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� ° ¡®²¥ ¯®ª § ­®, ª ª PL- «£®°¨²¬ [1], [2], [3] ¬®¦­® ¯°¨¬¥­¨²¼

ª ¯°®¡«¥¬¥ ¯®¨±ª  ¬®¤¥«¨ ¤ ­­®£® ª®­¥·­®£® ¬­®¦¥±²¢  ¤¨§º-

¾­ª¶¨©.

�³±²¼ F - ¯°®¨§¢®«¼­®¥ ¬­®¦¥±²¢® ¯°®¯®§¨¶¨®­ «¼­»µ ¤¨§º¾­ª¶¨©

A1 _ ::: _ An, £¤¥ ª ¦¤®¥ Ai - ¯°®¯®§¨¶¨®­ «¼­ ¿ ¡³ª¢ , ¥¥ ®²°¨¶ ­¨¥,

±¨¬¢®« > ("¨±²¨­ ") ¨«¨ ±¨¬¢®« ? ("«®¦¼"). � ¸  § ¤ ·  ±«¥¤³¾¹ ¿:

(1) � ©²¨ µ®²¿ ¡» ®¤­³ ¬®¤¥«¼ (¥±«¨ ®­  ±³¹¥±²¢³¥²) ¤ ­­®£® ª®­¥·-

­®£® ¬­®¦¥±²¢  ¤¨§º¾­ª¶¨© F .

�³±²¼ p - ­¥ª®²®° ¿ ¯°®¯®§¨¶¨®­ «¼­ ¿ ¡³ª¢ . �­®¦¥±²¢® F ¡³¤¥¬

®¡®§­ · ²¼ ·¥°¥§ F (p). � PL- «£®°¨²¬¥ ®±­®¢­³¾ °®«¼ ¨£° ¾² ±«¥¤³¾-

¹¨¥ «®£¨·¥±ª¨¥ ½ª¢¨¢ «¥­¶¨¨1

(2) (i) F (p) ` p() F (?) ` ?; (ii) F (p) ` :p() F (>) ` ?

(3) F ; A1_A2_:::_Ak ` ? () F ` :A1 ¨ F ` :A2 ¨:::¨ F ` Ak;

F - ¬­®¦¥±²¢® ´®°¬³«, Ai - ´®°¬³«».

(4) F ; ? ` ? () ` >;

²® ¥±²¼ ±¯° ¢¥¤«¨¢  «¾¡ ¿ ±¥ª¢¥­¶¨¿ ¢¨¤  F ; ? ` ?.

�¥°¥§ PLdis ®¡®§­ ·¨¬  «£®°¨²¬, ± ¯®¬®¹¼¾ ª®²®°®£® ¡³¤¥¬ °¥¸ ²¼

¢®¯°®± ¢¨¤  (1). �±­®¢­ ¿ ¨¤¥¿ ½²®£®  «£®°¨²¬  ±®±²®¨² ¢ ¯°¨¬¥­¥­¨¨

±«¥¤³¾¹¥£® ´ ª² :

1�®ª § ²¥«¼±²¢  ½²¨µ ½ª¢¨¢ «¥­¶¨© ±¬. ¢ [1, �¥¬¬» 1, 2]
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�­®¦¥±²¢® F ¨¬¥¥² ¬®¤¥«¼ ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤  ±¥-

ª¢¥­¶¨¿ F ` ? «®¦­ .

PLdis- «£®°¨²¬ ¢ª«¾· ¥² ¢ ±¥¡¿ PL- «£®°¨²¬,   ² ª¦¥ ±«¥¤³¾¹¥¥

¯° ¢¨«®

(�) �°¨ ¯°¨¬¥­¥­¨¨ (2) ª ±¥ª¢¥­¶¨¨ ¢¨¤  F ` p ¨«¨ F ` :p, ¢

±«³· ¥,

ª®£¤  ­¥ ¯®«³· ¥¬ ±¥ª¢¥­¶¨¾ ¢¨¤  G, ? ` ?, £¤¥ G { ­¥ª®-

²®°®¥ ¬­®¦¥±²¢® ¤¨§º¾­ª¶¨©, ±¤¥« ¥¬ ±«¥¤³¾¹¥¥:

� ¯®¬­¨¬ §­ ·¥­¨¥ ¡³ª¢» p. � ±«³· ¥ (i) { ½²® ?,   ¢ ±«³-

· ¥ (ii) { ½²® >. � ±«³· ¥, ¥±«¨ p ³¦¥ ¯®«³·¨«® ­¥ª®²®°®¥

§­ ·¥­¨¥, ±² °®¥ §­ ·¥­¨¥ § ¬¥­¨¬ ­®¢»¬.

�¥¯¥°¼ ª®°®²ª® ®¯¨¸¥¬ PLdis- «£®°¨²¬:

�  ­ · «¼­®¬ ¸ £¥ ° ±±¬®²°¨¬ ±¥ª¢¥­¶¨¾ F ` ?, ¢®§¼¬¥¬

®¤­³ ¤¨§º¾­ª¶¨¾ ¨§ F ¨ ¯°¨¬¥­¨¬ (3). �®±«¥ ½²®£® ¢®±¯®«¼-

§³¥¬±¿ PL- «£®°¨²¬®¬, ².¥. ½ª¢¨¢ «¥­¶¨¿¬¨ ¢¨¤  (2), (3), (4),

¨ ¢±¥£¤  ¯°¨ ¯°¨¬¥­¥­¨¨ ½ª¢¨¢ «¥­¶¨¨ ¢¨¤  (2) ¯°¨¬¥­¿¥¬

² ª¦¥ ¯° ¢¨«® (�).

� °¥§³«¼² ²¥ ¬» ¬®¦¥¬ ¯®«³·¨²¼ ®¤­³ ¨§ ±¥ª¢¥­¶¨©: 1) `

>; 2) ` ?. � ¯¥°¢®¬ ±«³· ¥ § ª«¾· ¥¬, ·²® ­ · «¼­®¥

¬­®¦¥±²¢® F ­¥ ¨¬¥¥² ¬®¤¥«¨,   ¢® ¢²®°®¬ (·²® ¬» ¤®ª ¦¥¬

¯®§¦¥):

(5) �­®¦¥±²¢® F ¨¬¥¥² ¬®¤¥«¼, ®¯°¥¤¥«¥­­³¾ §­ ·¥­¨¿¬¨ ¯°®¯®§¨-

¶¨®­ «¼­»µ ¡³ª¢, ¯®«³·¥­­»¬¨ ¢ ²¥·¥­¨¥ ° ¡®²»  «£®°¨²¬ .

�¥¯¥°¼ ¯°¨¢¥¤¥¬ ­¥±ª®«¼ª® ¯°¨¬¥°®¢.

�°¨¬¥° 1. � ©²¨ µ®²¿ ¡» ®¤­³ ¬®¤¥«¼ ¬­®¦¥±²¢  ¤¨§º¾­ª¶¨© a;:a.

�¥¸¥­¨¥. �¬¥¥¬ ±«¥¤³¾¹³¾ ¶¥¯¼ ½ª¢¨¢ «¥­¶¨©

a;:a ` ?

() :a ` :a (�§¿«¨ ¤¨§º¾­ª¶¨¾ a ¨ ¯°¨¬¥­¨«¨ (3))

() ? ` ? (�® (2))

() ` > (�® (4))

� ª«¾·¥­¨¥: ¬­®¦¥±²¢® fa;:ag ­¥ ¨¬¥¥² ¬®¤¥«¨.

