª  k-®© ±«³¦¡» �����.

�¯°¥¤¥«¥­¨¥ 1. �¨­ ¬¨·¥±ª¨¬ ²° ´¨ª®¬ ¯¥°¢®© ª ²¥£®°¨¨ ¡³¤¥¬

­ §»¢ ²¼ ² ª®© ¡¨²®¢®© ²° ´¨ª, ¤«¿ ª®²®°®£® ¢ °¥§³«¼² ²¥ ½ª±¯¥-

°¨¬¥­²®¢ ¬®¦¥² ¡»²¼ ¯®«³·¥­ ¢¥ª²®°-±²®«¡¥¶ ¨§¬¥°¥­¨©

�V (k)[Q]fHg = V (k)[Q]fHg + �V (k)[Q]fHg:

�¯°¥¤¥«¥­¨¥ 2. �¨­ ¬¨·¥±ª¨¬ ²° ´¨ª®¬ ¢²®°®© ª ²¥£®°¨¨ ¡³¤¥¬

­ §»¢ ²¼ ² ª®© ¡¨²®¢®© ²° ´¨ª, ¤«¿ ª®²®°®£® ¢ °¥§³«¼² ²¥ ½ª±¯¥-

°¨¬¥­²®¢ ¬®¦¥² ¡»²¼ ¯®«³·¥­ ¢¥ª²®°-±²®«¡¥¶ ¨§¬¥°¥­¨©

�V (k)[Q]f0g = V (k)[Q]f0g + �V (k)[Q]f0g;

V (k)[Q]f0g =
n
v
(k)[q]
(n;r) ; n = 0; N � 1; r = 0; R � 1; q = 0; Q� 1

oT
;

�V (k)[Q]f0g =
n
�v

(k)[q]
(n;r)

; n = 0; N � 1; r = 0; R � 1; q = 0; Q� 1
oT

:

�¯°¥¤¥«¥­¨¥ 3. �¨­ ¬¨·¥±ª¨¬ ²° ´¨ª®¬ ²°¥²¼¥© ª ²¥£®°¨¨ ¡³¤¥¬

­ §»¢ ²¼ ² ª®© ¡¨²®¢®© ²° ´¨ª, ¤«¿ ª®²®°®£® ¢ °¥§³«¼² ²¥ ½ª±¯¥-

°¨¬¥­²®¢ ¬®¦¥² ¡»²¼ ¯®«³·¥­ ¢¥ª²®°-±²®«¡¥¶ ¨§¬¥°¥­¨©

�V (k)[0]fHg = V (k)[0]fHg + �V (k)[0]fHg;

V (k)[0]fHg =
n
v
(k)fhg
(n;r) ; n = 0; N � 1; r = 0; R � 1; h = 0;H � 1

oT
;

�V (k)[0]fHg =
n
�v

(k)fhg
(n;r) ; n = 0; N � 1; r = 0; R � 1; h = 0;H � 1

oT
:

�¯°¥¤¥«¥­¨¥ 4. �¨­ ¬¨·¥±ª¨¬ ²° ´¨ª®¬ ·¥²¢¥°²®© ª ²¥£®°¨¨ ¡³-

¤¥¬ ­ §»¢ ²¼ ² ª®© ¡¨²®¢®© ²° ´¨ª, ¤«¿ ª®²®°®£® ¢ °¥§³«¼² ²¥ ½ª±-

¯¥°¨¬¥­²®¢ ¬®¦¥² ¡»²¼ ¯®«³·¥­ ¢¥ª²®°-±²®«¡¥¶ ¨§¬¥°¥­¨©

�V (k)[Q]f0g ¨ �V (k)[0]fHg:

�¯°¥¤¥«¥­¨¥ 5. �¨­ ¬¨·¥±ª¨¬ ²° ´¨ª®¬ ¯¿²®© ª ²¥£®°¨¨ ¡³¤¥¬

­ §»¢ ²¼ ² ª®© ¡¨²®¢®© ²° ´¨ª, ¤«¿ ª®²®°®£® ¢ °¥§³«¼² ²¥ ½ª±¯¥-

°¨¬¥­²®¢ ¬®¦¥² ¡»²¼ ¯®«³·¥­ ¢¥ª²®°-±²®«¡¥¶ ¨§¬¥°¥­¨©
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�V (k)[0]f0g = V (k)[0]f0g + �V (k)[0]f0g;

V (k)[0]f0g =
n
v
(k)
(n;r); n = 0; N � 1; r = 0; R� 1

oT
;

�V (k)[0]f0g =
n
�v

(k)
(n;r); n = 0; N � 1; r = 0; R � 1

oT
:

�°¥¡³¥²±¿ ± ³·¥²®¬ (1) { (5) ­  ®±­®¢¥ ¬¥²®¤  ®.¨.ª. °¥¸¥­¨¿ § -

¤ ·¨ �®¸¨ ° §° ¡®² ²¼ ¬¥²®¤ ±¨­²¥§  ¬ ²¥¬ ²¨·¥±ª¨µ ¬®¤¥«¥© ¤¨-

­ ¬¨·¥±ª¨µ ²° ´¨ª®¢ ° §­»µ ª ²¥£®°¨©, "(k)- ¤¥ª¢ ²­»µ °¥ «¼­»¬

²° ´¨ª ¬ ¢ § ¤ ­­»µ ¯°®±²° ­±²¢¥­­®-¢°¥¬¥­­»µ ®¡« ±²¿µ.

3. �¥²®¤¨ª  ±¨­²¥§  ¬®¤¥«¥© ¤¨­ ¬¨·¥±ª®-

£® ²° ´¨ª  ¢ ¤¥²¥°¬¨­¨°®¢ ­­®© ¯®±² -

­®¢ª¥

� ±±¬®²°¨¬ ¯°¨¬¥­¥­¨¥ ¬¥²®¤  ®.¨.ª. [5, 6] ¤«¿ ±¨­²¥§  ¬ ²¥¬ -

²¨·¥±ª¨µ ¬®¤¥«¥© ¤¨­ ¬¨·¥±ª¨µ ²° ´¨ª®¢ ¯°¨ ³±«®¢¨¨, ·²® ¨§¢¥±²-

­» ²®·­»¥ §­ ·¥­¨¿ ¤¨­ ¬¨·¥±ª®© ´³­ª¶¨¨ ª®«¨·¥±²¢  ¯¥°¥¤ ¢ ¥-

¬®© ¡¨²®¢®© ¨­´®°¬ ¶¨¨ v(k)
�
t=v

(k)
0

�
¨ ¥¥ ¯°®¨§¢®¤­»µ ° §«¨·­»µ

¯®°¿¤ª®¢ ¯® t ¨ v
(k)
0 ¢ ³§« µ tm; v

(k)
0p ; m = 0;M � 1; p = 0; P � 1:

v(k)[q]fhgpm =
@q+hv(k)

�
t=v

(k)
0

�
@tq@v

(k)h
0

������ v
(k)
0 =v

(k)
0p

t=tm

(6)

�®  ­ «®£¨¨ ± [6] °¥¸¥­¨¥ ³° ¢­¥­¨¿ (2) ¢ ®¡« ±²¨ D
(k)
1 ¯°¥¤±² -

¢¨¬ ¢ ¢¨¤¥ ®¡®¡¹¥­­®£® ¨­²¥°¯®«¿¶¨®­­®£® ¯®«¨­®¬ 

~v(k)
�
t=v

(k)
0

�
=

M�1X
j=0

Q�1X
r=0

P�1X
u=0

H�1X
i=0

�
(k)[r]fig
uj �

(k)
ui

�
v
(k)
0

�


(k)
jr (t) (7)

