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�§³· ¥²±¿ ±²°®¥¨¥ £°³¯¯»  ¢²®¬®°´¨§¬®¢ ±¨«¼® ±¢¿§®£®  ¢-

²®¬ ²  ¢ ²¥°¬¨ µ ¥£® ¯®¤£°³¯¯». �®ª §»¢ ¥²±¿ ²¥®°¥¬  ® ¯°¥¤-

±² ¢«¥¨¨ ±·¥²»µ £°³¯¯ £°³¯¯ ¬¨  ¢²®¬®°´¨§¬®¢ ±¨«¼® ±¢¿§-

»µ ¯¥°¥±² ®¢®·»µ  ¢²®¬ ²®¢.

1. �¢¥¤¥¨¥

�®¤  ¢²®¬ ²®¬ A ¬» ¡³¤¥¬ ¨¬¥²¼ ¢ ¢¨¤³  ¢²®¬ ² ¡¥§ ¢»µ®¤®¢, ².¥.

²°®©ª³ (XA; SA; �A), £¤¥ XA - ¢µ®¤®©  «´ ¢¨², SA - ¢³²°¥¨©  «´ -

¢¨², XA � SA
�A
�! SA - ´³ª¶¨¿ ¯¥°¥µ®¤®¢. �°¥®¡° §®¢ ¨¥ �

(x)
A ; x 2 XA

¢³²°¥¥£®  «´ ¢¨²  s�
(x)
A = �A(x; s); s 2 SA  §»¢ ¥²±¿ · ±²¨·®©

´³ª¶¨¥© ¯¥°¥µ®¤®¢. �¥°¥§ �(M) ¬» ¡³¤¥¬ ®¡®§ · ²¼ ±¨¬¬¥²°¨·¥-

±ª³¾ £°³¯¯³ ¬®¦¥±²¢ M ,   ·¥°¥§ �(M) - ±¨¬¬¥²°¨·¥±ª³¾ ¯®«³£°³¯¯³

½²®£® ¬®¦¥±²¢ . �®¤¯®«³£°³¯¯  GA, ¯®°®¦¤¥ ¿ ¢ �(SA) ¬®¦¥±²¢®¬


A ¢±¥µ · ±²¨·»µ ´³ª¶¨© ¯¥°¥µ®¤®¢,  §»¢ ¥²±¿ ¯®«³£°³¯¯®©  ¢²®-

¬ ²  A. �±«¨ �
(x)
A ; x 2 XA - ¡¨¥ª²¨¢»¥ ¯°¥®¡° §®¢ ¨¿, ²®  ¢²®¬ ²

A  §»¢ ¥²±¿ ¯¥°¥±² ®¢®·»¬. � ±«³· ¥ ¯¥°¥±² ®¢®·®£®  ¢²®¬ ² 

A ¥£® ¯®«³£°³¯¯  ¿¢«¿¥²±¿ £°³¯¯®© ¨  §»¢ ¥²±¿ £°³¯¯®©  ¢²®¬ ²  A.

�¢²®¬ ² A  §»¢ ¥²±¿ ±¨«¼® ±¢¿§»¬, ¥±«¨ GA - ²° §¨²¨¢ ¿ ¯®«³-

£°³¯¯  ¯°¥®¡° §®¢ ¨©.

�³¤¥¬  §»¢ ²¼  ¢²®¬ ² A ¢¯®«¥ ¥ ¢²®®¬»¬, ¥±«¨ ¨§ x 6= x0

±«¥¤³¥² �
(x)
A 6= �

(x0)
A .

�¢²®¬®°´¨§¬®¬  ¢²®¬ ²  A  §»¢ ¥²±¿ ¯ °  'A = ('XA
; 'SA) ¯®¤-

±² ®¢®ª, £¤¥ 'XA
{ ¯®¤±² ®¢ª  ¢µ®¤®£®  «´ ¢¨² ,   'SA - ¯®¤±² ®¢ª 
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¢³²°¥¥£®  «´ ¢¨² , ³¤®¢«¥²¢®°¿¾¹ ¿ ²®¦¤¥±²¢³:

�A(x
'XA ; s'SA ) = (�A(x; s))

'SA (1)

�®¦® ±¬®²°¥²¼   'A ª ª   ½«¥¬¥² £°³¯¯» �(XA)��(SA) ± ª®¬-

¯®¥² ¬¨ 'XA
¨ 'SA ±®®²¢¥²±²¢¥® ¢ ¯°¿¬»µ ¬®¦¨²¥«¿µ �(XA) ¨

�(SA). �®£¤  ¬®¦¥±²¢® AutA ¢±¥µ  ¢²®¬®°´¨§¬®¢  ¢²®¬ ²  A ¿¢«¿-

¥²±¿ ¯®¤£°³¯¯®© £°³¯¯» �(XA) � �(SA). �» ¡³¤¥¬  §»¢ ²¼ £°³¯¯³

AutA £°³¯¯®©  ¢²®¬®°´¨§¬®¢  ¢²®¬ ²  A,   «¾¡³¾ ¯®¤£°³¯¯³ £°³¯¯»

AutA - ¯®¤£°³¯¯®©  ¢²®¬®°´¨§¬®¢  ¢²®¬ ²  A. �°³¯¯»  ¢²®¬®°´¨§¬®¢

 ¢²®¬ ²®¢ ¨£° ¾² ¨§¢¥±²³¾ °®«¼ ¢ ¢®¯°®± µ ª« ±±¨´¨ª ¶¨¨  ¢²®¬ -

²®¢.

� [1]-[3] ¨§³· « ±¼ ¯®¤£°³¯¯   ¢²®¬®°´¨§¬®¢ AutA\�(SA) ª®¥·®£®

±¨«¼® ±¢¿§®£®  ¢²®¬ ²  A. �°¨ ½²®¬ ¢ [2]-[3] ¯°¥¤¯®« £ «®±¼, ·²® XA

- ¯®«³£°³¯¯ .

� ±²®¿¹ ¿ ±² ²¼¿ ±®±²®¨² ¨§ ·¥²»°¥µ ° §¤¥«®¢.

� ° §¤¥«¥ 1 £°³¯¯»  ¢²®¬®°´¨§¬®¢  ¢²®¬ ²®¢ ±¢®¤¿²±¿ ª £°³¯¯ ¬

 ¢²®¬®°´¨§¬®¢ ¢¯®«¥ ¥ ¢²®®¬»µ  ¢²®¬ ²®¢. �°¨ ½²®¬ ±¨«¼ ¿

±¢¿§®±²¼  ¢²®¬ ²  ±®µ° ¿¥²±¿.

� ° §¤¥«¥ 2 ¤«¿ ¢¯®«¥ ¥ ¢²®®¬®£® ±¨«¼® ±¢¿§®£®  ¢²®¬ ²  A

®¯¨±»¢ ¥²±¿ ±²°®¥¨¥ AutA ¯³²¥¬ ³±² ®¢«¥¨¿ ¥£® ±¢¿§¨ ± ¯®«³£°³¯-

¯®© GA ¨ ¥¥ £°³¯¯®©  ¢²®¬®°´¨§¬®¢ AutGA.

� ° §¤¥«¥ 3 ±²°®¥¨¥ AutA ±³¹¥±²¢¥® ³¯°®¹ ¥²±¿ ¢ ±«³· ¥ ¢¯®«¥

¥ ¢²®®¬®£® ±¨«¼® ±¢¿§®£® ¯¥°¥±² ®¢®·®£®  ¢²®¬ ²  A. �¤¥±¼

®® ±¢¿§ ® ± £°³¯¯®© GA ¨ ¥¥ £°³¯¯®©  ¢²®¬®°´¨§¬®¢ AutGA.

� ° §¤¥«¥ 4 ¤®ª §»¢ ¥²±¿, ·²® «¾¡ ¿ ±·¥² ¿ £°³¯¯  H ¨§®¬®°´ 

£°³¯¯¥  ¢²®¬®°´¨§¬®¢ ¥ª®²®°®£® ª®¥·®£® ¢¯®«¥ ¥ ¢²®®¬®£®

±¨«¼® ±¢¿§®£® ¯¥°¥±² ®¢®·®£®  ¢²®¬ ²  A. �°¨ ½²®¬ ³±²  ¢«¨-

¢ ¥²±¿ ±¢¿§¼ ¬¥¦¤³ ·¨±«®¬ ®¡° §³¾¹¨µ £°³¯¯» H ¨ jXAj ¢ ²®¬ ±«³· ¥,

ª®£¤  H - ª®¥· ¿ £°³¯¯ .

2. �¥¤³ª¶¨¿ ª ¢¯®«¥ ¥ ¢²®®¬»¬  ¢²®-

¬ ² ¬

�³±²¼ A - ¯°®¨§¢®«¼»©  ¢²®¬ ². �¢¥¤¥¬ ½ª¢¨¢ «¥²®±²¼ �XA

  ¬®¦¥±²¢¥ XA: x � x0 (mod �XA
) ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤ 
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�
(x)
A = �

(x0)
A . �¥£ª® ¢¨¤¥²¼, ·²® �A = (�XA

;�SA), £¤¥ �SA - ½ª¢¨¢ «¥²®±²¼

  SA ± ®¤®½«¥¬¥²»¬¨ ª« ±± ¬¨, ¡³¤¥² ª®£°³½¶¨¥©    ¢²®¬ ²¥ A.

�®«®¦¨¬ A = A=�A. �¯°¥¤¥«¨¬ ½ª¢¨¢ «¥²®±²¼ �X
A
  ¬®¦¥±²¢¥ XA:

²®£¤  ¨ ²®«¼ª® ²®£¤  x�XA � x0�XA (mod �XA
), ª®£¤  jx�XA j = jx0�XA j

(jM j - ¬®¹®±²¼ M). �« ±±» ½ª¢¨¢ «¥²®±²¨ �XA
®¡®§ ·¨¬ ·¥°¥§

M1;M2; : : : ;Md,   ª« ±±» ½ª¢¨¢ «¥²®±²¨ �X
A
·¥°¥§ N1; N2; : : : ; Nt. �·¥-

¢¨¤®, A - ¢¯®«¥ ¥ ¢²®®¬»©  ¢²®¬ ², ¯°¨·¥¬, ¥±«¨ A - ±¨«¼® ±¢¿§-

»©, ²® ¨ A - ±¨«¼® ±¢¿§»©.