�°¨¬¥° 2. � ©²¨ µ®²¿ ¡» ®¤­³ ¬®¤¥«¼ ¤ ­­®£® ¬­®¦¥±²¢  F :
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1) a; 2) a _ b; 3) a _ :b; :b _ c; :c; :a _ b

�¥¸¥­¨¥. 1). �¬¥¥¬ ±«¥¤³¾¹³¾ ¶¥¯¼ ½ª¢¨¢ «¥­¶¨©

a ` ? () ` :a (¯® (3))

() ` ? (¯® (2) (ii); a ¯®«³·¨«® §­ ·¥­¨¥ >)

� ª«¾·¥­¨¥: ¢ ±¨«³ (5) ¬­®¦¥±²¢® F ¨¬¥¥² ¬®¤¥«¼, ¢ ª®²®°®© a

¨¬¥¥² §­ ·¥­¨¥ >, ·²® ¡³¤¥¬ § ¯¨±»¢ ²¼ ² ª¦¥ ±«¥¤³¾¹¨¬ ®¡° §®¬:

� (a) = >. �®®¡¹¥, ¢¯°¥¤¼ ·¥°¥§ � ¡³¤¥¬ ®¡®§­ · ²¼ ¨±ª®¬³¾ ¬®¤¥«¼.

2) �¬¥¥¬ ±«¥¤³¾¹³¾ ¶¥¯¼ ½ª¢¨¢ «¥­¶¨©

a _ b ` ? () ` :a ¨ ` :b (¯® (3))

�®«³·¨«¨ ª®­º¾­ª¶¨¾ A1 ¨ A2 ¤¢³µ ±¥ª¢¥­¶¨© A1 : ` :a; A2 : `

:b. �¥¯¥°¼ ¡³¤¥¬ "¢»·¨±«¿²¼" A1. �¬¥¥¬ ±«¥¤³¾¹³¾ ¶¥¯¼ ½ª¢¨¢ «¥­¶¨©

A1 () ` ? (¯® (2), a ¯®«³·¨«® §­ ·¥­¨¥ >, ².¥. � (a) = >.)

�­ ·¨², ±¥ª¢¥­¶¨¿ A1 «®¦­ . �«¥¤®¢ ²¥«¼­®, ª®­º¾­ª¶¨¿ A1 ¨ A2

² ª¦¥ «®¦­ . �«¥¤®¢ ²¥«¼­®, ¨ ­ · «¼­ ¿ ±¥ª¢¥­¶¨¿ «®¦­ .2

� ª«¾·¥­¨¥: ±¥ª¢¥­¶¨¿ a _ b ` ? «®¦­  ¯°¨ � (a) = >. �­»¬¨ ±«®-

¢ ¬¨, ®¤­  ¬®¤¥«¼ � ®¯°¥¤¥«¥­ : � (a) = >, � (b) { ¯°®¨§¢®«¼­®¥. � ± ¬®¬

¤¥«¥:

� ±¨«³ ½ª¢¨¢ «¥­¶¨¨ F ` ? () A1 () ` ? (¯°¨ � (a) = >)

¯®«³· ¥¬ ½ª¢¨¢ «¥­¶¨¾ F ` ? () ` ? ¯°¨ � (a) = >, ·²® ®§­ · ¥²,

·²® ³±«®¢¨¥¬ � (a) = > ®¯°¥¤¥«¥­  ®¤­  ¬®¤¥«¼ ¤«¿ F .

3) �¬¥¥¬ ±«¥¤³¾¹³¾ ¶¥¯¼ ½ª¢¨¢ «¥­¶¨©

a _ :b; :b _ c; :c; :a _ b ` ?

() :b _ c; :c; :a _ b ` :a ¨ :b _ c; :c; :a _ b ` b

() b; :b _ c; :c ` ? (¯® (2), � (a) = >) ¨ :a;:c ` ? (¯®

(2), � (b) = ?)

() A1 ` ? ¨ A2 ` ?;

£¤¥ A1 ¥±²¼ b; :b _ c; :c ¨ A2 ¥±²¼ :a;:c

�¥¯¥°¼ "¢»·¨±«¿¥¬" A1 ` ?:

A1 ` ? () :b _ c; :c ` :b (¯® (3))

() c; :c ` ? (¯® (2), � (b) = >)

() :c ` :c (¯® (3))

() ? ` ? (¯® (2))

