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OT reomerpuu Kk rpadpuke

E.B. llukuu, C.B. Bepe3un

1. BcTrymienue

DecMOTpA HA TO, 9TO NpobIeMy MOUCKA MOXHO PACCMATPUBATH KaK
YACTHOE MPOSABICHUE KOH(MIUKTA, MOCTAHOBKM TOUCKOBBIX 3a0a4 YIU-
BUTEIBHO MHOT00ODA3HBI. JPAaB/a JUIL HEMHOTHE W3 HUX AOMYCKAIOT
MOAXOMAMIYIO IS COMEPEKATEIHHOrO aHaam3a dpopMaaunsanuio. B sron
paboTe MBI OCTAHOBHMCSA HA OOCYXJEHWM HEKOTOPBIX BOIPOCOB, OTHO-
CAUMXCA K TOUCKOBBIM 33a9aM, B KOTOPBIX OCYIIECTBAACTCA IUHAMU-
YECKUU TIOUCK OO'BEKTOB U I'jle TOYEYHbIE 0OBEKTHI, IPUHUMAONUIUE Y Ia-
CTHEe B MOWCKOBOM IIPOIECCE, PA3IeMArOTCa HA ABE PYMIIB — TPYIIY
AUIYIIUX W TPYNIY YKJIOHAIIAXCA. 3aAadedl MePBOU U3 HUX ABIACTCA
0o0HApyXEeHMEe, B TO BPeMsA KaK 3a1a9a BTOPOU — KaK MOXHO IOJbIIE
n3berats oOHapyX)eHuUs. ECTECTBEHHO CYATATH, 9TO KaX[Iad W3 DTUX
rpymnm 061 1aeT ONpPeNeNIeHHBIMEA PECYPCAMHE, TIO3BOJSIONAMA B TOU AN
MHOU CTEIEHH! YCIENIHO CIPABIATLCA ¢ OCHOBHOU 3aaader. Croma BXOIAT
YPOBEHb HH(MOPMUPOBAHHOCTH O IIPOTUBHOU CTOPOHE (MECTOMOIOKEHUY
U QUHAMWYIECKUX BO3MOXHOCTAX) U yCaoBus oOHapyxeHusa. Mer Oygem
pPacCMATPUBATL NETEPMUHUPOBAHHYIO 3a0aTy IMOUCKA, KOTNA B KAXK IBIA
MOMEHT BPEMEHU SICHO, IIPOU3O0ILI0 0OHAPY KeHUe YKIOHAIOMINXCA WA He
[IPOU3 OIILIO.

Wrak, npegnonoxmm, 9TO B HEKOTOPOU MIOCKOUN obmacTu (aBymep-
HBIU CJIy9adl BRIODAH B CULY €ro OOAbIIeN HATIAJHOCTH) HEPEeMENaloTCA
QB TPYIIIBI TOYEIHBIX 00HEKTOB, HHTEPECH KOTOPHIX IPOTUBOIOIOXKHEI
— UIIYIIWe U YKIOHAIIINECI. JepPBhIe CTPEMATCA 0OHAPY KUTh, BTOPHIE —
n36exaTh OOHAPYXKEHUA. DPU DTOM OOBEKT CIUTACTCA OOHAPY KEHHBIM,
€CIM ero OTKJIOHEHME XOTS Obl OT OJHOrO W3 WINYIIAX HE MPEBOCXOIUT
3aJaHHOT'O YHUCJIA — PAJUYyCa BUAUMOCTHU HUIIyInero. B cBowo odepens, HA
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BO3MOXHOCTH II0 BUAMMOCTH YKJIOHAIOIMUXCA 0OBEKTOB HUKAKAX Or'Pa-
HAYEHUU HEe MPEeANOJAraeTCsa. JyAeM CIATATbL TAKXKe, ITO KAXKIOU U3
TPYII U3BECTHBI BCE CKAIAPHBIE CKOPOCTHU IEPEMeEIIeHns 00beKTOB, KO-
TOPBIE TOCTOAHHBI (TAKOE TIepeMeIeHrne 00bEKTOB HA3BIBAIOT IPOCTHIM ).
Nuiyme uMeoT mpenuMymecTBo B CKOPOCTH, YKIOHAIOIIMECS — B YPOBHE
uHGOPMUPOBAHHOCTHY (PanyC BUIMMOCTH UILYLIIUX OUPAHUYIEH, YKJIOH-
IOIEMYCs XK€ BCErjia W3BECTHO MECTOINOMOKEHNE KaX I0r0 U3 HILYIINX).

CpaBHUTENIBHO HEAABHO HAYAM Pa3pabaThIBATHCA MOAX0N K PEILIEHUIO
MOZO6GHOT0 POA 33,125, OCHOBAHHBIN HA T€OMETPUIECKUX COOOPAKEHUAX
7 Ha IPUOAHUAW HATVIATHOCTU CTCIICHU I/IHCI)OpMI/IpOBa,HHOCTI/I nmynmx B
nporuecce noucka. OnuiieM KOpOTKO OCHOBHYIO W0 DTOr'0 IMOAX0AA.

C TOYKY 3peHN UIIYIMKUX TOUCKOBAA OOIACTD B KAXK IBIM MOMEHT Bpe-
MEHU Pa3JenseTcs Ha, [Be YaCTU, B OJHOU U3 KOTOPHIX YKIOHMIOIIMUCS
3aBEOMO OTCYTCTBYET. YCIEUIHOE PA3PELIeHre 330397 IONCKA U COCTO-
AT B TOM, 9TOOBI 5T JACTh MOMCKOBOU OOMACTH, MOCTENEHHO yBEINIA-
BasChb, COBIAJA CO BCEU MOMCKOBOU OOMACTBIO. DOCMOTPUM, ITO MOXKET
JATh 3[€Ch T€OMETPUIECKUN TTOIXO/I.

Ecan mmymuin 0o6beKT TOKOWTCA, KPYr € PaguyCcoOM BUAUMOCTH,
LIEHTP KOTOPOT'O COMAMAET C UIIYLUUM, ECTECTBEHHO CIUTATH CBOOOTHBIM
OT YKJIOHAIOOIECTOCA. TeM CaMBbIM, B 3TOM CJIyva€ CTEIICHb OCBECOJOMJICHHO-
CTHU AUIYIIETO O YACTHU MOUCKOBOU 00JaCTH, CBOOOIHON OT YKIOHSAIOIIAX-
cs, onuceiBaeTca KpyroM. OHa yBeIWIUBAETCA MPU [IEPEMENICHUN HUIILY-
IErO: BJIOAb €ro TPaeKTopuu (1mo3anu) o6pasyeTcs uuend — MHOXECTBO,
B KOTOPOE HA TAHHBIM MOMEHT BPEMEHU YKIOHSIOIIMUCA HUKAK HE yCIe-
BAET MOMACTb BCJAEACTBUE OTPAHUYEHUS HA €00 CKOPOCTh. DTOT HLIEU]
(ero Ha3LIBAIOT OCTATOYHOU OOJACTHIO) KaK Obl OEXKUT 33 WILYIUM, IPU-
MBIKasg K €r0 TPAEKTOPUU ¥ HAIVIATHO ONUCHIBAsA CTENeHb WH(MOPMUPO-
BAHHOCTY HMUIYIIErO0 Ha AaHHBIL MOMeHT. OKa3biBaeTCs, IepeMelieHne
WIIYIIEr0 MOXHO OPTaHW30BATH CTOJIb Pa3yMHO, 4TOOBI 06JaCTh, CBO-
60/HAS OT YKJIOHSIOIINXCA, YBEIXINBAIACH B Pa3MeEPax U, €CIU BCE CJIO-
KATCA YIATHO, B KOHIIE KOHIIOB, COBIAJIA ObI CO BCEM HMOMCKOBOU OOIa-
CTBIO. DTO 03HAYANO OBl YCIIENTHOE 3aBEpIIeHne TOUCKa (0OHAPY KeHue).

Jpupoa MHOXECTB, CBOOOMHBIX OT YKJIOHAIOUUXCA O0OBEKTOB, [0-
BOIBHO pasHooOpasHa. Kcaum TpaekTopus mepemelieHus yxe BBIOpaHA
UIYIIIM, TO BAONb Hee (CHepeam) TaKXKe MOABIACTCA U3MEHAIOMIEECH
BO BPEMEHM MHOXECTBO, CBOOOMHOE OT YKIOHMIOMIMXCSI — YIIPEXK TAIOIIAL
obaactb. Cregsamas 061aCTh, BOSHUKAIONUAA B Pe3yabTaTe 00beIMHEHUS
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OCTATOYHOU M YIPEXIAIOMEN 00IacTel, IOKA3BIBAET CTEIEHbL OCBEIOM-
JEHHOCTHY UIIYIIErO B IPOIEcce MOUCKA. DT U3MEHAIOIIAECA BO BPEMEHN
MHOXECTBa, ¥ IPENCTABIAIT COO0M OCHOBHOM MHCTPYMEHTAPUN AJA pPe-
oIeHUA paCCMaTPUBACMBIX ITOUCKOBBIX 3a0a.

OCHOBHOU BONPOC COCTOUT B TOM, KaK B 3aBUCAUMOCTH OT (POPMBI U
Pa3MepOB MOMCKOBOU OOMACTH, YCIOBAU HA CKOPOCTH OOBEKTOB, y4acT-
BYIOIUX B IIOMCKOBOM IIPOIECCE, U PANUYCOB BUIUMOCTH, OMPENEIUTE —
BO3MOXHO JI YCIIEIIHOE Pa3pelleHue 3a1a91 MOUCKA, U €CIA BO3MOXKHO,
TO KaK MMEHHO.

Da3paboTKa reOMeTPUIeCKOro MOAXO0a TO3BOJIIA, YCIENIHO PEUINTh
LEJBIN PAJ] IIOMCKOBBIX 33,124 (KpaTKult 0030p PE3yabTaTOB CM. B 0030pe
[1]). D0 BMecTe ¢ TeM OHa 0603HAYUIA TPYTHOCTH, BOSHUKAIOUIAE B CIy-
1ae, KOT'a MMOUCKOBAsA OOJACTH UMEET MPOU3BOJILHYIO POPMY, & KOIUIe-
CTBO WIMYIUX AOCTATOYHO BEIUKO. AHAIATHICCKUU MOAO0D HEOOXOTHU-
MBIX PECYPCOB LI WIYIIEN TPYIIIIHI O 3aJaHYI0 001aCTh TOUCKA, PE3KO
ycaoxHsaercs. [leno B ToM, 9TO TaKOU 1M0A00p ONMPAETCS HA AHAJIU3 BbI-
O6UPAEMOro KIACCA TPACKTOPHUU MEPEMEIIeHUA UIIYIINX 00BEKTOB U TIO-
ToMy TpebyeT CKOpee MHTEPAKTUBHOI'O HOAX0/a, TPA KOTOPOM ITPOCMa-
TPUBALTCA HECKOJIBKO MIPUEMIEMbIX BADUAHTHIOB. JTO HAOMIOIEHNE eCTe-
CTBEHHO NPUBOAUT K MBICAU O LEAECOOOPA3HOCTU WMCIOIb30BAHUA I'Da-
(pUIeCKIX BO3MOXKHOCTEN COBPEMEHHBIX BBIUUCAATEILHBIX YCTPOUCTB,
mpuyeM B pexume, OIU3KOM K PEXUMY PeaTbHOro Bpemenu. [lemaet-
€S DTO TaK. JOUCKOBaA OOIACTH BU3YAJU3UPYETCsA HA NUCIUICE. 3aTEM
73 TEOMETPUYIECKUX COOOPAKEHUN BHIOMPAIOTCA T€ WIM WHBIE TPACKTO-
pur. 0 HUM CTPOATCA U3MEHAOMMECA BO BPpeMEHU WHQPOPMAIUOHHBIE
MHOXE€CTBa, CBOOOMHBIE OT YKJIOHAIOUAXCA OOBEKTOB, W M3YIACTCI UX
AUHAMUKA. BOJIy‘{eHHbIe CB€ICHUA MO3BOJAIT HAXOAUTH IIO 3adaHHBIM
TPAEKTOPUAM COlePXKATENbHBIE JOCTATOYHBIE YCIOBUASI HA PECYPCHI UIITY-
mux, obecrmednBaromue oOHAPYXKeHNe, UCCIeN0BATH BO3MOXHOCTE OOHA-
PYXEHUA YKIOHAIOMIMUXCA TO MPEIAraeMbIM TPACKTOPUAM U 3 JAHHBIM

pecypcam u ap.