�¥®°¥¬  1. �«¿ ¯°®¨§¢®«¼®£®  ¢²®¬ ²  A £°³¯¯  AutA ¿¢«¿¥²±¿

° ±¸¨°¥¨¥¬ £°³¯¯» �(M1)� �(M2)� � � � � �(Md) ¯°¨ ¯®¬®¹¨ £°³¯¯»

AutA \ (�(N1)� �(N2)� � � � � �(Nt)� �(SA)):

�®ª § ²¥«¼±²¢®. �³±²¼ 'A 2 AutA; 'A = ('XA
; 'SA). �¯°¥¤¥«¨¬

¯°¥®¡° §®¢ ¨¥ 'XA=�XA
¬®¦¥±²¢  XA=�XA

:

(x�XA )
'XA=�XA = (x'XA )�XA : (2)

�¯°¥¤¥«¥¨¥ (2) ª®°°¥ª²®, ² ª ª ª ¥ § ¢¨±¨² ®² ¯°¥¤±² ¢¨²¥«¥©

ª« ±±®¢ ½ª¢¨¢ «¥²®±²¨ �XA
. �¥©±²¢¨²¥«¼®, ¥±«¨ x � x0 (mod �XA

),

²® �
(x)
A = �

(x0)
A ¨, ±®£« ±® (1), ¤«¿ «¾¡®£® s 2 SA

�A(x
'XA ; s'SA ) = (�A(x; s))

'SA = (�A(x
0; s))'SA = �A(x

0'XA ; s'SA );

®²ª³¤  �
(x
'XA )

A = �
(x

0'XA )
A , ².¥.

x'XA � x0'XA (mod �XA
):

�®«¼§³¿±¼ (2), ®¯°¥¤¥«¥¨¥¬ �A ¨ ²®¦¤¥±²¢®¬ (1), ¡³¤¥¬ ¨¬¥²¼:

�A((x
�XA)

'XA=�XA ; s'SA ) = �A((x
'XA )�XA ; s'SA ) =

= �A(x
'XA ; s'SA ) = (�A(x; s))

'SA = (�A(x
�XA ; s))'SA :

�«¥¤®¢ ²¥«¼®, ¯®« £ ¿

'A = ('XA=�XA
; 'SA); (3)

¯®«³·¨¬:

'A 2 AutA: (4)
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�¢¨¤³ (2) ¨ (4) ®¯°¥¤¥«¥® ®²®¡° ¦¥¨¥ AutA
�
�! AutA, ¯°¨ ª®²®-

°®¬

'�A = 'A; 'A 2 AutA: (5)

�§ (4) ¨ (5) ±«¥¤³¥²:

'�A �  
�
A = ('XA=�XA

�  XA=�XA
; 'SA �  SA): (6)

� ¤°³£®© ±²®°®», ±®£« ±® (2), (3), (5),

('A �  A)
� = (�XA=�XA

; 'SA �  SA); (7)

£¤¥ ¤«¿ «¾¡®£® x 2 XA

(x�XA )
�XA=�XA = (x'XA� XA )�XA : (8)

�® ¢ ±®®²¢¥²±²¢¨¨ ± (2),

(x'XA � XA )�XA =
�
(x'XA )�XA

� XA=�XA = (x�XA)
'XA=�XA

� XA=�XA :

�®½²®¬³ ¨§ (8) ¯®«³· ¥¬:

�XA=�XA
= 'XA=�XA

�  XA=�XA
: (9)

�°¨¨¬ ¿ ¢® ¢¨¬ ¨¥ (9), § ª«¾· ¥¬   ®±®¢ ¨¨ (7) ¨ (6):

('A �  A)
� = '�A �  

�
A; 'A;  A 2 AutA;

®²ª³¤  ±«¥¤³¥², ·²® � - £®¬®¬®°´¨§¬ £°³¯¯» AutA ¢ £°³¯¯³ AutA.

� ª¨¬ ®¡° §®¬, ¯® ²¥®°¥¬¥ ® £®¬®¬®°´¨§¬¥ £°³¯¯, £°³¯¯  AutA ¿¢«¿-

¥²±¿ ° ±¸¨°¥¨¥¬ £°³¯¯» ker � ¯°¨ ¯®¬®¹¨ £°³¯¯» (AutA)�. �³±²¼

'A 2 ker �; 'A = ('XA
; 'SA). �®£¤  '�A = eA; eA = (eXA=�XA

; eSA=�SA),

£¤¥ eXA=�XA
; eSA=�SA - ²®¦¤¥±²¢¥»¥ ¯°¥®¡° §®¢ ¨¿, ±®®²¢¥²±²¢¥®

XA=�XA
¨ SA=�SA .

�²±¾¤ , ±®£« ±® (5) ¨ (4), ±«¥¤³¥²:

(x�XA)
'XA=�XA = x�XA ; x 2 XA; (10)

'SA = eSA; (11)

£¤¥ eSA - ²®¦¤¥±²¢¥®¥ ¯°¥®¡° §®¢ ¨¥ SA.
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� ±¨«³ (2), ²®¦¤¥±²¢® (10) ¢«¥·¥² §  ±®¡®©:

x'XA � x (mod �XA
); x 2 XA;

®²ª³¤ 

'XA
2 �(M1)� �(M2)� � � � � �(Md): (12)

�°¥¤¯®«®¦¨¬ ²¥¯¥°¼, ·²® ±®®²®¸¥¨¿ (11) ¨ (12) ¢»¯®«¥». �®£¤ 

�A(x
'XA ; s'SA ) = s�

(x
'XA )

A = s�
(x)
A = (�A(x; s))

'SA

¨, ±«¥¤®¢ ²¥«¼®, 'A 2 AutA. �°®¬¥ ²®£®, ¢¢¨¤³ ®¡° ²¨¬®±²¨ ¯°¨¢¥¤¥-

»µ ° ±±³¦¤¥¨©, '�A = eA. � ª¨¬ ®¡° §®¬, 'A 2 ker �. �²¨¬ ¤®ª § ®,

·²®

ker � = �(M1)� �(M2)� � � � � �(Md): (13)

�³±²¼ ('XA=�XA
; 'SA) = 'A 2 (AutA)�. �®£¤  ¨¬¥¥² ¬¥±²® (5) ¨ ¯®-

²®¬³ (3), £¤¥ 'A 2 AutA; 'A = ('XA
; 'SA). � ±¨«³ (2), ®²±¾¤  ±«¥-

¤³¥², ·²® jx�XA j = j(x'XA )�XA j; x 2 XA. �®½²®¬³ x�XA � (x'XA)�XA

(mod �XA
); x 2 XA. �¡° ¹ ¿±¼ ±®¢  ª (2), § ª«¾· ¥¬   ®±®¢ ¨¨

¯®±«¥¤¥£® ±° ¢¥¨¿, ·²®

'XA=�XA
2 �(N1)� �(N2)� � � � � �(Nt);

¨, § ·¨²,

'A 2 AutA \ (�(N1)� �(N2)� � � � ��(Nt)��(SA)): (14)

�°¥¤¯®«®¦¨¬ ²¥¯¥°¼, ·²® ¢ª«¾·¥¨¥ (14) ¨¬¥¥² ¬¥±²®. �®£¤ 

j(x�XA)
'XA=�XA j = jx�XA j; x 2 XA: (15)

�¢¨¤³ (15),  ©¤¥²±¿ 'XA
2 �(XA),

(x'XA )�XA = (x�XA )
'XA=�XA ; x 2 XA: (16)

� ª ª ª, ¢ ±¨«³ (14), 'A 2 AutA, ²®, ¨±¯®«¼§³¿ (16), ¯®«³·¨¬:

�A(x
'XA ; s'SA ) = �A((x

'XA )�XA ; s'SA ) = �A((x
�XA)

'XA=�XA ; s'SA) =

= (�A(x
�XA ; s))'SA = (�A(x; s))

'SA ;

®²ª³¤ , ±®£« ±® (1), 'A = ('XA
; 'SA) 2 AutA.

�®½²®¬³ ¨§ (16) ±«¥¤³¥²: 'A = '�A ¨, § ·¨², 'A 2 (AutA)�.

�²¨¬ ¤®ª § ®, ·²®

(AutA)� = AutA \ (�(N1)� �(N2)� � � � � �(Nt)� �(SA)): (17)

�²¢¥°¦¤¥¨¥ ²¥®°¥¬» 1 ²¥¯¥°¼ ±«¥¤³¥² ¨§ ° ¢¥±²¢ (13) ¨ (17).
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3. �²°®¥¨¥ £°³¯¯»  ¢²®¬®°´¨§¬®¢ ¢¯®«-

¥ ¥ ¢²®®¬®£® ±¨«¼® ±¢¿§®£®  ¢²®-

¬ ² 

�» §¤¥±¼ ¡³¤¥¬ ¯®«¼§®¢ ²¼±¿ ²¥°¬¨®«®£¨¥© ¨§ ª¨£ [4] ¨ [5]. �³±²¼

A - ¢¯®«¥ ¥ ¢²®®¬»© ±¨«¼® ±¢¿§»©  ¢²®¬ ², � 2 SA.

�¢¥¤¥¬ ½ª¢¨¢ «¥²®±²¼ �A   ¯®«³£°³¯¯¥ GA ² ª, ·²® x � y

(mod �A) ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤ 

�x = �y: (18)

�·¥¢¨¤®, �A - ¯° ¢ ¿ ª®£°³½¶¨¿   GA: ¤«¿ «¾¡®£® ½«¥¬¥²  a 2

GA ¨§ (18) ±«¥¤³¥², ·²® �xa = �ya.

