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1. �¢¥¤¥¨¥

�«³· ©»¥ ¡ §» ¤ »µ (¨«¨ ² ¡«¨¶») ±®±²®¿² ¨§ ¯®±«¥¤®¢ ²¥«¼®-
±²¨ ±«³· ©»µ ¢¥ª²®°®¢ ( ¡®°®¢, § ¯¨±¥©) ± ®¡¹¨¬ ¤¨±ª°¥²»¬ ° ±-

¯°¥¤¥«¥¨¥¬ P = fp(k)g. �¥®°¨¿ ¡ § ¤ »µ ¨±±«¥¤³¥² £« ¢»¬ ®¡° -
§®¬ ®²®¸¥¨¿ ( ¡®°» ¢ ®²®¸¥¨¨ ¥ ±®¢¯ ¤ ¾²). � ¡«¨¶» ² ª¦¥
¸¨°®ª® ¨±¯®«¼§³¾²±¿ ¢ ¢»·¨±«¨²¥«¼®© ¬ ²¥¬ ²¨ª¥ ¨ ¯°¨«®¦¥¨¿µ ( -

¯°¨¬¥°, ¢ ° ±¯®§ ¢ ¨¨ ®¡° §®¢, ¢ ¤¨ £®±²¨ª¥ ®²ª §®¢ ¢ ±¨±²¥¬ µ, ¤«¿
£¥®«®£¨·¥±ª¨µ ¯°®£®§®¢). �«¾·®¬  §»¢ ¥²±¿ £°³¯¯  ±²®«¡¶®¢ ( ²°¨-
¡³²®¢), ª®²®° ¿ ¯®§¢®«¿¥² ¨¤¥²¨´¨¶¨°®¢ ²¼ «¾¡®©  ¡®° ¢ ¡ §¥ ¤ -

»µ. �³¤¥¬  §»¢ ²¼ ª«¾· ¬¨¨¬ «¼»¬, ¥±«¨ «¾¡»¥ ¥£® ±®¡±²¢¥»¥
¯®¤¬®¦¥±²¢  ª«¾· ¬¨ ¥ ¿¢«¿¾²±¿ ¨ ª° ²· ©¸¨¬, ¥±«¨ ¥£® ¤«¨  ¬¨-
¨¬ «¼ . �³±²¼ A ¨ B ¥ ¯¥°¥±¥ª ¾¹¨¥±¿ ¬®¦¥±²¢   ²°¨¡³²®¢. B

´³ª¶¨® «¼® § ¢¨±¨² ®² A, ¥±«¨ ¥²  ¡®°®¢, ±®¢¯ ¤ ¾¹¨µ ¢ ±²®«¡¶ µ
A, ® ®²«¨· ¾¹¨µ±¿ ¢ ±²®«¡¶ µ B. �®£¨¥ ²¥®°¥²¨·¥±ª¨¥ ¨ ¯°¨ª« ¤-

»¥ § ¤ ·¨, ±¢¿§ »¥ ± ¡ § ¬¨ ¤ »µ ( ¯°¨¬¥°, ®¯²¨¬¨§ ¶¨¿ ¯®¨±ª 

¤ »µ, ¯°®¥ª²¨°®¢ ¨¥ ¡ § ¤ »µ), ±³¹¥±²¢¥® § ¢¨±¿² ®² ±«®¦®-

±²¨ ¡ §» ¤ »µ, ²® ¥±²¼, ° §¬¥°  ª«¾·¥¢»µ (¬¨¨¬ «¼»µ ª«¾·¥¢»µ)

±¨±²¥¬ ¨ ±¨±²¥¬ ´³ª¶¨® «¼»µ § ¢¨±¨¬®±²¥©. �® ¥¤ ¢¥£® ¢°¥¬¥¨
±«®¦®±²¼ ¨§³· « ±¼ £« ¢»¬ ®¡° §®¬ ¢ ° ¬ª µ ²° ¤¨¶¨®®£® ¯®¤µ®¤ 

¯®  ¨µ³¤¸¥¬³ ±«³· ¾. (±¬.,  ¯°¨¬¥°, [15], [12], [9]). �» ° ±±¬ ²°¨-
¢ ¥¬ ±°¥¤¾¾ ±«®¦®±²¼, ·²®¡» ®¶¥¨²¼ ¥ª®²®°»¥ ±² ²¨±²¨·¥±ª¨¥

±¢®©±²¢  ±«®¦®±²¨, ª®²®°»¥ ¢ ±°¥¤¥¬ ¬®¦® ®¦¨¤ ²¼ ¨«¨ ª®²®°»¥
®±³¹¥±²¢«¿¾²±¿ ± ¤ ®© ¢¥°®¿²®±²¼¾ (±¬. ² ª¦¥ ±®®²¢¥²±²¢³¾¹¨©

¯®¤µ®¤ ¢ ¢»·¨±«¨²¥«¼®© ¬ ²¥¬ ²¨ª¥ [16]).
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�°¨ ¯®¤µ®¤¥ ¯®  ¨µ³¤¸¥¬³ ±«³· ¾ ±«®¦®±²¼ ®¯°¥¤¥«¿¥²±¿  ¨µ³¤-

¸¨¬ ±«³· ¥¬ ¤«¿ ¤ ®£® ª« ±±  ¡ § ¤ »µ. �®£¤  ª®¬¡¨ ²®°»¥
¬¥²®¤» ¤ ¾² ½ª±¯®¥¶¨ «¼³¾ ®¶¥ª³ ±«®¦®±²¨ ¯® ·¨±«³  ²°¨¡³²®¢.
� ª®© ¯®¤µ®¤ ®£° ¨·¥ ¤®±² ²®·® ³§ª¨¬ ª« ±±®¬ ¬®¤¥«¥© ¨ ¢®§¬®¦-

»µ ¯°¨«®¦¥¨©, ² ª ª ª ±®¡»²¨¥ ±  ¨µ³¤¸¨¬ ±«³· ¥¬ ®·¥¼ ¬ «®¢¥°®-

¿²®   ¯° ª²¨ª¥. �®«¥¥ ²®£®, ° ±µ®¦¤¥¨¥ ¬¥¦¤³ ¬ ²¥¬ ²¨·¥±ª¨¬¨ °¥-

§³«¼² ² ¬¨ ¨ ¢»·¨±«¨²¥«¼»¬¨ ®¯»²®¬ ¯°¨ª« ¤¨ª®¢ ¢®§° ±² ¥². �°¨

¯®¤µ®¤¥ ¯® ±°¥¤¥¬³ ±«³· ¾ ¤«¿ ª« ±±  ¡ § ¤ »µ ¢¢®¤¨²±¿ ¢¥°®¿²®±²-

®¥ ° ±¯°¥¤¥«¥¨¥ Pm, ¨ ²®£¤  § ²° ²»   ¯®¨±ª ¤ »µ ¨ ±«®¦®±²¼
¨§¬¥°¿¾²±¿ ¨µ ¬ ²¥¬ ²¨·¥±ª¨¬¨ ®¦¨¤ ¨¿¬¨ ®²®±¨²¥«¼® Pm, £¤¥ m

®¡®§ · ¥² ·¨±«®  ¡®°®¢ ¢ ¡ §¥ ¤ »µ. � ª¨¥ ¢¥°®¿²®±²»¥ ¬®¤¥«¨

¯®§¢®«¿¾² ¢ · ±²®±²¨ ¯°¨¬¥¿²¼ ¬¥²®¤» ±² ²¨±²¨·¥±ª®£® ¬®¤¥«¨°®-
¢ ¨¿ ¤«¿ ¨±±«¥¤®¢ ¨¿ ±«®¦®±²¨.

�¥ª®²®°»¥ ¬®¤¥«¨ ±«³· ©»µ ¡ § ¤ »µ ° ±±¬ ²°¨¢ «¨±¼ ¢ [11],
[8]. � §«¨·»¥ § ¤ ·¨ ¢»·¨±«¨²¥«¼®© ¬ ²¥¬ ²¨ª¨ ( ¯°¨¬¥°, ²¥±²»
¨ ²³¯¨ª®¢»¥ ²¥±²», [1]; ¤«¨  ¡¨ °»µ ¤¥°¥¢¼¥¢ ¤«¿ § ¤ · ¯®¨±ª , [6],

[14])   «®£¨·» ±®®²¢¥²±²¢³¾¹¨¬ § ¤ · ¬ ¤«¿ ª«¾·¥©, ¬¨¨¬ «¼»µ
¨ ª° ²· ©¸¨µ ª«¾·¥© ¢ ±«³· ©»µ ¡ § µ ¤ »µ.

� ° ¡®² µ [4], [13], [5] ° ±±¬ ²°¨¢ «¨±¼ ° ¢®¬¥°»¥ ¨ ¡«¨§ª¨¥ ª ¨¬
¬®¤¥«¨, ª®£¤  ª®£¤  ° ±¯°¥¤¥«¥¨¥ ª ¦¤®£®  ¡®°  ®¯°¥¤¥«¿¥²±¿ ¤¨±-
ª°¥²»¬ ° ¢®¬¥°»¬ ° ±¯°¥¤¥«¥¨¥¬. �  ±²®¿¹¥© ° ¡®²¥ ° ±¸¨°¿-

¥²±¿ ¨ ±³¹¥±²¢¥® ®¡®¡¹ ¾²±¿ ½²¨ °¥§³«¼² ²» ¤«¿ ¸¨°®ª®£® ª« ±± 
±²®µ ±²¨·¥±ª¨µ ¬®¤¥«¥©. �®¬¨¬® ° ¢®¬¥°®±²¨, § ¢¨±¨¬®±²¨ ¬¥¦¤³
 ²°¨¡³² ¬¨ ¨ ª®¥·®±²¨  «´ ¢¨²®¢  ²°¨¡³²®¢ ¨±±«¥¤³¾²±¿ ² ª¦¥ ¤°³-
£¨¥ ®¡®¡¹¥¨¿ ¨ ·¨±«¥»¥ ¯°¨¬¥°». �«¿ ¯®±²°®¥¨¿ ±²®µ ±²¨·¥-
±ª¨µ ¬®¤¥«¥© ª«¾·¥¢»µ ±¨±²¥¬ ° ±±¬ ²°¨¢ ¥²±¿ ®¢»© ¯®¤µ®¤, ª®²®°»©

®±®¢»¢ ¥²±¿  

(i) ½²°®¯¨¨ �¥¼¨ hP = � log2(
P
k p(k)

2) (²¥®°¨¿ ¨´®°¬ ¶¨¨);

(ii) ¬¥²®¤¥ ¯³ ±±®®¢±ª®© (�²¥©-�¥)  ¯¯°®ª±¨¬ ¶¨¨ (²¥®°¨¿ ¢¥°®-

¿²®±²¥©).