Da3yMeeTcd, MpU BU3YAIM3ANWYM TOMCKOBOM 33aYU W ITOUCKOBO-
ro MPOIECCa BO3HUKAET PAJ HOMIECKAINNX PA3PELIEHUIO0 BOIPOCOB,
CBA3aHHBIX C ONMCAHUEM WHQMOPMAIMOHHBIX MHOXECTB, pealu3aiuen
TEOPETUKO-MHOXECTBEHHBIX OIEPAIUA ¥ HAKOILIEHNEM OLINOOK.
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2. OcHOBHBIE OIIpegeIeHus

O PEIIOIOKUM, ITO MOUCK OCYIECTBIAIOT N 00BEKTOB, IIEPEMEIIA0-
muxca B obnactu noucka ) C R? mo Tpaekropuam a;(t),i = 1,...,N,t >
0, ¢ IOCTOAHHBIMY CKATAPHBIMU CKOPOCTAMU (vj, 8 YKIOHAIOIMAACA 00b-
eKT mepeMemaeTcsa B o0macTm moucka mo TpaexkTopuu b(t) co ckopo-
CTBHIO, HE MPEBBIMAIIEN MO0 MOAYII MOCTOAHHOU (3. JyleM CIATATH,
9TO BCE CKOPOCTHM HIIymnX O00BeKTOB Ooablie [, a KpurepmeMm OOHA-
PYX€EHUA YKIOHAIOMETOCI 00BbEKTA ABAAETCA ero commxenme X0Tsa ObI C
OHUM 73 MIyIX 0OBEKTOB HA PACCTOAHME, MEHBIIEEe WK PABHOE 3a-
HaHHOMY (CBOEMY /A KaXAOTO MILyHIero 00BEeKTa),

Fi - [|6(t) — a:(@)]| < L.

Ecan ykaoHsommxcs 06bEKTOB HECKOIBKO, TO BO3MOXHBI Pa3HbIE
YCJIOBUA YCIIEIIHOI'O 3aBEPIICHUA IIOMCKA — OOHApYXeHUe XOTA Obl Ofl-
HOT'0 M3 YKJIOHAIOWUXCA 00bEKTOB, 0OHAPY KEHUE IACTU yKIOHAIOUMXCA
nm O0HApyXeHue Bcex. B ciaydae HECKOAbKUX YKIOHAMUXCA depes
OyjeM 0003HAYATH MAKCUMYM CKOPOCTEU BCEX YKIOHAIOMIMXCA.

Beemem ompemeneHus OCHOBHBIX WH(OPMAIIMOHHBIX MHOXECTB, BO3-
HUKAIOIUX B 3a]a4e MOUCKA.

W3 xpurepus OGHADYKEHUAA CIEAYeT, 9TO ¢ KaXIbIM HILyIIM 00b-

€KTOM MOXHO CBA3aTh MHOXECTBO, OTHOCUTEIHHO KOTOPOr'O TOYHO U3-
BECTHO, ITO YKJIOHAIOUWEr0CA 00BEKTA B TOYKAX DTOrO MHOXKECTBA HET.
Iro 3amkuyTHl Kpyr B(ai(t),l;) paguyca [; ¢ uearpom B Touke a;(t).
Da30BeM ero Kpyzom 0OHapyHcenus i-ro 00BEKTa B MOMEHT BpeMeHH i
(3mecy B(z,r) = {y € R? | ||z —y|| < r}, a samucy M o3HavTaeT 3aMbIKa-
Hue MHOXecTBa M).
Omnpepenenue 1. Muoxectso U () Bcex TOUEK, B KaX JOU U3 KOTOPHIX B
MOMEHT BPEMEHU { MOXET HaXOAUTHCA He Oyay4dnm OOHAPYXKEHHBIM XOTA
OBl OJIVH U3 YKJIOHAKIIAXCA 00BEKTOB, HA30BEM 00.44CMbI0 HEONpPedeeH-
HOCMU.

O6br1HO UIIyIIMe 06HEKTH CTPEMATCA K YMEHBUIEHUO 001aCTH HEOTI-
PEeIeHHOCTH WK, ITO TO Xe caMoe, K yBeandeHnuto maoxectsa 2\ U (1),
B KOTOPOM YKJIOHAIOWKAXCA 06BEKTOB HET 110 onpenereauio. Kcan B HEKO-
TOPBIX MOMEHT BPEMEHH t( 001aCTh HEOIIPEAETEHHOCTY OKAXKETCSA OTHO-
CTBIO UCYEPIAHHON, TO €CTh CTAHET IyCcThIM MHOXecTBOM, U (t9) = (), TO
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BCe YKJIOHAIOMMECI OOBEKTH OyayT OOHApPYXEHBI 10 MOMEHTAa BpeMeHU!
tp BKIIOYUTEIHHO, U 3aa9a IIOUCKA OyIeT rapaHTHPOBAHO PeEIIeHa.
DdaccMoTpuM 06beAuHEHNE KPYTOB OOHAPY KEHU UITyHuX 0O HEKTOB

B MOMEHT BPEMEHH 1
N

| Blai(®), 1) (%)

=1
Eciu B 5TOT MOMEHT BpEMEHHM HEKOTOPBIA YKIOHAKIIUUCA 0OBEKT Ha-
xoaurca B oObegquHeHun (%), TO OH OOHAPYX)eH. B mpoTUBHOM Caydae
TOYHO M3BECTHO, 9TO YKIOHAIUMXCA 00BEKTOB B 00BEIUHEHUN KPYT'OB
oOHApYXKeHUs (*) HeT. DPU HePEeMEIIeHUN UILYIIAX OOBEKTOB B HOBHIE
TOYKM 061acTH noucka {2 OHU MOIY9Ial0T MOoA0OHYI0 MHPOPMAIIMIO O HO-
BLIX 9acTAX o6acTu noucka €. B momenT Bpemenu t' > ty aTo 06beau-
HEHUe

N
!
U Bla:(#), ).
i—1
BpI/I BBITIOJIHEHUU COOTHOUIICHUA

min [;
B

B HEKOTOPBIX KPyTaX, KOHIEHTPUIHBIX KPyram 00beauHenus (*), yKIO-
HAMUXCA 00BEKTOB NO-pexHEeMY He OyaeT (yKIOHAIMMIACT OOBEKT HE
Cpa3y MOXeT MONACTb B IEHTD Kpyra OOHADYKEHU).

BerencTBue nmpeBocxoacTBa CKOPOCTEN MIIYIIAX OOBEKTOB HAJ CKO-
POCTAME YKIOHAIOMNUXCA, BAOAb NPOUJEHHBIX WIIYIIIMU OOBEKTAMU
TPAEKTOPUY BO3HUKAET HUIEU] M3 TOIEK, B KOTOPHIX YKIOHSIOUIXCSI
06BEKTOB HET. JyJeM Ha3bBaTh Takue WHGMOPMAIMOHHBIE MHOXECTBA
0CMAMOYHBIMY.

' —ty <

DaCcCMOTPUM B MOMEHT BPEMEHU tj y9IaCTKH TPACKTOPUU MILYIIAX

00BEKTOB C HOMEPAMMU i1, . . . , iy, 34 BDEMEHHOU IPOMEXYTOK [tg — A, tg],
0 < A < tp, ¥ IPEANIONOKAM, 9TO B 3TOM BPEMEHHOM IPOMEXYTKE HU
OIVH W3 YKJIOHAIOMNXCSI 0OBEKTOB 0OHADPYXKEH He ObLI.
Omnpegenenne 2. Ob6wetd ocmamounoti obaacmvio Qi . . [to — A, to]
HA MOMEHT BpeMeHH ty OyJeM Ha3bIBATh MHOXECTBO BCEX TOYEK, 3aBE0-
MO CBOOOIHBIX OT YKJIOHAIMIMAXCA 00BEKTOB HE3ABUCUMO OT TPACKTOPUI
uuymux 00BEKTOB BHE IPOMEXYTKa [ty — A, to.
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Uudopmamusa o TOIKAX TaK HABBIBAEMBIX YNPeHcOGOUUT MHOXKECTB
HOCHT TPECKA3ATEALHBIN XapAKTEP U 3ABUCAT OT Oy IyIIAX TPAEKTOPUI
AMIYIUX: 0OHAPY KEHUE YKIOHAIOMETr0CA 00bEKTA B YIPEXK JAIOUEM MHO-
JXKEeCTBE FAPAHTUPYETCA DU YCJAOBUAM, YTO UILynme OOBEeKTH OyAyT IBU-
raTeCAa IO TPAEKTOPUAM, AJII KOTOPBIX ITH YIPEXJAOIe MHOXECTBA
ObLIM HOCTPOEHBI. YIPEX JAIONMe MHOXECTBA (TaKXke KaK M OCTATOY-
HBIE) BO3HMKAIT OIAr0faps IPEBOCXOACTBY HILYIIAX OOBEKTOB B CKO-
pPOCTH: YKIOHAOMMUCA 0OBEKT HE YCIIeBACT HOKAHYTH OKPECTHOCTH OY-
OYIIAX TPACKTOPUU UIIYIIUX.

3adpukcupyeM B MOMEHT BPEMEHU t( YIACTKHA TPEKTOPUU WYX
00BEKTOB C HOMEPAMH i1, . . . , by, KOTOPBIE OYIYT IPOUAEHLI B Oy IyLIIEM
3a IPOMEXYTOK BpeMmeHnu [to, to + 4], > 0.

Omnpegenenne 3. Obwel ynpesxcdarowet obaacmuvio Py i [to,to + 0]

HA MOMEHT BpeMeHH ty Oy/ieM HA3BIBATH MHOXECTBO BCEX TOYEK, HAXO-

XK[€HUE B KOTOPBIX JIOOOT0 U3 YKJIOHAIOUAXCA O0OBEKTOB MapaHTUPYET

ero obHapyx)eHre XOTdA Obl OMHUM M3 MIIymuX OOBEKTOB C HOMEPaMuU

i1y--.,0y; B HEKOTOPDHI MOMEHT BPEMEHHU U3 IPOMEXyTKa [to, to + 0] He-

3aBUCHMO OT TPACKTOPUH UIIYIIAX OOBEKTOB BHE €ro.

Onpepgenenne 4. O6wet caedaweti obaacmuio Vi, i [to — A, tg + d] Ha-
3oBeM oObegunenve Qg ;. [to — A, to] U Pi,...in [t0s to + 6.