£¤¥ �
(k)[r]fig
uj { ¯®±²®¿­­»¥ ª®½´´¨¶¨¥­²»;

n
�
(k)
ui

�
v
(k)
0

�
� 


(k)
jr (t)

o
{

±¨±²¥¬  ¨§¢¥±²­»µ «¨­¥©­®-­¥§ ¢¨±¨¬»µ ´³­ª¶¨©.
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�·¥¢¨¤­®, ·²® ¢»° ¦¥­¨¥ (7) ¬®¦¥² ¡»²¼ ¨±¯®«¼§®¢ ­® ¢ ª ·¥-

±²¢¥ "(k)- ¤¥ª¢ ²­®© ¬®¤¥«¨ ¢ ²®¬ ±«³· ¥, ª®£¤  ¨±²¨­­³¾ ¤¨­ ¬¨·¥-

±ª³¾ ´³­ª¶¨¾ ª®«¨·¥±²¢  ¯¥°¥¤ ¢ ¥¬®© ¡¨²®¢®© ¨­´®°¬ ¶¨¨ ¬®¦-

­® ¯°¥¤±² ¢¨²¼ ¢¨¤¥ °¿¤ 

v(k)
�
t=v

(k)
0

�
= ~v(k)

�
t=v

(k)
0

�
+R

�
t=v

(k)
0

�
; (8)

£¤¥ ~v(k)
�
t=v

(k)
0

�
®¯°¥¤¥«¿¥²±¿ ¢»° ¦¥­¨¥¬ (7), R

�
t=v

(k)
0

�
{ ®±² ²®·-

­»© ·«¥­, ³¤®¢«¥²¢®°¿¾¹¨© ³±«®¢¨¾

max
t;v

(k)
0

���R�t; v(k)0

���� 6 "(k); t; v
(k)
0 2 D

(k)
1 (9)

� ½²®¬ ±«³· ¥ ª®½´´¨¶¨¥­²» �
(k)[r]fig
uj ± ³·¥²®¬ µ ° ª²¥°¨±²¨·¥-

±ª®£® ±¢®©±²¢  ´³­ª¶¨© [9] �
(k)
ui

�
v
(k)
0

�
¨ 


(k)
jr (t) ­ µ®¤¿²±¿ ¨§ °¥¸¥­¨¿

±¨±²¥¬»  «£¥¡° ¨·¥±ª¨µ ³° ¢­¥­¨©

M�1X
j=0

Q�1X
r=0

P�1X
u=0

H�1X
i=0

�
(k)[i]fhg
uj �

(k)[h]
ui

�
v(k)op

�


(k)[q]
jr (tm) = v(k)[q]fhgpm (10)

�«¿ ¯®±²°®¥­¨¿ ¬®¤¥«¨ ¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ¯¥°¢®© ª ²¥£®-

°¨¨ ¶¥«¥±®®¡° §­® ¨±¯®«¼§®¢ ²¼ ¯®«¨­®¬» �°¬¨²  [6]. �»° ¦¥­¨¥

(7) ¢ ½²®¬ ±«³· ¥ ¯°¨­¨¬ ¥² ¢¨¤

~v(k)
�
t=v

(k)
0

�
=

M�1P
m=0

Q�1P
q=0

P�1P
p=0

H�1P
h=0

v
(k)[q]fhg
pm Hph

�
v
(k)
0

�
Hmq (t) =

=
M�1P
m=0

Q�1P
q=0

Q�q�1P
�=0

P�1P
p=0

H�1P
h=0

H���1P
�=0

v
(k)[q]fhg
pm

1
m!

1
q!

1
p!

1
n!

"�
v
(k)
0 �v

(k)
0p

�H


P�1

�
v
(k)
0

�
#(�)
v
(k)
0 =v

(k)
0p

�

�

P�1

�
v
(k)
0

�
�
v
(k)
0 �v

(k)
0p

�H�h��
h
(t�tm)Q


M�1(t)

i(�)
t=tm


M�1(t)

(t�tm)Q�q��
;

(11)

£¤¥ 
P�1

�
v
(k)
0

�
=

P�1Q
j=0

�
v
(k)
0 � v

(k)
0j

�H
, 
M�1 (t) =

M�1Q
j=0

�
v
(k)
0 � v

(k)
0j

�H
.
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� ±±³¦¤ ¿  ­ «®£¨·­® (7) { (10), § ¯¨¸¥¬ ¯®«¨­®¬, ®¯¨±»¢ ¾-

¹¨© ¯®¢¥¤¥­¨¥ ¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ¢²®°®© ª ²¥£®°¨¨ ¨ ±®®²-

¢¥²±²¢³¾¹³¾ ¥¬³ ±¨±²¥¬³  «£¥¡° ¨·¥±ª¨µ ³° ¢­¥­¨©

~v
�
t=v

(k)
0

�
=

M�1X
j=0

Q�1X
r=0

P�1X
u=0

�
(k)[r]f0g
uj �(k)u v(k)u

�
v
(k)
0

�


(k)
jr (t) ; (12)

M�1X
j=0

Q�1X
r=0

P�1X
u=0

�
(k)[r]f0g
uj �(k)u

�
v
(k)
0p

�


(k)[q]
jr (tm) = v(k)[q]f0gpm ; (13)

p = 0; P � 1; m = 0;M � 1; q = 0; Q� 1:

�»° ¦¥­¨¥ (12) ± ¨±¯®«¼§®¢ ­¨¥¬ ¯®«¨­®¬®¢ � £° ­¦  ¨ �°¬¨² 

[6] ¯°¨­¨¬ ¥² ¢¨¤

~v(k)
�
t=v

(k)
0

�
=

M�1P
m=0

Q�1P
q=0

P�1P
p=0

v
(k)[q]f0g
pm Lp

�
v
(k)
0

�
Hmq (t) =

=
M�1P
m=0

Q�1P
q=0

Q�q�1P
�=0

P�1P
p=0

v
(k)[q]f0g
pm

1
m!

1
q!

h
(t�tm)Q


M�1(t)

i(�)
t=tm

�

�

M�1(t)

(t�tm)Q�q��

!P�1

�
v
(k)
0

�
�
v
(k)
0 �v

(k)
0p

�
!
(k)
P�1 !

(1)
P�1

�
v
(k)
0

����
v
(k)
0 =v

(k)
0p

;

(14)

£¤¥ !P�1

�
v
(k)
0

�
=

P�1Q
j=0

�
v
(k)
0 � v

(k)
0j

�
; !

(1)
P�1

�
v
(k)
0

�
=

@!P�1

�
v
(k)
0

�

@v
(k)
0

.

�®  ­ «®£¨¨ ± (12), (13) ¤«¿ ¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ²°¥²¼¥© ª -

²¥£®°¨¨ ¨¬¥¥¬

~v(k)
�
t=v

(k)
0

�
=

M�1X
j=0

P�1X
u=0

H�1X
i=0

�
(k)[0]fig
uj �

(k)
ui

�
v
(k)
0

�


(k)
j (t); (15)

M�1X
j=0

P�1X
u=0

H�1X
i=0

�
(k)[0]fig
uj �

(k)[h]
ui

�
v
(k)
0p

�


(k)
j (tm) = v(k)[0]fhgpm : (16)
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�°¨ ¨±¯®«¼§®¢ ­¨¨ ¯®«¨­®¬®¢ � £° ­¦  ¨ �°¬¨²  ¢»° ¦¥­¨¥

(15) ¯°¨­¨¬ ¥² ¢¨¤

~v(k)
�
t=v

(k)
0

�
=

M�1P
m=0

P�1P
p=0

H�1P
h=0

v
(k)[0]fhg
pm Hph

�
v
(k)
0

�
Lm (t) =

=
M�1P
m=0

P�1P
p=0

H�1P
h=0

H���1P
�=0

v
(k)[0]fhg
pm

1
p!

1
h!

"�
v
(k)
0 �v

(k)
0p

�H


P�1

�
v
(k)
0

�
#(�)
v
(k)
0 =v

(k)
0p

�

�

P�1

�
v
(k)
0

�
�
v
(k)
0 �v

(k)
0p

�H�h��
!M�1(t)

(t�tm)!
(1)
M�1 (t)jt=tm

;

(17)

£¤¥ !M�1 (t) =
M�1Q
j=0

(t� tj); !
(1)
M�1 (t) =

d!M�1(t)
dt .