�®«³·¥»  ±¨¬¯²®²¨ª¨ ¤«¿ ¯ ° ¬¥²°®¢ ( ¯°¨¬¥°, ½²°®¯¨¿, ¤«¨ )

 ¨¡®«¥¥ ¢¥°®¿²»µ ¬¨¨¬ «¼»µ ª«¾·¥©. �±±«¥¤³¥²±¿ £¤¥ ±®±°¥¤®²®-
·¥» ° ±¯°¥¤¥«¥¨¿  ¨¡®«¥¥ ¢¥°®¿²»µ ¬¨¨¬ «¼»µ ª«¾·¥© ¨ ¤«¨»

ª° ²· ©¸¨µ ª«¾·¥©, ¨ ¤«¿ ª ª¨µ § ·¥¨© ¯ ° ¬¥²°®¢ ¬®¤¥«¨. �®ª -
§ ®, ·²® ½ª±¯®¥¶¨ «¼»© ° §¬¥° ª«¾·¥¢®© ±¨±²¥¬», ª®²®°»© ¯°¥¤-

±ª §»¢ ¥²±¿ ¤«¿  ¨µ³¤¸¥£® ±«³· ¿, ¬ «®¢¥°®¿²¥ ¯® ª° ©¥© ¬¥°¥, ª®-
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£¤  n  ²°¨¡³²®¢ ¥§ ¢¨±¨¬», ¨¬¥¾² ®¡¹¥¥ ° ±¯°¥¤¥«¥¨¥ ¨ ½²°®¯¨¾ d,

¨ 2=d log2m = o(n= ln n) ¯°¨ n;m!1.
�«¨  ª° ²· ©¸¥£® ª«¾·  ¢ ¤ ®¬ ¬®¦¥±²¢¥  ²°¨¡³²®¢ ¨¬¥¥² ° §-

«¨·»¥ ¨²¥°¯°¥² ¶¨¨ ¢ ¢»·¨±«¨²¥«¼®© ¬ ²¥¬ ²¨ª¥ ( ¯°¨¬¥°, ¢»-

±®²  ¡¨ °»µ ¤¥°¥¢¼¥¢ ¤«¿ ¥ª®²®°»µ ¬®¤¥«¥©). �®ª §»¢ ¥²±¿, ·²®

° ±¯°¥¤¥«¥¨¥ ½²®© ¢¥«¨·¨» ¬®¦¥² ¡»²¼  ¯¯°®ª±¨¬¨°®¢ ® ± ¯®¬®¹¼¾

±² ¤ °²®£® ° ±¯°¥¤¥«¥¨¿ �³¬¡¥«¿ (¤¢®©®£® ½ª±¯®¥¶¨ «¼®£®) ±

§ ¤ ®© ²®·®±²¼¾, ·²® ¯®§¢®«¿¥² ¯°¨¬¥¿²¼ ¤«¿ ¨±±«¥¤®¢ ¨¿ ¬¥²®¤

�®²¥-� °«®. �±®¢»¥  ±¨¬¯²®²¨·¥±ª¨¥ °¥§³«¼² ²» ¤«¿ ª«¾·¥© ¨ ¬¨-

¨¬ «¼»µ ª«¾·¥© ®ª §»¢ ¾²±¿ ¡«¨§ª¨¬¨ ¤«¿ ² ¡«¨¶ ¨ ®²®¸¥¨©.

1.1. �±®¢»¥ ®¡®§ ·¥¨¿

�³±²¼ ¢±¥  «´ ¢¨²» Di ¢ ±«³· ©®© ¡ §¥ ¤ »µ R ±®±²®¿² ¨§ ¶¥-
«»µ ¥®²°¨¶ ²¥«¼»µ ·¨±¥«. �  ¸¥© ±²®µ ±²¨·¥±ª®© ¬®¤¥«¨ ¯°¥¤¯®-

«®¦¨¬ ·²® ¢±¥  ¡®°» { ¥§ ¢¨±¨¬»¥ ¨ ®¤¨ ª®¢® ° ±¯°¥¤¥«¥»¥ ±«³-

· ©»¥ ¢¥ª²®°» ± § ¤ »¬ ¤¨±ª°¥²»¬ ° ±¯°¥¤¥«¥¨¥¬ Pftj = kg,
k = k(U) 2

Q
i2U Di. �¥§ ¯®²¥°¨ ®¡¹®±²¨ ¬®¦® ¯°¥¤¯®«®¦¨²¼, ·²® P

¿¢«¿¥²±¿ ¥¢»°®¦¤¥»¬, ²® ¥±²¼, 0 < p(k(A)) < 1 ¤«¿ ª ¦¤®£® ¬®¦¥-
±²¢   ²°¨¡³²®¢ A.

�«¿ ¤¥¬®±²° ¶¨¨ ®¡¹¨µ °¥§³«¼² ²®¢, ¡³¤³² ¨±¯®«¼§®¢ ²¼±¿ ±«¥¤³-
¾¹¨¥ ¢ ¦»¥ ¯°¨¬¥°» ¬®¤¥«¥© ±«³· ©»µ ¡ § ¤ »µ. �«³· © ¿ ¡ § 
¤ »µ ¡³¤¥²  §»¢ ²¼±¿ ° ¢®¬¥°®© ±«³· ©®© ¡ §®© ¤ »µ, ¥±«¨

¢±¥  ¡®°» ¨¬¥¾² ¤¨±ª°¥²®¥ ° ¢®¬¥°®¥ ° ±¯°¥¤¥«¥¨¥ Pu. �¡®§ -
·¨¬ ·¥°¥§ H(A) :=

P
i2A log2 jDij ´³ª¶¨¾ ¨´®°¬ ¶¨¨ ¤«¿ ¬®¦¥±²¢ 

A ¨ ¤ ®£®  ¡®°   «´ ¢¨²®¢ fDi; i 2 Ag. �®£¤  ¢ ° ¢®¬¥°®¬ ±«³-
· ¥ p(k) = 2�H(U). �±«¨ ¢±¥  ²°¨¡³²» ¢  ¡®°¥ ¥§ ¢¨±¨¬» ¨ ®¤¨ -

ª®¢® ° ±¯°¥¤¥«¥» ± ®¡¹¨¬ ®¤®¬¥°»¬ ¤¨±ª°¥²»¬ ° ±¯°¥¤¥«¥¨¥¬
Q = P(fjg), R ¡³¤¥²  §»¢ ²¼±¿ ¡ §®© ¤ »µ �¥°³««¨, ¨ ±² ¤ °²-

®© ¡ §®© ¤ »µ �¥°³««¨, ¥±«¨ Q { ¤¨±ª°¥²®¥ ° ¢®¬¥°®¥. � ¬¥²¨¬,

·²® ®¡»· ¿ ¡¥°³««¨¥¢±ª ¿ ¬®¤¥«¼ ±®®²¢¥²±²¢³¥² ¡¨ °®© ¬®¤¥«¨ ±

Di = 2 ¤«¿ ¢±¥µ  «´ ¢¨²®¢. �¡®§ ·¨¬ ·¥°¥§ PB ° ±¯°¥¤¥«¥¨¥ ¡ §»
¤ »µ �¥°³««¨.

� «¥¥, hP(A) := � log2(
P
k(A) p(k(A)))

2 ¡³¤¥²  §»¢ ²¼±¿ ½²°®¯¨¥©

�¥¼¨ ° ±¯°¥¤¥«¥¨¿ P(A), [10]. �¥«¨·¨  hP(A) ¬®¦¥² ° ±±¬ ²°¨-

¢ ²¼±¿ ª ª ¬¥°  ª®«¨·¥±²¢  ¨´®°¬ ¶¨¨, ±®®²¢¥²±²¢³¾¹ ¿ ° ±¯°¥¤¥-

«¥¨¾ P(A) (¨«¨ ¬¥°  ¥®¯°¥¤¥«¥®±²¨ ¤«¿ tj(A)). �·¥¢¨¤®, ·²® ¤«¿
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° ¢®¬¥°®© ¨ ¡¥°³««¨¥¢±ª®© ¬®¤¥«¥© hPu(A) = H(A) and hPB(A) =

jAjhQ ±®®²¢¥²±²¢¥®. �° ¢¨¢ ¿ ± ½²°®¯¨¥© �¥®  HP(U) :=
�
P
k p(k) log2 p(k), ¸¨°®ª® ¨±¯®«¼§³¥¬®© ¢ ±² ²¨±²¨·¥±ª®© ¬¥µ ¨ª¥,

²¥®°¨¨ ª®¤¨°®¢ ¨¿ ¨ ¯¥°¥¤ ·¨ ¨´®°¬ ¶¨¨, ¯®«³· ¥¬ ¨§ ¥° ¢¥±²¢ 

�¥±¥ , ·²® 0 < hP(A) � HP(A). �«¿ ¨§¬¥°¥¨¿ ° ±±²®¿¨¿ ¬¥¦¤³

¤¢³¬¿ ¢¥°®¿²®±²»¬¨ ° ±¯°¥¤¥«¥¨¿¬¨ �1 ¨ �2 ¶¥«®·¨±«¥»µ ±«³-

· ©»µ ¢¥«¨·¨ ¡³¤¥² ¨±¯®«¼§®¢ ²¼±¿ ¯®«®¥ ° ±±²®¿¨¥ ¯® ¢ °¨ ¶¨¨

dTV (�1; �2),

dTV (�1; �2) := supfj�1(C)��2(C)j : C � f1; 2; : : :gg = 1=2
X
j�0

j�1(j)��2(j)j:

� ®±®¢»µ ¯®«³·¥»µ °¥§³«¼² ² µ ¬» ° ±±¬ ²°¨¢ ¥¬ ¯®±«¥¤®-
¢ ²¥«¼®±²¨ ¬®¦¥±²¢  ²°¨¡³²®¢ fAlgl�1 ¨ ±«³· ©»µ ¡ § ¤ »µ
fRlgl�1. �«¿ ®¶¥ª¨  ±¨¬¯²®²¨·¥±ª®£® ¯®¢¥¤¥¨¿ ¥ª®²®°»µ µ ° ª²¥-
°¨±²¨ª fAlgl�1 ¡³¤¥² ¯°¥¤¯®« £ ²¼±¿, ·²® ½²°®¯¨¿ �¥¼¨ hPl(Al) ¨/¨«¨
·¨±«®  ²°¨¡³²®¢ ml ±²°¥¬¿²±¿ ª ¡¥±ª®¥·®±²¨. �«¿ ³¤®¡±²¢  ®¡®§ -

·¥¨© ¯®«®¦¨¬ al = hPl(Al) ¨ ¡³¤¥¬ ®¯³±ª ²¼ ¨¤¥ª± l ¤«¿ ¯ ° ¬¥²°®¢,
¥±«¨ ½²® ¯®¿²® ¨§ ª®²¥ª±² .

�¡®§ ·¥¨¥ � ·¥¨¥

U = 1; : : : ; n ¬®¦¥±²¢®  ²°¨¡³²®¢

jSj ¬®¹®±²¼ ª®¥·®£® ¬®¦¥±²¢  S

R = R(m;n) ±«³· © ¿ ² ¡«¨¶  ± m  ¡®° ¬¨ ¨ n  ²°¨¡³² ¬¨

R = R(m;n) ±«³· ©®¥ ®²®¸¥¨¥, ±®®²¢¥²±²¢³¾¹¥¥ R

M := m(m � 1)=2 ·¨±«® ° §«¨·»µ ¯ °  ¡®°®¢

tj(A), A � U ( tj = tj(U )) · ±²¼ j-®£®  ¡®° 

P = P(U ) = fp(k)g ° ±¯°¥¤¥«¥¨¿  ¡®° 

a = hP(A) ½²°®¯¨¿ �¥¼¨ ° ±¯°¥¤¥«¥¨¿ P(A)
� = �(A) ±°¥¤¥¥ ·¨±«®  °³¸¥¨© ª«¾·¥¢®£® ³±«®¢¨¿ ¤«¿ A

A;B ¬®¦¥±²¢   ²°¨¡³²®¢, B � U nA
R j= A (R j= A) A { ª«¾· ¢ R (R)

R j=min A (R j=min A) A { ¬¨¨¬ «¼»© ª«¾· ¢ R (R)

A! B ´³ª¶¨® «¼ ¿ § ¢¨±¨¬®±²¼ ¬¥¦¤³ A ¨ B

PfR j= Ag (PfR j=min Ag) ª«¾·¥¢ ¿ (¤«¿ ¬¨¨¬ «¼®£® ª«¾· ) ¢¥°®¿²®±²¼

� ¡«¨¶  1. �±¯®«¼§³¥¬»¥ ®¡®§ ·¥¨¿.
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2. �«¾·¨ ¢ ±«³· ©»µ ² ¡«¨¶ µ ¨ ®²®¸¥-

¨¿µ

2.1. �«³· ©»¥ ² ¡«¨¶» ¨ ®²®¸¥¨¿

� ½²®¬ ° §¤¥«¥ ¬» ¯®«³·¨¬ ¯°¨¡«¨¦¥¨¥ ¤«¿ ª«¾·¥¢®© ¢¥°®¿²®±²¨

¤«¿ ±«³· ©»µ ² ¡«¨¶ ¨ ®²®¸¥¨© ¨ ¯®ª ¦¥¬, ·²® ª«¾·¨ -  ¨¡®«¥¥

¢¥°®¿²» ±°¥¤¨ ¬®¦¥±²¢ ±  ¨¡®«¼¸¥© ½²°®¯¨¥©.

�«¿ ª ¦¤®£®  ²³° «¼®£® k, ®¡®§ ·¨¬ ·¥°¥§ qk = qk(A) :=P
k(A) p(k(A))

k, 0 < qk < 1, ²® ¥±²¼ ¢¥°®¿²®±²¼, ·²® k ° §«¨·»µ  -

¡®°®¢ ±®¢¯ ¤ ¾² ¤«¿ k � 2. �§ ¥° ¢¥±²¢  �¥±¥  ¯®«³· ¥¬ q
2
2 � q3 ¨

f(x) = (
P
k(A) p(k(A))

x)1=x { ¢®§° ±² ¾¹ ¿ ´³ª¶¨¿ ¤«¿ x > 0. �«¥¤®¢ -

²¥«¼®, ±³¹¥±²¢³¥² � = �P > 0, 0 < � � 1, µ ° ª²¥°¨§³¾¹¥¥ "¥¤®±² -

²®ª ° ¢®¬¥°®±²¨" ¢ ° ±¯°¥¤¥«¥¨¨ P. �°¨·¥¬

q
2=3
2 � q

1=3
3 = q

1=2+�=6
2 < q

1=2
2 ; (1)

£¤¥ � = 1 ²®£¤  ¨ ²®«¼ª® ²®£¤ , ¥±«¨ P ° ¢®¬¥°®¥. �¡®§ ·¨¬ ±°¥¤¥¥
·¨±«®  °³¸¥¨© ª«¾·¥¢®£® ³±«®¢¨¿ ·¥°¥§ � = �(A) = M2�hP (A) ¨ u =

hP(U).

�¥®°¥¬  1. �³±²¼ R - ±«³· © ¿ ² ¡«¨¶  ¨ R - ±®®²¢¥²±²¢³¾¹¥¥

±«³· ©®¥ ®²®¸¥¨¥. �³±²¼ 0 < c < �=2 ln 2 ¨  = �=2� c= ln 2 > 0.

(i) �±«¨ 0 < � � ca, ²® PfR j= Ag = e
��(1 + O(2�a)) ¯°¨ a ! 1;

¥±«¨ ca < �, ²® PfR j= Ag = O(2��a)) ¯°¨ a ! 1 ¤«¿ ¥ª®²®°®£®

¯®«®¦¨²¥«¼®£® �;

(ii) jPfR j= Ag � e
��j � 8 � 2��a=2�1=2;

(iii) ¥±«¨ 0 < � � ca ¨ 0 < �(U) � cu, ²® PfR j= Ag = expf��(1 �

2a�u)g(1 +O(2�a)) ¯°¨ a!1.

� ¬¥· ¨¥ 1. (i) � ¬¥²¨¬, ·²® ®¶¥ª  ¢ ²¥®°¥¬¥ 1(ii) ¢»¯®«¿¥²±¿ ¤«¿
¢±¥µ a ¨ m. � ° ¢®¬¥°®¬ ±«³· ¥, ¬®¦® ±° ¢¨²¼ ±ª®°®±²¼ ±µ®¤¨¬®-

±²¨, ¯®«³·¥³¾ ¨§ ½²®© ®¶¥ª¨, ¨ ±®®²¢¥²±²¢³¾¹³¾ ±ª®°®±²¼ ¨§ ¿¢®©
´®°¬³«» ¤«¿ ° ¢®¬¥°®£® ° ±¯°¥¤¥«¥¨¿ ¢ ° ¡®²¥ [13]¡ [5]. �±«¨ 0 <

�1 < � < �2 <1, ²® C1=m � jPfN(A) = 0g � e
��j � C2e

��
�
2
=m � C3=m

¥ª®²®°»µ ¯®«®¦¨²¥«¼»µ C1; C2 ¨ C3. �² ª, ±ª®°®±²¼ ±µ®¤¨¬®±²¨ ¢

²¥®°¥¬¥ 1(ii) { ²®· ¿ ¤«¿ ² ª¨µ � ¢ ®¡¹¥¬ ±«³· ¥.
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(ii) � ¬¥²¨¬, ·²® ¬®¤¥«¨ ¤«¿ ² ¡«¨¶ ¨ ®²®¸¥¨© ½ª¢¨¢ «¥²»

PfR j= Ag � PfR j= Ag, ¢ ²¥µ ±«³· ¿µ, ª®£¤  ½²°®¯¨¨ u � a ! 1.
� ²® ¦¥ ¢°¥¬¿, ¤«¿ ¬®£¨µ ¬®¦¥±²¢  ²°¨¡³²®¢ ± ®£° ¨·¥»¬ § ·¥-
¨¥¬ ° §®±²¨ u� a, ° §¨¶  ¢  ±¨¬¯²®²¨ª¥ ¬®¦¥² ¡»²¼ ±³¹¥±²¢¥®©.

�¨±. 1. �®·®±²¼  ¯¯°®ª±¨¬ ¶¨¨ ¤«¿ ª«¾·¥¢®© ¢¥°®¿²®±²¨ (¯®«¨£®
· ±²®²). �² ¤ °² ¿ ¡ §  ¤ »µ �¥°³««¨ jDij = 2, m = 50. �¢-
 ¿ ´®°¬³«  (explicit), �¯¯°®ª±¨¬ ¶¨¿ (approximation), �®²¥-� °«®  ¯-
¯°®ª±¨¬ ¶¨¿ (simulation), Nsim = 5000.