� «¥¥, ¢ ±¨«³ ²° §¨²¨¢®±²¨ GA, ¤«¿ «¾¡»µ a; b 2 GA  ©¤¥²±¿

² ª®© ½«¥¬¥² x 2 GA, ·²® �
ax = �b. �®½²®¬³ ¯°®¨§¢®«¼»© ½«¥¬¥²

¨§ GA ®¡° ²¨¬ ±¯° ¢  ¯® ¬®¤³«¾ �A. � ª®¥¶, ² ª¦¥ ¨§ ²° §¨²¨¢-

®±²¨ GA ±«¥¤³¥² ±³¹¥±²¢®¢ ¨¥ ² ª®£® e 2 GA, ·²® �
e = �, ®²ª³¤ 

�ex = �x; x 2 G. �®±«¥¤¥¥ ²®¦¤¥±²¢® ®§ · ¥², ·²® e - «¥¢ ¿ ¥¤¨¨¶ 

GA ¯® ¬®¤³«¾ �A. � ª¨¬ ®¡° §®¬, ¯° ¢ ¿ ª®£°³½¶¨¿ �A ¿¢«¿¥²±¿ ¬®-

¤³«¿°®©.

�¡®§ ·¨¬ ·¥°¥§ NGA(�A) ®°¬ «¨§ ²®° ¯° ¢®© ª®£°³½¶¨¨ �A  

GA.

�®«®¦¨¬:

N
(e)
GA
(�A) = (a 2 NGA(�A) : ae � a (mod �A));

M
(e)
GA
(�A) = (c 2 N

(e)
GA
(�A) : �

c
A = �A);

£¤¥ �cA - ¯° ¢ ¿ ª®£°³½¶¨¿, ±®¯°¿¦¥ ¿ ± �A [5].

�·¥¢¨¤®, N
(e)
GA
(�A) ¨M

(e)
GA
(�A) - ¯®¤¯®«³£°³¯¯» ¯®«³£°³¯¯» GA. �«¿

«¾¡®£® ' 2 AutGA ®¯°¥¤¥«¨¬ ½ª¢¨¢ «¥²®±²¼ �
'
A   GA ² ª, ·²®

x' � y' (mod �
'
A) ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤  x � y (mod �A). �¥£ª®

¢¨¤¥²¼, ·²® �
'
A ¿¢«¿¥²±¿, ª ª ¨ �A, ¬®¤³«¿°®© ¯° ¢®© ª®£°³½¶¨¥©

  GA ± ³±«®¢¨¥¬ ®¡° ²¨¬®±²¨ ±¯° ¢  ¯® ¥¥ ¬®¤³«¾ ¯°®¨§¢®«¼®£® ½«¥-

¬¥²  ¨§ GA.

�³±²¼

�A = (' 2 AutGA : �'A = �c; 9c 2 GA):
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�·¥¢¨¤®, ·²® �A - ¯®¤£°³¯¯  £°³¯¯» AutA.

�² ¡¨«¨§ ²®° ¬®¦¥±²¢  M ¢ £°³¯¯¥ ¯®¤±² ®¢®ª H ¬» ¡³¤¥¬ ®¡®-

§ · ²¼ (H)M ,   ¬®¦¥±²¢ Mi; i = 1; l - ·¥°¥§ (H)Mi; i=1;l
.

�¥®°¥¬  2. �«¿ ¯°®¨§¢®«¼®£® ¢¯®«¥ ¥ ¢²®®¬®£® ±¨«¼® ±¢¿§®£®

 ¢²®¬ ²  A £°³¯¯  AutA ¿¢«¿¥²±¿ ° ±¸¨°¥¨¥¬ £°³¯¯»M
(e)
GA
(�A)

.
�A\

(M
(e)
GA
(�A)�M

(e)
GA
(�A)) ¯°¨ ¯®¬®¹¨ £°³¯¯» (�A)
A .

�®ª § ²¥«¼±²¢®. � ±±¬®²°¨¬ ²° §¨²¨¢»© ¬®¤³«¼ (SA; GA). �¡®-

§ ·¨¬ ¥£® £°³¯¯³  ¢²®¬®°´¨§¬®¢ ·¥°¥§ Aut(SA; GA).

�³±²¼

('SA ; 'GA) 2 Aut(SA; GA); (19)

(
A)
'GA = 
A; (20)

£¤¥ 'SA 2 �(SA); 'GA 2 �(GA).

�¢¨¤³ (20), ¤«¿ «¾¡®£® x 2 XA  ©¤¥²±¿ x0 2 XA, ² ª ·²®

(�
(x)
A )'GA = �

(x0)
A : (21)

� ª ª ª, ¢ ±¨«³ ¢¯®«¥ ¥ ¢²®®¬®±²¨ A, x0 ¢ ¯° ¢®© · ±²¨ (21)

®¯°¥¤¥«¿¥²±¿ ¯°¨ § ¤ ®¬ x ®¤®§ ·®, ¬» ¬®¦¥¬ ®¯°¥¤¥«¨²¼ ¯°¥-

®¡° §®¢ ¨¥ 'XA
¬®¦¥±²¢  XA, ¯®« £ ¿

x'XA = x0; x 2 XA: (22)

�§ (20), (21) ¨ (22) ±«¥¤³¥², ·²® 'XA
2 �(XA).

� «¥¥, ¢ ±¨«³ (19) ¨ (21)-(22),

�A(x
'XA ; s'SA ) = (s'SA )�

(x'
XA

)

A = (s'SA )(�
(x)
A

)
'GA =

= (s�
(x)
A )'SA = (�A(x; s))

'SA ;

².¥. ¨¬¥¥² ¬¥±²® ²®¦¤¥±²¢® (1).

�®½²®¬³

('XA
; 'SA) 2 AutA (23)

� ª¨¬ ®¡° §®¬, ¨§ (19)-(20) ±«¥¤³¥² (23), £¤¥ 'XA
®¯°¥¤¥«¥® ¢ (21)

¨ (22).

�³±²¼ ²¥¯¥°¼,  ®¡®°®², ¨¬¥¥² ¬¥±²® ¢ª«¾·¥¨¥ (23).
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� ª ª ª 
A - ±¨±²¥¬  ®¡° §³¾¹¨µ ¯®«³£°³¯¯» GA, ²® ¯°®¨§¢®«¼»©

½«¥¬¥² � 2 GA ¬®¦® ¯°¥¤±² ¢¨²¼ ¢ ¢¨¤¥:

� = �
(x1)
A � �

(x2)
A � : : : � �

(xk)
A ; xi 2 XA; i = 1; k: (24)

�®«®¦¨¬:

�0 = �
(x1)

'XA

A � �
(x2)

'XA

A � : : : � �
(xk)

'XA

A : (25)

�¢¨¤³ (23), ¢»¯®«¥® ²®¦¤¥±²¢® (1), ¯®½²®¬³

s'SA ��
(x
'XA )

A = s�
(x)
A

�'SA ; s 2 SA; x 2 XA;

®²ª³¤ 

'SA � �
(x
'XA )

A = �
(x)
A � 'SA ; x 2 XA: (26)

�§ (25) ¨ (26) ±«¥¤³¥²:

'SA � �
0 = �

(x1)
A � �

(x2)
A � : : : � �

(xk)
A � 'SA;

².¥., ±®£« ±® (24),

'SA � �
0 = � � 'SA: (27)

� ±¨«³ (27)

(s'SA )�
0

= (s�)'SA ; s 2 SA: (28)

�®¦¤¥±²¢® (28) ¯®ª §»¢ ¥², ·²® ¯°¥®¡° §®¢ ¨¥ 'GA ¯®«³£°³¯¯» GA,

¯°¨ ª®²®°®¬ �'GA = �0, ¿¢«¿¥²±¿ ®¤®§ ·»¬, ¨ ·²®

('SA ; 'GA) 2 Aut(SA; GA); 

'GA
A = 
A:

� ª¨¬ ®¡° §®¬, ¨§ (23) ±«¥¤³¥² (19) ¨ (20), ¯°¨·¥¬ ¨§ (24)-(25) ±«¥¤³¥²

(21)-(22). �²¨¬ ¤®ª § ®, ·²® (19)-(20) ° ¢®±¨«¼» (23), £¤¥ 'XA
¨ 'GA

±¢¿§ » ¯®±°¥¤±²¢®¬ (21)-(22).

� ¬¥²¨¬, ·²® ² ª ª ª (19) ¢«¥·¥² §  ±®¡®© ¢ª«¾·¥¨¥ 'GA 2 AutGA,

²® 'GA ®¤®§ ·® ®¯°¥¤¥«¿¥²±¿ ¯°¥®¡° §®¢ ¨¥¬ 'XA
.

�®½²®¬³ ®²®¡° ¦¥¨¥

('SA; 'GA)
�
�! ('XA

; 'SA);

('SA ; 'GA) 2 (Aut(SA; GA))SA�
A
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¿¢«¿¥²±¿ ¡¨¥ª²¨¢»¬ ®²®¡° ¦¥¨¥¬ (Aut(SA; GA))SA�
A   AutA.