�°¨¬¥­¨²¥«¼­® ª ¤¨­ ¬¨·¥±ª®¬³ ²° ´¨ª³ ·¥²¢¥°²®© ª ²¥£®°¨¨

¯®  ­ «®£¨¨ ± [3] ¬®¦­® § ¯¨± ²¼

~v(k)
�
t=v

(k)
0

�
=

M�1P
j=0

P�1P
u=0

h
�
(k)[0]f0g
uj �

(k)
u

�
v
(k)
0

�


(k)
j (t)+

Q�1P
r=0

�
(k)[r]f0g
uj �

(k)
u

�
v
(k)
0

�


(k)
jr (t) + +

H�1P
i=0

�
(k)[0]fig
uj �

(k)
ui

�
v
(k)
0

�


(k)
j (t)] :

(18)

�®®²¢¥²±²¢³¾¹ ¿ ¬®¤¥«¨ (18) ±¨±²¥¬  ³° ¢­¥­¨© ¤«¿ ¢»·¨±«¥-

­¨¿ ª®½´´¨¶¨¥­²®¢ �
(k)[0]f0g
uj ; �

(k)[r]f0g
uj ; �

(k)[0]fig
uj ¨¬¥¥² ¢¨¤

8>>>>>>><
>>>>>>>:

M�1P
j=0

P�1P
u=0

�
(k)[0]f0g
uj �

(k)
u

�
v
(k)
0p

�


(k)
j (tm) = v

(k)[0]f0g
pm ;

M�1P
j=0

Q�1P
r=1

P�1P
u=0

�
(k)[r]f0g
uj �

(k)
u

�
v
(k)
0p

�


(k)[q]
jr (tm) = v

(k)[q]f0g
pm ;

M�1P
j=0

P�1P
u=1

H�1P
i=0

�
(k)[0]fig
uj �

(k)[h]
ui

�
v
(k)
0p

�


(k)
j (tm) = v

(k)[0]fhg
pm ;

(19)

p = 0; P � 1; m = 0;M � 1; q = 0; Q� 1; h = 0;H � 1:
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�±¯®«¼§³¿ ¤«¿ ¯®±²°®¥­¨¿ ¬®¤¥«¨ (18) ¯®«¨­®¬» � £° ­¦  ¨ �°-

¬¨² , ¯®«³·¨¬

~v(k)
�
t=v

(k)
0

�
=

M�1P
m=0

P�1P
p=0

h
v
(k)[0]f0g
pm Lp

�
v
(k)
0

�
Lm (t) +

Q�1P
q=0

v
(k)[q]f0g
pm Lp

�
v
(k)
0

�
Hmq (t) +

H�1P
h=0

v
(k)[0]fhg
pm Hph

�
v
(k)
0

�
Lm (t)

i
:

(20)

�®  ­ «®£¨¨ ¤«¿ ¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ¯¿²®© ª ²¥£®°¨¨ ¨¬¥¥¬

~v(k)
�
t=v

(k)
0

�
=

M�1X
j=0

P�1X
u=0

�
(k)[0]f0g
uj �(k)u

�
v
(k)
0

�


(k)
j (t); (21)

M�1X
j=0

P�1X
u=0

�
(k)[0]f0g
uj �(k)u

�
v
(k)
0p

�


(k)
j (tm) = v(k)[0]f0gpm ; (22)

~v(k)
�
t=v

(k)
0

�
=

M�1X
m=0

P�1X
p=0

v(k)[0]f0gpm Lp

�
v
(k)
0

�
Lm (t) : (23)

�«¥¤³¥² ®²¬¥²¨²¼, ·²® ¯®±²°®¥­¨¥ ¬®¤¥«¥© ¤¨­ ¬¨·¥±ª¨µ ²° -

´¨ª®¢ ¢¨¤  (9), (12), (15), (18), (21) ¬®¦¥² ®±³¹¥±²¢«¿²¼±¿ ± ¨±¯®«¼-

§®¢ ­¨¥¬ ¨ ¤°³£¨µ ²¨¯®¢ ¨­²¥°¯®«¿¶¨®­­»µ ¯®«¨­®¬®¢. �¤­ ª® ¯®-

«¨­®¬» � £° ­¦  ¨ �°¬¨²  ®¡« ¤ ¾² °¿¤®¬ ±³¹¥±²¢¥­­»µ ¯°¥¨¬³-

¹¥±²¢ ¯® ±° ¢­¥­¨¾ ± ¤°³£¨¬¨ ¯®«¨­®¬ ¬¨ ¯°¨ ¢»¯®«­¥­¨¨ ° ±·¥-

²®¢ ­  ��� [6].

� ®¡¹¥¬ ±«³· ¥ ¯°¨ j 6= 0; 1; :::; N � 1:

~v(k)
�
tm=v

(k)
0j

�
= ~v

(k)
mj 6= v

(k)
mj ;

²® ¥±²¼ °¥ «¼­®¥ §­ ·¥­¨¥ ¤¨­ ¬¨·¥±ª®© ´³­ª¶¨¨ ª®«¨·¥±²¢  ¯¥°¥-

¤ ¢ ¥¬®© ¡¨²®¢®© ¨­´®°¬ ¶¨¨ ®²«¨· ¥²±¿ ®² §­ ·¥­¨¿  ¯¯°®ª±¨¬¨-

°³¾¹¥© ´³­ª¶¨¨ ¯°¨ t = tm ­  ¢¥«¨·¨­³ �~v
(k)
mj = ~v

(k)
mj � v

(k)
mj . �®£« ±-

­® ¯®±² ­®¢ª¥ § ¤ ·¨ ¬®¤¥«¼ ¢¨¤  (7) ¤®«¦­  ¡»²¼ "(k)- ¤¥ª¢ ²­ 

°¥ «¼­®© ¤¨­ ¬¨·¥±ª®© ´³­ª¶¨¨ ª®«¨·¥±²¢  ¯¥°¥¤ ¢ ¥¬®© ¡¨²®¢®©
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¨­´®°¬ ¶¨¨, ²® ¥±²¼ ³¤®¢«¥²¢®°¿²¼ ³±«®¢¨¾ (4). �®ª ¦¥¬ ­  ¯°¨-

¬¥°¥ ¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ¯¿²®© ª ²¥£®°¨¨ ¯®°¿¤®ª ¢»¡®°  ³§-

«®¢ ¨­²¥°¯®«¿¶¨¨ tm; v
(k)
0p , ®¡¥±¯¥·¨¢ ¾¹¨µ ¢»¯®«­¥­¨¥ ³ª § ­­®£®

³±«®¢¨¿. �§¢¥±²­®, ·²® ¯®£°¥¸­®±²¼ ¤¢³¬¥°­®© ¨­²¥°¯®«¿¶¨¨ § ¤ -

¥²±¿ ®±² ²®·­»¬ ·«¥­®¬ [5].

R
�
t=v

(k)
0

�
=

!M�1(t)
M !

@M

@tM
v
�
t�=v

(k)
0

�
+

!P�1

�
v
(k)
0

�

P !
@P

@v
(k)P
0

v
(k)
0

�
t=v

(k)�
0

�
�

�
!M�1(t)!P�1

�
v
(k)
0

�

M !P !
@M+P

@tM@v
(k)P
0

v
�
t��=v

(k)��
0

�
;

(24)

£¤¥ t�; t�� ¨ v
(k)�
0 ; v

(k)��
0 { ­¥ª®²®°»¥ µ ° ª²¥°­»¥ §­ ·¥­¨¿ ¯¥°¥¬¥­-

­»µ t ¨ v
(k)
0 , ¯°¨­ ¤«¥¦ ¹¨µ ®¡« ±²¨ D

(k)
1 .