DEKOTOPOE MPEeACTABICHNE O (POPME YIPEXAAIMIEA U OCTATOYHON
obIacTen MAeT CJAeAyollee TPUBUAILHOE YTBEPXK ICHUE.

Jdemma 1. Jas ynpexrcdarowet u ocmamounoti obaacmeti 8eprvl caedy-
0UWUE COOMHOULEHUS

U U Blai(®),li — Blto — 1)) C Quy,.oimlto — Astol, (1)

LIS T tE[tofA,to]

U U B(ai(t),li — B(t —to)) C Piy,.inlto, to + 0] (2)

1€01,--+Im tE€[to,t0+7]

B OeJIOM pAfe CIyvdIaeB 3TU BKJAIOYICHUA OKA3bIBAOTCA CTPOrUMU, TO
€CTb OCTATOYHAA WK YIPEX AA0MAA 0OJACTHA MOTYT COAEPXKATH OOIbIIE
TOYeK, IeM OOBeJUHEHUA B JeBBIX JacTax cooTHomeHuu (1) u (2). Do
MPOUCXOMUT 33 CIYET B3AUMOACUCTBUA WIIYIMX OOBEKTOB C TPAHUIEH
00aCcT! MIOUCKA U APYT C APYTOM.

Dalpumep, ecim B HEKOTOPBIA MOMEHT BPEMEHW IeHTP Kpyra o0-
HAPYXEHUs U3 00BeUHEHN (%) PACIIONOXKEH BOIM3YM MPAHUIBI 06IACTH
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IIOUCKA, TO ¢ TedeHWeM BpeMeHU dTOT KPyr oOHapyXeHUsa OyreT CTATU-
BaTBhCA HEPABHOMEDPHO C Pa3HBIX CTOPOH, TaK KaK CO CTOPOHBI I'DAHUIILL
YKJIOHAIOUMUACA OOBbEKT IBUraThCA He MOXeT (cM. puc. 1 u 2).

A Vnpexaarowmas o61acTh

0.4+ OcTartoyHas o0JacTh

duc. 3. BaaumogencTsue ynpexgaroumx o6IacTed UIyIIX 00HEKTOB.

da puc. 1 m3obpaxen Kpyr OOHAPYKEHUS UILYIIEr0 00BEKTa, PACCTOSM-
HEE OT KOTOPOro A0 rpanunsl 0f) MeHbIne pajauyca 00Hapy)eHus. Tem-
HBIM IBeTOM 0003HAEHA 00IACTh HEONPENETeHHOCTH, CTPEIKN OTMeYa-
IOT BO3MOXHBIE HAIPABICHUA IBUXKEHUA YKIOHAIOUETOCI OOBEKTA. Je-
PEICPKHYTHBIE CTDEIKN O6OBHa,‘Ia,IOT HaIIPABJICHUA, II0 KOTOPBIM YKJIOHSA-
IOLIINUCA 0OBEKT OBATATHCA HE MOXET. Ja pHC. 2 TOKAa3aHO YMEHbBIIECHUE
Kpyra obHapyxeHua 3a Bpema At. Béausu rpasuinsl o6IacTU IIOUCKA,
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CTArUBaHUE 00MACTH, CBOOOTHON OT YKJIOHAIOUIUXCA OOBEKTOB, IIPOUC-
XOIUT MeJJIeHHEe.

3ameduanue. Ja pPuUC. 2 OTPAKEHO TOJHKO BO3MOXKHOE [ABUXKEHUE YKJIO-
HAIOMUXCA 0OBEKTOB W BIUAHUE T'PDAHUNBI 0OIACTH TMOUCKa. [lencTBus
AIYIUX O0BEKTOB U MIPOUCXOIANINE IIPU DTOM M3MeHEHUI MH(POPMAIIH-
OHHBIX MHOXECTB HE YyITCHBI.

Amanoruvanas cuTyanua BO3MOXHA TIPU PACIOJIOXKEHUU -T'O U j-TO
uirymux 00beKTOB Ha paccTosHmm, MeHbmeMm [; + [;. VI B aTom caygae
crAruBaHue 006macT, CBOOOIHOU OT YKIOHSIOIIUXCI OOBEKTOB, MOXKET
MPOUCXOMUTD C PA3HOU CKOPOCTBIO HA PA3HBIX yIACTKAX €€ T'PAHUIIHI.

D O6was ocTaToyHas 061acTh

QOGacTh HEOTPEENEHHOCTH

duc. 4. BaaumogencTBre OCTATOIHBIX OOJACTEN W T'DAHUIIHL.

DocTpoenne MHGOPMAINMOHHBIX MHOXECTB A OJHOT'O HIILYIIEero
00BbEKTA, IPOU3BOUTCA JOCTATOIHO MPOCTO M MOXET ObITH BBIIOJIHEHO
AHATMTUYIECKNA. DPU YBEAUICHUN KOJUIECTBA UIIYIAX OOBEKTOB CJIOXK-
HOCTB 33,1494 MOCTPOEHUA OCTATOTHBIX W YIIPEXK TAIOIMIAX MHOXKECTB PE3-
KO BO3PacTaeT BCICACTBAE HEOOXOAMMOCTH yIeTa BAUAHUA IPAHUIIBI TT0-
MCKa W B3aMMO/EUCTBUA UILYyIMX 00BEKTOB MexXay cobou. B orux ciy-
JagX TPAHUIA THQHOPMAIMOHHOTO MHOXECTA, MOXKET UMEThH NOCTATOTHO
CIOXHYIO CTPYKTYpPY (cM. puc. 3 u 4).

[pyrue nmpumepsl B3aMMOACUCTBHUA HECKOJIbKUX WILYIIAX OOBEKTOB
U BO3HMKAIOIUX MPA 3TOM HH(POPMAIMOHHLIX MHOXECTB HPUBEICHBI B
CIEMYIOMEM pasaele.
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3. Ilouck ¢ y4dacTuemM HECKOJbKUX HITYHINX
00BHEeKTOB

3.1. YMmeHbIlIeHUE BpEMEHU MOUCKA B IPAMOYI'OJbHUKE

O auH nigymuu 06beKT

B pa6ore [2] 6b11a peAIo)eHa CTpaTerns OUCKA B IPAMOYTOMbHUKE
OJIHUM HUIIYIIAM OOGBEKTOM. DPHUBEIEM HEKOTOPBLIE PE3yAbTATHI U3 DTOU
paboThI, TOME3HbIE s JAILHERIIErO.

JycTh OUCK B npAMoyroabauke mupuabl D u Beicotsr H(D < H),

R={(z,y) |0<2<D,0<y< H},

MPOBOUT OMUH ULy 06BEKT, CKOPOCTH KOTOPOT'O PABHA (v, & PATUYC
kpyra obuapyxenusa — [. CKOPOCTb YKIOHAIOWETr0Ca 00beKTa paBHa § <
Q.

OPH BBIMOJHEHUHN JOCTATOTHOTO YCIOBUA

([7) -

[OUCKOBAsA 3a1a49a B IpAMOyToibHUKe R paspemmuma. TpaekTopus, npu-
BOJANIAA K OOHAPYXKEHNIO HINYIIEro 00BEeKTa, MPEeacTaBIaseT coOou JIo-
Mauyo ZgZ4y...Z N, Tae

Top, = (d, 2%(D — 2d)tg0),k =0,1,...,|N/2),

Topr1 = (D —d,(2k + 1)(D — 2d)tg9),k =0,1,...,|N/2],

0 = axcsin (- B/a+ny/T+77 = F[e?) /(1 + 1),

n=1//(DJ1)2 —4,d = 22/D.

3nech u fanee depes || 0603HATEHO HAMMEHBIIIEE I[eI0e TUCIO, 6OIb-

mee Wi PaBHOE I, a Yepe3 | x| — Hamboublee Ieloe, He IPEBOCXOAAIIee
z.

[lBuxenue mo JOMaHOU ZyZ1...Z4 N CIOCOOCTBYET 8bIMECHEHUIO YKIO-
HAIOMEroca 00BEKTA: €CAU B MOMEHT BPEMEHU, KOT'[a UIILY I HAXO U~
€A B TOUKE Zj_1, YKIOHSIOIUUCA OKA3AJICI HE HUXKE TOUKU L 1, TO K
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2
U@

QU@

0 1

Juc. 5. JOUCK B UPAMOYTOIBHUKE OJHUM WUIIYIIIM OOBEKTOM.

MOMEHTY BPEMEHU, KOr[a UILYIIUA OKAXETCA B TOYKE L, YKIOHAOUUHT-
CAa 6yrqu BBIHYX I€CH IEPEMECTUTHCA B TOIKY, PACIIOJNOXKCHHYIO HEC HUXE
YPOBHSA TOYKM Zj, (MHAYE OH OygeT OOHAPYKEH).

Tak Kak BBICOTa MPAMOYTOILHUKA paBHA H, TO IUCIO 3BEHBEB JOMA-
HOU MOXHO B3ATh PABHBIM

Hctgh
(D — 2d)

Yro6bI MOCIEAHEE 3BEHO JOMAHOU HE BHIXOIUIIO 33 MPEAEIbl IPAMOY T OJIb-
HUKA, KOOPAUHATY § TOUKY Z N MOXHO MOJOXUTH paBHOU H. Da mpoxo-
XK [€HUE OJHOT'O 3BEHA JOMAHOU UIIYIIANA OOBEKT 3aTPATUT BPEMs, PaB-
HOE

D —2d

acosf’

Bea TpaekTopua GymeT mpoueHa, W MPOIECC MOUCKA 3aBEPIIMTCA 34
BpeMs, He Oomblree

Ty =

[Hetg(0)/(D —2d)|(D —2d) _ _H

AN .
acosf asinf

Ty = N1y = + Ty.

O6o3uaaum gepe3 Ry wacTh mpaMoyronbHuUKa R, JeXalryio HIke
TOYKHA L},
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Ry ={(z,9) |0 <z < D,0<y < 2k(D - 2d)tgh},

a 4epe3 r — MOMEHTHI BPEMEHHW, B KOTOPBIE MIIYyIIAUA OOBEKT HAXO-
IWICA B TOIKAX Zj. YCJIOBHE BLIMECHEHUA B TEPMUHAX MH(DOPMAIMOH-
HBIX MHOXECTB MOXHO CCpOpMyJII/IpOBa,TI) TaK: €Cim B MOMEHT BpeMe-
Hu t; 1 obmactb mHeonpenerernoctu U(ty 1) me mepecekamracs ¢ Ry 1,
U(tk—1) N Rg—1 = 0, To B MOMeHT BpeMmeHu tj, OyAeT BBIIOIHEHO PABEH-
ctBo U(ty) N Ry = 0. [IpyruMu caoBamu, B KaXAbI MOMEHT BPEMEHU
tr BCE TOYKW, JeXamme HUXe Zj, OyayT OPUHALIEXATH CBOOOTHON OT
yKIOHsomUxXca 00bekToB obmactu Ry C Q \ U(tg). CoraacHo ompene-
JEHWIO 2, B KAXJBIM MOMEHT BpeMeHU tj OyIeT BBINOJHEHO BKIIOYEHUE
Ry C 1[0, tx]. Xors o HempepbiBHOM pocTe ocTaTounou obmactu (1[0, t]
FOBOPUTH HEML3A, TEM HE MEHEe, B KaXK Bl MOMEHT BPEMEHH ff, OCTATOY-
Has obracTb 1[0, ;] Bkaouaer B cebs ocrarounyio obracts Q1[0,t; 1]
IJIA MOMEHTa BpeMeHU g 1.