�°®¬¥ ²®£®, ¥±«¨

('0SA ; '
0

GA
); ('00SA ; '

00

GA
) 2 (Aut(SA; GA))SA�
A ;

²®, ±®£« ±® (21)-(22),

(�
(x)
A )

'0
GA

�'00
GA = (�

(x
'0
XA )

A )
'00
GA = �

(x
'0
XA

�'00
XA )

A ;

£¤¥

(�
(x)
A )

'0
GA = �

(x
'0
XA )

A ; (�
(x)
A )

'00
GA = �

(x
'00
XA )

A ; x 2 XA:

�®½²®¬³

(('0SA ; '
0

GA
) � ('00SA ; '

00

GA
))� = ('0SA � '

00

SA
; '

0

GA
�'

00

GA
)� = ('0XA

� '
00

XA
; '

0

SA
� '

00

SA
) =

= ('0XA
; '

0

SA
) � ('00XA

; '
00

SA
) = ('0SA ; '

0

GA
)� � ('00SA ; '

00

GA
)�:

�«¥¤®¢ ²¥«¼®, � - ¨§®¬®°´¨§¬ (Aut(SA; GA))SA�
A   AutA ¨, § -

·¨²,

AutA ' (Aut(SA; GA))SA�
A : (29)

� ¤°³£®© ±²®°®», ±®£« ±® [6], ¬®¤³«¼ (SA; GA) ½ª¢¨¢ «¥²¥ ¬®-

¤³«¾ (GA=�A; GA), £¤¥

(a�A)b = (a � b)�A; a; b 2 GA:

�²±¾¤  ±«¥¤³¥²:

(Aut(SA; GA))SA�
A ' (Aut(GA=�A; GA))(GA=�A)�
A : (30)

�¥¯¥°¼,   ®±®¢ ¨¨ (30), ¯®«³· ¥¬ ¨§ (29):

AutA ' (Aut(GA=�A; GA))(GA=�A)�
A (31)

�³±²¼

('GA=�A; 'GA) 2 Aut(GA=�A; GA): (32)

�³±²¼

'GA 2 AutGA: (33)
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�¯°¥¤¥«¨¬ ®²®¡° ¦¥¨¥ GA=�A
 
�! GA=�

'GA
A ±«¥¤³¾¹¨¬ ®¡° §®¬:

(a�A) = (a'GA )�
'GA
A ; a 2 GA: (34)

�§ ®¯°¥¤¥«¥¨¿ ¯° ¢®© ª®£°³½¶¨¨ �
'GA
A   ¯®«³£°³¯¯¥ GA, ¢ ±®®²-

¢¥²±²¢¨¨ ± (33), ¢»²¥ª ¥² ¡¨¥ª²¨¢®±²¼ ®²®¡° ¦¥¨¿  . � «¥¥, ¨±¯®«¼-

§³¿ (34), (33) ¨ ®¯°¥¤¥«¥¨¿ ¬®¤³«¥© (GA=�A; GA); (GA=�
'GA
A ; GA), ¡³¤¥¬

¨¬¥²¼:

�
(a�A) 

�b'GA
=

�
(a'GA)�

'GA
A

�b'GA
= (a'GA � b'GA)�

'GA
A =

= ((a � b)'GA)
�
'GA
A = ((a � b)�A)

 
=

�
(a�A)b

� 
;

®²ª³¤  ±«¥¤³¥², ·²® ( ;'GA) - ¨§®¬®°´¨§¬ ¬®¤³«¿ (GA=�A; GA)   ¬®-

¤³«¼ (GA=�
'GA
A ; GA). �®½²®¬³, ³·¨²»¢ ¿ (32), ¯®«³· ¥¬, ·²®

('GA=�A; 'GA)
�1
� ( ;'GA) = ('�1GA=�A �  ; eGA);

£¤¥ eGA - ²®¦¤¥±²¢¥®¥ ¯°¥®¡° §®¢ ¨¥ GA, ² ª¦¥ ¨§®¬®°´¨§¬ ¬®-

¤³«¿ (GA=�A; GA)   ¬®¤³«¼ (GA=�
'GA
A ; GA). �«¥¤®¢ ²¥«¼®, ¬®¤³«¨

(GA=�A; GA) ¨ (GA=�
'GA
A ; GA) ¿¢«¿¾²±¿ ½ª¢¨¢ «¥²»¬¨.

� ª ª ª ¯° ¢»¥ ª®£°³½¶¨¨ �A ¨ �
'GA
A - ¬®¤³«¿°»¥, ²® ®²±¾¤ 

±«¥¤³¥², ±®£« ±® ²¥®°¥¬¥ 11.10 ¨§ [5], ·²® ®¨ ±®¯°¿¦¥», ².¥.

�
'GA
A = �cA; 9c 2 GA: (35)

�°¨ ½²®¬ ¨§ ¤®ª § ²¥«¼±²¢  «¥¬¬» 11.9 ¢ [5] ±«¥¤³¥², ·²®

(b�
'GA
A ) 

�1
�'GA=�A = (c � b)�A; b 2 GA (36)

¯°¨ ²®¬ ¦¥ c 2 GA, ·²® ¨ ¢ (35).

�®, ¢¢¨¤³ (34), ¤«¿ «¾¡®£® a 2 GA

(a�A)'GA=�A = (a�A) �( 
�1'GA=�A) =

�
(a'GA)�

'GA
A

� �1
�'GA=�A

:

�®½²®¬³, ¨±¯®«¼§³¿ (36) ¯°¨ b = a'GA , ¯®«³·¨¬ :

(a�A)'GA=�A = (c � a'GA )�A; a 2 GA: (37)
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� ª¨¬ ®¡° §®¬, ¨§ ¢ª«¾·¥¨¿ (2) ±«¥¤³¾² ±®®²®¸¥¨¿ (33), (35),

(37).

�³±²¼ ²¥¯¥°¼ ½²¨ ±®®²®¸¥¨¿ ¢»¯®«¥».

�¯°¥¤¥«¨¬ GA=�
'GA
A

�
�! GA=�A ±«¥¤³¾¹¨¬ ®¡° §®¬

(b�
'GA
A )� = (c � b)�A; b 2 GA (38)

¯°¨ ²®¬ ¦¥ c 2 GA, ·²® ¨ ¢ (35).

�®£« ±® «¥¬¬¥ 11.8 ¢ [5], ¨§ (35) ±«¥¤³¥², ·²® (�; eGA) - ¨§®¬®°´¨§¬

¬®¤³«¿ (GA=�
'GA
A ; GA)   ¬®¤³«¼ (GA=�A; GA).

� ¤°³£®© ±²®°®», ¢»¸¥ ¡»«® ¤®ª § ® ¯°¨ ³±«®¢¨¨ (33), ·²® ( ;'GA)

- ¨§®¬®°´¨§¬ ¬®¤³«¿ (GA=�A; GA)   ¬®¤³«¼ (GA=�
'GA
A ; GA), £¤¥ ®²®¡° -

¦¥¨¥  ®¯°¥¤¥«¥® ¢ (34).

�®½²®¬³

( � �;'GA) 2 Aut(GA=�A; GA): (39)

�®, ¨±¯®«¼§³¿ (34), (38), (37), ¡³¤¥¬ ¨¬¥²¼:

(a�A) �� =

�
(a'GA )�

'GA
A

��
= (c � a'GA )�A = (a�A)'GA=�A ; a 2 GA:

�«¥¤®¢ ²¥«¼®,

 � � = 'GA=�A;

®²ª³¤ , ¢¢¨¤³ (39), ¢»²¥ª ¥² ¢ª«¾·¥¨¥ (32).

� ª¨¬ ®¡° §®¬, ¢ª«¾·¥¨¥ (32) ° ¢®±¨«¼® ±®®²®¸¥¨¿¬ (33), (35),

(37).

�¡®§ ·¨¬ ·¥°¥§ CompDH ª®¬¯®¥²³ ¯®¤£°³¯¯» H ¯°¿¬®£® ¯°®-

¨§¢¥¤¥¨¿ £°³¯¯ C �D ¢ ¯°¿¬®¬ ¬®¦¨²¥«¥ D.

�°¨¬¥¿¿ ±®®²®¸¥¨¥ [7]

CompDH ' H=(H \ C)

ª ¯®¤£°³¯¯¥ (Aut(GA=�A; GA))(GA=�A)�
A £°³¯¯» �(GA=�A)� �(GA); ¯®-

«³·¨¬:

Comp�(GA) (Aut(GA=�A; GA))(GA=�A)�
A '

' (Aut(GA=�A; GA))(GA=�A)�
A

.
(Aut(GA=�A; GA))(GA=�A)�
A \ �(GA=�A)

(40)
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�§ ²®£®, ·²® ¢ª«¾·¥¨¥ (32) ° ¢®±¨«¼® ±®®²®¸¥¨¿¬ (33), (35),

(37), ±«¥¤³¥²:

Comp�(GA) (Aut(GA=�A; GA))(GA=�A)�
A = (�A)
A ; (41)

(Aut(GA=�A; GA))(GA=�A)�
A \ �(GA=�A) =

=
�
('GA=�A ; eGA) : (a

�A)'GA=�A = (c � a)�A ; a 2 GA; �
c
A = �A; 9c 2 NGA(�A)

�
'

'

�
'GA=�A : (a�A)'GA=�A = (c � a)�A ; a 2 GA; �

c
A = �A; 9c 2 NGA(�A)

�
:

(42)

�®, ±®£« ±® ¤®ª § ²¥«¼±²¢³ ²¥®°¥¬» 11.28 ¨§ [5] ¨ § ¬¥· ¨¾ ¯®±«¥

¥¥,

�
'GA=�A : (a�A)'GA=�A = (c � a)�A; a 2 GA; �

c
A = �A; 9c 2 NGA(�A)

�
'

'M
(e)
GA
(�a)

.�
�A \ (M

(E)
GA

(�A) \M
(E)
GA

(�A))

�
:

�¥¯¥°¼ ³²¢¥°¦¤¥¨¥ ²¥®°¥¬» 2 ±«¥¤³¥² ¨§ ±®®²®¸¥¨© (31), (40),

(41), (42).

4. �°³¯¯   ¢²®¬®°´¨§¬®¢ ¢¯®«¥ ¥ ¢²®-

®¬®£® ±¨«¼® ±¢¿§®£® ¯¥°¥±² ®¢®·-

®£®  ¢²®¬ ² 

�³±²¼ G - ¯°®¨§¢®«¼ ¿ £°³¯¯ , M - ¥¥ ¯®¤¬®¦¥±²¢®. �°³¯¯³ ¢³-

²°¥¨µ  ¢²®¬®°´¨§¬®¢ £°³¯¯» G ¬» ¡³¤¥¬ ®¡®§ · ²¼ InnG, ®°¬ -

«¨§ ²®° M ¢ G - ·¥°¥§ NG(M),   ¶¥²° «¨§ ²®° M ¢ G - ·¥°¥§ CG(M).

�¥®°¥¬  3. �«¿ ¯°®¨§¢®«¼®£® ¢¯®«¥ ¥ ¢²®®¬®£® ±¨«¼® ±¢¿§®£®

¯¥°¥±² ®¢®·®£®  ¢²®¬ ²  A £°³¯¯  AutA ¿¢«¿¥²±¿ ° ±¸¨°¥¨¥¬

£°³¯¯»

NGA((GA)�)
.
(GA)�

¯°¨ ¯®¬®¹¨ £°³¯¯»

�
(AutGA)(GA)� � InnGA

�

A
;

£¤¥ � - ¯°®¨§¢®«¼® ¢»¡° »© ¨ ´¨ª±¨°®¢ »© ½«¥¬¥² ¨§ SA.
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�®ª § ²¥«¼±²¢®. � ³±«®¢¨¿µ ²¥®°¥¬» 3 ¯®«³£°³¯¯  GA ¿¢«¿¥²±¿ £°³¯-

¯®©. �®½²®¬³ ª« ±±» ¯° ¢®© ª®£°³½¶¨¨ �A   GA - ½²® ¯° ¢»¥ ±¬¥¦-

»¥ ª« ±±» £°³¯¯» GA ¯® ¥¥ ¯®¤£°³¯¯¥ (GA)� (±¬. 10.2 ¢ [5]).