�®  ­ «®£¨¨ ± [5] ± ³·¥²®¬ (4) ¨ (14) ¬®¦­® § ¯¨± ²¼

max
t;v

(k)
0

���v(k) �t=v(k)0

�
� ~v(k)

�
t=v

(k)
0

���� 6 SM
M ! k!M�1 (t)kt+

+TP
P !




!P�1 �v(k)0

�



v
(k)
0

+
DM;P

M !P !




!M�1 (t)!P�1

�
v
(k)
0

�



t;v

(k)
0

6 "(k);

(25)

£¤¥

SM = max
t;v

(k)
0

��� @M@tM v(k)
�
t=v

(k)
0

���� ; TP = max
t;v

(k)
0

���� @P

@v
(k)
0

vk
�
t=v

(k)
0

����� ;
DM;P = max

t;v
(k)
0

���� @M+P

@tM@v
(k)P
0

v(k)
�
t=v

(k)
0

����� ;
k�k

t
�
v
(k)
0

� = max
t
�
v
(k)
0

� j�j ; k�k
t;v

(k)
0

= max
t;v

(k)
0

j�j :

� ¤ ¢ ¿±¼ ¢¥«¨·¨­®© "(k), ¢ ±®®²¢¥²±²¢¨¨ ± (25) ³¤ ¥²±¿ ¯®¤®-

¡° ²¼ ² ª¨¥ M ¨ P , ¯°¨ ª®²®°»µ ®¡¥±¯¥·¨¢ ¥²±¿ ²°¥¡³¥¬ ¿ ²®·-

­®±²¼ ®¯¨± ­¨¿ ¨±±«¥¤³¥¬®£® ¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ( ¤¥ª¢ ²­®±²¼

¬®¤¥«¨ (7)). �°¨ ½²®¬ ¸ £¨ �v
(k)
0p = v

(k)
0p � v

(k)
op�1 ¨ �t = tm � tm�1

¤®«¦­» ¢»¡¨° ²¼±¿ ¨§ ³±«®¢¨¿ ¬¨­¨¬¨§ ¶¨¨ ®¶¥­ª¨ ¯®£°¥¸­®±²¨
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¤¢³¬¥°­®© ¨­²¥°¯®«¿¶¨¨ (26). � ½²®¬ ±«³· ¥ ³§«» tm ¨ v
(k)
0p ±®¢¯ -

¤ ¾² ± ª®°­¿¬¨ ¯®«¨­®¬  �¥¡»¸¥¢  [5], ²® ¥±²¼ ¯°¨ ®¶¥­ª¥ ±¢¥°µ³

¢¥«¨·¨­ !M�1 (t) ¨ !P�1

�
v
(k)
0

�
¬®¦­® ¢®±¯®«¼§®¢ ²¼±¿ ¨§¢¥±²­»¬¨

±®®²­®¸¥­¨¿¬¨ [3]

max
t

j!M�1 (t)j 6
(tM�1�t0)

M

22M�1 ; t 2 [t0; T ] ;

max
v
(k)
0

���!P�1 �v(k)0

���� 6
�
v
(k)
0p�1�v

(k)
00

�P

22P�1 ; v
(k)
0 2

h
b
(k)
1 ; b

(k)
2

i
:

� ³·¥²®¬ ½²¨µ ±®®²­®¸¥­¨© ¯®  ­ «®£¨¨ ± [3] ¢¬¥±²® (25) ¢®±-

¯®«¼§³¥¬±¿ ®¶¥­ª®©

max
t;v

(k)
0

���v(k) �t=v(k)0

�
� ~v(k)

�
t; v

(k)
0

���� 6 (tM�1�t0)
M

22M�1
SM
M ! +

�
v
(k)
0p�1�v

(k)
00

�P

22P�1
TP
P !+

+
(tM�1�t0)

M

22M�1

�
v
(k)
0p�1�v

(k)
00

�P

22P�1

DM;P

M !P ! ;

ª®²®° ¿ ±®®²¢¥²±²¢³¥² ¢»¡®°³ ³§«®¢ tm ¨ v
(k)
0p ¢ ±®®²¢¥²±²¢¨¨ ± ´®°-

¬³« ¬¨

(
tm = 1

2

�
(T � t0) cos

2m+1
2M � + T + t0

�
;m = 0;M � 1;

v
(k)
0p = 1

2

h�
b
(k)
2 + b

(k)
1

�
cos 2n+1

2N � + b
(k)
2 + b

(k)
1

i
; p = 0; P � 1:

(26)

� ª¨¬ ®¡° §®¬, ± ³·¥²®¬ ¯®«³·¥­­»µ ±®®²­®¸¥­¨© ¬®¦­® ² ª

¢»¡° ²¼ ³§«» ¨­²¥°¯®«¿¶¨¨ tm ¨ v
(k)
0p , ·²®¡» ¬®¤¥«¼ (7) ¡»«  "(k)-

 ¤¥ª¢ ²­  ¨±±«¥¤³¥¬®¬³ ¤¨­ ¬¨·¥±ª®¬³ ²° ´¨ª³ ¢ § ¤ ­­®© ®¡« -

±²¨ .

� ª ¯®ª §»¢ ¥²  ­ «¨§ [6], ¯°¨ ¤®±² ²®·­® £« ¤ª®© § ¢¨±¨¬®±²¨

´³­ª¶¨¨ v(k)
�
t=v

(k)
0

�
®² t ¨ v

(k)
0 ®¡¹¥¥ ª®«¨·¥±²¢® ³§«®¢ ¨­²¥°¯®«¿-

¶¨¨ ®ª §»¢ ¥²±¿ ­¥§­ ·¨²¥«¼­»¬.
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4. �¥²®¤ ±¨­²¥§  ¬®¤¥«¥© ¤¨­ ¬¨·¥±ª®£®

²° ´¨ª  ¢ ±² ²¨±²¨·¥±ª®© ¯®±² ­®¢ª¥

� ±±¬®²°¨¬ § ¤ ·³ ±¨­²¥§  ¬ ²¥¬ ²¨·¥±ª¨µ ¬®¤¥«¥© ¤¨­ ¬¨·¥-

±ª®£® ²° ´¨ª  ± ³·¥²®¬ ±«³· ©­»µ ®¸¨¡®ª ¨§¬¥°¥­¨©. �«¿ ¯°¨-

¡«¨¦¥­­®£® ®¯°¥¤¥«¥­¨¿ ª®½´´¨¶¨¥­²®¢ ¨­²¥°¯®«¿¶¨®­­®£® ¯®«¨-

­®¬  (7), ®¯¨±»¢ ¾¹¥£® ¯®¢¥¤¥­¨¥ ¨±±«¥¤³¥¬®£® ¤¨­ ¬¨·¥±ª®£®

²° ´¨ª , ¢®±¯®«¼§³¥¬±¿ ±«¥¤³¾¹¥©  ¯¯°®ª±¨¬¨°³¾¹¥© ´³­ª¶¨¥©

~v(k)
�
t=v

(k)
0

�
:

~̂v
�
t=v

(k)
0

�
=

M�1X
m=0

Q�1X
r=0

P�1X
p=0

H�1X
i=0

�̂(k)[r]figpm (G)�
(k)
pi 


(k)
mr ; (27)

£¤¥ �̂
(k)[r]fig
pm (G) { ®¶¥­ª¨, ¯®«³·¥­­»¥ ¯® °¥§³«¼² ² ¬ G ¨§¬¥°¥­¨©

(G = N �R �Q �H), ¯°¨ ½²®¬ ¯®« £ ¥¬, ·²® ¢¥ª²®°-±²®«¡¥¶ �Y (k)[Q]fHg

¢ª«¾· ¥² ¢ ±¥¡¿ ¨§¡»²®·­»¥ ¨§¬¥°¥­¨¿ (NR > PM).