JBa nmymmux o6beKTa

DJOKaxeM, KaK yBeJudeHue KOJIUYIECTBA HUIIYIINX OOBEKTOB II03BO-
JACT 3HAIUTEJABHO YMCHBIINTE BPEMA IIOUCKA.

DYCTh MOUCKOBAA 00JACTH MPENCTABIIET COO0U TOIOCY mmpuHOon D,

R ={(z,y) |0<z < D},

B KOTOPOH IepeMemaloTca ABa MHIYIUX 00BeKTa ¢ OJMHAKOBBIMU CKO-
POCTAME 1 paJdycaM; KPyros oOHapyXeHHA. B KadecTBe TpaeKTOPUI
IEPBOrO MLIYIIErO 0OBEKTA BO3BMEM JOMAHYI0 Z\Z] ... Z).

1 = (d, H/2 + 2k(D — 2d)tg0),
ey = (D —d,H/2+ (2k + 1)(D —2d)tg0),k =0,1,...

Yo kacaeTcsa BTOPOro wimyinero o6bekTa, TO OH OymIeT ABUrATHCA II0

aomanon Z\ Z{...ZY;, koropaa cumMeTpuuHa Z0Zi...ZN OTHOCATEILHO

npsamon y = H/2:

"= (d H/2 — 2k(D — 2d)tg0),
"= (D d, H/2 — (2k + )(D—Zd)tge),kzo,l,...
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DeTPyAHO MOKAa3aTh, ITO K MOMEHTY BpPEMEHM tj, KOU[a WIIyLIue
00OBEKTHL JOCTUTHYT TOYCK Z| U Z, yKIOHAIOWUNCT 0ObeKT OyAeT Bbl-
HYy X IeH [I0 JHATHCSA BBILIE TOYKA 7| WIK I€PEMECTUTHCI HUXe TOUYKY 2]
(umaxe on Gyner obHapyxen). B camom gene, ecau B HAIAIBLHBI MOMEHT
BPEMEHHU yKJIOHSIOWUICI 00BeKT HaxXoAmics Belme upsamon y = H/2, to
Bo m3bexaHue OOHAPYXKEHWA OH K MOMEHTY BDPEMEHW f] MOMXKEH MOJ-
HATHCA BBILIE TOYKA Z|. Ecau Xe B HAYaIbHBIM MOMEHT BPEMEHHU yKIO-
HAIOUNICA 0OBEKT HAXOAWICH HUXKe IPpAMou y = H /2, To oH gomxeHn k
MOMEHTY BPEMEHHU 1 OKA3aThCA HUXKE TOUKH ;.

[lanee wuiryme 06bEKTH BHITECHAIOT YKIOHAIOMUANACA 0OBEKT AHAIO-
PUYHO TOMY, KaK DTO Aejat oxuH uinymui o6bekT. Toabko 06macTh,
cBOOOMHAA OT YKJIOHAIIIETOCA 00bekTa, OyAeT pPacCHMpATBCA Cpa3y B
IBYX HAIIPABICHUAX W PACTHU BIBOE OBICTpEE, U€M B CIy4ae OJHOIO HUIILY-
mero o6beKTa.

DaccMOTpUM H9acTh MooCkl R/, coBIafaolIyo ¢ IpAMOYTOILHUKOM
R. MOoXHO ¢YuTaTh, 9TO MEPBLIU UIIYIUN OO0BEKT OCYIIECTBIAET TOUCK
B IIPAMOYTOIbHUKE BhicOTON H /2

{(z,y) |0<z<D,H/2<y < H}.

Bpewms, 3aTpadeHHOE UM Ha MOUCK, OyaeT He 6oJblie

H

- 2asinf

T + Tp.
3a 3TO Xe BpeMs BTOPOU HUILYIIUU OOBEKT BBHITECHUT YKIOHAIOIIETOC
73 TPAMOYTOJbHUKA TAKOU XKe BBICOTHI

{(z,y) |0< 2z < D,0<y< H/2}

TeMm caMbIM mapa WYX 3aBEPUIUT IOUCK B IPAMOYTOIbHUKE R BBICO-
Tou H 3a BpeMs, He MPEBBIMIAONIEE

H T
+ Ty = =

- e
2 sin g THo

T

[s nocraroaro 6onbmnx H BpeMs, 3aTPpaveHHOE HA MOUCK B IIPAMO-

yFOJII)HI/IKe R AByMﬂ O6'I)€I(rfa,MI/I7 OKa3bIBAETCA IIOYTHU B ABa, pa3a MEHBIIIE
BPEMEHM, 33, KOTOPOE 3aBEPUIAT IMOUCK ONUH OOHEKT.
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2m uiymmx o6 5eKTOB

JycTh B npaMoyroiasauke R mmpunon D u Beicorou H BenyT mouck
2m,m > 1, umymux 06beKTOB. B 3TOM ciydae BpeMsa mOMCKA MOXHO
COKPATUTH MOYTHU B 2/ pa3 IO CPABHEHUIO C BPEMEHEM, 3aTPAdeHHBIM
OTHUM HINYIIUM OOBEKTOB. JOKAXKEM, KAK DTO MOXHO CIEIATh.

Da306beM 061aCThb MOUCKA, BAOIbL CTOPOHBL 4auHOou H Ha 1 Hemepece-
KAIOWUXCs IPAMOYTroabHUKOB R; mmpusaon D u seicoroun H/m. Nmymue
00BEKTHI PACIOIOKUM TaK, ITOOHI MOUCK B IPOU3BOJLHOM IIPAMOYTOJIb-
uuke R; mapa o6wekToB ¢ HOMepamu 2n — 1 u 2n,n = 1,...,m, Moraa
OCYLUIECTBUTH B IIOJIHOM COOTBETCTBUU CO CTPATErUEN, YKA3AHHOU B IIpe-
OeLaymeM nyskTe. Torga 3a BpeMms:A, He IPEBBIIIAONIEE

H

T
2ma sin @ 0 + 1o,

T2m 2

YKIOHAIOMUICA 00BEKT OyIeT BEITECHEH U3 MPAMOYTOJIbHUKA R;. Do Tak
KaK
R={JR;

TO C UCUYEpPIAHUEM BCEX MPAMOYTOJbHUKOB R; OMHOBpEMEHHO MPOU3O0u-
IeT MOJHOE MCYUepIaHue 00JaCTU IMOMCKA, U YKIOHAIIUNACA 00BEeKT Oy-
aeT 00HapyXKeH.

Dajo 3aMeTUTh, ITO €CIH TUCIO UUyIux 00bekToB 2m > [D/(21)],
TO Kpyru O6Ha.py)KeHI/IH nmymunx O6'I)eKTOB MOXHO PaCIIOJIOXUTH Ha CTO-
POHE IPAMOYTOJLHUKA, MUPUHOU D Tak, 9T0 OHU OyayT IEepeKpbIBaThH
BCIO 00JACTDb MOKUCKA 10 ropu3oHTann. CTpaTerusa MOUCKa B 9TOM CJLy9ae
CTaHOBUTCA TPUBUAJILHOU - MPHU OJHOBPEMEHHOM MAPAIETLHOM IIepe-
MEIIEHUY UIIYIUX 00BEKTOB BIOJIL APYTOU CTOPOHBI MPAMOYTOJILHUKA
(mupuron H) npomcxoauT ucuepnanue 00IaCTy MOUCKA. DOTHOE UCIEP-
naHue 06IACTHU MOUCKA B 3TOM CJIydae MPOU3OUAET 3a BpeMs, He GOJIbIIee
H/a.

Da puc. 6-8 mokazaHbl WHPOPMAIUOHHBIE MHOXECTBA, BO3HUKAIO-
[7e B IPOIECCe MOUCKA B IPAMOYTOJbHUKE C yIACTHEM YeTHIPEX WIILY-
mux 06bekToB. TemHBIM HBEeTOM 0003HAUEHA, 00JIACTH HEOUPEIEJCH-
Hoctu U(t), Geasim - obmacts R\ U(t), cBOGOAHAS OT yKJIOHSIOIIUXCS
00BEKTOB.
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2F ¢ T 2 A = 2'2 a(y ;
- )
_ @@ 3

P ——
a()

i aft)
! I : lﬁ%
—
: o)

- )

1 0 1

duc. 6. ouc. 7. ouc. 8.
MowmenT t > 0 MowmenT ' >t MowmenT t" >t/

3.2. MHorocsa3Hasa ynpex gaoriaa 0061acTb

OpuUBeneM IIPUMED B3aUMOAEUCTBUA HECKOIBKUX UIIYIIUX 00BEKTOB,
Ip7 KOTOPOM YHCIO KOMIOHEHT CBA3BHOCTH YIIPEXAAIOUEN 00IacTh OKa-
3bIBaeTCA GOJBIIE YKUCIa WIYyHIX OOBEKTOB. JDOAPOOHO TAaKOe B3aMMO-
IeNCTBUE UCCIeOBAHO B pabore [3].

B nowncke ygacTByloT n > 2 uimymux 066eKT0B, 06J1a1aI0MIKUX OquHA-
KOBBIME CKOPOCTAME (¢ ¥ PAJUYCAME KPYTOB OOHAPY KEHUsA |. DPEAION0-
XKUM, 9TO B HAYAILHBIA MOMEHT UIIyIIue 06bEKTH PABHOMEDHO PACIIPe-
JEeJTeHBI IO OKPYXKHOCTH AOCTATOYHO 60ab1Ioro paxmyca Ry ¢ menTpom
B TOYKE O, a 3aTeM HAQYUHAIOT CMHXPOHHO IEpeMeuiaTbCa IO IMIPAMOIA-
HEWHBIM TPAEKTOPUAM K IEHTPY OKPYXKHOCTH.

B MomenT Bpemenu

Ry —1/sin(n/n)

(87

t =

KPyru OOHAPYXKEHUA UIIYIINX OO0BEKTOB OJHOBPEMEHHO KOCHYTCA APYT
apyra. D0 3aJ0Ar0 10 3TOr0, B HEKOTOPHIA MOMEHT BpeMmennm t* < ti,
BoKpyr Touku () BO3HUKHET u OyneT pacTu 00JACTb, IPUA HAXOXICHUU
B KOTOPOU YKJIOHAIOIIUUACA 0OBEKT He ycreeT m3bexarTb 00HADYKEHUS.
CormacHo ompegeneHuio 3, TOYKU 3TOU 06JaCTU OyAyT NPUHAMLIEKATDH
obmen ynpexgaomen obractu P, ;. [t, Ro/l],t > t*.
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Opu U3BECTHOM COOTHOIIEHWM MEXIy IapaMeTpaMé 3aJaqdd
(Ro, ., B,1,n) B MOMEHT BpeMeHHU t* yKIOHEHWE elle BO3MOXHO W3 Cy-
KAOIIEr0CA KOJbIA C MEHTPOM B TOUYKe (), OTIEJAIOMEro KOMIOHEHTH
CBABHOCTH YIIPEX AAOIEN 00JaCTH, COOTBETCTBYONINE WITyIIUM 00beK-
TaM, OT KOMIIOHEHTHI CBA3HOCTH, cojepxamen To4ky O.

Da puc. 9 mMOKa3aH pe3yJbTaT YUCICHHBIX PACIETOB YIPEXIAIOUen
obmactu mpu n = 6;1 =0,2;a =0,5;3 =0, 15.