�¥£ª® ¢¨¤¥²¼, ·²® ¯°¨ ½²®¬:

M
(e)
GA
(�A) = NGA((GA)�):

�²±¾¤  ±«¥¤³¥², ·²® ª« ±±» ª®£°³½¶¨¨

�A \
�
M

(e)
GA
(�A)�M

(e)
GA
(�A)

�
= �A \

�
NGA((GA)�)�NGA((GA)�)

�

  £°³¯¯¥ NGA((GA)�) ¯°¥¤±² ¢«¿¾² ±®¡®© ±¬¥¦»¥ ª« ±±» ½²®© £°³¯¯»

¯® ¥¥ ®°¬ «¼®¬³ ¤¥«¨²¥«¾ (GA)�. � ª¨¬ ®¡° §®¬:

M
(e)
GA
(�a)

.�
�A \

�
M

(e)
GA
(�A)�M

(e)
GA
(�A)

��
' NGA((GA)�)

.
(GA)�: (43)

� «¥¥, ª« ±±» ¯° ¢®© ª®£°³½¶¨¨ �
'GA
A   GA, £¤¥ ' 2 AutGA, ±³²¼

¯° ¢»¥ ±¬¥¦»¥ ª« ±±» £°³¯¯» GA ¯® ¥¥ ¯®¤£°³¯¯¥ ((GA)�)
',   ª« ±±»

¯° ¢®© ª®£°³½¶¨¨ �cA   GA ±³²¼ ¯° ¢»¥ ±¬¥¦»¥ ª« ±±» £°³¯¯» GA

¯® ¥¥ ¯®¤£°³¯¯¥ c�1 � (GA)� � c. �«¥¤®¢ ²¥«¼®,

�A =
�
' 2 AutGA : ((GA)�)

' = c�1 � (GA)� � c; 9c 2 GA

�
:

�¡®§ ·¨¬ ·¥°¥§ 'c ¢³²°¥¨©  ¢²®¬®°´¨§¬ £°³¯¯» GA, ¨¤³¶¨-

°®¢ »© ½«¥¬¥²®¬ c 2 GA:

a'c = c�1 � a � c; a 2 GA: (44)

�§ (44) ±«¥¤³¥², ·²® ¤«¿ «¾¡®£® ' 2 �A

((GA)�)
'c = ((GA)�)

'

¯°¨ ¥ª®²®°®¬ c 2 GA, ®²ª³¤ 

((GA)�)
'�'�1

c = (GA)�;

².¥.

' � '�1c 2 (�(GA))�: (45)



206 �.�. �®°·¨±ª¨©

�® ' � '�1c 2 AutGA, ¯®½²®¬³ (45) ¢«¥·¥² §  ±®¡®©:

' � '�1c 2 (AutGA)(GA)�;

®²ª³¤ 

' 2 (AutGA)(GA)� � 'c:

�«¥¤®¢ ²¥«¼®,

�A � (AutGA)(GA)� � InnGA: (46)

�³±²¼ ²¥¯¥°¼

 2 (AutGA)(GA)� � InnGA:

�®£¤ 

((GA)�)
 = c�1 � (GA)� � c

¯°¨ ¥ª®²®°®¬ c 2 GA ¨, § ·¨²,  2 �A. �²±¾¤  ±«¥¤³¥²:

(AutGA)(GA)� � InnGA � �A: (47)

�¢¨¤³ (46) ¨ (47),

(�A)
A = ((AutGA)(GA)� � InnGA)
A: (48)

�¥¯¥°¼ ³²¢¥°¦¤¥¨¥ ²¥®°¥¬» 3 ¢»²¥ª ¥² ¨§ ²¥®°¥¬» 2 ¨ ±®®²®¸¥¨©

(43) ¨ (48).

�²¨¬ ²¥®°¥¬  3 ¤®ª §  .

�«¥¤±²¢¨¥ 1. �³±²¼ A { ¢¯®«¥ ¥ ¢²®®¬»© ±¨«¼® ±¢¿§»© ¯¥°¥-

±² ®¢®·»©  ¢²®¬ ², XA - ª®¥·®¥ ¬®¦¥±²¢®. �°³¯¯  AutA ²®-

£¤  ¨ ²®«¼ª® ²®£¤  ¡³¤¥² ª®¥·®©, ª®£¤  (GA)� ¨¬¥¥² ª®¥·»© ¨-

¤¥ª± ¢ NGA((GA)�).

�®ª § ²¥«¼±²¢®. � ³±«®¢¨¿µ ±«¥¤±²¢¨¿ 1

j((AutGA)(GA)� � InnGA)
A j � jXAj!

�®½²®¬³ £°³¯¯  AutA, ±®£« ±® ²¥®°¥¬¥ 3, ¡³¤¥² ª®¥·®© ²®£¤  ¨

²®«¼ª® ²®£¤ , ª®£¤  £°³¯¯ 

NGA((GA)�)
.
(GA)�

¡³¤¥² ª®¥·®©.

�¡®§ ·¨¬ ·¥°¥§ �(G) ¬®¦¥±²¢® ¯°®±²»µ ¤¥«¨²¥«¥© ¯®°¿¤ª®¢ ½«¥-

¬¥²®¢ £°³¯¯» G,   ·¥°¥§ �(G) - ¥¥ ¯®¤£°³¯¯³ �° ²²¨¨.
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�«¥¤±²¢¨¥ 2. �³±²¼ A { ¢¯®«¥ ¥ ¢²®®¬»© ±¨«¼® ±¢¿§»© ¯¥°¥-

±² ®¢®·»©  ¢²®¬ ²,

jXAj < min
p2�(AutGA)

p:

�®£¤ 

AutA ' NGA((GA)�)
.
(GA)�:

�®ª § ²¥«¼±²¢®. �³±²¼ ' 2 (AutGA)
A, ²®£¤  ®£° ¨·¥¨¥ '̂ ¯°¥-

®¡° §®¢ ¨¿ '   ¬®¦¥±²¢® 
A ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾: '̂ 2 �(
A).

�®½²®¬³, ¥±«¨ '̂ ®²«¨·® ®² ²®¦¤¥±²¢¥®£® ¯°¥®¡° §®¢ ¨¿, ²® «¾¡®©

¯°®±²®© ¤¥«¨²¥«¼ p̂ ¯®°¿¤ª  '̂ ³¤®¢«¥²¢®°¿¥² ¥° ¢¥±²¢³:

p̂ � j
Aj: (49)

�® ¯®°¿¤®ª '̂ ±®¢¯ ¤ ¥² ± ¯®°¿¤ª®¬ ', ¨ ¯®½²®¬³

p̂ 2 �(AutGA);

®²ª³¤ 

p̂ � min
p2�(AutG)

p: (50)

�¥° ¢¥±²¢® (50), ¯® ³±«®¢¨¾ ±«¥¤±²¢¨¿ 2, ¢«¥·¥² §  ±®¡®©

p̂ � jXAj: (51)

� ±¨«³ ²®£®, ·²® A - ¢¯®«¥ ¥ ¢²®®¬»©  ¢²®¬ ²,

jXAj = j
Aj:

�«¥¤®¢ ²¥«¼®, (51) ¯°®²¨¢®°¥·¨² ¥° ¢¥±²¢³ (49). �²±¾¤  ¢»²¥-

ª ¥², ·²® '̂,   § ·¨² ¨ ' - ²®¦¤¥±²¢¥®¥ ¯°¥®¡° §®¢ ¨¥. � ª¨¬ ®¡° -

§®¬, (AutGA)
A = E.

�²¢¥°¦¤¥¨¥ ±«¥¤±²¢¨¿ 2 ²¥¯¥°¼ ¯®«³· ¥²±¿ ¯°¨¬¥¥¨¥¬ ²¥®°¥¬» 3.

�«¥¤±²¢¨¥ 3. �³±²¼ A { ª®¥·»© ¢¯®«¥ ¥ ¢²®®¬»© ±¨«¼® ±¢¿§-

»© ¯¥°¥±² ®¢®·»©  ¢²®¬ ², jGAj = pn; jGA : �(GA)j = pr,

jNGA((GA)�) : (GA)�j = pd; p - ¯°®±²®¥ ·¨±«®. �®£¤ 

pr(n�r)+d � (pr � 1) � (pr � p) � � � (pr � pr�1) � 0 (mod jAutAj):
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�®ª § ²¥«¼±²¢®. �®£« ±® ²¥®°¥¬¥ �.�®««  [8], ¢ ³±«®¢¨¿µ ±«¥¤±²¢¨¿

3

pr(n�r) � (pr � 1) � (pr � p) � � � (pr � pr�1) � 0 (mod jAutGAj):

�²±¾¤  ¯® ²¥®°¥¬¥ � £° ¦ 

pr(n�r)�(pr�1)�(pr�p) � � � (pr�pr�1) � 0 (mod j((AutGA)(GA)��InnGA)
Aj):

�²¢¥°¦¤¥¨¥ ±«¥¤±²¢¨¿ 3 ¢»²¥ª ¥² ¨§ ¯®±«¥¤¥£® ±° ¢¥¨¿, ¢ ±¨«³

²¥®°¥¬» 3.

� ²¥®°¥¬¥ 3 ®¯¨±»¢ ¥²±¿ ±²°®¥¨¥ AutA ª ª  ¡±²° ª²®© £°³¯¯».

�¤ ª® ¯°¥¤±² ¢«¿¥² ¨²¥°¥± ¨ ¯®¤±² ®¢®·®¥ ±²°®¥¨¥ AutA.