�·¥¢¨¤­®, ·²® ¤«¿ "(k)- ¤¥ª¢ ²­®±²¨ ¬®¤¥«¨ (27) ¨±±«¥¤³¥¬®© ±¨-

±²¥¬¥ ­¥®¡µ®¤¨¬®, ·²®¡» ®¶¥­ª¨ �̂
(k)[r]fig
pm (G) ®¡« ¤ «¨ ±¢®©±²¢ ¬¨

±®±²®¿²¥«¼­®±²¨, ­¥±¬¥¹¥­­®±²¨ ¨ ½´´¥ª²¨¢­®±²¨ ¯® ®²­®¸¥­¨¾ ª

ª®½´´¨¶¨¥­² ¬ �
(k)[r]fig
pm (G), ¯°¨ ª®²®°»µ ³¤®¢«¥²¢®°¿¥²±¿ ³±«®¢¨¥

(9), ²® ¥±²¼

lim
G!1

P
n


Â (G)�A




 > ��
o
= 0;M

n
Â (G)�A

o
= 0;

�TM
nh
Â� (G)�A

i �
A� (G)�A

�To
� 6

6 �TM

�h
Â (G)�A

i h
Â (G)�A

iT�
�;

£¤¥ �� { ±ª®«¼ ³£®¤­® ¬ «®¥ ¯®«®¦¨²¥«¼­®¥ ·¨±«®; Â (G) =n
�̂
(k)[r]fig
pm ; p = 0; P � 1; m = 0;M � 1; q = 0; Q� 1; i = 0;H � 1

oT
,

� =
n
�j ; j = 0; (P � 1) (M � 1) (Q� 1) (H � 1)

oT
{ ¯°®¨§¢®«¼­»©

¢¥ª²®°; Â� (G) { ½´´¥ª²¨¢­ ¿ ®¶¥­ª  ¢¥ª²®°  A, ¯®«³·¥­­ ¿ ¯® °¥-

§³«¼² ² ¬ G ¨§¬¥°¥­¨©
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A =
n
�
(k)[r]fig
uj ; u = 0; P�1; j = 0;M�1; r = 0; Q�1; i = 0;H�1

oT
:

�§¢¥±²­® [9], ·²® ³ª § ­­»¬ ±¢®©±²¢ ¬ ³¤®¢«¥²¢®°¿¾² ®¶¥­ª¨,

¯®«³·¥­­»¥ ­  ®±­®¢¥ ¬¥²®¤  ­ ¨¬¥­¼¸¨µ ª¢ ¤° ²®¢ (���-®¶¥­ª¨)

[7]. � ±®®²¢¥²±²¢¨¨ ± ¤ ­­»¬ ¬¥²®¤®¬ ±´®°¬¨°³¥¬ ­¥¢¿§ª³:

�
(k)[q]fhg
(n;s) =�v

(k)[q]fhg
(n;s) �

M�1P
m=0

Q�1P
j=0

P�1P
p=0

H�1P
i=0

�̂
(k)[r]fig
pm �

(k)fhg
pi

�
v
(k)
0(n)

�


(k)[q]
mj

�
t(s)
�
;

n = 0; N � 1; s = 0; S � 1; q = 0; Q� 1; h = 0;H � 1:

(28)

�±ª®¬»¥ ®¶¥­ª¨ �̂
(k)[r]fig
pm ­ µ®¤¿²±¿ ¨§ ³±«®¢¨¿ [7]:

�̂(k)[r]figpm = argmin
�
(k)[r]fig
pm

8<
:
S�1X
s=0

Q�1X
q=0

N�1X
n=0

H�1X
h=0

!
(k)[q]fhg
(n;s)

h
�

(k)[q]fhg
(n;s)

i29=
; : (29)

�«¥¤³¥² ®²¬¥²¨²¼, ·²® ³§«» ¨­²¥°¯®«¿¶¨¨ tm; v
(k)
0p ¢ ®¡¹¥¬ ±«³-

· ¥ ­¥ ±®¢¯ ¤ ¾² ± ³§« ¬¨ t(s); v
(k)
0(n), ¢ ª®²®°»µ ¯°®¨§¢®¤¿²±¿ ¨§¬¥-

°¥­¨¿, ¯°¨ ½²®¬ M < S;P < N .

�¨´´¥°¥­¶¨°³¿ ¢»° ¦¥­¨¥ (29) ¯® �
(k)[z]fdg
�g ; � = 0; P � 1; g =

0;M � 1; z = 0; Q� 1; d = 0;H � 1, ¯®«³·¨¬ ±¨±²¥¬³ «¨­¥©­»µ  «-

£¥¡° ¨·¥±ª¨µ ³° ¢­¥­¨© ¤«¿ ®¯°¥¤¥«¥­¨¿ ¨±ª®¬»µ ª®½´´¨¶¨¥­²®¢:

S�1P
s=0

Q�1P
q=0

N�1P
n=0

H�1P
h=0

!
(k)[q]fhg
(n;s)

"
�v
(k)[q]fhg
(n;s) �

M�1P
m=0

Q�1P
r=0

P�1P
p=0

H�1P
i=0

�̂
(k)[r]fig
pm �

��
(k)[h]
pi

�
v
(k)
0(n)

�


(k)[q]
mr

�
t(s)
�i
�
(k)[h]
�d

�
v
(k)
0(n)

�


(k)[q]
gz

�
t(s)
�
= 0;

� = 0; P � 1; g = 0;M � 1; z = 0; Q� 1; d = 0;H � 1:

(30)

�¥¸¥­¨¥ ³° ¢­¥­¨¿ (2), ®¯¨±»¢ ¾¹¥¥ ¯®¢¥¤¥­¨¥ ¤¨­ ¬¨·¥±ª®£®

²° ´¨ª  ¯¥°¢®© ª ²¥£®°¨¨ ¢ § ¤ ­­®© ®¡« ±²¨ D
(k)
1 ,  ¯¯°®ª±¨¬¨°³-

¥²±¿ ¯®«¨­®¬®¬ (27), ¯°¨ ½²®¬ ª®½´´¨¶¨¥­²» �̂
(k)[r]f0g
pm ­ µ®¤¿²±¿ ¨§

°¥¸¥­¨¿ ±¨±²¥¬» «¨­¥©­»µ  «£¥¡° ¨·¥±ª¨µ ³° ¢­¥­¨© (30).
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�¯¯°®ª±¨¬¨°³¾¹¨© ¯®«¨­®¬ ²¨¯  (27), ®¯¨±»¢ ¾¹¨© ¯®¢¥¤¥­¨¥

¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ¢²®°®© ª ²¥£®°¨¨ ¨¬¥¥² ¢¨¤

~̂v
(k)
�
t=v

(k)
0

�
=

M�1X
m=0

Q�1X
r=0

P�1X
p=0

�̂(k)[r]f0gpm �(k)p

�
v
(k)
0

�

(k)mr (t); (31)

¯°¨ ½²®¬ ª®½´´¨¶¨¥­²» �̂
(k)[r]f0g
pm ­  ®±­®¢ ­¨¨ (30) ­ µ®¤¿²±¿ ¨§

°¥¸¥­¨¿ ±¨±²¥¬» ³° ¢­¥­¨©

S�1P
s=0

Q�1P
q=0

N�1P
n=0

!
(k)[q]
(n;s)

"
�v
(k)[q]
(n;s) �

M�1P
m=0

Q�1P
r=0

P�1P
p=0

�̂
(k)[r]f0g
pm �

� �
(k)
p

�
v
(k)
0(n)

�


(k)[q]
mr (ts)

#
�
(k)
�

�
v
(k)
0(n)

�


(k)[q]
gz

�
t(s)
�
= 0;

� = 0; P � 1; g = 0;M � 1; z = 0; Q� 1:

(32)