Ocratounas o6nacTh
Vnpesxaaromas o61acth

X

-

-2 } N
-2 -1 0 1

duc. 9. Yupexgaomas obaacts ¢ (n + 1) KOMIOHEHTON CBA3HOCTH
(n = 6).

4. Annpokcumarimu WHQPOPMAIIUOHHBIX MHO-
XKeCTB

DAaCCMOTPEHHBIE B MPEIBIAYIINX PA3EIAX TPAMEPHI B3ANMO [EUCTBUA
HECKOJbKHUX HIIymuX OOBEKTOB IOKA3BIBAIOT, YTO YHPEXAAOMAA U
0CTaTOYHAA 00IACTU MOTYT UMETH BECHbMA, CJIOXHYIO CTPYKTYDY, IO fa-
IOIIYIOCA AHAJIUTUIECKOMY ONMMCAHWIO HajJekKo He Bcerga. K coxameHuio,
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ompenenennsa 1,2 u 3 He KOHCTPYKTUBHLI U HE YKA3BIBAIOT AOCTATOTHO
3P PexTUBHOrO crrocoba moCTpOoeHUAa WHPOPMATNOHHBIX MHOXECTB.

B paGore [4] 6bu1n nmpuBegeHbl 1 0G0CHOBAHBL POPMYJIBI, TO3BOMLAIO-
mye CTPOUTH AIIIPOKCUMAITUIO O6JIa.CTI/I HEOonmpeaeJcHHOCTU IO HaYaJab-
Hou ob6actu Heonpegerenuoctu U(0) u 3aganubiv Ha npomexyTke [0, to)
TPAEKTOPUAM 33 KOHEIHOE UUCJIO MIArOB.

DazobbeMm BpeMeHHou mpomexyTok [0,tp] Ha N wacren 0 = ty <
tn o1 < ... <ty Domoxum UYN = U(0) u 6yseM cIMTATh, ITO AIIIPOK-
cuManuma obaactu HeoupegerenHocTr UF B MOMeHT Bpemenu tj, yXe Io-
crpoeHa. AnmpokcuManusa 001acTi HEONPEAEJIEHHOCTH B MOMEHT BpeMe-
HU )] PACCIUTHIBAETCA UCXOMAA U3 ANIPOKCUMAINY 00JACTH HEOIPE/Ie-
JEHHOCTY B MOMEHT BpeMeHH lj.

DaszoseMm A-pacmupenueM MHOXecTBa M 06beIuHEHNE MHOXECTBA
M w monocer mmpuron 2A > 0, skBugucranTHOU rpanune M. Onepamuio
A-pacmmpesus MEHOXecTBa M MOXHO 3amucaTh Tak

G(M,A) = | B(z,A).
xeM

CmogenupyeM NBUXKEHUE YKIOHAIOMUXCA OOBEKTOB HA BPEMEHHOM
OPOMEXYTKe [tg,tx_1], CIATAA, ITO OHU HAXOAATCA BOIU3M T'DAHUIBI
obnactu meonpegeaenuoctu U (ty). 3a Bpems by | — b YKIOHAIOMIUECA
00BEKTHI YCIEIT YAAIUTHCA OT I'PAHUNBLI 00IaCTH HEOUPEAEIEHHOCTH
U(ty) ma paccrosume, He npeBocxogsamee [(tp_1 — t). CregoBaTensHo,
K ANIPOKCHMAIAE OOIACTE HeompegeteHHOCTH UF MoxHO mpuMeHHTH
onepanuio A—pacmupenus, rae A = ((tg—1 — tx),

U= = Q(U*, Bltr—1 — tr))-

D0 K MOMEHTY BPEMEHH tj,_1 UIIYIIUe 0ObEKTHI IIEPEMEIIAIOTCS II0 CBOUM
TPAEKTOPUAM B TOUKH G;(tf_1) ¥ IPUCOCAUHAIOT IaCTh OOMACTH HEOIIPe-
JEJIEHHOCTH K 00JaCTH, CBOOOIHON 0T YKIOHAIOMIMUXCSA 00BEKTOB. YITeM
IepeMenieHre NIymux 06 beKTOB, BBLIYUTAA U3 BBHIPOCIIEN 00JACTHU HEOII-
peaerenrocru U'F~1) yuoxecrsa Vikfl,

U//(lcfl) _ U/(kfl) \ U Vik_l.
=1
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31ech gepes VZ-’“*1 0603HaYMEH KPYr OOHAPYXEHWS ¢-T'0 UIIYIEro 00b-
exta B(a;(tg_1),1;). Do B kauectse V! moxmo BasaTe moboe mrerko
BHIYUCIMMOE TIOIMHOXECTBO UHIUBUAYAILHON OCTATOIHOU OOJACTH i-I'0
umymero oobsekTa Q;[tk, ty—1]. Danpumep, 5T0 MoXeT ObITH 0ObEAUHE-
HUue

vit= U Bla®k - Bl — 1)

te[tk,tk_l]

Ocranocs y4g€eCTh, ITO YKJIOHAIOMNECA U WUIyIIne 00 BEKTHI nepemenia-
IOTCSI TOJLKO B 0OJACTU MOMCKA:

Ulcfl — U//(kfl) N Q.

O6mbequusas ONMCAHHLIE BBIIIE IIATH, MOLYyIaeM PEKyppeHTHBIE dhOop-
MYJBL LA alIpoKcuManuy o6JacTy HeOIpeAeleHHOCTH

Ut =U(0), (3)

Ukt = (G(U’“,ﬁ(tk_l —t)\ LnJ Vi’“1> (2 k=NN-1,...,1. (4)
=1

Dopmyast (3)-(4) MO3BOLAIOT CBECTH MOCTPOEHUE AMIPOKCAMAIAN
00JaCTH HEOUPENEeNIeHHOCTH B HEKOTOPHIM MOMEHT BPEMEHM K IOCTPO-
€HUI0 IIPOCTBIX MHOXECTB Vik. CoOTHOIIIEHE MEXOY TEeOPEeTUIeCKOU
00JaCTBI0 HEONPEAEICHHOCTH W MOCTPOEHHOW AIMTPOKCAMAIAEH 3TOU
06JIACTH ONKCHIBAETCS TEOPEMOM.

Teopema 1. Annpoxcumayus U, nocmpoennas coeaacno dopmyaam
(3)-(4), codepacum 6 cebe meopemuueckyio 064acMb HEONPEIEACHHOCTIU
Ul(ty)-

WNapivMu cioBaMu, TOCTPOEHHAA AIIPOKCUMANWI 001acTu Heompee-
JICHHOCTH COAECPXKUT BCE BO3MOXKHBIC TOIKHU PACIIOJNOXKECHUA yKJIOHAIOIIEC-
roca oObeKTA.

Brraucienue annpokcuManuy s OOUX OCTATOYHON U YIIPEXK TAF0-
mern o6JACTEN MOXHO CBECTH K BBIYUCICHUIO MHOXECTB Vlk AHAJIOTU Y-
HBIM 06pas3oM. BeiBoa cooTBeTcTByIOmMMX (hOPMYI U JOKA3ATEIHCTBO HE-
KOTOPBIX CBOMCTB IIOJLy Y€HHBIX AlIIPOKCUMALWN IPUBEJEeHbL B padore [3].
JpuBeneM OCHOBHBIE PE3YJIbTATHI.
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1. DaccmorpuM pasbuenume mpomexyTka [t — A, tg] ma N > 0 4a-
creit: tg — A =ty < ty_1 < ... < tg. Torga maoxecrso Q°, amnpokcn-
MuEpyIolee OOIIyI0 OCTATOUHYI0 001acTh @, i [to — A, ty], crponTea
IIpY IIOMOIIY CIEAYIOMUX (POPMYJI

QNzﬂﬂGV;fﬁ (5)
7=1

m
k—1 2 2 k k—1
QM =R\ G(R*\ Q% Bty 1 — 1)) UV k= 1,...,N. (6)
j=1
OTBeT Ha BOIIPDOC O TOM, KaK COOTHOCATCA IIOJNYyICHHAA alllIDOKCUMa-
OuA M TEOPETUIECKasa OCTATOYHAA OOJACTh, JaeT CAEAYIONAsI TeopeMa.

Teopema 2. Obwas ocmamounas 004GCMb, NOCMPOEHHAA CO2AACHO
Popmyaam (5)-(6), codepacumesn 8 meopemuueckoti ocmamounot obaa-
cmu,

Q° C Qiy,..im [to — A, T0).

WubiMu cioBaMu, B TOYKAX AIMPOKCUMAIAKA OCTATOYHOU OOIACTH
YIPEXAAIomero 00beKTa rapaHTUPOBAHHO HET.

2. DazobbeMm oTpe3oK [to,tp + 0] mHa N > 0 gacren, tp < t; < ... <
tN = tp+0, ¥ HOCTPOUM AHATOIMIHEIM 00PA30M ANIPOKCUMAIIHMIO YIIPEXK-
paxomen obractu Py:

pN=aoUv,
7j=1

PP =R\ G(B® \ P, B(ty — tp—1)) U UViI;_l’k =L...,N. (8)
7=1

3ameuwanue. Crpykrypst popmya (5)—(6) u (7)—(8) oramyarorcs aums
HOPALKOM HyMEpAlM TOYeK DPa3OMeHUs COOTBETCTBYIOMIEIO OTPE3KA,
ITO OTPAKAET ONPENEICHHYI0 CUMMETPHUIO OCTATOIHOU U YIIPEX AAIOIEH
obracren.

[lis1 anmpOKCUMAIIIY YIIPEX JAIOMEN 00JIacTy TaKXe CIPABEIJIUBa,
TeopeMa O BIOXKCHUH.
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Teopema 3. Ob6was ynpercdaowas 004GCMb, NOCMPOEHHAS CO2ALC-
no gopmyaan (7)-(8), codepaucumes 6 meopemuueckoti ynpearcdarowet
obaacmu,

P C Py, [to, to + 0]

WupiMu croBaMu, ecin OOBEKT HAXOAWTCA B TOUKAX, IPUHAIIEKA-
KX AMIPOKCAMAIMY YIIPEX TAMOIMEN 00JaCTh, TO OH OyeT rapaHnTUpO-
BaHHO OOHAPYXEH B TedYEHUE 33 JAHHOI'O BDEMEHHU.

Dopmyasr (3)-(4), (5)-(6) u (7)-(8) xopomo mogxoaaT AmA MOCTPOE-
HUA WHOOPMANMOHHBIX MHOXECTB 10 33 JaHHBIM TPAEKTOPUAM WILYIIAX
00BeKTOB Ha KoMmbioTepe. Takas 3amada MoxeT OBITH MONE3HA, HAIPU-
Mep, B CIeAYIOMNUX OPUIOKCHUAX.

1. Opu Bu3yaaums3amuu MTOMCKOBOT'O IPOLECCA MO 3aJAHHBIM TPACK-
TOPUAM A TPEABAPUTEILHOIO AHAIM3A MOUCKOBOU 3aIaNU WA LA
MPOBEPKYU TPACKTOPHUH, MOMYICHHBIX M3 HEKOTOPHIX MHBIX COOODAKEHUMN.
Oco6eHHO TOIE3HBIM MOXET 0Ka3aThCSA BAPUAHT IPOrPAMMHOIO obecte-
ICHUA, OOIIyCKAIOMIET'O MHTEPAKTUBHOEC 3aaHNEC U U3SMCHECHUE TPACKTO-
pum.