() ` >

2�®®¡¹¥, ¥±«¨ ­ · «¼­ ¿ ±¥ª¢¥­¶¨¿ F ` ? ½ª¢¨¢ «¥­²­  ­¥ª®²®°®© ª®­º¾­ª¶¨¨

A1 ¨ A2 ¨ ... ¨ Ak, £¤¥ A1 { «®¦­ ¿ ±¥ª¢¥­¶¨¿, ²® ±¥ª¢¥­¶¨¿ F ` ? ²®¦¥ «®¦­ , ¨

 «£®°¨²¬ § ¢¥°¸ ¥² ° ¡®²³.
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�«¥¤®¢ ²¥«¼­®, ±¥ª¢¥­¶¨¿ A1 ` ? ¨±²¨­­ . �® ½²®© ¯°¨·¨­¥ ¬»

¤®«¦­» "¢»·¨±«¨²¼" A2 ` ? ²®¦¥. �¬¥¥¬ ±«¥¤³¾¹³¾ ¶¥¯¼ ½ª¢¨¢ «¥­-

¶¨©

A2 ` ? () :c ` a (¯® (3))

() :c ` ? (¯® (2), � (a) = ?. �²® ­®¢®¥ §­ ·¥­¨¥ ¤«¿ a)

() ` c (¯® (3))

() ` ? (¯® (2), � (c) = ?)

�«¿ a; b; c ¯®«³·¨«¨ §­ ·¥­¨¿: � (a) = ?; � (b) = ?; � (c) = ?. �¥£ª®

¯°®¢¥°¨²¼, ·²® ²¥¬ ± ¬»¬ ¬» ¯®«³·¨«¨ ®¤­³ ¬®¤¥«¼ ¤«¿ F . �²® ³²¢¥°-

¦¤¥­¨¥ ±®£« ±³¥²±¿ ± (5), ­® (5) ¬» ¥¹¥ ­¥ ¤®ª § «¨. �°¨¢¥¤¥¬ ²¥¯¥°¼

½²® ¤®ª § ²¥«¼±²¢®:

�®ª § ²¥«¼±²¢® ³²¢¥°¦¤¥­¨¿ (5). �°¥¤¯®«®¦¨¬, ·²® ¤«¿ ¬­®¦¥-

±²¢  F ¯®±°¥¤±²¢®¬ PLdis- «£®°¨²¬  ¤®ª § ­®, ·²® ±¥ª¢¥­¶¨¿ F ` ?

«®¦­ , ².¥. ·²® ¢¥°­  ½ª¢¨¢ «¥­¶¨¿ F ` ? ()` ?. �¡®§­ ·¨¬ ·¥°¥§

n ·¨±«® ¢±¥µ ¯°®¯®§¨¶¨®­ «¼­»µ ¡³ª¢, ¢µ®¤¿¹¨µ ¢ ½«¥¬¥­²» ¬­®¦¥±²¢ 

F . �®ª § ²¥«¼±²¢® ¡³¤¥² ¨­¤³ª¶¨¥© ¯® n. �±«¨ n = 1, ²® ±¥ª¢¥­¶¨¿

F ` ? ¤®«¦­  ¡»²¼ ¢¨¤  p ` ? ¨«¨ :p ` ?, ¨ ²®£¤  (5), ®·¥¢¨¤­®, ¢¥°­®.

�³±²¼ n > 1. �³¤¥¬ ¨±¯®«¼§®¢ ²¼ ±«¥¤³¾¹¥¥ ®¡®§­ ·¥­¨¥: p�, £¤¥

� 2 f>;?g ®§­ · ¥² p, ¥±«¨ � = > ¨ :p, ¥±«¨ � = ? ±®®²¢¥²±²¢¥­­®.