� ±±³¦¤ ¿  ­ «®£¨·­® (27) { (30), § ¯¨¸¥¬ °¥¸¥­¨¥ ³° ¢­¥­¨¿

(2) ¨ ±¨±²¥¬³ ³° ¢­¥­¨© ¤«¿ ¢»·¨±«¥­¨¿ ª®½´´¨¶¨¥­²®¢ �̂
(k)[r]f0g
pm

¯°¨¬¥­¨²¥«¼­® ª ¤¨­ ¬¨·¥±ª®¬³ ²° ´¨ª³ ²°¥²¼¥© ª ²¥£®°¨¨:

~̂v
(k)
�
t=v

(k)
0

�
=

M�1X
m=0

P�1X
p=0

H�1X
i=0

�̂(k)[0]figpm �
(k)
pi

�
v
(k)
0

�

(k)m (t); (33)

S�1P
s=0

N�1P
n=0

H�1P
h=0

!
(k)[h]
(n;s)

"
�v
(k)[h]
(n;s) �

M�1P
m=0

P�1P
p=0

H�1P
i=0

�̂
(k)[0]fig
pm �

��
(k)[h]
pi

�
v
(k)
0(n)

�


(k)
m (ts)

#
�
(k)[h]
�d

�
v
(k)
0(n)

�


(k)
g

�
t(s)
�
= 0;

� = 0; P � 1; g = 0;M � 1; d = 0; Q� 1:

(34)

�«¿ ¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ·¥²¢¥°²®© ª ²¥£®°¨¨  ¯¯°®ª±¨¬¨-

°³¾¹¨© ¯®«¨­®¬ ¯°¥¤±² ¢¨¬ ¢ ¢¨¤¥ [6]
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~̂v
�
t=v

(k)
0

�
=

M�1P
m=0

P�1P
p=0

h
�̂
(k)[0]f0g
pm �

(k)
p

�
v
(k)
0

�


(k)
m (t) +

Q�1P
r=0

�̂
(k)[r]f0g
pm �

��
(k)
p

�
v
(k)
0

�


(k)
mr (t) +

H�1P
i=0

�̂
(k)[0]fig
pm �

(k)
pi

�
v
(k)
0

�


(k)
m (t)

i
:

(35)

�®¢²®°¿¿ ¯°¨¢¥¤¥­­»¥ ¢»¸¥ ° ±±³¦¤¥­¨¿, ¯®«³·¨¬ ±¨±²¥¬³ ¤«¿

¢»·¨±«¥­¨¿ ª®½´´¨¶¨¥­²®¢ �̂
(k)[0]f0g
pm ; �̂

(k)[r]f0g
pm ; �̂

(k)[0]fig
pm :

8>>>>>>><
>>>>>>>:

S�1P
s=0

Q�1P
q=0

N�1P
n=0

H�1P
h=0

!
(k)[q]fhg
(n;s) �

(k)[q]fhg
(n;s) �

(k)
�

�
v
(k)
0(n)

�


(k)
g (ts) = 0;

S�1P
s=0

Q�1P
q=0

N�1P
n=0

H�1P
h=0

!
(k)[q]fhg
(n;s) �

(k)[q]fhg
(n;s) �

(k)
�

�
v
(k)
0(n)

�


(k)[q]
gz

�
t(s)
�
= 0;

S�1P
s=0

Q�1P
q=0

N�1P
n=0

H�1P
h=0

!
(k)[q]fhg
(n;s) �

(k)[q]fhg
(n;s) �

(k)[h]
�d

�
v
(k)
0(n)

�


(k)
g

�
t(s)
�
= 0;

� = 0; P � 1; g = 0;M � 1; z = 0; Q� 1; d = 0;H � 1;
(36)

£¤¥ ­¥¢¿§ª  �
(k)[q]fhg
(n;s) ®¯°¥¤¥«¿¥²±¿ ¢»° ¦¥­¨¥¬

�
(k)[q]fhg
(n;s) = v

(k)[q]fhg
(n;s) �

M�1P
m=0

P�1P
p=0

h
�̂
(k)[0]f0g
pm �

(k)
p

�
v
(k)
0(n)

�


(k)
m

�
t(s)
�
+

+
Q�1P
r=0

�̂
(k)[r]f0g
pm ��

(k)
p

�
v
(k)
0(n)

�


(k)[q]
mr

�
t(s)
�
+

+
H�1P
i=0

�̂
(k)[0]fig
pm �

(k)[h]
pi

�
v
(k)
0(n)

�


(k)
m

�
t(s)
�i
:

�®  ­ «®£¨¨ ¤«¿ ¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ¯¿²®© ª ²¥£®°¨¨ ¨¬¥¥¬

~̂v
�
t=v

(k)
0

�
=

M�1X
m=0

P�1X
p=0

�̂(k)[0]f0gpm �(k)p

�
v
(k)
0

�

(k)m (t) ; (37)
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S�1P
s=0

N�1P
n=0

!
(k)[h]
(n;s)

"
�v
(k)[h]
(n;s) �

M�1P
m=0

P�1P
p=0

�̂
(k)[0]fig
pm �

��
(k)
p

�
v
(k)
0(n)

�


(k)
m

�
t(s)
�i
�
(k)
�

�
v
(k)
0(n)

�


(k)
g

�
t(s)
�
= 0;

� = 0; P � 1; g =M � 1:

(38)

�«¿ ¯®±²°®¥­¨¿ ¬®¤¥«¥© ¤¨­ ¬¨·¥±ª¨µ ²° ´¨ª®¢ (27), (31), (33),

(35), (37) ² ª¦¥ ¬®£³² ¡»²¼ ¨±¯®«¼§®¢ ­» ¯®«¨­®¬» � £° ­¦  ¨

�°¬¨² . � ª, ¤«¿ ¤¨­ ¬¨·¥±ª®£® ²° ´¨ª  ¯¥°¢®© ª ²¥£®°¨¨ ¬®¦­®

§ ¯¨± ²¼

~̂v
(k)
�
t=v

(k)
0

�
=

M�1X
m=0

Q�1X
r=0

P�1X
p=0

H�1X
i=0

v̂(k)[r]figpm Hpi

�
v
(k)
0

�
Hmr (t): (39)

¯°¨ ½²®¬ ¢ ª ·¥±²¢¥ ª®½´´¨¶¨¥­²®¢ �
(k)[r]fig
pm ¢»±²³¯ ¾² ®¶¥­ª¨

¤¨­ ¬¨·¥±ª®© ´³­ª¶¨¨ ª®«¨·¥±²¢  ¯¥°¥¤ ¢ ¥¬®© ¡¨²®¢®© ¨­´®°-

¬ ¶¨¨ ¨ ¥¥ ¯°®¨§¢®¤­»µ ° §«¨·­»µ ¯®°¿¤ª®¢ v̂
(k)[r]fig
pm ¢ ¬®¬¥­²»

¢°¥¬¥­¨ t = tm; 0 6 m 6 M � 1, ¯°¨ p-®¬ ­ · «¼­®¬ ³±«®¢¨¨

v
(k)
0 = v

(k)
0p ; 0 6 p 6 P � 1.

�°¨¬¥­¥­¨¥ ¨§«®¦¥­­®£® ¢ ¤ ­­®¬ ¯ ° £° ´¥ ¬¥²®¤  ¤®¯³±ª -

¥² ³¤®¡­³¾ ¬ ²°¨·­³¾ ´®°¬³ § ¯¨±¨, ·²® ¤¥« ¥² ¤ ­­»© ¯®¤µ®¤

­ ¨¡®«¥¥ ¯°¨¥¬«¥¬»¬ ¤«¿ °¥ «¨§ ¶¨¨ ­  ���. � ª, ¬®¤¥«¼ ¤¨­ ¬¨-

·¥±ª®£® ²° ´¨ª  ¯¥°¢®© ª ²¥£®°¨¨ ¬®¦­® ¯°¥¤±² ¢¨²¼ ¢ ¢¨¤¥

~̂v
(k)
�
t=v

(k)
0

�
=  (k)Â(k); (40)

£¤¥ Â(k) =
n
�̂
(k)[r]fig
pm ; p = 0; P�1; m = 0;M�1; r = 0; Q�1; i =

0;H�1
	T

,  (k) =
n
�
(k)
pi

�
v
(k)
0

�


(k)
mr (t) ; p = 0; P�1; m = 0;M�1; r =

0; Q�1; i = 0;H�1
	T

.