2. TeopeMbl BJIOXEHUA U3 pas3fgena 2 YTBEPXKIAIOT, UTO €CIU TPAEK-
TOpHUY UULyIuX OOBEKTOB PEIIAIOT 33439y IOUCKA HA AIIPOKCUMAIUAX
rHGOPMAIMOHHBIX MHOXECTB, TO TEOPETUYIECKAA 33/4a9a [IOUCKA TAKKE
OyzeT pemeHa. DTOT (HAKT MO3BOIAET CO3JATH IPOrPAMMY, OCYIIECTBIIA-
IOIYIO DBPUCTAYIECKUY Iepe6Op MapaMeTpoB 3a4a4u (HAIpuMep, «; 1 [;)
A 33aHHBIX TPACKTOPUM M YKA3BIBAIOIIYIO AOCTATOYHBIE [JIA YCIIEI-
HOT'O IIOMCKA PECYPCHI.

5. KomMmnboTepHasa peanusanusa

DpUMEHEHNEe KOMIBIOTEpA A MOCTPOCHUS UHPOPMAIMOHHBIX MHO-
xecTB cormacHo dopmyaam (3)-(4), (5)-(6) u (7)-(8) BO3MOXKHO TOIBKO
IpPU HAIAYIMA KOMIBIOTEDHON DEATU3AINYA TEOPETUKO-MHOXKECTBEHHBIX
onepanuil u onepamyuy A-PaCIIMPEHUs HAT JIEMEHTAMA W3 HEKOTOPOI'O
KJIACCa Y KOMIBIOTEPHO-IIPEACTABUMBIX MHOXKECTB.

OfuH U3 BO3MOXHBIX BADUAHTOB KOMIBIOTEDHOU PEATU3ALUN TEOPe-
THKO-MHOXECTBEHHBIX Ollepanuil npuseger B pabore [4]. Anropurmer u3
sron paborsl u popmyast (3)-(4), (5)-(6) u (7)-(8) pearusosansr B po-
rpaMme, [MO3BOJAIONIEN IO 3aJaHHBIM TPACKTODUAM CTPOUTH NUHAMU-
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Jeckue M300paxeHns MHGOPMAIUOHHBIX MHOXECTB, OTPAKAIOIIAE XOJ
IOKMCKOBOI'O IIPOIecca. JPH MOMOMIX 3TOM MPOrPAMMBI ObLIA IIOIYy<eHa,
JaCTh WITIOCTPAIMI K JTAHHOK CTaThe. DUXKe IPUBEIeHbI OCHOBHBIE Hen
OJHOrO 73 IOAXOA0B K KOMIBIOTEPHOMY LPEACTABICHUIO MHOXECTB, IPU-
MEHEHHOMY B paborax [4],[5].

5.1. 'parngyHOE mpeacTaBIeHUE MHOXKECTB HA ILIOCKO-
cTH

DacCMOTPUM TeOMETPUIECKYI0 PEATH3ANUl ILIAHAPHOTO rpada
G =< E,V >, rge E - xoHeYHOE MHOXeCTBO pebep, a V - KoHedHOe
MHOXeCTBO BepmuH. ['pad G MOXeT ObITb MHOIOCBA3HBIM. JYCTh Ka-
®gou BepumHe rpada G mHIMAeHTHH 1Ba wiu 6Goxee pebep. Torma pe-
6pa reoMmeTpuieckon peaumsanun G paszbUBAIOT INIOCKOCTb HA, KOHETHOE
qucao obnacren Fy, ..., F, 6e3 pa3pe3os, TOILKO OQHA U3 KOTOPHIX (060-
suauuM ee Fj)) meorpanmveHa. Ja3oBeM >TU OOIACTU 2PAHAMU TEOMET-
pudeckon peatusanuu G. JeorpaHuveHHyI0 001acTh OyaeM Ha3BIBATH
6HewHel TPAHDBIO.

JycTh Kaxaou Bepummbe rpadga (G MHOMAEHTHO Y€THOE YHUCIO pe-
6ep. Torga u3 paboTs [5] creayer, 9TO MOXHO €JUHCTBEHHBIM CIIOCO60M
ompegeauts Habop [; = {0,41,...,9,} C {0,...,n} Takou, 4To rpaHUIA
MHOX€ECTBa,

S1(G) = | J int F;

i€l

COBIIAIa€T C TEOMETPUIECKOn peamnsanuen rpada G. Muoxectso S1(G)
OTKDPBITO, TaK KaK ABJACTCA O6’I)er[U/IHeHI/IeM KOHETHOI'O IUCJIa OTKPBITBIX
MHOXECTB, M1 HEOTPAHMYIEHO, TAK KAaK CONEPXKUT BCE BHYTPEHHUE TOYKN
HeorpanumdeHHou rpanu Fy. 3gech 3amuck int A 0603HaIaET MHOXECTBO
BCEX BHYTPEHHUX TOYEK MHOXECTBa A.

W3 BHyTpeHHUX TOYEK IpaHel, He BoumeAmux B MHOXecTBO S1(G),
COCTaBMM MHOXECTBO

S2(G) = | int F, rae I, ={0,...,n} \ I.
i€l

MuoxectBo S2(G) OTKpPHITO U OrpaHuyeHo, ero rpaxuna So(G) Takxe
COBIIAIAET C TeOMETPHUIECKOn peanmsanuen rpada G.
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Takum obpaszom reomerpudeckas peanusanus G m060ro mIaHaApHO-
ro rpada, B KOTOPOM KaxXOU BEPIIVHE WHIIUJEHTHO YeTHOE TUCIO pe-
6ep, OKa3BIBALTCSA TPAHUIIECN OTHOBPEMEHHO ABYX OTKPLITHIX MHOXECTB
S1(G) m S2(G), mepBoe M3 KOTOPBIX HEOIPAHWYIEHO, 4 BTOPOE - OTPAHU-
9EHO.

debpam rpada G MOXHO €IMHCTBEHHBLIM CIIOCOOOM NPUIMCATL Ha-
[IpaBJeHNE TaK, ITOOLI OBLI BO3MOXEH 00XOJ IPOTHUB YAaCOBOU CTPE-
KU I'paHey, IpuHaIIexamux MHOXecTBy S1(G). Dpu sToM 06x01 BCex
rpaden, He npuHagrexaumx Si(G), OyAeT OCymeCTBIATHCA 0 IaCOBOK
CTpeJake, a moJst Ka.)Kr[IOIjI BEPHINMHBI KOMMYIECCTBO BXOOAINUX W BBIXOAAIINX
pebep OymeT coBmagaTh. JyAeM CUYMTATH, YTO B DTOM CIy4ae reoMe-
TPUIECKAST PEATU3ANAA OPUEHTUPOBAHHOrO rpada G ompenenseT MHO-
xectBo S(G) = S1(G).

Wsmenum manpasienue Bcex pebep rpada G Ha TPOTUBOMOIOKHOE.
TOra TMPOTUB YACOBOU CTPEIKM OydeT MpOU3BOAUTCA OOXOM TpaHew,
Bxogaumx B coctaB So(G). B srom cayuae momoxum S(G) = S2(G).
CuenoBaTeabHO, CYMECTBYIOT ABA B3AUMHO-IIPOTUBOIOIOXHBIX BAPUAH-
Ta BeIOOpa HampasiaeHus pebep rpada G, OnpemeaArIlux MHOXECTBA,

Nudopmanusa o HanpasieHuu pedep N03BOISIeT HE TOJIBKO OJHO3HAY-
HO ONpPENeNATh COOTBETCTBYIONIEE MeOMETPUIECKON PEATUIANAN OPUEH-
TupoBaHHOrO rpada G MHOXecTBO S(G), HO U IPUHUMATH PELICHUE O
MPAHAIEKHOCTA TOUYKA MHOXECTBY HUCXONA U3 A0KGAbHOT WHPOPMA-
nuu, TaK KaK B HEKOTOPOU OKPECTHOCTH KaxXA0ro pebpa cnpasa (mpu
JQBVDKEHWUM 110 HANPABIEHUIO pe6pa) OyAyT JeXaTh TOYKYM He IPUHAIIe-
XKAIle MHOXKECTBY, & CJIeBa, — IIPUHAIICKAIINE.

B sTom cryvae, mo rpanune muoxectBa S(G), 3aIaHHON Kak Teo-
MeTpuiueckas peaausanua G HEKOTOPOro rpada, MOXHO OINPENeIuTh,
MPUHAJIEKUT WIK HET MHOXECTBY MPOU3BOIHHO BBIOPAHHAA TOUKA, TO
€CTb OJHO3HAYHO onpeneanTs MEOXeCTBO S(G). B kommboTeprou pea-
am3anum MHOXeCTBO S((G) ompemenseTcs KOOPDAMHATAMU BEPIIMH T€O-
MeTpudeckon peanusanuu rpada G u 0OTpe3KaMu KPUBBIX, 33,TaI0NUX
pebpa (. Takon moaAX0n K ONMUCAHWIO MHOXKECTB HA3BIBACTCA 2PaHUUHBIM
npedcmasaeruem MHOXRECTB (boundary representation mnu b-rep). Teo-
peTnaeCKue aClleKThl 'PDAHUIHOI'O IPpEeACTAaBJICHUA MHOXECTB U OAVH U3
BapUaHTOB peaJnu3alur TEOPETUKO-MHOXECCTBEHHBIX OHepaHHﬁ Hagq HE-
KOTOPBIM KJIACCOM KOMITbIOTEPHO-TIPEICTABAMBIX MHOXECTB IIOIPOGHO
paccMoTpeHs B pabore [5].
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5.2. TeopeTHKO-MHO2K€ECTBEHHbLIE OIIEPAITUH

O6o3na4uM depes L Kiracc KPUBBIX, OTPE3KU KOTOPHIX COOTBETCTBY-
T pebpam rpada Opu MOCTPOEHUM €r0 MeOMETPUYECKOU PEeATU3AIUN.
Jdampumep, Kr1acc L MOXET COCTOATH U3 OTPE3KOB IPAMBIX U AYT OKPY K-
HOCTEH.

B knacc ¥ (L) momecTuMm MHOXECTBA, ONPENEIeMble BCEBO3MOXKHbI-
MU T€OMETPUIECKUMU PEAMUIANUAMHY IIAHAPHBIX I'PAQOB C YETHLIM HU-
CIOM AyT B KaXIOU BEPIIMHE U OpHEHTAIMEN pebep, COOTBETCTBYIOIEN
OIHOMY W3 [BYX IPUBEAEHHBIX BHINIE BAPUAHTOB.

Beemem majg mMHOXecTBamu u3 (L) peryiapu3oBaHHBIE T€OPETUKO-
MHOXECTBEHHBIE OMEPAINU 00beIUHEHNA, IEPECETCHUA U TOMOJHEHUA:

R?\*A = int (R? \ A),
AN*B=int (AN B),
A\* B =int (AN B).