�°¨¬¥° 1. �²®¡» ¯°®¤¥¬®±²°¨°®¢ ²¼ ²®·®±²¼  ¯¯°®ª±¨¬ ¶¨¨ ¢ ²¥-

®°¥¬¥ 1, ¬» ° ±±¬®²°¨¬ ±«³· © ±² ¤ °²®© ¡ §» ¤ »µ �¥°³««¨

(jDij = 2, m = 50). �«¿ ª«¾·¥¢®© ¢¥°®¿²®±²¨ ¬» ¨±¯®«¼§³¥¬ ¿¢³¾

´®°¬³«³, ¯°¨¡«¨¦¥¨¥ ²¥®°¥¬» 1(i) ¨ ±° ¢¨¬ ½²¨ °¥§³«¼² ²» ± °¥-
§³«¼² ² ¬¨, ¯®«³·¥»¬¨ ¬®¤¥«¨°®¢ ¨¥¬ ¯® ¬¥²®¤³ �®²¥-� °«® ¤«¿

±®®²¢¥²±²¢³¾¹¥© ±²®µ ±²¨·¥±ª®© ¬®¤¥«¨ (m = 50; Nsim = 5000). � 

°¨±. 1 ¨§®¡° ¦¥ ¯®«¨£® · ±²®² p(r) := PfR j= A; jAj = rg � PfR j=

A; jAj = r � 1g ¤«¿ ²°¥µ ¬¥²®¤®¢. �±¥ ½²¨ ²°¨ ¬¥²®¤  ¤ ¾² ®·¥¼ ¡«¨§-
ª¨¥ °¥§³«¼² ²» ¤«¿ ª«¾·¥¢®© ¢¥°®¿²®±²¨. �¨±. 2(a) ¨««¾±²°¨°³¥²

¢«¨¿¨¥ ¢®§° ±² ¨¿ ° §¬¥°   «´ ¢¨² . �°¨ ½²®¬ ±³¹¥±²¢¥® ±®ª° -
¹ ¥²±¿ ¤¨±¯¥°±¨¿, ¨ ±¤¢¨£ ¾²±¿ £° ¨¶»  ¨¡®«¥¥ ¢¥°®¿²»µ § ·¥¨©

ª  · «³ ª®®°¤¨ ². �° ´¨ª 2(b) ¤¥¬®±²°¨°³¥² ±¤¢¨£®¢»© ½´´¥ª² ¤«¿
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ª«¾·¥¢®© ¢¥°®¿²®±²¨, ª®£¤  ·¨±«®  ¡®°®¢ ¢ ¡ §¥ ¤ »µ ¢®§° ±² ¥².

(a)

(b)

�¨±. 2. �§¬¥¥¨¥ ª«¾·¥¢®© ¢¥°®¿²®±²¨ (¯®«¨£® · ±²®²). �² ¤ °²-

 ¿ ¡ §  ¤ »µ �¥°³««¨ (a) jDij = 2, jDij = 4 ¨ jDij = 10, m = 50 (b)

jDij = 2, m = 16 ¨ m = 64, i = 1; : : : ; 20.

2.2. �³ª¶¨® «¼»¥ § ¢¨±¨¬®±²¨ ¢ ±«³· ©»µ ¡ -

§ µ ¤ »µ

�±±«¥¤³¥¬ ¢¥°®¿²®±²¨ ´³ª¶¨® «¼®© § ¢¨±¨¬®±²¨ PfA ! Bg,

¯°¨¬¥¿¿ ²®² ¦¥ ± ¬»© ¯®¤µ®¤. �³±²¼ A ¨ B � U n A { ¬®¦¥±²¢ 
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 ²°¨¡³²®¢ ¢ R. �¡®§ ·¨¬ qkf = qkf (A;B) :=
P
k(A[B)(p(k(A))� p(k(A [

B)))k�1p(k(A[B), ¨ ±«¥¤®¢ ²¥«¼® q2f(A;B) = q2(A)� q2(A[B). �®£¤ 
¨§ ¥° ¢¥±²¢  �¥±¥  ±«¥¤³¥², ·²® q

2
2f � q3f , ¨±¯®«¼§³¿   «®£¨·»¥

° ±±³¦¤¥¨¿, ª ª ¨ ¤«¿ ª«¾· , ¬®¦® ¯®«³·¨²¼

q
1=3

3f = q
1=2+�f=6

2f < q
1=2

2f ; 0 < �f � 1: (2)

�¡®§ ·¨¬ ±°¥¤¥¥ ·¨±«®  °³¸¥¨© ³±«®¢¨¿ ´³ª¶¨® «¼®© § ¢¨±¨¬®-

±²¨ ·¥°¥§ �f = M2�af , £¤¥ af = � log2 q2f . � ¯°¨¬¥°, ¤«¿ ° ¢®¬¥°»µ

¡ § ¤ »µ ¨ ¬®¤¥«¥© �¥°³««¨, �f = M2�a(1 � 2�b), £¤¥ a = hP(A),

b = hP(B). �«¥¤³¾¹ ¿ ²¥®°¥¬  ¯®ª §»¢ ¥², ·²®  ¨¡®«¥¥ ¢¥°®¿²»

´³ª¶¨® «¼»¥ § ¢¨±¨¬®±²¨ ¢ ²¥µ ±«³· ¿µ, ª®£¤  § ·¥¨¿ �f ¤®±² -
²®·® ¬ «»: ¢ ±¨«³ ª«¾·¥¢»µ ±¢®©±²¢ ¬®¦¥±²¢   ²°¨¡³²®¢ A ¨/¨«¨ ¢

±¨«³ ±²®µ ±²¨·¥±ª®© § ¢¨±¨¬®±²¨ ¬¥¦¤³ t(A) ¨ t(B).

�¥®°¥¬  2. �³±²¼ R { ±«³· © ¿ ² ¡«¨¶ . �³±²¼ 0 < c < �f=2 ln 2 ¨

 = �f=2 ln 2 � c > 0.

(i) �±«¨ 0 < �f � caf , ²® PfA! Bg = e
��f (1+O(2�af )) as af !1;

¥±«¨ caf < �f , ²® PfA ! Bg = O(2��af ) ¯°¨ af ! 1 ¤«¿ ¥ª®²®°®£®

¯®«®¦¨²¥«¼®£® �;

(ii) jPfA! Bg � e
��f j � 8 � 2��faf=2�

1=2

f
.

3. �¨¨¬ «¼»¥ ª«¾·¨

3.1. �¥°®¿²®±²¼ ¬¨¨¬ «¼®£® ª«¾·  ¤«¿ ² ¡«¨¶

¨ ®²®¸¥¨©

�°¨¢¥¤¥¬ ± · «  ®±®¢»¥  ±¨¬¯²®²¨·¥±ª¨¥ °¥§³«¼² ²» ¤«¿ ¢¥°®-

¿²®±²¨ ¬¨¨¬ «¼®£® ª«¾· .

�³±²¼ A { ¤ ®¥ ¬®¦¥±²¢®  ²°¨¡³²®¢ ¨ r = jAj. �¡®§ ·¨¬ ·¥°¥§

�k := q2k=q2 � 1 > 0, k = 1; 2; : : : ; r, �max := maxk �k, �min := mink �k ¨
�: :=

P
r

k=1 �k, � := log2(
P

r

k;l=1 q3kl=q3), £¤¥ q2k := Pft1(Ak) = t2(Ak)g and

q3kl := Pft1(Ak) = t2(Ak); t1(Al) = t3(Al)g, Ak = A n fkg, k; l = 1; 2; : : : ; r,

�¥®°¥¬  3. �³±²¼ R { ±«³· © ¿ ² ¡«¨¶  ¨ R { ±®®²¢¥²±²¢³¾¹¥¥

±«³· ©®¥ ®²®¸¥¨¥ �³±²¼ 0 < c < �a=2, � = o(a) ¨ r = O(a) ¯°¨



�«¾·¥¢»¥ ±¨±²¥¬» ¢ ±«³· ©»µ ¡ § µ ¤ »µ 315

a ! 1. �±«¨ 0 < c0=�min � � < ca ¨ 0 < �(U) < cu, ²® ±³¹¥±²¢³¥²

 > 0 ² ª®¥, ·²® ¤®±² ²®·® ¡®«¼¸®£® c0 > 0

PfR j=min Ag = e
��

rY
k=1

(1� e
��k�)(1 +O(2�a));

PfR j=min Ag = e
��(1�2a�u)

rY
k=1

(1 � e
��k�)(1 +O(2�a)) ¯°¨ a!1;

¥±«¨ 0 < � < c0=�min ¨«¨ ca < �, ²® ¤«¿ ¥ª®²®°®£® � > 0, PfR j=min

Ag = O(2��a) ¯°¨ a!1.

�²®² °¥§³«¼² ² ¯®§¢®«¿¥² ®¯¨± ²¼ ¯®¢¥¤¥¨¥ ¬ ª±¨¬ «¼®© ¢¥«¨·¨»
¢¥°®¿²®±²¨ ¬¨¨¬ «¼®£® ª«¾·  Pmax(a) ¨ ³±² ®¢¨²¼ ±®®²¢¥²±²¢³¾-
¹¨¥ ®¯²¨¬ «¼»¥ § ·¥¨¿ ¯ ° ¬¥²°®¢ ¬®¤¥«¨. �³±²¼ pmin := (�: +
1)�1=�min, pmax := (�: + 1)�1=�max < 1 ¨ P (a) := PfR j=min Ag. �±«¨
max(1; ln(1 + �:))=�min = o(a), ²®

pmin expf�1=�ming(1 + o(1)) � Pmax(a) � pmax expf��:=(�max(1 + �:))g(1+ o(1))

(3)

¯°¨ a ! 1. � «¥¥, P (a) = Pmax(a) ²®£¤  ¨ ²®«¼ª® ²®£¤ , ¥±«¨ amax �

2 log2m � log2(1=�� ln(�: + 1)) � 1 + o(1=m) ¯°¨ a;m ! 1. � ª¨¬ ®¡° -
§®¬, ±³¹¥±²¢³¥² ®¯°¥¤¥«¥®¥ ±®®²®¸¥¨¥ ¬¥¦¤³ ¢¥«¨·¨®© ½²°®¯¨¥©
¬®¦¥±²¢ {  ¨¡®«¥¥ ¢¥°®¿²»µ ª ¤¨¤ ²®¢ ¢ ª«¾·¨, ¨ ½²°®¯¨¥© ± ¬®©

±¨±²¥¬»  ¡®°®¢ ª ª ¬®¦¥±²¢  M ¯ ° ½«¥¬¥²®¢ (log2M � 2 log2m� 1

¯°¨ m ! 1). �®¦® ¯°¥¤«®¦¨²¼, ·²® ½²® ±¢®©±²¢® ±¯° ¢¥¤«¨¢® ¨ ¤«¿
¡®«¥¥ ®¡¹¥£® ª« ±±  ¬®¤¥«¥©.