� ½²®© ±¢¿§¨ ¢ ¤®ª §»¢ ¥¬®© ¨¦¥ ²¥®°¥¬¥ ®¯¨±»¢ ¾²±¿ ª®¬¯®¥²»

AutA ¢ �(XA) ¨ �(SA) ª ª £°³¯¯» ¯®¤±² ®¢®ª.

�°¥¤¢ °¨²¥«¼® ¢¢¥¤¥¬ ¥®¡µ®¤¨¬»¥ ®¡®§ ·¥¨¿.

�£° ¨·¥¨¥ £°³¯¯» ¯®¤±² ®¢®ª �   ¨¢ °¨ ²®¥ ®²®±¨²¥«¼®

¥¥ ¯®¤¬®¦¥±²¢® 
 ¥¥ ®¡« ±²¨ ¤¥©±²¢¨¿ ¬» ¡³¤¥¬ ®¡®§ · ²¼ ·¥°¥§

[�]
.

�¡®§ ·¨¬ ·¥°¥§ G
(r)
A £°³¯¯³ ¯° ¢»µ ±¤¢¨£®¢ ¯° ¢»µ ±¬¥¦»µ ª« ±-

±®¢ £°³¯¯» GA ¯® ¥¥ ¯®¤£°³¯¯¥ (GA)�,   ·¥°¥§ G
(l)
A { £°³¯¯³ «¥¢»µ ±¤¢¨-

£®¢   ½«¥¬¥²» ¨§ NGA((GA)�) ¯° ¢»µ ±¬¥¦»µ ª« ±±®¢ £°³¯¯» GA ¯®

¥¥ ¯®¤£°³¯¯¥ (GA)�.

�®«®¦¨¬:

(AutGA)(GA)� = (' 2 �(SA); ' 2 (AutGA)(GA)� :

((GA)� � a)
' = (GA)� � a

'; a 2 GA);


A = (�l 2 �(SA); b 2 
A);

£¤¥ SA - ¬®¦¥±²¢® ¯° ¢»µ ±¬¥¦»µ ª« ±±®¢ £°³¯¯» GA ¯® ¥¥ ¯®¤£°³¯¯¥

(GA)�, �b - ¨µ ¯° ¢»© ±¤¢¨£   b 2 GA.

�±«¨ H � �(S); 
 � �(S), ²® H(
) = H \ N�(S)(
). G
p
' H ®¡®§ -

· ¥², ·²® £°³¯¯» ¯®¤±² ®¢®ª G;H ¯®¤±² ®¢®·® ¨§®¬®°´».

�¥®°¥¬  4. �«¿ «¾¡®£® ¢¯®«¥ ¥ ¢²®®¬®£® ±¨«¼® ±¢¿§®£® ¯¥°¥-

±² ®¢®·®£®  ¢²®¬ ²  A

Comp�(XA)
AutA

p
'

��
(AutGA)(GA)� � InnGA

�

A

�

A

;

Comp�(SA)AutA
p
'

�
(AutGA)(GA)� �G

(r)
A

�
A
:
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�®ª § ²¥«¼±²¢®. � ª ¯®ª § ® ¢ ¤®ª § ²¥«¼±²¢¥ ²¥®°¥¬» 2 (° ¢®-

±¨«¼®±²¼ ±®®²®¸¥¨© (19)-(20) ¢ª«¾·¥¨¾ (23), £¤¥ 'XA
¨ 'GA ±¢¿§ »

¯®±°¥¤±²¢®¬ (21)-(22)),

Comp�(XA)
AutA =

h
Comp�(GA)(Aut(SA; GA))SA�
A

i

A
: (52)

� ¤°³£®© ±²®°®», ±®£« ±® (41),

Comp�(GA)(Aut(SA; GA))SA�
A
p
' (�A)
A ; (53)

£¤¥ ¯° ¢ ¿ · ±²¼ (53) ¤«¿ ¯¥°¥±² ®¢®·®£®  ¢²®¬ ²  ®¯°¥¤¥«¥  ¢ (48).

�¥°¢®¥ ±®®²®¸¥¨¥ ²¥®°¥¬» 4 ²¥¯¥°¼ ¢»²¥ª ¥² ¨§ (52) ¨ (53).

�«¿ ¤®ª § ²¥«¼±²¢  ¢²®°®£® ±®®²®¸¥¨¿ § ¬¥²¨¬, ·²® ±®£« ±® ®¯¨-

± ¨¾ ²° §¨²¨¢»µ ¯°¥¤±² ¢«¥¨© £°³¯¯ ¯®¤±² ®¢ª ¬¨ [8],

Comp�(SA)AutA
p
' Comp�(S

A
)AutA; (54)

£¤¥ SA = SA - ¬®¦¥±²¢® ¯° ¢»µ ±¬¥¦»µ ª« ±±®¢ GA ¯® (GA)�, fXAg =

GA,

((GA)� � a)
�
(x)

A = (GA)� � a � x; a 2 GA; x 2 XA:

�®«®¦¨¬

XA� = 
A� = GA; SA� = SA; �
(x)
A� = x; x 2 XA� :

�¢¨¤³ ° ¢®±¨«¼®±²¨ ±®®²®¸¥¨© (32) ¨ (33), (35), ¯®ª § ®© ¢

¤®ª § ²¥«¼±²¢¥ ²¥®°¥¬» 2, ¨ ° ±±³¦¤¥¨© ¢ ¤®ª § ²¥«¼±²¢¥ ²¥®°¥¬» 3,

Comp�(S
A�

)AutA
� =

�
 2 �(SA) :

((GA)� � a)
 = (GA)� � c�;' � a

'; a 2 GA; ' 2 �A;

((GA)�)
' = c�1�;' � (GA)� � c�;'; c�;' 2 GA

�
:

(55)

�»¡¨° ¿ ¢ ª ·¥±²¢¥ ' ¯°®¨§¢®«¼»© ½«¥¬¥² ¨§ (AutGA)(GA)� ¨ ¯®-

« £ ¿ c�;' = 1, ¯®«³·¨¬  = '.

�®½²®¬³ ¨§ (55) ±«¥¤³¥²

(AutGA)(GA)� � Comp�(SA�)AutA
�: (56)
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�»¡¨° ¿ ¢ ª ·¥±²¢¥ c�;' ¯°®¨§¢®«¼»© ½«¥¬¥² ¨§ £°³¯¯» GA,   ¢

ª ·¥±²¢¥ ' ¢³²°¥¨©  ¢²®¬®°´¨§¬ £°³¯¯» GA, ®²¢¥· ¾¹¨© ½²®¬³

½«¥¬¥²³, ¯®«³·¨¬, ·²®  ±®¢¯ ¤ ¥² ± ¯° ¢»¬ ±¤¢¨£®¬   ½²®² ½«¥¬¥²

¯° ¢»µ ±¬¥¦»µ ª« ±±®¢ £°³¯¯» GA ¯® ¥¥ ¯®¤£°³¯¯¥ (GA)�. �¢¨¤³

½²®£®, ¨§ (55) ±«¥¤³¥²:

G
(r)
A � Comp�(SA�)AutA

�: (57)

�ª«¾·¥¨¿ (56) ¨ (57) ¢«¥ª³² §  ±®¡®©:

(AutGA)(GA)�G
(r)
A � Comp�(SA�)AutA

�: (58)

�³±²¼ ²¥¯¥°¼  2 Comp�(SA� )AutA
�, '0 - ¢³²°¥¨©  ¢²®¬®°´¨§¬

£°³¯¯» GA, ®²¢¥· ¾¹¨© ¥¥ ½«¥¬¥²³ c�1�;'; '0 = ' � '0, £¤¥ ' ¨ c�;' ±®®²-

¢¥²±²¢³¾²  ª ª ³ª § ® ¢ (55). �®£¤ 

'0 2 (AutGA)(GA)�: (59)

�§ (59) ±«¥¤³¥², ·²®

'0 2 (AutGA)(GA)�: (60)

�«¿ «¾¡®£® a 2 GA

((GA)� � a)
'0��c�;' = (GA)� � a

'0 � c�;' = (GA)� � a
'�'0

� c�;' =

= (GA)� � c�;' � a
' = ((GA)� � a)

 ;

®²ª³¤   = '0 � �c�;' . �¢¨¤³ (60), ½²¨¬ ¤®ª § ®, ·²®

Comp�(SA�)AutA
� � (AutGA)(GA)�G

(r)
A : (61)

�° ¢¨¢ ¿ (58) ¨ (61), § ª«¾· ¥¬:

Comp�(SA�)AutA
� = (AutGA)(GA)�G

(r)
A (62)

�® ¨§  · «  ¤®ª § ²¥«¼±²¢  ²¥®°¥¬» 2 ±«¥¤³¥²:

Comp�(SA)AutA = Comp�(SA� )AutA
�;

² ª ª ª

Comp�(SA)AutA = N�(SA)(
A):

�®½²®¬³ ¨§ (62) ±«¥¤³¥²:

Comp�(SA)AutA = (AutGA)(GA)�G
(r)
A : (63)

�²®°®¥ ±®®²®¸¥¨¥ ²¥®°¥¬» 4 ²¥¯¥°¼ ¢»²¥ª ¥² ¨§ (54) ¨ (63).
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5. �°¥¤±² ¢«¥¨¿ £°³¯¯ £°³¯¯ ¬¨  ¢²®-

¬®°´¨§¬®¢ ¢¯®«¥ ¥ ¢²®®¬»µ ±¨«¼®

±¢¿§»µ ¯¥°¥±² ®¢®·»µ  ¢²®¬ ²®¢

�¤¥±¼ ¬» ¤ ¤¨¬ µ ° ª²¥°¨§ ¶¨¾  ¡±²° ª²»µ £°³¯¯, ¨§®¬®°´»µ

£°³¯¯ ¬  ¢²®¬®°´¨§¬®¢ ¢¯®«¥ ¥ ¢²®®¬»µ ±¨«¼® ±¢¿§»µ ¯¥°¥±² -

®¢®·»µ  ¢²®¬ ²®¢. �°¨ ½²®¬ ¡³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ¯°®¨§¢®«¼»¥

±·¥²»¥ £°³¯¯», ¨ ¢ ®²¤¥«¼®±²¨ ª®¥·® ¯®°®¦¤¥»¥ £°³¯¯».