3ameduanune. JeryiapU30BAHHBIE TEOPETUKO-MHOXECTBEHHBIE OIEpa-
uuu BHIOPAHBI IS MOCTPOEHUS ANNPOKCUMAIMN NH(POPMAIUOHHBIX MHO-
KECTB HA KOMOBIOTEPE U3 CAeAYIOmmMX cooOpaxenuu. Bo mepswix, uc-
IIOJBb30BaHNE PETYAAPU30BAHHBIX T€OPETUKO-MHOXECTBEHHBIX onepaunﬁ
I03BOJsAeT M30eXAaTh IOABICHUI MHOXECTB, COAePXKalIuX pa3pe3bl UIN
30U POBAHHBIC TOYIKMH, O6eCHe‘II/IBaH TEM CaMbIM 3aMKHYTOCTH KJIACCa
E(L) OTHOCHUTEJIbHO OIEpalUy mepecedeHus, OObeIuHEeHNA U JOIOJHE-
HuA. Bo BTOpPHIX, B GOJBIIMHCTBE CIYIAEB PE3YJIbTAT IPUMEHEHUA Pery-
JAPU30BAHHBIX TEOPETUKO-MHOXECTBEHHBIX onepaunﬁ COBIIaa€T C pe-
3YJAbTATOM IIPDUMEHCHUA UX KJIACCUICCKUX aHAJOI'OB. MO)KHO MAOKa3aTh,
ITO PEryaaApU30BaHHBIC OII€PpAIUN COBIIAAA0T C KIACCUICCKUMU HA MHO-
XKeCcTBaxX M3 KJacca Z(L), OO KOTOPBIX Pe3yJabTaT NPUMEHEHUA KJIaC-
CA'I€CKUX TEOPETUKO-MHOXECTBECHHBIX onepaunﬁ IIPpUHAOJICKUT KJIACCY
> (L).

DaCCMOTPUM OLEPALNIO PErYIAPU30BAHHOTO JOIOJHEHUA MHOXKECTBA
S

R*\*S = int (R? \ §).

Jlemma 2. Pycmo mmnoacecmso S(G) € L(L) onpedeasemes 2eomem-
puueckoti peasusdayueti epada G. Tozda pecyaapuzosannoe donosHeHUE
R2\*S(G) onpedeasemes eeomempuueckoti peausayuet, noayuennot u3
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G uamenenuem nanpasaenus scex pebep. Ppu smom pe2ysapudosanHoe
donoanenue makmce sxodum 6 Kaacc mruoxcecms 3(L).

Daccmorpum N muoxecrs S; = S(Gy),...,Sy = S(Gy) u3 kaac-
ca X(L), rpaHuIbl KOTOPBIX ONPEIETAIOT TEOMETPUIECKUE PEATU3ANN
rpadoB Gy, ..., Gn. JeryaapusoBanHoe 0ObeIUHEHTE

N
Sy = int (LJI S_'Z)
i=

CTPOUTCA B JABA DTANa. Ja MEPBOM dTare POPMUPYETCA TeOMEeTPHUIe-
CKasg peaqmsanusa HeKoToporo rpada Gy, KOTopas ABIACTCA 06bedune-
Huem reoMeTpuueckux peanmsanuu G, ..., Gy. Bepummaamu rpada Gy
ABISAIOTCA TOYKHU TOMAPHOTO TepecevdeHus pebep reOMeTPUIECKUX pe-
ammsanun G, ..., Gy. debpam rpada Gy COOTBETCTBYIOT OTPE3KHU, HA,
KOTOpBIE pebpa MCXOMHBIX TeOMETPUIECKUX PEATU3ANUNA Pa3OUBAIOTCA

ToOYKaMu nepeceveHusd. Kcau nBa mium 6Gomee pebep G1,..., GN coBmaja-
OT Ha HEKOTPOM OTPE3KE, TO BCE OHU BKIIOYAIOTCA B MHOXECTBO pebep
rpada Gy.

De3yJabTaTOM IEPBOT0 DTAMA ABIAETCA PEATU3ANUA HA ILUIOCKOCTH
OpueHTHPOBAHHOTO rpada Gy, KAk 0N BEPIIMHE KOTOPOT'O UHIUICHTHO
YeTHOE YUCI0 pebep, TpuydeM Ui KaxX JOW BEPIIUHBI KOJUIECTB, BXOISI-
X ¥ BHIXOAAIMX pebep coBnagaoT. OTpe3sku KPUBBIX, COOTBETCTBY-
forue pebpam (p, MOTYT HEPECEKATHCSA TOIBKO B KOHIIEBBIX TOYKAX WIX
COBHIAJATh.

Jlemma 3. Peeyaspusosannoe obwvedunenue Sy npunadaexcum (L),
nPpU IMOM MHONCECMBG BEPUWUH U PEOEP 2E0MEMPUUECKOT PEAAUBAYUL
epaga, onpedeastoweti Sy, ABAAOMCA NOOMHONCECTNBAMY MHONCECTNE
sepuun u pebep epada Gy.

Tem caMbIM, IS TIOLY Y€HUA T€OMETPUIECKON PEANUBAINE, OIIP €I~
OLIEeN PEryaapu30BaHHOe 00beIuHEHNE S, HEOOXOUMO YIAIAUTE U3 T'Pa-
da Gy pebpa m BEpIIMHEI, HE BXOAAIINE B COCTAB IDAHUILI MHOXECTBA,
Sp. B 5TOM 3aKII09a€TCA BTOPOU 3TAIl IOCTPOEHUA PEryIaApU30BAHHOIO
o0benMHEHUS.

Derymnapusosarnoe nepecedenue A N* B = int (AN B) mMoxeT 6uITh
soramereno kax R2 \* ((R? \* A) U* (R? \* B)).
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Jlemma 4. Peeyaspuszosannoe nepeceuenue AN* B =int(ANB) szxodum
6 kaacc muoxcecms X(L).

Kpome peryripu3OBaHHBIX TEOPETHKO-MHOXECTBEHHBIX OIEpPaIuil
st peanmusanyuu popmya  (3)-(4), (5)-(6) u (7)-(8) Heobxoaumo ymers
crponth A-pacumpenue mHOXecTBa M

G(M,A) = | B(z, D).
reEM

[last Toro uTo6er oneparusa A-pacliupeHus He BEIBOAUIA 13 Kiaacca (L),
BBEJIEM OIEPAIAIO PEryIAPU30BAHHOTO A-PACIINDEHUA NI MHOKECTB 13
%(L)

G*(M,A) =int G(M,A).

Ee MOXHO 3aIIuCaThb B BUAC PDETYIAAPU30BAHHOI'O O6'I)erZ[I/IHeHI/Iﬂ MHOXE-
crBa S ¢ A-pacumpenueM ero rpasuisl 05,

G*(M,A) = int (Mu U m).
rEOM

[l1s1 TOCTPOEHUs PEryasapu30BaHHOrO A-paCIIupeHus IPAHUIEI MHO-
XKEeCTBa AOCTATOYHO MOCTPOUTH PEryIipU30BaHHOE OOBeIuHEHUEe Pery-
JApU30BAHHLIX A-pacmupenun Bcex pebep rpada, OnpeIesomero rpa-
auiy. 2KenarenbHo, YTOOBI KIACC KPUBBIX L MOMYCKAJI IOCTPOEHUE T'Pa-
HunB A-paciiMpeHus OTPEe3Ka KPUBOU M3 3TOrO KIacca. Ja MPAKTUKE
yAOOHBIMU [JI PEANU3AIUN BHITIAIAT CAEAYIOUNE ABA KJIACCA KPUBBIX
L.

1. B xnacc xpuBBIX L BKIIOYAIOTCA TOJBKO OTPE3KU NpAMBIX. Torma
rpaaung A-pacliupeHus COCTOUT U3 OTPE3KOB MPAMBIX U YT OKPYXKHO-
cren. [lyru OKpyX HOCTEN NPUXOAUTCA ANMPOKCUMUPOBATEH JOMAHBIMHU.
IroT noaxox ObL1 mpuMeHeH B craThe [4]. K ero mocromHcTBAM MOXKHO
OTHECTH JErKOCTh BBITUCJIEHUS IIepecedenus pebep, OMHAKO IPUMEHEHUE
omepanuu A-paclIipeHns 3HATUTEILHO YBEIUIUBACT KOIUIECTBO pedep
B I'DAHUIE MHOXECTBA, TaK KAK OQHY YTy OKDPYXHOCTH IIPUXOIUTCA
AMMIPOKCUMUPOBATH OOJBIINM YUCIOM OTPE3KOB IIPAMOM.

2. B kyacc monycTUMbIX KPUBBIX L BXOAAT OTPE3KU NPAMBIX U AYTHU
okpyxHOocTenr. Torga rpannma A-pacuiupenns Ji000ro 0Tpe3Ka KPUBOK
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73 Kjaacca L mpeacTaBuMa KPUBBIME U3 DTOTO XK€ KJIACCA. DO BBITUCIE-
HUe IepecevdeHusa pebep rpada u IOCTPOEHUE PE3YIbTATOB TEOPETUKO-
MHOXECTBEHHBIX Ollepalliil OKAa3bIBAIOTCA Oojee CIOXKHBIMU, €M B IIpe-
OBLIYIIEM CIIY4ae.

5.3. Ommbku OKpyIJIeHUA

dexyppenTras npupoga bopmya (3)-(4), (5)-(6) u (7)-(8) Tpebyer
OT AJITOPUTMOB PAOOTHI ¢ KOMIBIOTEPHBIM MPEACTABICHUEM MHOXECTB
YCTOUYUBOCTY K IMOTPEMIHOCTAM OKPYIVIEHUS, BHOCUMBIMA KOMIIBIOTEP-
HOU peaam3anuer padoThl C eUCTBUTEIbLHBIMU IUCIAMMU.

Op¥ pearn3aluyi TeOPETUKO-MHOXECTBEHHBIX OIepalui 00bequHe-
HU€ TeOMETPUIECKUX PEATU3ANUN IpadOB ABIACTCA OMEpAIel, B HAU-
60JIBIIEN CTEIeHN TI0ABEPKEHHON BIUAHWIO OMMOOK OKpyraeHusa. Oumb-
KM, BHOCUMEIE apU(pMETUKON C ILIABAIOIIEN TOYKOU, HEBEINKH, HO €CIU
[IBE€ BEPLIMHBI I'pada HOCTATOYHO OJW3KW, TO IPU OUPEIETCHUU NEPe-
CcedeHuA peﬁep, VHIUOCHTHBIX 3TUM BEPDHIMHAM, BO3MOXHO HapyHIieHUE
A02UNECKOT, CMPYKMYPbl TAHHBIX. DaIpUMep, KOIXIECTBO pebep OpueH-
TUPOBAHHOTO I'pada, BXOAANMX B OJHY BEPIIUHY, U KOIUIECTBO pebdep,
BBIXOAAIMUX W3 HEE, MOI'YyT OKa3aThbCsA PAa3HbIMMU.

Boupocam 06paboTku ommbOK OKPYTVIEHWS YOEIIeTCA [OCTATOYMHO
MHOT'O BHMMAHUA B pabOTaX, MOCBAMIEHHBIX CACTEMAM ABTOMATHU3UPO-
BanHOro npoektupoBauus (CAD). [lna ydyera omnboK OKPYIJIEHIS MOX-
HO 3aMEHATH APU(PMETHUKY C IUIABAIOIIEN TOIKOU HA apuPMETUKY Paliu-
OHAJIBHBIX IUCEJ C IPOU3BOJBHBIMHU MIVMHAMA TUCAUTEC/IA 1 3HAMEHATCJLA.
OgHako B 5TOM CIydae yMEHBIIACTCA 3(PPHEKTUBHOCTDL BBIUUCICHUN, U,
910 60Jee Cepbe3HO, HEBO3ZMOXKHO pAb0TATEH C KPUBBLIMU IOPSAKA BHIIIE
IEepPBOro.