�°¨¬¥° 2.
(i) �³±²¼ R { ¡¥°³««¨¥¢±ª ¿ ¡ §  ¤ »µ ± ½²°®¯¨¥©  ²°¨¡³²  d :=

hQ. �³±²¼ �k = 2d� 1; �: = r(2d � 1) � rd = a, ¨ � � 2 log2 r+2d = o(rd).
�«¥¤®¢ ²¥«¼®, ¯°¥¤¯®«®¦¥¨¿ ²¥®°¥¬» 3 ¢»¯®«¥» ¥±«¨,  ¯°¨¬¥°,
ln r=r = o(d2) ¯°¨ a ! 1. �®«³· ¥¬ PfR j=min Ag = e

��(1 � e
���)r(1 +

O(2�a)) ¯°¨ a ! 1. �³±²¼ 0 < d1 < d < d2 < 1; ²®£¤  Pmax(a) �
e
�1=�(1 + r�)�1=�,

rmax � 1=d (2 log2m�log2 ln log2m�1+log2(2
d�1)+O(1= ln lnm)) ¯°¨ a;m!1:

�²±¾¤  ±«¥¤³¥², ·²® ½ª±¯®¥¶¨ «¼»© ° §¬¥° ¤«¿ ¯®±² ®¢ª¨ ¢ ±°¥¤-

¥¬ ¬ «®¢¥°®¿²¥, ¥±«¨ 2=d log2m = o(n= ln) ¯°¨ n;m!1.
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(ii) �³±²¼ R { ° ¢®¬¥° ¿ ¡ §  ¤ »µ ¨ ¯®«®¦¨¬ Dmax := maxk jDkj

and Dmin := mink jDkj. �®£¤  �k = jDkj � 1; �: =
P

r

k=1(jDkj � 1) � r, ¨
� = log2(

P
k;l jDkjjDlj) = 2 log2(

P
k jDkj). �«¥¤®¢ ²¥«¼®, ¯°¥¤¯®«®¦¥¨¿

²¥®°¥¬» 3 ¢»¯®«¥» ¥±«¨,  ¯°¨¬¥°,

log2Dmax= log2Dmin = o(r)

¨ Dmin=Dmax ln r ! 1 ¯°¨ a ! 1. �®£¤  ¯®«³· ¥¬ PfR j=min Ag =

e
��Qr

k=1(1� e
�(jDkj�1)�)(1+O(2�a)) ¯°¨ a!1, ¨ ² ª¦¥ ¤«¿ log2Dmin�

1 � C � log2Dmax � 1, a = log2(
Q
r

k=1 jDkj),

amax � (2 log2m�log2 ln(
rX

k=1

jDkj�r+1)+C+O(1= ln lnm)) ¯°¨ a;m!1:

�¨±. 3. �®·®±²¼  ¯¯°®ª±¨¬ ¶¨¨ ¤«¿ ¢¥°®¿²®±²¨ ¬¨¨¬ «¼®£® ª«¾· .
�² ¤ °² ¿ ¡ §  ¤ »µ �¥°³««¨ jDij = 2, m = 50. �¯¯°®ª±¨¬ ¶¨¿

(approximation), �®²¥-� °«®  ¯¯°®ª±¨¬ ¶¨¿ (simulation), Nsim = 5000.

�°¨¬¥° 3. � ½²®¬ ¯°¨¬¥°¥ ¤¥¬®±²°¨°³¥²±¿ ²®·®±²¼ ¯°¨¡«¨¦¥¨¿ ¢

²¥®°¥¬¥ 3 ¤«¿ ¢¥°®¿²®±²¨ ¬¨¨¬ «¼®£® ª«¾·  ¢ ±«³· ¥ ±² ¤ °²®©

¡ §» ¤ »µ �¥°³««¨ (jDij = 2, m = 50). �±¯®«¼§³¥²±¿ ¯°¨¡«¨¦¥-
¨¥ ²¥®°¥¬» 3(i), ª®²®°®¥ ±° ¢¨¢ ¥²±¿ ± °¥§³«¼² ² ¬¨ ¬®¤¥«¨°®¢ ¨¿

¯® ¬¥²®¤³ �®²¥-� °«® ¤«¿ ±®®²¢¥²±²¢³¾¹¥© ¬®¤¥«¨ (m = 50; Nsim =
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5000). �¨±. 3, pmin(r) := PfR j=min A; jAj = rg, ¯®ª §»¢ ¥², ·²® ®¡ 

¬¥²®¤  ¤ ¾² ¤®±² ²®·® ¡«¨§ª¨¥ °¥§³«¼² ²». �¨±. 4(a) ¨««¾±²°¨°³¥²
¢«¨¿¨¥ °®±²  ° §¬¥°   «´ ¢¨² . �°¨ ½²®¬ £° ¨¶»  ¨¡®«¥¥ ¢¥°®¿²-
»µ § ·¥¨© ±¤¢¨£ ¾²±¿ ª  · «³ ª®®°¤¨ ² ¨ ¢®§° ±² ¥² ¢¥«¨·¨ 

Pmax(r). �  £° ´¨ª¥ 4(b) ¯®ª §  ±¤¢¨£ ¢¥°®¿²®±²¨ ¬¨¨¬ «¼®£®

ª«¾· , ª®£¤  ·¨±«®  ¡®°®¢ ¢®§° ±² ¥². � ½²®¬ ±«³· ¥ Pmax(r) ³¡»¢ ¥².

(a)

(b)

�¨±. 4. �§¬¥¥¨¥ ¢¥°®¿²®±²¨ ¬¨¨¬ «¼®£® ª«¾· . �² ¤ °²° ¿ ¡ § 
¤ »µ �¥°³««¨ (a) jDij = 2, jDij = 4 ¨ jDij = 10, m = 50 (b) jDij = 2,

m = 16 ¨ m = 64, i = 1; : : : ; 20.
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3.2. �° ²· ©¸¨¥ ª«¾·¨

�³±²¼ �m = �m(A) { ¤«¨  ª° ²· ©¸¨µ ª«¾·¥© ¢ A, jAj = r, ²® ¥±²¼

¶¥«®·¨±«¥ ¿ ±«³· © ¿ ¢¥«¨·¨ , ª®²®° ¿ ° ¢  ¤«¨¥ ¬¨¨¬ «¼®£®

ª«¾·¥¢®£® ¯®¤¬®¦¥±²¢  B ¢ A. � ¬¥²¨¬, ·²® A ¿¢«¿¥²±¿ ª«¾·¥¬ ²®-

£¤  ¨ ²®«¼ª® ²®£¤ , ¥±«¨ �m(A) � r, ¨ ±«¥¤®¢ ²¥«¼®, ¤«¿ ¨±±«¥¤®¢ -

¨¿ ° ±¯°¥¤¥«¥¨¿ �m ²¥®°¥¬  1 ¬®¦¥² ¡»²¼ ¯°¨¬¥¥  ²¥®°¥¬  1. �»

¯°¥¤¯®« £ ¥¬, ·²® a(r) ¿¢«¿¥²±¿ ¢®§° ±² ¾¹¥© ´³ª¶¨¥© ¨ a(r) ! 1,

¥±«¨ r ! 1 ¤«¿  ²³° «¼»µ r. �°®¨²¥°¯®«¨°³¥¬ a(v) ± ¯®¬®¹¼¾

«®¬ ®©   ª ¦¤®¬ ¨²¥°¢ «¥ v 2 [r; r � 1]; r � 1. �³±²¼ X { ±«³· ©-
 ¿ ¢¥«¨·¨  ± ° ±¯°¥¤¥«¥¨¥¬ �³¬¡¥«¿ (¤¢®©»¬ ½ª±¯®¥¶¨ «¼»¬)

PfX � xg = expf�e�xg, ¨ a(Xm) = X=ln 2 + 2 log2m � 1. �§ ²¥®°¥¬» 1

±«¥¤³¥², ·²® ° ¢®¬¥°® ¯® r � 1 ¨ m � 1

Pf�m � rg � PfXm � rg = O(m2�(1+�)a=2): (4)

� ¬¥· ¨¥ 1. �¢®©®¥ ½ª±¯®¥¶¨ «¼®¥ ° ±¯°¥¤¥«¥¨¥ · ±²® ¢±²°¥-
· ¥²±¿ ª ª ¯°¥¤¥«¼®¥ ¤«¿ ° ±¯°¥¤¥«¥¨© ½ª±²°¥¬³¬®¢ ¥§ ¢¨±¨¬»µ ¨
±« ¡® § ¢¨±¨¬»µ ±«³· ©»µ ¢¥«¨·¨ (±¬.,  ¯°¨¬¥°, [7]). � ª ¿ ½ª±-

²°¥¬ «¼ ¿ ±²°³ª²³°  ° ±¯°¥¤¥«¥¨¿ ¢  ¸¥¬ ±«³· ¥ ¤®±² ²®·® ¥±²¥-
±²¢¥ . �¡®§ ·¨¬ ·¥°¥§ Hm = maxfCij : 1 � k < l � mg + 1, £¤¥
Cij = k, ¥±«¨ ti(A) ¨ tj(A) ±®¢¯ ¤ ¾² ¯°¨ k  ²°¨¡³² µ, ® ®²«¨· ¾²±¿

¯°¨ «¾¡®¬ (k+1)- ¡®°¥  ²°¨¡³²®¢ (²® ¥±²¼,  ¨¡®«¼¸ ¿ ¤«¨  ¶¥¯®·ª¨
± ±®¢¯ ¤ ¾¹¨¬¨  ²°¨¡³² ¬¨ ¢  ¡®° µ ti(A) ¨ tj(A)) (±°. «¨¥©»© ¡«®ª

¤«¿ ¶¨´°®¢»µ ¤¥°¥¢¼¥¢ ¢ § ¤ · µ ¯®¨±ª , [14]). �»±®²» ¶¨´°®¢»µ ¤¥°¥-
¢¼¥¢ ¡»«¨ ¢¢¥¤¥» [6] ¤«¿ ¯®±²°®¥¨¿ ¬®¤¥«¨ ±®µ° ¥¨¿ ¨´®°¬ ¶¨¨ ¢
ª®¬¯¼¾²¥°¥. �® ®¯°¥¤¥«¥¨¾ �m � r ²®£¤  ¨ ²®«¼ª® ²®£¤ , ¥±«¨ Hm � r.