�»° ¦¥­¨¥ (28) ¢ ½²®¬ ±«³· ¥ ¯°¨­¨¬ ¥² ¢¨¤

�(k) = �Y (k)[Q]fHg
� �(k)Â(k); (41)
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£¤¥ �(k) =
n
�
(k)[q]fhg
(n;s) ; n = 0; N�1; s = 0; S�1; q = 0; Q�1; h =

0;H�1
	
, �

(k)[q]fhg
(n;s) =

n
�
(k)[h]
pi

�
v
(k)
0(n)

�


(k)[q]
mr ; p = 0; P�1; m = 0;M�1;

r = 0; Q�1; i = 0;H�1
	T
, �(k) =

n
�

(k)[q]fhg
(n;s) ; n = 0; N�1; s = 0; S�1;

q = 0; Q�1; h = 0;H�1
	T

.

� ³·¥²®¬ (40), (41) ¢¥ª²®° ®¶¥­®ª Â(k), ®¯²¨¬ «¼­»µ ¢ ±¬»±«¥

ª°¨²¥°¨¿

Â(k) = argmin
A(k)

�(k)TW�(k) = argmin
A(k)

�
�Y (k)[Q]fHg

� �(k)A(k)
�T

�

�W
�
�Y (k)[Q]fHg

� �(k)A(k)
�
;

­ µ®¤¨²±¿ ¨§ °¥¸¥­¨¿ ¬ ²°¨·­®£® ³° ¢­¥­¨¿

�TW�Â = �TW �Y (k)[Q]fHg

±®£« ±­® ¯° ¢¨«³

Â =
�
�TW�

��1
�TW �Y (k)[Q]fHg; (42)

£¤¥ W = diag
n
!
(k)[q]fhg
(n;s)

; n = 0; N � 1; s = 0; S � 1; q = 0; Q� 1; h =

0;H � 1
	
.

�®« £ ¿, ·²® ¯®«¨­®¬ (7) ¿¢«¿¥²±¿ ¯®«¨­®¬®¬ ­ ¨«³·¸¥£® ¯°¨-

¡«¨¦¥­¨¿ °¥ «¼­®© ¤¨­ ¬¨·¥±ª®© ´³­ª¶¨¨ ª®«¨·¥±²¢  ¯¥°¥¤ ¢ ¥-

¬®© ¡¨²®¢®© ¨­´®°¬ ¶¨¨ v(k)
�
t=v

(k)
0

�
¨±±«¥¤³¥¬®£® ¤¨­ ¬¨·¥±ª®£®

²° ´¨ª , ¢»° ¦¥­¨¥ (27) ¯°¥¤±² ¢¨¬ ¢ ¢¨¤¥

~̂v
�
t=v

(k)
0

�
=

M�1P
m=0

Q�1P
r=0

P�1P
p=0

H�1P
i=0

�̂
(k)[r]fig
pm �

(k)
pi

�
v
(k)
0

�


(k)
mr (t) =

=
M�1P
m=0

Q�1P
r=0

PP
p=0

H�1P
i=0

�
�
(k)[r]fig
pm +��

(k)[r]fig
pm

�
�
(k)
pi

�
v
(k)
0

�


(k)
mr (t) =

= ~v(k)
�
t=v

(k)
0

�
+�~v(k)

�
t=v

(k)
0

�
;

(43)

£¤¥ ��
(k)[r]fig
pm { ±«³· ©­ ¿ ®¸¨¡ª  ®¯°¥¤¥«¥­¨¿ ª®½´´¨¶¨¥­²®¢

�
(k)[r]fig
pm ,
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�~v
�
t=v

(k)
0

�
=

M�1X
m=0

Q�1X
r=0

P�1X
p=0

H�1X
i=0

��̂(k)[r]figpm �
(k)
pi

�
v
(k)
0

�

(k)mr (t):

�§¢¥±²­® [7], ·²® ¥±«¨ ®¶¥­ª¨ �̂
(k)[r]fig
pm ¿¢«¿¾²±¿ ���-®¶¥­ª ¬¨,

¢¥«¨·¨­» ��
(k)[r]fig
pm ­¥ª®°°¥«¨°®¢ ­», ¨¬¥¾² ¬¨­¨¬ «¼­³¾ ¤¨±¯¥-

°±¨¾ ¨ ­³«¥¢®¥ ¬ ²¥¬ ²¨·¥±ª®¥ ®¦¨¤ ­¨¥. � ª¨¬ ®¡° §®¬, ¯°¨ ¢»-

¡®°¥ ³§«®¢ tm; v
(k)
0p ±®£« ±­® ¬¥²®¤¨ª¥, ¨§«®¦¥­­®© ¢ ¯°¥¤»¤³¹¥¬

¯ ° £° ´¥, ¬®¤¥«¼ ¢¨¤  (27) ¡³¤¥²  ±¨¬¯²®²¨·¥±ª¨ "(k)- ¤¥ª¢ ²­ .

� ®²«¨·¨¥ ®² ±«³· ¿, ª®£¤  ®¸¨¡ª ¬¨ ¨§¬¥°¥­¨© ¬®¦­® ¯°¥­¥-

¡°¥·¼, °¥ «¨§ ¶¨¿ ¨§«®¦¥­­®£® ¢ ­ ±²®¿¹¥¬ ¯ ° £° ´¥ ¬¥²®¤  ¯°¥¤-

¯®« £ ¥² ­¥®¡µ®¤¨¬®±²¼ °¥¸¥­¨¿ ±¨±²¥¬  «£¥¡° ¨·¥±ª¨µ ³° ¢­¥­¨©.

� ­­ ¿ ¯°®¶¥¤³°  ± ³·¥²®¬ (40) { (42) ¬®¦¥² ¡»²¼  ¢²®¬ ²¨§¨°®-

¢ ­  ± ¨±¯®«¼§®¢ ­¨¥¬ ±®¢°¥¬¥­­®© ¢»±®ª®¯°®¨§¢®¤¨²¥«¼­®© ¢»·¨-

±«¨²¥«¼­®© ²¥µ­¨ª¨.

�«¥¤³¥² ®²¬¥²¨²¼, ·²® ¢ ±«³· ¥, ª®£¤  ­¥®¡µ®¤¨¬® ®¯¨± ²¼ ¤¨-

­ ¬¨·¥±ª¨© ²° ´¨ª ¯°¨ ´¨ª±¨°®¢ ­­®¬ ­ · «¼­®¬ ³±«®¢¨¨, ¯°¥¤«®-

¦¥­­»© ¯®¤µ®¤ ±¢®¤¨²±¿ ª ¯®±²°®¥­¨¾ ´®°¬ «¼­®© ¬®¤¥«¨ [4] ± ¨±-

¯®«¼§®¢ ­¨¥¬ ®¡®¡¹¥­­®£® ¬¥²®¤  ­ ¨¬¥­¼¸¨µ ª¢ ¤° ²®¢ ¤«¿ ±«³-

· ¿ ° ±¸¨°¥­­®© ¬®¤¥«¨ ­ ¡«¾¤¥­¨© [8]. � ±«³· ¥, ª®£¤  ¬®¤¥«¼ ­ -

¡«¾¤¥­¨© ¯°¨ ½²®¬ ­¥ ±®¤¥°¦¨² ¯°®¨§¢®¤­»µ ®² ¨§¬¥°¿¥¬»µ ¢¥«¨-

·¨­ (¤¨­ ¬¨·¥±ª¨© ²° ´¨ª ¯¿²®© ª ²¥£®°¨¨), ° §¢¨²»© ¬¥²®¤ ±¢®-

¤¨²±¿ ª ¯®±²°®¥­¨¾ ´®°¬ «¼­®© ¬®¤¥«¨ ± ¨±¯®«¼§®¢ ­¨¥¬ ª« ±±¨-

·¥±ª®£® ��� [7].