�«¥¤³¿ PLdis- «£®°¨²¬³, ­  ¯¥°¢®¬ ¸ £¥ ¢ ¬­®¦¥±²¢¥ F ¢»¡¨° ¥¬ ­¥-

ª®²®°³¾ ¤¨§º¾­ª¶¨¾. � ±¢¿§¨ ± ½²¨¬ ¯°¥¤¯®«®¦¨¬, ·²® F ¨¬¥¥² ±«¥-

¤³¾¹¨© ¢¨¤: G(p1; :::; pk); p�11 _ ::: _ p
�k

k
(½²® ¡³¤¥¬ ®¡®§­ · ²¼ ² ª¦¥

F (p1; :::; pk)). �®£¤ , ¯°¨¬¥­¿¿ (3), ¯®«³·¨¬ ½ª¢¨¢ «¥­¶¨¾

F (p1; :::; pk) ` ? () G(p1; :::; pk) ` p:�11 ¨ ... ¨ G(p1; :::; pk) ` p
:�k

k
.

�®±ª®«¼ª³ F ` ? { «®¦­ ¿ ±¥ª¢¥­¶¨¿, ²® ¯® PLdis- «£®°¨²¬³ ¯®«³-

·¨¬ (¯¥°¢³¾) ±¥ª¢¥­¶¨¾ ¢¨¤  G(p1; :::; pk) ` p:�i

i
, ª®²®° ¿ «®¦­ . �«¥-

¤®¢ ²¥«¼­®, ¨¬¥¥¬ ½ª¢¨¢ «¥­¶¨¾

F (p1; :::; pk) ` ? () G(p1; :::; pk) ` p:�i

i
:

�  ±«¥¤³¾¹¥¬ ¸ £¥ ¯°¨¬¥­¨¬ (2) ¨ ¯®«³·¨¬

F (p1; :::; pk) ` ? () G(p1; :::; pi�1; �i; pi+1; :::; pk) ` ?;

¨ ²®£¤  pi ¯®«³·¨² §­ ·¥­¨¥ �i, ª®²®°®¥ ¢ ¤ «¼­¥©¸¥¬ ¯® µ®¤³ ¢»-

¯®«­¥­¨¿  «£®°¨²¬  ­¥ ¬®¦¥² ¡»²¼ ¨§¬¥­¥­® (¨¡® pi ­¥ ¢µ®¤¨² ¢

G(p1; :::; pi�1; �i; pi+1; :::; pk)).
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�¥¯¥°¼ ¯°¨¬¥­¨¬ ¨­¤³ª¶¨®­­®¥ ¯°¥¤¯®«®¦¥­¨¥ ª ¯° ¢®© · ±²¨ ½²®©

½ª¢¨¢ «¥­¶¨¨. �¥°¥§ �F; �G ®¡®§­ ·¨¬ ª®­º¾­ª¶¨¾ ¢±¥µ ´®°¬³« ¢ F ¨ G

±®®²¢¥²±²¢¥­­®. �®£¤  ±³¹¥±²¢³¥² � - §­ ·¥­¨¥ ¢±¥µ ¯°®¯®§¨¶¨®­ «¼­»µ

¡³ª¢ ¨§ F , ª°®¬¥ p
i
, ² ª ·²® ° ¢¥­±²¢®

(�) � ( �G(� (p1); :::; � (pi�1); �; � (pi+1); :::; � (pk)) = >

¢»¯®«­¥­®. �®, ± ¤°³£®© ±²®°®­» ¯®±ª®«¼ª³ F (p1; :::; pk) ­  ± ¬®¬ ¤¥«¥

¥±²¼ G(p1; :::; pk); p
�1

1 _ :::_ p
�k

k
, ²® ´®°¬³«» �F (p1; :::; pi�1; �i; pi+1; :::; pk)),

�G(p1; :::; pi�1; �i; pi+1; :::; pk)) «®£¨·¥±ª¨ ½ª¢¨¢ «¥­²­». �«¥¤®¢ ²¥«¼­®, ¯®

(�) ¯®«³·¨¬ ° ¢¥­±²¢®

� ( �F (� (p1); :::; � (pi�1); �; � (pi+1); :::; � (pk)) = >;

·²® ®§­ · ¥², ·²® � , ¤®¯®«­¥­­®¥ ±®®²­®¸¥­¨¥¬ � (pi) = >, ¤ ¥² ¨±ª®¬³¾

¤«¿ ¬­®¦¥±²¢  F . �®ª § ²¥«¼±²¢® § ª®­·¥­®.
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