� ª ¿ ¨²¥°¯°¥² ¶¨¿ ¯®§¢®«¿¥² ¯°¨¬¥¨²¼ ¯® ª° ©¥© ¬¥°¥ ¥ª®²®°»¥

¯®«³·¥»¥ °¥§³«¼² ²» ¤«¿ ª° ²· ©¸¨µ ª«¾·¥© ¨ ª ¨±±«¥¤®¢ ¨¾ ¢¥-
°®¿²®±²»µ ±¢®©±²¢ ¢»±®² ¶¨´°®¢»µ ¤¥°¥¢¼¥¢.

� ª ·¥±²¢¥ ¯°¨¬¥°  ®¡¹¥£® ¯®¤µ®¤  ° ±±¬®²°¨¬ ¡®«¥¥ ¯®¤°®¡® ¬®-
¤¥«¼ �¥°³««¨. �®£¤  a(r) = rd. �¡®§ ·¨¬ ·¥°¥§ X̂m = [Xm] =
[1=d(X=ln 2 + 2 log2m � 1)], £¤¥ [b] { ¶¥« ¿ · ±²¼ b. �®£¤  X̂m ¿¢«¿¥²±¿

¶¥«®·¨±«¥®© ±«³· ©®© ¢¥«¨·¨®© ± ° ±¯°¥¤¥«¥¨¥¬ L(X̂m) ¨ ´³ª-

¶¨¥© ° ±¯°¥¤¥«¥¨¿ F (r). �«¿ ½²®© ¬®¤¥«¨ ®¶¥¨¬ dTV (L(�m);L(X̂m)) ¨

¬®¬¥²» �m.
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�°¥¤«®¦¥¨¥ 1. �³±²¼ R - ¡ §  ¤ »µ �¥°³««¨ ¨ � ®¯°¥¤¥«¥  ¢

(1), 0 < � � 1.

(i) dTV (L(�m);L(X̂m)) = O((lnm)(1+�)=2m��) ¯°¨ m!1;

(ii) �«¿ ª ¦¤®£® k � 1, E�k
m
= EX̂k

m
+O((lnm)(2k+1+�)=2m��) ¯°¨ m!

1:

� · ±²®±²¨, ¤«¿ ±°¥¤¥£® E�m ¨ ¤¨±¯¥°±¨¨ Var(�m),

0 � EX̂m � (2 log2m�mg=ln 2� 1)=d � 1; jVar(X̂m)
1=2� �g=(d ln 2)j � 1;

£¤¥ mg = EX = 0:5772 : : : , �2
g
= Var(X) = �

2
=6. � ¬¥²¨¬, ·²® § ·¥¨¿

¤«¨ ª° ²· ©¸¨µ (¬¨¨¬ «¼»µ) ª«¾·¥© ª®¶¥²°¨°³¾²±¿ ®ª®«® r1 =

2=d log2m. �° ¢¨¢ ¿ ½²®² °¥§³«¼² ² ± ¤«¨®©  ¨¡®«¥¥ ¢¥°®¿²®£®
¬¨¨¬ «¼®£® ª«¾· 

r2 = 1=d (2 log2m� log2(ln(2=d log2m)))(1 + o(1)) < r1;

¬®¦® ±¤¥« ²¼ ¢»¢®¤, ·²® ¬®¦¥±²¢  ¬¨¨¬ «¼»µ ¨ ª° ²· ©¸¨µ ¬¨-
¨¬ «¼»µ ª«¾·¥© ¢  ¨¡®«¥¥ ¢¥°®¿²®© · ±²¨ ¯° ª²¨·¥±ª¨ ±®¢¯ ¤ ¾².

4. �®ª § ²¥«¼±²¢ 

�°¨¢¥¤¥¬ ®¤¨ ¨§ °¥§³«¼² ²®¢ ¬¥²®¤  ¯³ ±±®®¢±ª®©  ¯¯°®ª±¨¬ -
¶¨¨ (¬¥²®¤ �²¥©-�¥ ), ª®²®°»© ¡³¤¥² ¨±¯®«¼§®¢ ²¼±¿ ¢ ¤ «¼¥©-
¸¥¬. �³±²¼ fC�g�2� { ±¨±²¥¬  ±®¡»²¨©, I� { ¨¤¨ª ²®° ±®¡»²¨¿ C� ¨
N :=

P
�2� I� ± ° ±¯°¥¤¥«¥¨¥¬ L(N). �¥²®¤ �²¥©-�¥  ¤ ¥² ¢®§¬®¦-

®±²¼ ¯®±²°®¨²¼ ¯°¨¡«¨¦¥®¥ ¯³ ±±®®¢±ª®¥ ° ±¯°¥¤¥«¥¨¥ ¤«¿ L(N).

�¡®§ ·¨¬ ·¥°¥§ �� = � n f�g. �°¥¤¯®«®¦¨¬, ·²® �� ° §¤¥«¥®   ¤¢ 
¬®¦¥±²¢  ���¨ �̂� ² ª, ·²® I� ¨ fI�g�2�̂� ¥§ ¢¨±¨¬» ¨ ��� := � n �̂�,

�m = j���j. �¡®§ ·¨¬ ·¥°¥§ � ±°¥¤¥¥ § ·¥¨¥ N . �«¥¤³¹¥¥ ¯°¥¤«®¦¥-
¨¥ ±«¥¤³¥² ¥¯®±°¥¤±²¢¥® ¨§ ±«¥¤±²¢¨¿ 2.C.5., [2].

�°¥¤«®¦¥¨¥ 2. �³±²¼ ¤«¿ ª ¦¤®£® � 2 � ¨ � 2 ���, PfI� = 1g = q >

0 ¨ EI�I� � s; ²®£¤ 

jPfN = 0g � e
��j � dTV (L(N);P(�)) � q �m (1 + 1= �m+ s=q

2):
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�®ª § ²¥«¼±²¢® ²¥®°¥¬» 1. �±¯®«¼§³¿ ¢¢¥¤¥»¥ ®¡®§ ·¥¨¿ ¤«¿
¡ §» ¤ »µ, ¯®«³· ¥¬ � = f� = (i; j) : 1 � i < j � mg ¨ j�j = M =
m(m� 1)=2. �«¿ ª ¦¤®£® � ®¡®§ ·¨¬ ·¥°¥§ C� = Cij ±®¡»²¨¥ fti(A) =
tj(A) ¨ § ¯¨¸¥¬ N = N(A) :=

P
�2� I�. � «¥¥, ¤«¿ �-§ ¢¨±¨¬®© · ±²¨

��� = f(i; k); (l; j) 2 � : k 6= j; l 6= ig ¨ j���j = 2(m � 1). �¤¨ª ²®°»¥
±«³· ©»¥ ¢¥«¨·¨» I�, � 2 �, ®¤¨ ª®¢® ° ±¯°¥¤¥«¥». �«¿ ª ¦¤®£®
� 2 � ¨ � 2 ���, PfI� = 1g =: q2 ¨ EI�I� = Pft1(A) = t2(A) = t3(A)g =: q3.
�®£¤  ¨§ ¯°¥¤«®¦¥¨¿ 2 ¨ (1) ±«¥¤³¥², ·²®

jPfN = 0g� e
��j � q2

�
2(m� 1)+ 1+ 2(m� 1)q3=q

2
2

�
� 4mq3=q2 = 4m2�(�+1)a=2

(5)

² ª ª ª q3 � q
2
2. �® ®¯°¥¤¥«¥¨¾ m � 2�1=22a=2, ·²® ¨ ¤ ¥² (ii).