5. �¡±³¦¤¥­¨¥ ¯®«³·¥­­»µ °¥§³«¼² ²®¢

�±¯®«¼§®¢ ­¨¥ ¯°¥¤« £ ¥¬®£® ¢ ±² ²¼¥ ¯®¤µ®¤  ­¥ ¨±ª«¾· ¥² ¥£®

ª®¬¯«¥ª±¨°®¢ ­¨¿ ± ª« ±±¨·¥±ª¨¬ ¬¥²®¤®¬ ¯®±²°®¥­¨¿  ¤¥ª¢ ²­»µ

¤¨­ ¬¨·¥±ª¨µ ¬®¤¥«¥© ¨±±«¥¤³¥¬»µ ²° ´¨ª®¢. �¥§³«¼² ²®¬ ² ª®-

£® ª®¬¯«¥ª±¨°®¢ ­¨¿ ¬®¦¥² ±«³¦¨²¼ ±£« ¦¨¢ ¾¹¨© ¯®«¨­®¬, ¬¨-

­¨¬¨§¨°³¾¹¨© ° ±±²®¿­¨¥ ¬¥¦¤³ ­¥ª®²®°»¬ ±¥¬¥©±²¢®¬ · ±²­»µ

°¥¸¥­¨©, ¯®«³·¥­­»© ­  ®±­®¢¥ ª« ±±¨·¥±ª®© ¤¨­ ¬¨·¥±ª®© ¬®¤¥-

«¨ ¨ ¬ ±±¨¢®¬ ±² ²¨±²¨·¥±ª¨µ ¤ ­­»µ, ±®®²¢¥²±²¢³¾¹¨µ ­ ²³°­»¬

½ª±¯¥°¨¬¥­² ¬ [9].
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�°¥¤«®¦¥­­»© ¢ ° ¡®²¥ ¯®¤µ®¤ ­¥±«®¦­® ®¡®¡¹¨²¼ ­  ±«³· ©

¬­®£®¬¥°­®£® ¡¨²®¢®£® ²° ´¨ª , ®¯¨±»¢ ¥¬®£® ¢¥ª²®°­»¬ ³° ¢­¥-

­¨¥¬ (±¨±²¥¬®© ³° ¢­¥­¨©) (1) ± ¢¥ª²®°®¬ ¯®±²®¿­­»µ ¯ ° ¬¥²°®¢

¢ ¯° ¢®© · ±²¨. � ½²®¬ ±«³· ¥ ½ª±¯¥°¨¬¥­² «¼­»¥ ¨§¬¥°¥­¨¿ ­¥®¡-

µ®¤¨¬® ¯°®¨§¢®¤¨²¼ ¯°¨ ° §«¨·­»µ §­ ·¥­¨¿µ ¢¥ª²®°  a(k). �®¤¥-

«¨ ¤¨­ ¬¨·¥±ª¨µ ´³­ª¶¨© ª®«¨·¥±²¢  ¯¥°¥¤ ¢ ¥¬®© ¡¨²®¢®© ¡³¤³²

¯°¥¤±² ¢«¿²¼ ¨§ ±¥¡¿ ¬­®£®¬¥°­»¥ ¨­²¥°¯®«¿¶¨®­­»¥ ±²°³ª²³°»,

¯®¤®¡­»¥ ° ±±¬®²°¥­­»¬ ¢ [5].

�°¨¬¥­¨¬®±²¼ ¤¢³¬¥°­®© ±¯« ©­-¨­²¥°¯®«¿¶¨¨ ¢¯®«­¥ ¤®¯³±²¨-

¬  ª ª ° §¢¨²¨¥ ¤®±²¨£­³²»µ °¥§³«¼² ²®¢. �¢³¬¥°­»© ±¯« ©­ {

´³­ª¶¨¿, À±ª«¥¥­­ ¿ ¨§ ª³±ª®¢Á ¤¢³¬¥°­»µ  «£¥¡° ¨·¥±ª¨µ ¯®«¨­®-

¬®¢. �¤­ ª®, ¥±«¨ ¢ ®¤­®¬¥°­®¬ ±«³· ¥ ±²»ª®¢ª  ¯®«¨­®¬®¢,   ² ª-

¦¥ ­³¦­»¥ ª° ¥¢»¥ ³±«®¢¨¿ ®¡¥±¯¥·¨¢ «¨±¼ § ¤ ­¨¥¬ ¨µ §­ ·¥­¨© ¢

ª®­¥·­®¬ ¬­®¦¥±²¢¥ ²®·¥ª ­  ¯°¿¬®©, ²® ­  ¯«®±ª®±²¨ ¢±¥ ½²® ­ -

¤® ¤¥« ²¼ ­  ­¥ª®²®°»µ ª°¨¢»µ [10], ·¥¬ §­ ·¨²¥«¼­® ³±«®¦­¿¥²±¿

¯°®¶¥¤³°  ¯®±²°®¥­¨¿ ±¯« ©­®¢. � ¬»© ¯°®±²®© ¢ °¨ ­² { À±ª«¥¨-

¢ ²¼Á ¯®«¨­®¬» ¨ § ¤ ¢ ²¼ ª° ¥¢»¥ ³±«®¢¨¿ ¢¤®«¼ ¯°¿¬»µ, ¯ ° «-

«¥«¼­»¬ ®±¿¬ ª®®°¤¨­ ². �  ² ª¨µ ¯°¿¬»µ ¬» ³¦¥ ¡³¤¥¬ ¨¬¥²¼ ¤¥«®

± ®¤­®¬¥°­»¬¨ ±¯« ©­ ¬¨,  , ª°®¬¥ ²®£®, ¡³¤¥² ®¡«¥£·¥­® ¨±¯®«¼§®-

¢ ­¨¥ ¨­´®°¬ ¶¨¨ ® £« ¤ª®±²¨ ¨­²¥°¯®«¨°³¥¬®© ´³­ª¶¨¨ ¤¢³µ ¯¥-

°¥¬¥­­»µ, ®¯¨±»¢ ¥¬®© ± ¯®¬®¹¼¾ · ±²­»µ ¯°®¨§¢®¤­»µ. �§¢¥±²-

­»¬¨ ¬¥²®¤ ¬¨ [10] ¬®¦­® ¤¢³¬¥°­»© ±¯« ©­ ª®­±²°³¨°®¢ ²¼ ­ 

¡ §¥ ®¤­®¬¥°­»µ ±¯« ©­®¢,   § ¤ ·³ ®¶¥­ª¨ ¯®£°¥¸­®±²¨ ¯°¨¡«¨¦¥-

­¨¿ ±¢¥±²¨ ª ° ±±¬®²°¥­­®© ° ­¥¥ § ¤ ·¥ ­  ®±­®¢¥ ª°¨²¥°¨¿ "(k)-

®£° ­¨·¥­­®© ­¥¢¿§ª¨ ¨ ¯°¨¬¥­¨²¼ ¤¢³µ½² ¯­»© ¬¥²®¤ ®¶¥­ª¨  ¤¥-

ª¢ ²­®±²¨ «®ª «¼­®© ¯®«¨­®¬¨ «¼­®© ±¯« ©­-¨­²¥°¯®«¿¶¨¨ ¡¨²®¢®-

£® ²° ´¨ª  [11], ¨ ¬¥²®¤ ¯ ° ¬¥²°¨·¥±ª®© ³±²®©·¨¢®© ¨¤¥­²¨´¨ª -

¶¨¨ ¤¨­ ¬¨·¥±ª®£® ¡¨²®¢®£® ²° ´¨ª  [12].
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