Knacrepuszanusa BepiimH

YuuTeBasg, 910 60IbII0E IUCIO OMUuO0K OKPYIJVIEHUA BHOCUTCA Oau3-
KODACIOJIOXEHHBIMY BEPIUIMHAMY, IPU OOBEIUHEHWN I'€OMETPUUECKAX
peannsanuu rpadgoB

G =<E'. W'> ... Gy=<E" VN>

NpeMIAraeTCA TPUMEHATD KAGCMEPU3GUUIO BEPIINH. DPU MOMAPHOM IIe-
pecedeHun Bcex pebep reoOMeTPUYEeCKUX PEeATU3aluil CTPOUTCA MHOXE-
CTBO TOYEK IepecevIeHus
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V:{Vm},V1 cv,...vNcv,

nCXOosa U3 KOTOPOro CrpoaTcsa MHOXECTBaA 6JII/13KOpa,CHOJIO)KeHHbIX BEP-
OINH

Wa = {Vi €V |WV; € WallVi - V| <3}

[IUIA JOCTATOIHO MAJEHBKOTO 0.

Ecan B maOXecTBO W, BXOAMT BCEro OMHA BEPIIMHA, TO HUKAKOU
IOTIOMHUTEALHOU 06paboTku He Tpebyerca. Kean xe B W, BXoauT He-
CKOJIBKO 2JIEMEHTOB, TO BO3MOXHBI IBa IOIXOXA.

1. lna pebGep, MEIUACHTHBIX BepumHaM u3 W), mCOoIb3yI0TCa aaro-
puTMBL 06pabOTKM COBOKYIHOCTH pebep, a He MOMapHOIO IePECeYeHU.
OPpUMepHI TAKAX AJTOPUTMOB /IS OTPE3KOB IPAMBIX JAaHBEL B padore [6].

2. Oyrem nedopmaruu pebep reoMeTPUIeCKON peanm3anuu rpada
BCe BepmMHBL 3 W; cBOAATCA B OAHy. IMCIO BXOJAAIMX M BBIXOAAIIMAX
pebep, MHIMIEHTHBIX HOBOU BepIIMHE, Oy €T PABHO CyMMe YUCAa BXO/Is-
mux ¥ BeIXOAAIMX pebep aaa sepmuH u3 W;. EcrecTsenno, 1To Taxoe
u3MeHeHUe rpada BO3MOXHO TOJBLKO IIPU YCIOBUYU, ITO AedOopMalud pe-
6ep He BBIBEET U3 KIACCA KPUBLIX L ¥ He IPUBEAET K MOABIEHUIO HOBBIX
BEPIIUH B T€OMETPUIECKOU PeaTu3anuu rpada.

YnpoieHue rpaHuibl MHOXECTBA

[pyrum mcTOIHUKOM OmMOOK OKPYIVIEHWS ABIAIOTCI pebpa reomer-
PUIECKON peanrum3anuu rpada, XapaKTepHbIE pa3Mepbl KOTOPBIX MHOTO
MeHbIIE auameTpa camMoro rpada. OTpe3sKun KpHUBBIX, COOTBETCTBYIO-
e TakuM pebpaM, He HEeCYT MOYTH HUKAKOU UH(OPMAIMYA O TPAHULIE.
[ns ypaneHus mogoOHBIX OTPE3KOB, TO €CThb A YHIPOIIEHUA CPAHUIIBI
MHOXECTBA, BO3MOXHO IPUMEHEHUE AITOPUTMOB, CXOJHBIX C AITOPHUT-
MAMH YOPOIIEHUA MOJUTOHAIBHBIX MOJEIEH. DO OT AArOPUTMa YIpO-
ICHUA T'PDAHUIIBI MHOXKECTBA B 3a4a"€ IIOCTPOCHUA I/IHCpOpMa,HI/IOHHbIX
MHOX€ECTB CJIe,qyeT Tpe6OBa.TI) BBIIIOJTHEHUA OIIPEOCJICHHOI'O COOTHOLIC-
HUA MEXy UCXOMHBLIM W PE3yJbTUPYIOMAM MHOXECTBAMIA.

Danpumep, IpA YIPOMEHAN TPAHUIEI KOMIBLIOTEPHOT'O MpPEACTABIE-
aua U™ muoxecTBa Heounpegenrennoctu U(t,) mOIydaeTCs MHOXKECTBO
U'™). Cormacuo Teopeme 1 gaa mmoxecrs U(t,) u U BemonseTcs
sraovenue U(t,) C U™. Torga ecam nmocae ynpomenus rpaaunst U™ Bep-
HO coorromenne U™ C U'™) 1o Bkmouenne U(t,) C U'™ Gyger Brmon-



JMuHAMIYICCKIN TOUCK O0BEKTOB 421

HEHO ¥ I yIPOmEHHOro MHOXecTBa U’ (), CremoBaTenbHO, OCTAHETCA
BEPHBIM YTBepXKJeHUE, ITO BHE alllpOKcHMaIuy 00JacTy HeoIlpe/eeH-
noctu U'(™) VKJIOHAOIIEroca 00beKTa HeT.

AsropuT™M yupomeHus rpaHUIbEl MHOXKECTBA, 00JaIAI0MU TaKUME
CBOUCTBAMY, MOXHO MTOCTPOUTDH HA OCHOBE AJITOPUTMA, YIPOIICHUA TOIA-
TOHAIBHBIX MOJENEeH, IPUBEJeHHOr0 B cTarhe [7|. Vnes arropurma CBs-
3aHa C HOHATUEM (¥—O0OOJOYKK MHOXECTBA W COCTOUT B II€EPEMEIICHUN
Kpyra [OCTAaTOYHO MaJOTO PaAWyca BAOJIb I'DAHUIIBEI MHOXECTBA ¥ 3a-
MIOMHEHUY HEJOCTYITHBIX /A KPpyra 00JacTer. JPU TAKOM MepeMeIeHun
MPOUCXOMUT 3AIOJHEHNE W BLIPABHUBAHUE MEIKWX HEPOBHOCTEU 'DAHU-
IIbI, TO €CTh ee yIpPOIIeHue.

DJoKaxeM, KaK Takou 3PPEeKT MOXKeT ObITH NOCTUTHYT II0CIEI0BA-
TeJbHBIM IPUMEHEHuEM onepanuu A-pacumpeHus MEOXeCcTBa. B gomoi-
HeHme K onepanuu A-pacmmpenus MHOXecTBa M,

G(M,A) = | B(z,4),A >0,
xeEM

BBEOEM OII€PAIIUIO A—Cy)KeHI/IH MHOXECTBa
G(M,A) =R*\ G(R* \ M, -A),A < 0.

Ecau onepanusa A-paciinpeHus yBeIUIUBALT MHOXECTBO HA, MOJOCY I~
pusou A, To onepauusa A-CyXeHUs YMEHbBIIAET MHOXECTBO, YIAIAd U3
HEro IpWIEraiollyio K CPAHUIE MOJOCY MupuHOn A.

Kak ykaszano B pa6ore [8], onepamuu A-cyxenus u A-paciiupeHus
MHOXE€CTB HE€ ABJJATCA B3aMMHO O6pa.THbIMI/I, TO €CTb

IM, A M # G(G(M,A), —A).

MOXHO I0Ka3aTh, ITO €CIU K [IPOU3BOILHOMY MHOXECTBY M IpUMEHUTH
CHAYAIA Omepanuio A-pacClIMpeHnsa, a 3aTeM OIepalnio A-CyXKeHUs, TO
[IOJIy IUBIIEECS MHOXECTBO OymeT comepxaTh B cebe ucxoguoe. Eciau xe
CHAYAJIa, TPUMEHUTH onepanuio A-cyx)eHus, a 3areM A-pPaCUIupeHus, TO
pesyabTaT 6yaeT COAepXaThCA B MCXOJHOM MHOXECTBE.

Jdemma 5. Jas a06020 mmoxncecmsea M u A > 0 6binoaHA0OMCS
skarouenus M C G(G(M,A),—-A) v G(G(M,—-A),A) C M.
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HokaszarenscTBo. O6Gosmauum A-pacumperue MHOXecTBa M <epes
Mla
M, =G(M,A).

JacCMOTPUM NPOW3BONBHYI0 TOUYKY & € M um mokaxem, ITO & €
G(My,—A). U3 cBoucTB A-pacumpeHus CIeayeT, 9TO PacCTOAHUE OT
TOYKE & 710 TIOO0M TOIKE MHOXecTBa MEOKecTBa R? \ M) Gonbme A,

Vy e R*\ My |z -yl > A.

CuenoBaTeabho, x He OyneT NpUHAMLICKATH A-PACIIMPEHAI0 MHOXKECTBA
R? \ My,
o ¢ G(R*\ My, A),

HO 5TO O3Ha1aeT, ITO

r €R*\ G(R*\ M1, A) = G(M;,-A).

Bxkmouenne G(G(M,—A),A) C M 1oka3bIBaeTCA aHAJIOIHTIHO.
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OPUMEHUM yTBEPXKIEHUE D K 3ajade YIPOIIEHUA I'PDAHUIBI MHOXE-
crBa M. CHadana pacmmpuM, a 3aTeM CY3UM MHOXeCTBO M Ha mOJoCy
mupurOu A. DorydaeHnoe MHOXeCTBO M’ conepxurt B cebe M. Dpu 5TOM
MCYE32I0T MENKUe BIAMUHBL B rpanutie M, XapaKTePHBIA pa3dMep KOTO-
peix Menbine A. DOCae[0BaTeIbHOE MPUMEHEHNE ONEePAIUN CYXEeHUs U
paCIIMpeHns HSKBUBAJEHTHO 3AMOJHEHWIO BIAIUH B CPAHUIE. 3AMETUM,
410 npu nocrpoernu A-pacumpenus u A-cyxenus kpyr B(z, A) Mox-
HO B3ATb B MeTpuKe Loy, Tle OH OyeT IpeacTaBIATh COO0M KBAAPAT CO
croporaMu A, mapamiensbHeIMu 0CAM KoopamuaT. [lna merpuknm Lo, Cy-
wWeCcTBYIOT 3GHEKTUBHBIE AITOPUTMBL MOCTPOeHUs A-pacmmpenus (M.
pabory [7]).

OpuUMepHl YIPOUEHUA TPAHUIBI MHOXKECTBA, MPX MOMOIIX OTEPAINN
A-pacmupenus u cy xeuus npuseaers Ha puc. 10 u 11. Ja puc. 10 rpauun-
1a, ©CXOMHOrO MHOXeCTBA M cocTouT m3 16 OTPE3KOB NPAMBIX, IDAHAIIA
muoxectBa G(G(M,0,15), —0,15) cocTouT u3 8 OTPE3KOB IPAMBIX. Ja
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puc. 11 mcxogHOE MHOXECTBO, TPAHUIA KOTOPOT'O COCTOUT u3 39 oT-
PE3KOB, YIPOIIEHO [0 MHOXECTBA, I'PDAHUIY KOTOPOT'O COCTABIAIOT 25
OTPE3KOB MPAMBIX.

BOMI/IMO YMEHbIICHUA BIUAHUA OIHI/I6OK OKDPYIVICHUA YIIDOIICHUE
T'PAHUNBI MHOXKECTBA INIPUBOAUT K YMECHBIICHUIO BPEMECHU BBIIIOJIHCHUS
TEOPETUKO-MHOXECTBEHHBIX OIEPAIINHN.
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