�¥®°¥¬  5. �«¿ «¾¡®© ±·¥²®© £°³¯¯» H  ©¤¥²±¿ ² ª®© ¢¯®«¥

¥ ¢²®®¬»© ±¨«¼® ±¢¿§»© ¯¥°¥±² ®¢®·»©  ¢²®¬ ² A, ·²®

AutA ' H.

�®ª § ²¥«¼±²¢®. �³±²¼ H { ¯°®¨§¢®«¼ ¿ ±·¥² ¿ £°³¯¯ , a1; a2; : : : ;

an; : : : - ¥¥ ±¨±²¥¬  ®¡° §³¾¹¨µ. �¥§ ®£° ¨·¥¨¿ ®¡¹®±²¨ ¡³¤¥¬ ¯°¥¤-

¯®« £ ²¼, ·²® ai 6= aj ¯°¨ i 6= j. � ±±¬®²°¨¬ £°³¯¯³ H1 ' H ¨ ¨§®¬®°-

´¨§¬ � £°³¯¯» H   £°³¯¯³ H1.

�®«®¦¨¬:

H = H �H1: (64)

�®£« ±® (64), ¯°®¨§¢®«¼»© ½«¥¬¥² x 2 H ®¤®§ ·® ¯°¥¤±² ¢«¿-

¥²±¿ ¢ ¢¨¤¥:

x = a � b�; a 2 H; b 2 H: (65)

�®½²®¬³ ¯°¥®¡° §®¢ ¨¥ '0 £°³¯¯» H, ®¯°¥¤¥«¥®¥ ¢»° ¦¥¨-

¿¬¨ (65) ¨

x'0 = b � a�; (66)

¿¢«¿¥²±¿ ®¤®§ ·»¬.

�²® ¯°¥®¡° §®¢ ¨¥ ¿¢«¿¥²±¿ ² ª¦¥ ¡¨¥ª²¨¢»¬. �¥©±²¢¨²¥«¼®,

¥±«¨ x'0 = y'0, x ¯°¥¤±² ¢«¥® ¢ ¢¨¤¥ (65),   y = c � d�; c 2 H; d 2 H , ²®,

¢ ±®®²¢¥²±²¢¨¨ ± (66), b � a� = d � c�; ®²ª³¤ , ¢¢¨¤³ (64), b = d; a� = c�,

².¥. a = c ¨, § ·¨², x = y. �«¥¤®¢ ²¥«¼®, '0 - ¨º¥ª²¨¢®¥ ¯°¥-

®¡° §®¢ ¨¥. �¾°¼¥ª²¨¢®±²¼ ¦¥ ¯°¥®¡° §®¢ ¨¿ '0 ¢»²¥ª ¥² ¨§ ²®£®,

·²®, ±®£« ±® (64), «¾¡®© ½«¥¬¥² y 2 H ¬®¦® ¯°¥¤±² ¢¨²¼ ¢ ¢¨¤¥:

y = b � a�; b 2 H; a 2 H; ¨ ¯®²®¬³ y = x'0 , £¤¥ x ¯°¥¤±² ¢«¥ ¢ ¢¨¤¥ (65).

�³±²¼ ²¥¯¥°¼ x1 2 H; x2 2 H, ²®£¤ , ±®£« ±® (64),

x1 = a1 � b
�
1 ; x2 = a2 � b

�
2 (67)
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¤«¿ ¥ª®²®°»µ a1 2 H; b1 2 H; a2 2 H; b2 2 H:

�§ (67) ¯®«³· ¥¬, ³·¨²»¢ ¿ (66)

(x1 � x2)
'0 = (a1 � a2 � b

�
1 � b

�
2)
'0 = (a1 � a2 � (b1 � b2)

�)'0 =

= b1 � b2 � (a1 � a2)
� = b1 � b2 � a

�
1 � a

�
2 = (b1 � a

�
1) � (b2 � a

�
2);

®²ª³¤ , ¢¢¨¤³ (65)-(67),

(x1 � x2)
'0 = x

'0
1 � x

'0
2 ; x1 2 H; x2 2 H:

�·¨²»¢ ¿ ¡¨¥ª²¨¢®±²¼ '0, ½²¨¬ ¤®ª § ®, ·²® '0 -  ¢²®¬®°´¨§¬

£°³¯¯» H. �°®¬¥ ²®£®, ¤«¿ «¾¡®£® x 2 H, ¯°¥¤±² ¢«¥®£® ¢ ¢¨¤¥ (65),

¡³¤¥¬ ¨¬¥²¼:

x'
2
0 = (b � a�)'0 = a � b� = x;

±«¥¤®¢ ²¥«¼®, '20 { ²®¦¤¥±²¢¥®¥ ¯°¥®¡° §®¢ ¨¥ ¨, ² ª ª ª '0 ¥ ¿¢«¿-

¥²±¿ ²®¦¤¥±²¢¥»¬ ¯°¥®¡° §®¢ ¨¥¬, ²® ¯®°¿¤®ª '0 ¢ £°³¯¯¥ AutH

° ¢¥ 2.

�®½²®¬³ ±³¹¥±²¢³¥² ¯®«³¯°¿¬®¥ ¯°®¨§¢¥¤¥¨¥ £°³¯¯:

G = H�fcg; c2 = 1; c�1 � x � c = x'0; x 2 H: (68)

� ±¨«³ (68), £°³¯¯³ G ¬®¦® § ¤ ²¼ ±¨±²¥¬®© ®¡° §³¾¹¨µ:


 = (a1; a1 � a
�
2 ; : : : ; an�1 � a

�
n; : : : ; c): (69)

�¥©±²¢¨²¥«¼®, ¯®¤£°³¯¯  £°³¯¯» G, ¯®°®¦¤¥ ¿ ¬®¦¥±²¢®¬ ½«¥-

¬¥²®¢ (69), ±®¤¥°¦¨² ½«¥¬¥² a1 ¨, ¥±«¨ ®  ±®¤¥°¦¨² ½«¥¬¥² an�1 ¯°¨

n > 1, ²® ®  ±®¤¥°¦¨² ¨ ½«¥¬¥² a�n,   ¯®²®¬³ ½«¥¬¥² c � a�n � c
�1 = an

(±¬. (66-68)). �«¥¤®¢ ²¥«¼®, ½²  ¯®¤£°³¯¯  ±®¤¥°¦¨² H ¨, § ·¨², ±®-

¤¥°¦¨² c�1 � H � c = H� = H1. �°®¬¥ ²®£®, ®  ±®¤¥°¦¨² ½«¥¬¥² c ¨

±«¥¤®¢ ²¥«¼® ±®¢¯ ¤ ¥² ± G.

�¥¯¥°¼ ®¯°¥¤¥«¨¬  ¢²®¬ ² A ±«¥¤³¾¹¨¬ ®¡° §®¬: XA { ¬®¦¥±²¢®

½«¥¬¥²®¢ (69), SA - ¬®¦¥±²¢® ¯° ¢»µ ±¬¥¦»µ ª« ±±®¢ £°³¯¯» G ¯®

¯®¤£°³¯¯¥ H,

(H � a)�
(x)
A = H � a � x; a 2 G; x 2 XA:

� ª ª ª ¤«¿ «¾¡®£® y 2 H, ±®£« ±® (66) ¨ (68),

c�1 � y � c 2 H1;
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  ¢¢¨¤³ (64) H1 \ H = E, ²® ¯®¤£°³¯¯  H -  ²¨¨¢ °¨ ² ¿ (¥ ±®-

¤¥°¦¨² ¥¥¤¨¨·»µ ®°¬ «¼»µ ¤¥«¨²¥«¥© £°³¯¯» G). �®½²®¬³, ³·¨-

²»¢ ¿, ·²® (69) - ±¨±²¥¬  ®¡° §³¾¹¨µ £°³¯¯» G, ¬®¦® ±¤¥« ²¼ ¢»¢®¤

(±¬. [8]), ·²® A ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¿¬ ²¥®°¥¬» 5 ¨

GA ' G: (70)

� ±¨«³ ²¥®°¥¬» 3, ¨§ (70) ±«¥¤³¥², ·²® AutA - ° ±¸¨°¥¨¥ £°³¯¯»

NG(H)=H ¯°¨ ¯®¬®¹¨ £°³¯¯» ((AutG)H � InnG)XA
. �¥©±²¢¨²¥«¼®, ¯°¨

¨§®¬®°´¨§¬¥ £°³¯¯» GA   £°³¯¯³ G ¯®¤£°³¯¯  (GA)� ¯°¨ � = H ¯¥-

°¥µ®¤¨² ¢ ¯®¤£°³¯¯³ H,   �
(x)
A ¢ x.

�»¿±¨¬, ·²® ¯°¥¤±² ¢«¿¥² ±®¡®© £°³¯¯  ((AutG)H � InnG)XA
. �«¿

½²®£® § ¬¥²¨¬, ·²® ®·¥¢¨¤®,

((AutG)H � InnG)XA
� (AutG)XA

: (71)

�³±²¼ ' 2 ((AutG)H � InnG)XA
.

�®£¤  ¯®¤£°³¯¯  H' ±®¯°¿¦¥  ± ¯®¤£°³¯¯®© H ¢ £°³¯¯¥ G. �®, ±®-

£« ±® (64), (66), (68) ¯®¤£°³¯¯  H ±®¯°¿¦¥  ¢ G ²®«¼ª® ± ¯®¤£°³¯¯ ¬¨

H ¨ H1.