� «¥¥, ¤«¿  > 0, ¨§ ¯°¥¤¯®«®¦¥¨© ¬» ¯®«³· ¥¬ e
�
�
1=22��a=2 =�

e
�a. �«¿ § ¢¥°¸¥¨¿ ¤®ª § ²¥«¼±²¢  ¤«¿ ² ¡«¨¶, § ¬¥²¨¬, ·²® ¨§ (ii)
¢»²¥ª ¥²

PfR j= Ag � max(e��; 8 expf1=2 ln� � �a=2 ln 2g)

¨ ±«¥¤®¢ ²¥«¼®, ¤«¿ ca < � < 2c1a, £¤¥ c1 < �, ±³¹¥±²¢³¥² 1 > 0 ² ª®¥,
·²® PfR j= Ag = O(2�1a) ¯°¨ a ! 1. �³±²¼ 2c1a � �. �²¢¥¦¤¥¨¥
(i)±«¥¤³¥² ¨§

PfN = 0g = 1�PfN � 1g � (EN)2=EN2 � (1+O(1=m))=(��1=M) = O(2�c1a):

�® ®¯°¥¤¥«¥¨¾ ¥¤¨±²¢¥®¥ ®²«¨·¨¥ ¬¥¦¤³ R ¨ R ±®±²®¨² ¢ ²®¬, ·²®
² ¡«¨¶  ¬®¦¥² ±®¤¥°¦ ²¼ ±®¢¯ ¤ ¾¹¨¥  ¡®°». �·¥¢¨¤®, N(U) �
N(A) ¨ ±«¥¤®¢ ²¥«¼®,

PfR j= Ag = PfN(A) = 0=N(U) = 0g =

= PfN(A) = 0g=PfN(U) = 0g � PfR j= Ag:
(6)

� ª¨¬ ®¡° §®¬, ¯°¨¬¥¨¥ ²¥®°¥¬» 1(i) § ¢¥°¸ ¥² ¤®ª § ²¥«¼±²¢®. 2

�®ª § ²¥«¼±²¢® ²¥®°¥¬» 2. �®ª § ²¥«¼±²¢®   «®£¨·® ¤®ª § ²¥«¼-
±²¢³ ²¥®°¥¬» 1. 2

�®ª § ²¥«¼±²¢® ²¥®°¥¬» 3. �³±²¼ (
;F ; P ) { ®±®¢®¥ ¢¥°®¿²®±²-

®¥ ¯°®±²° ±²¢®. �«¿ ª ¦¤®£® B 2 F , ®¡®§ ·¨¬ ·¥°¥§ �B := 
 n B.

�¡®§ ·¨¬ ² ª¦¥ ·¥°¥§ Ak = fR j= Akg, k = 1; : : : ; r, ¨ A = fR j= Ag.
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�§ ®¯°¥¤¥«¥¨¿ ¬¨¨¬ «¼®£® ª«¾·  ¨ ´®°¬³«» ¢ª«¾·¥¨©-¨±ª«¾-
·¥¨© ¯®«³· ¥¬

PfR j=min Ag = P (A)�
rX

j=1

(�1)j�1Sj ; e
��

rY
k=1

(1�e��k�) = e
���

rX
j=1

(�1)j�1Ŝj ;

(7)

£¤¥ Sj :=
P

k1<:::<kj
P (Ak1

� � � Akj
) ¨ Ŝj :=

P
k1<:::<kj

e
�(
P

j

i=1
�ki

+1)�.

�°¨¬¥¨¬ ± · «  ¬¥²®¤ ¯³ ±±®®¢±ª®©  ¯¯°®ª±¨¬ ¶¨¨ ¤«¿ ®¶¥¨¢ -

¨¿ ¢¥°®¿²®±²¨ P (Ak1
� � �Akp), p = 1; : : : ; r; ²®£¤  ³²¢¥°¦¤¥¨¥ ²¥®°¥¬»

¡³¤¥² ±«¥¤®¢ ²¼ ¨§ (7) ¨ ¥° ¢¥±²¢  �®´¥°°®¨. �¥§ ¯®²¥°¨ ®¡¹®±²¨,

¯³±²¼ k1 = 1; : : : ; kp = p.

�¥¬¬  1. �±«¨ p � r, ²® jP (A1 : : :Ap)�e
�(
P

p

i=1
�i+1)�j � 8 � 2��a=2+��1=2.

�®ª § ²¥«¼±²¢® «¥¬¬» 1. �³±²¼ Ep := A1 � � � Ap. �«¿ ª ¦¤®£® l =
1; 2; : : : ; r, ®¡®§ ·¨¬ D

k

ij
:= fti(Al) = tj(Al)g ¨ ¯³±²¼ Dij :=

Sp

l=1D
l

ij
.

�®£¤  Ep =
T
i<j

�Dij. �® ®¯°¥¤¥«¥¨¾, P (D
l

12) = q2l ¨ ¤«¿ ª ¦¤®£® l1 6= l2

¨ k � 2, Dl1
12D

l2
12 = ft1(A) = t2(A)g, ¨ ±«¥¤®¢ ²¥«¼® P (Dl1

12 � � �D
lk

12) =

P (Dl1
12D

l2
12) = q2. � ª¨¬ ®¡° §®¬, ¨§ ´®°¬³«» ¢ª«¾·¥¨©-¨±ª«¾·¥¨©

¢»²¥ª ¥²

P (D12) =
pX
l=1

q2l �

 
p

2

!
q2 +

 
p

3

!
q2 + � � �+ (�1)p�1q2 = (

pX
l=1

�l + 1)q2: (8)

� «¥¥, ¯® ®¯°¥¤¥«¥¨¾

P (D12D13) = P (
p[

k;l=1

D
k

12D
l

13) �
pX

k;l=1

P (Dk

12D
l

13) �
rX

k;l=1

q3kl = q32
�
: (9)

�°¨¬¥¿¿ (8), (9) ¨ ¯°¥¤«®¦¥¨¥ 2,

jP (Ep)� e
��pj � 4 � 2�mq3=q2;

£¤¥ �p := (
Pp

l=1 �l + 1)�. � ª¨¬ ®¡° §®¬, ³²¢¥°¦¤¥¨¥ ±«¥¤³¥², ª ª ¨ ¢
²¥®°¥¬¥ 1. 2

�¥¯¥°¼, ¯°¨¬¥¨¬ ¥° ¢¥±²¢® �®´¥°°®¨ ª ¢ª«¾·¥¨¿¬-¨±ª«¾·¥-

¨¿¬ (7). � ¤ ¤¨¬ ¶¥«®¥ T = vr, £¤¥ 0 < v < 1=2, ¨ ¯³±²¼

Rj := max
k1<:::<kp

jP (Ak1
� � �Akp)� e

�(
P

p

i=1
�ki

+1)�j:
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�«¿ ª ¦¤®£® k1 < : : : < kp, e
�(
P

j

i=1
�ki

+1)
� � e

�(�minj+1)�. �®£¤ ,

jPfR j=min Ag � e
��

rY
k=1

(1� e
��k�)j � 2ST +

X
j�T

jSj � Ŝj j

� 2

 
r

T

!
e
�(�minT+1)� +

X
j�T

 
r

j

!
Rj = e

��
rY

k=1

(1� e
��k�)(I1 + I2):

�«¿ I1 := 2
�
r

T

�
e
��min�T

Q
r

k=1(1�e
��k�)�1, ¨§ ´®°¬³«» �²¨°«¨£   µ®¤¨¬

 
r

T

!
= expff(v)r + g(v)� 1=2 ln r +O(1)g; (10)

£¤¥ f(v) := �(v ln v + (1 � v) ln(1 � v)) = O(v ln v) ¯°¨ v ! 0, 0 < f(v) <
ln 2, ¨ g(v) := �(ln v + ln(1� v)). � «¥¥, ¬®¦¥¬ ®¶¥¨²¼

rY
k=1

(1 � e
��k�)�1 � (1� e

��min�)�r: (11)

�³¤¥² ¨±¯®«¼§®¢ ²¼±¿ ±«¥¤³¾¹¥¥ ½«¥¬¥² °®¥ ¥° ¢¥±²¢®

� x=(1� x) � ln(1� x) � �x ¤«¿ 0 < x < 1: (12)

�«¥¤®¢ ²¥«¼®, ¯°¨¬¥¿¿ (10) ¨ (11),   ² ª¦¥ (12), ¯®«³· ¥¬

I1 � C expfrf(v) + r ln(1� e
��min�)�1 � �min�vrg � e

�1a; (13)

¤«¿ ¥ª®²®°»µ C; 1 > 0, ¤®±² ²®·® ¡®«¼¸®£® � > c0=�min > 0 ¨ ¤®±² -
²®·® ¬ «®£® v > 0.

�«¿ I2, ¨¯®«¼§³¿ «¥¬¬³ 1, ¯®«³· ¥¬ maxj�T Rj � 8 2��a=2+��1=2. �§
¯°¥¤¯®«®¦¥¨© ±«¥¤³¥², � = o(a) ¨ r = O(a) ¯°¨ a ! 1. � ·¨², ¤«¿
c0=�min < � < ca, ¬» ¯®«³· ¥¬

I2 := e
�

rY
k=1

(1� e
��k�)�1

X
j�T

 
r

j

!
Rj � e

�(1� e
��min�)�r

 
r

T

!
max
j�T

Rj

� C expfrf(v) + �+ r ln(1� e
��min�)�1 + �� �a=2 ln 2g � e

�2a; (14)

¤«¿ ¥ª®²®°»µ C > 0 2 > 0, ¤®±² ²®·® ¡®«¼¸®£® �min� ¨ ¤®±² ²®·®

¬ «®£® v, ª ª ¨ ¢»¸¥. � ª®¥¶, ³²¢¥°¦¤¥¨¥ (i) ±«¥¤³¥² ¨§ (13) ¨ (14).
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� «¥¥, ±«¥¤³¾¹¥¥ ³²¢¥¦¤¥¨¥ ®·¥¢¨¤® (±°. (7)) ¤«¿ ª ¦¤®£® ¶¥«®£®

T � r,

PfR j=min Ag = P (fR j= Ag
r\

j=1

fR j= Ajg) � P (fR j= Ag
T\
j=1

fR j= Ajg);

¨ ±«¥¤®¢ ²¥«¼®, PfR j=min Ag � Pa := PfR j= Ag �
P

T

j=1 (�1)
j�1

Sj .

�³±²¼ T = vr, £¤¥ 0 < v < 1. �®£¤ , Pa = O(e�a) ¨ ³²¢¥°¦¤¥¨¥ (ii)

±«¥¤³¥² ¨§ «¥¬¬» 1, ª ª ¨ ¢»¸¥.