�®½²®¬³ ¨¬¥¥² ¬¥±²® ®¤¨ ¨§ ¤¢³µ ±«³· ¥¢:

I: H' = H

II: H' = H1:

� ª ª ª  ¢²®¬®°´¨§¬ £°³¯¯» ¢±¥£¤  ¯¥°¥¢®¤¨² ª« ±± ±®¯°¿¦¥»µ

¯®¤£°³¯¯ ¢ ª« ±± ±®¯°¿¦¥»µ ¯®¤£°³¯¯, ²®, ¢¢¨¤³ (71), ' ¯¥°¥±² ¢«¿¥²

¯®¤£°³¯¯» £°³¯¯» G, ±®¯°¿¦¥»¥ ± ¯®¤£°³¯¯®© H. �®½²®¬³ ¢ ®¡®¨µ

±«³· ¿µ I � II H' = H , ±®£« ±® (64). �²±¾¤  ±«¥¤³¥², ·²® c' 2 H, ² ª

ª ª ¨ ·¥ c 2 H
'�1

= H, ·²® ¯°®²¨¢®°¥·¨² (68). �®, ¢ ±®®²¢¥²±²¢¨¨

± ¢»¡®°®¬ '; c' 2 XA, ¯®±ª®«¼ª³ c 2 XA. �°¨¨¬ ¿ ¢® ¢¨¬ ¨¥, ·²®

®²«¨·»¥ ®² c ½«¥¬¥²» XA ±®¤¥°¦ ²±¿ ¢ H, ¢ª«¾·¥¨¥ c' 2 XA ¯°¨

³±«®¢¨¨ c' 2 H ¢«¥·¥² §  ±®¡®©:

c' = c (72)

�³¤¥¬ ²¥¯¥°¼ ¤®ª §»¢ ²¼ ± ¯®¬®¹¼¾ ¨¤³ª¶¨¨, ·²® ¤«¿ «¾¡®£® ¶¥-

«®£® ·¨±«  i > 0 ¨¬¥¾² ¬¥±²® ° ¢¥±²¢ :

a'i = ai; (a�i )
' = a�i : (73)
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� · «® ¨¤³ª¶¨¨: i = 1. �®¯³±²¨¬, ·²® ¨¬¥¥² ¬¥±²® ±«³· © II.

�®£¤  ² ª ª ª a1 2 H, ²® a
'
1 2 H1. �®, ±®£« ±® ¢»¡®°³ '; a

'
1 2 XA,

¯®±ª®«¼ª³ a1 2 XA. �«¥¤®¢ ²¥«¼®, a
'
1 2 H1 \ XA. �¤ ª® ½²®£® ¥

¬®¦¥² ¡»²¼, ² ª ª ª ¨§ (69) ¢¨¤®, ·²®, ³·¨²»¢ ¿ (64) ¨ (68), H1\XA =

;. � ª¨¬ ®¡° §®¬, ¤®¯³¹¥¨¥ ¢ ±«³· ¥ II ¥¢¥°®, ¨, § ·¨², ¨¬¥¥²

¬¥±²® ±«³· © I.

�«¥¤®¢ ²¥«¼®, a
'
1 2 H \ XA. �§ (69) ¢¨¤®, ³·¨²»¢ ¿ (64) ¨ (68),

·²® H \ XA ±®¤¥°¦¨² ¥¤¨±²¢¥»© ½«¥¬¥²,   ¨¬¥® a1. �®½²®¬³

¯°¥¤»¤³¹¥¥ ¢ª«¾·¥¨¥ ¢«¥·¥² §  ±®¡®©:

a'1 = a1: (74)

� ±¨«³ (65), (66), (68),

a�1 = c�1 � a1 � c;

®²ª³¤ , ¢¢¨¤³ (71), (72), (74),

(a�1)
' = (c')�1 � a'1 � c

' = c�1 � a1 � c = a�1 : (75)

�®£« ±® (74) ¨ (75), ° ¢¥±²¢  (73) ¤®ª § » ¯°¨ i = 1. �¤¥« ¥¬ ²¥-

¯¥°¼ ¨¤³ª²¨¢®¥ ¯°¥¤¯®«®¦¥¨¥, ·²® ®¨ ±¯° ¢¥¤«¨¢» ¯°¨ ¯°®¨§¢®«¼®

¢»¡° ®¬ ¨ ´¨ª±¨°®¢ ®¬ i � 1. � ª ¢¨¤® ¨§ (69), ai � a
�
i+1 2 XA.

�®½²®¬³, ¨±¯®«¼§³¿ (71) ¨ (73), ¡³¤¥¬ ¨¬¥²¼:

(ai � a
�
i )
' = a

'
i � (a

�
i+1)

' = ai � (a
�
i+1)

'
2 XA: (76)

�®, ±®£« ±® (69), (64), (68), XA ±®¤¥°¦¨² ¥¤¨±²¢¥»© ½«¥¬¥² ¨§

H ± ª®¬¯®¥²®© ai ¢H,   ¨¬¥® ai�a
�
i+1, ¥±«¨ i > 1 ¨ ¥ ¡®«¥¥ ¤¢³µ ² ª¨µ

½«¥¬¥²®¢,   ¨¬¥® a1 ¨ a1 � a
�
2, ¥±«¨ i = 1. �®½²®¬³ ¨§ (76) ±«¥¤³¥²:

ai�(a
�
i+1)

' = ai�a
�
i+1, ².¥. (a

�
i+1)

' = a
�
i+1 ¯°¨ i > 1 ¨ a1�(a

�
2)
' = a1�a

�
2 , ®²ª³¤ 

(a
�
2)
' = a

�
2 , «¨¡® a1 � (a

�
2)
' = a1, ®²ª³¤  (a

�
2)
' = 1; a

�
2 = 1. �«¥¤®¢ ²¥«¼®,

(a�i+1)
' = a�i+1 (77)

¢® ¢±¥µ ±«³· ¿µ.

�®, ±®£« ±® (65), (66), (68),

a�i+1 = c�1 � ai+1 � c:
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�®½²®¬³, ¨±¯®«¼§³¿ (71), (72), (77), ¡³¤¥¬ ¨¬¥²¼:

a�i+1 = (c�1 � ai+1 � c)
' = (c�1)' � a'i+1 � c

' = c�1 � a'i+1 � c;

®²ª³¤ 

a
'
i+1 = c � a

�
i+1 � c

�1 = ai+1: (78)

�¢¨¤³ (77) ¨ (78), ¨¤³ª²¨¢»© ¯¥°¥µ®¤ § ¢¥°¸¥. � ±¨«³ ¨¤³ª¶¨¨,

½²¨¬ ° ¢¥±²¢  (73) ¤®ª § » ¤«¿ «¾¡®£® i > 0.

�§ (72) ¨ (73) ±«¥¤³¥², ·²® ' ¤¥©±²¢³¥² ²®¦¤¥±²¢¥®   H; H1; fcg ¨,

±®£« ±® (64) ¨ (68), ¿¢«¿¥²±¿ ²®¦¤¥±²¢¥»¬ ¯°¥®¡° §®¢ ¨¥¬ £°³¯¯»

G. �¢¨¤³ ¯°®¨§¢®«¼®£® ¢»¡®°  ' ¨§ ((AutG)H �InnG)XA
½²¨¬ ¤®ª § ®,

·²®

((AutG)H � InnG)XA
= E: (79)

�  ®±®¢ ¨¨ (79) ¬®¦® § ª«¾·¨²¼, ·²®

AutA ' NG(H)=H: (80)

�§ (64) ¨ (68) ±«¥¤³¥²:

G 6= NG(H) � H

¨, ² ª ª ª jG : H j = 2, ²® § ·¨²

NG(H) = H:

�²±¾¤  ¯®«³· ¥¬, ¢ ±®®²¢¥²±²¢¨¨ ± (64),

NG(H)=H ' H1: (81)

� ª ª ª H1 ' H, ²® ¨§ (80) ¨ (81) ¢»²¥ª ¥² ³²¢¥°¦¤¥¨¥ ²¥®°¥¬» 5.

�«¥¤±²¢¨¥ 4. �«¿ «¾¡®© ª®¥·® ¯®°®¦¤¥®© £°³¯¯» H, ¨¬¥¾¹¥©

±¨±²¥¬³ ®¡° §³¾¹¨µ ¯®°¿¤ª  n,  ©¤¥²±¿ ¢¯®«¥ ¥ ¢²®®¬»© ±¨«¼®

±¢¿§»© ¯¥°¥±² ®¢®·»©  ¢²®¬ ² A, ² ª®©, ·²®

jXAj = n+ 1; AutA ' H:

�°¨ ½²®¬, ¥±«¨ H - ª®¥· ¿ £°³¯¯ , ²® AutA - ª®¥·»©  ¢²®¬ ².

�²® ±«¥¤±²¢¨¥ ¢»²¥ª ¥² ¨§ ²®£®, ·²® ¢ ³±«®¢¨¿µ ¥£® ¤«¿  ¢²®¬ ²  A,

¯®±²°®¥®£® ¯°¨ ¤®ª § ²¥«¼±²¢¥ ²¥®°¥¬» 5, ¬®¦¥±²¢® XA (69) ¡³¤¥²

¨¬¥²¼ ¯®°¿¤®ª n + 1,   ¢ ±«³· ¥ ª®¥·®±²¨ H £°³¯¯  GA = G ¡³¤¥²

ª®¥·®©.



216 �.�. �®°·¨±ª¨©

�¯¨±®ª «¨²¥° ²³°»

[1] M.Katsura. Automorphism Groups and Factor Automata of Strongly

Connected Automata. J. of Comp. and System Sci., 36, 1998

[2] A.C.Fleck. IsomorphismGroups of Automata. J. Assoc. Comput. Mach.,

9, 1962.

[3] A.C.Fleck. On the Automorphism Group of an Automaton. J. Assoc.

Comput. Mach., 12, 1965.

[4] �.�.�«®²ª¨. �°³¯¯»  ¢²®¬®°´¨§¬®¢  «£¥¡° ¨·¥±ª¨µ ±¨±²¥¬. "� -

³ª ", �®±ª¢ , 1966.

[5] �.�«¨´´®°¤, �.�°¥±²®. �«£¥¡° ¨·¥±ª ¿ ²¥®°¨¿ ¯®«³£°³¯¯. �®¬ 2,

"�¨°", �®±ª¢ , 1972.

[6] E.J.Tully. Representation of a semigroup by transformations acting tran-

sitively on a set. Amer. J. Math., 83.

[7] �.�.�³°®¸. �¥®°¨¿ £°³¯¯. "� ³ª ", �®±ª¢ , 1962.

[8] �.�®««. �¥®°¨¿ £°³¯¯. ���, �®±ª¢ , 1962.