�·¥¢¨¤®, ¤«¿ ®²®¸¥¨¿ R, fR j=min Ag � fN(U) = 0g ¨ ±«¥¤®¢ -
²¥«¼®,

PfR j=min Ag = PfR j=min A=N(U) = 0g � PfR j=min Ag: (15)

�°¨¬¥¥¨¥ ²¥®°¥¬ 1, 3 ¨ (15) § ¢¥°¸ ¥² ¤®ª § ²¥«¼±²¢® ²¥®°¥¬». 2

�®ª § ²¥«¼±²¢® ®¶¥ª¨ (3). �³±²¼ f(x) := x
Q
r

k=1(1�x
�k), 0 < x < 1.

�®£¤  f(x) ¥¯°¥°»¢ ¿ ¨ ¢®£³² ¿   [0; 1], f(0) = f(1) = 0, ¨ § ·¨²
¨¬¥¥² ¥¤¨±²¢¥³¾ ²®·ª³ ¬ ª±¨¬³¬  0 < x0 < 1. � ¯®¬®¹¼¾ ¥±«®¦-
»µ ¢»·¨±«¥¨© x0 ¬®¦¥² ¡»²¼  ©¤¥  ¨§ ±«¥¤³¾¹¥£® ³° ¢¥¨¿

rX
k=1

�kx
�k

0 =(1 � x
�k

0 ) = 1; (16)

¨ ±«¥¤®¢ ²¥«¼®, �:=(x
��min

0 � 1) � 1 � �:=(x
��max

0 � 1). �²±¾¤  ¢»²¥-
ª ¥², ·²® �min � �� � �max ¨ x0 = (�: + 1)1=��. � «¥¥, ¯°¨¬¥¿¿ ¯°¥¤¯®«®-
¦¥¨¥,  µ®¤¨¬

lnx0 � ln(1 + �:)=�min = o(a): (17)

�§ (12) ¨ (16) ±«¥¤³¥², ·²®

ln
rY

k=1

(1�x�k ) � �1=�min

rX
k=1

�kx
�k

0 =(1�x
�k

0 ) = �1=�min = o(a) > �a: (18)

� ¤°³£®© ±²®°®», ¨§ (12) ¨ (16)

ln
rY

k=1

(1� x
�k) � �(1 � x

�min

0 )=�min

rX
k=1

�kx
�k

0 =(1� x
�k

0 ) = �(1� x
�min

0 )=�max:

(19)
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�² ª, ²¥®°¥¬  1(i), (17) ¨ (18) ¯®§¢®«¿¾² ¯®«³·¨²¼, ·²® ¤«¿ ¢±¥µ ¯®-

«®¦¨²¥«¼»µ � ¨  P
as

max(a) := x0
Q
r

k=1(1 � x
�k

0 ) � expfo(a)g > e
�a, ¨

±«¥¤®¢ ²¥«¼®, Pmax(a) = P
as

max(a)(1 + o(1)), ·²® § ¢¥°¸ ¥² ¤®ª § ²¥«¼-
±²¢® 2

�®ª § ²¥«¼±²¢® (4). �® ®¯°¥¤¥«¥¨¾ � = M2�a(r), ¨ je�� �

e
�m22�a(r)�1j = O(m2�a(r)) = O(m2�(1+�)a=2) ° ¢®¬¥°® r � 1 ¨m � 1.

�°¨¬¥¿¿ ²¥®°¥¬³ 1(i), ¯®«³· ¥¬

Pf�m � rg � e
�m22�a(r)�1 = O(m2�(1+�)a=2) (20)

° ¢®¬¥°® ¯® r � 1;m � 1, ®²ª³¤  ¨ ±«¥¤³¥² ³²¢¥°¦¤¥¨¥. 2

�®ª § ²¥«¼±²¢® ¯°¥¤«®¦¥¨¿ 1. �³±²¼ r0  ²³° «¼®¥ ² ª®¥, ·²®
m
�2 lnm � 2�r0d � 4m�2 lnm. �®£¤  r0 � 1, r0 = O(lnm), ¨

dTV (L(�m);L(X̂m)) �
1X

r=r0

jPf�m � rg � PfX̂m � rgj+ PfX̂m � r0g =

= O(m2�(1+�)r0d=2 + e
�m22�r0d�1) = O

�
(lnm)(1+�)=2m�� + 1=m

�

¯°¨ m!1, ¨ ³²¢¥°¦¤¥¨¥ (i) ±«¥¤³¥².

�«¿ ±°¥¤¥£® § ·¥¨¿, § ¬¥²¨¬, ·²® ¤«¿ ¶¥«®·¨±«¥»µ �m ¨ X̂m

jE�m � EX̂mj �

�
1X

r=r0

jPf�m � rg � PfX̂m � rgj+
X
r<r0

PfX̂m � r0g+ r0Pf�m � r0g �

� O
�
(lnm)(1+�)=2m��

�
+ r0(Pf�m � r0g � PfX̂m � r0g) + O(r0PfX̂m � r0g) =

= O
�
(lnm)(1+�)=2m�� + (lnm)(3+�)=2m�� + lnm=m

�
= O

�
(lnm)(3+�)=2m��

�

¯°¨ m ! 1, £¤¥ r0, ª ª ¨ ¯°¨ ¤®ª § ²¥«¼±²¢¥ (i). �® ®¯°¥¤¥«¥¨¾,

0 � EX̂m � 1=d (mg=ln 2 + 2 log2m � 1) � 1. �°¨¬¥¿¿   «®£¨·»¥
° ±±³¦¤¥¨¿ ¤«¿ k-¬®¬¥²®¢ E�k

m
; k � 2,

jE�k
m
� EX̂

k

m
j = O

�
(lnm)(2k+1+�)=2m��

�
¯°¨ m!1;

·²® § ¢¥°¸ ¥² ¤®ª § ²¥«¼±²¢®. 2
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� ª«¾·¥¨¥

� ±±¬®²°¥ ¸¨°®ª¨© ª« ±± ±²®µ ±²¨·¥±ª¨µ ¬®¤¥«¥© ¤«¿ ¡ § ¤ »µ.

�¢®©±²¢  ª«¾·¥¢»µ ±¨±²¥¬ ¨ ´³ª¶¨® «¼»µ § ¢¨±¨¬®±²¥© ¢ ±²®µ -
±²¨·¥±ª¨µ ¡ § µ ¤ »µ ¨±±«¥¤®¢ » ¤«¿ ¯®¤µ®¤  ¢ ±°¥¤¥¬. � ±° ¢-

¥¨¨ ± ¯®¤µ®¤®¬ ¯®  ¨µ³¤¸¥¬³ ±«³· ¾, ½ª±¯®¥¶¨ «¼»© ° §¬¥° ±¨-

±²¥¬» ¬¨¨¬ «¼»µ ª«¾·¥© ¤«¿ ¯®¤µ®¤  ¢ ±°¥¤¥¬ ¬ «®¢¥°®¿²¥. �«¿

¥±ª®«¼ª¨µ ±²®µ ±²¨·¥±ª¨µ ¬®¤¥«¥© ¯®«³·¥® ¯³ ±±®®¢±ª®¥ ¯°¨¡«¨¦¥-

¨¥ ®±®¢»µ µ ° ª²¥°¨±²¨ª  ¨¡®«¥¥ ¢¥°®¿²»µ ª«¾·¥¢»µ ª ¤¨¤ ²®¢

·¥°¥§ ±®®²¢¥±²¢³¾¹¨¥ ½²°®¯¨¨ �¥¼¨. �°¥¤«®¦¥»© ®¡¹¨© ¬¥²®¤

  «¨§  ®±®¢»¢ ¥²±¿   ¢¥°®¿²®±²»µ ¨ ²¥®°¥²¨ª®-¨´®°¬ ¶¨®»µ

°¥§³«¼² ² µ. � ª ·¥±²¢¥ ¯¥°¢®£® ¥¡µ®¤¨¬®£® ¸ £  ¤«¿ ¤ «¼¥©¸¥£®

±² ²¨±²¨·¥±ª®£®   «¨§ , ¨±±«¥¤®¢ » ¥±ª®«¼ª® ¢¥°®¿²®±²»µ ¬®-
¤¥«¥© ¤«¿ ±«³· ©»µ ² ¡«¨¶ ¨ ®²®¸¥¨©. �¡¹ ¿ ±µ¥¬  ¤«¿ ¢®§¬®¦»µ
¤ «¼¥©¸¨µ ¯° ª²¨·¥±ª¨µ ¯°¨¬¥¥¨© ¬®¦¥² ¡»²¼ ±«¥¤³¾¹¥©

(i) ¯®¤¡®° ±®®²¢¥²±²¢³¾¹¥© ±²®µ ±²¨·¥±ª®© ¬®¤¥«¨;

(ii) ®¶¥ª  ¯ ° ¬¥²°®¢ ¬®¤¥«¨ ¯® ¡ §¥ ¤ »µ;

(iii)  ¯¯°®ª±¨¬ ¶¨¿ ¨   «¨§ µ ° ª²¥°¨±²¨ª ª«¾·¥¢®© ±¨±²¥¬».
�®¬¨¬® ° ±±¬®²°¥»µ ¤¨±ª°¥²»µ ° ±¯°¥¤¥«¥¨©, ¬®£³² ¨±¯®«¼-

§®¢ ²¼±¿ ² ª¦¥ ¬ °ª®¢±ª ¿ ¬®¤¥«¼ ¤«¿ ±²®µ ±²¨·¥±ª¨µ § ¢¨±¨¬®±²¥© ¨
±®®²¢¥²±²¢³¾¹¨¥ ¬®£®¬¥°»¥ ®°¬ «¼»¥ ¯°¨¡«¨¦¥¨¿ ¤«¿ ¤¨±ª°¥²-

»µ ° ±¯°¥¤¥«¥¨©. �«¿ ®¶¥ª¨ ¯ ° ¬¥²°®¢ ®°¬ «¼»µ ° ±¯°¥¤¥«¥¨©
¯® ¡ §¥ ¤ »µ ¬®£³² ¡»²¼ ¯°¨¬¥¥» µ®°®¸® ¨§¢¥±²»¥ ¬¥²®¤» (±¬.,
 ¯°¨¬¥°, [3]).
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