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Ýòî îáçîðíàÿ ñòàòüÿ, îòíîñÿùàÿñÿ ê ìîíîãðàôèè [1] (à òàêæå è [2]
� âòîðîìó äîïîëíèòåëüíîìó èçäàíèþ [1]).

Ïóñòü D = [a1, b1]× ...× [an, bn] ⊂ Rn è f : D −→ R � äàííàÿ ôóíêöèÿ.
Òàêóþ ôóíêöèþ áóäåì íàçûâàòü m-M ôóíêöèåé, åñëè

Äëÿ ëþáîãî ∆[α1, β1]×...×[αn, βn] ⊆ D ìû ìîæåì ýôôåêòèâíî
íàéòè ïàðó âåùåñòâåííûõ ÷èñåë m(f)(∆), M(f)(∆), òàê ÷òî
äëÿ íèõ âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ (àêñèîìû m-M
èñ÷èñëåíèÿ)

m(f)(∆) ≤ f(X) ≤ M(f)(∆) äëÿ âñåõ ∆ ⊆ D, X ∈ ∆, (1)

lim
diam∆→0

(M(f)(∆) -m(f)(∆)) = 0, ãäå diam∆ :=
∑

(βi -αi)
2)1/2. (2)

×èñëà m(f)(∆), M(f)(∆) íàçûâàåì îáîáùåííûì ìèíèìóìîì è
ìàêñèìóìîì ôóíêöèè f , à ïàðó 〈m(f)(∆), M(f)(∆)〉 íàçûâàåì åå m-M
ïàðîé.

Íàïðèìåð, äëÿ êâàäðàòè÷íîé ôóíêöèè k(x) = x2 − x, ãäå D = [a1, b1]
è a1 > 0 îäíó m-M ïàðó ìîæíî îïðåäåëèòü òàê:

m(k)(∆) = α2
1 − β1, M(k)(∆) = β2

1 − α1.

Íà ñàìîì äåëå, â ýòîì ïðèìåðå ìû èñïîëüçîâàëè òîò ôàêò, ÷òî ôóíêöèÿ
k � ðàçíîñòü äâóõ íåîãèáàþùèõ ôóíêöèé g è h, ãäå g(x) = x2, h(x) = x.
Ïî ýòîé ïðè÷èíå èìååì ñëåäóþùèå ôîðìóëû

m(k)(∆) = g(α1)− h(β1), M(k)(∆) = g(β1)− h(α1).

Àíàëîãè÷íûì îáðàçîì, ó÷èòûâàÿ ðàâåíñòâî sin(x) = (x+sin(x))−x, äëÿ
ôóíêöèè f(x) = sin(x) ïîëó÷èì ñëåäóþùèå ôîðìóëû

m(f)(∆) = α1 + sin(α1)− β1, M(f)(∆) = β1 + sin(β1)− α1. (3)



Â [1] (òàêæå è â [2]) èìååòñÿ ðàçäåë "m-M Algebra â êîòîðîì îïèñàíî,
êàê ìîæíî ýôôåêòèâíî íàéòè m-M ïàðó äëÿ ðàçíûõ êëàññîâ ôóíêöèé.
Îäèí èç òàêèõ êëàññîâ ñîñòîèò èç ôóíêöèé, çàäàâàåìûõ âûðàæåíèåì,
ïîñòðîåííûì èç ñèìâîëîâ +, ·,−, 2k+1

√
, exp, sin, cos, min, max (ñì. [1, 2,

Îïðåäåëåíèå 1.1, Ëåììû 1.1 - 1.4]).
Òåïåðü íà îäíîé çàäà÷å ðàññìîòðèì íåêîòîðûå îáùèå èäåè m-M

èñ÷èñëåíèÿ.
Çàäà÷à 1. Ïóñòü f : [a, b] −→ R äàííàÿ m-M ôóíêöèÿ. Íàéòè âñå
ðåøåíèÿ óðàâíåíèÿ

f(x) = 0, ãäå x ∈ D = [a, b]. (4)

Ðåøåíèå ñ ïîìîùüþ m-M èñ÷èñëåíèÿ. Ïóñòü ∆ ⊆ D �
ïðîèçâîëüíûé îòðåçîê. Âû÷èñëèì m(f)(∆). Åñëè m(f)(∆) > 0, òîãäà,
î÷åâèäíî, ∆ íå ñîäåðæèò íèêàêîãî ðåøåíèÿ óðàâíåíèÿ (4). Òî æå
ñàìîå èìååì è â ñëó÷àå, êîãäà ñïðàâåäëèâî íåðàâåíñòâî M(f)(∆) < 0.
Ó÷èòûâàÿ ýòè ôàêòû ââåäåì ñëåäóþùåå îïðåäåëåíèå.
Îïðåäåëåíèå 1. Îòðåçîê ∆ ⊆ D íàçûâàåòñÿ âîçìîæíûì, åñëè
âûïîëíåíî óñëîâèå

m(f)(∆) ≤ 0 è 0 ≤ M(f)(∆).

Èç ýòîãî îïðåäåëåíèÿ è àêñèîì (1), (2) íåïîñðåäñòâåííî âûòåêàþò
ñëåäóþùèå óòâåðæäåíèÿ.

*1. Åñëè f(x) = 0 è x ∈ ∆ ⊆ D, òîãäà ∆ âîçìîæíî.

*2. Åñëè f(x) 6= 0, òîãäà ñóùåñòâóåò ε > 0 òàêîå, ÷òî âñå ∆ 3 x ñ
diam(∆) < ε íå ÿâëÿþòñÿ âîçìîæíûìè.

Ñëåäîâàòåëüíî, â m-M èñ÷èñëåíèè èìååòñÿ ñëåäóþùèé àëãîðèòì, â
êîòîðîì i, Vi � âñïîìîãàòåëüíûå ïåðåìåííûå, à K � ÷èñëî äîïóñòèìûõ
øàãîâ àëãîðèòìà.
Àëãîðèòì 1:

Øàã 1. Åñëè D íåâîçìîæíî, ïåðåõîäèì ê Øàãó 3. Èíà÷å, ïîëîæèì
i = 1, Vi = D è ïåðåõîäèì ê Øàãó 2.

Øàã 2. Ìíîæåñòâî Vi ðàçîáüåì íà îáúåäèíåíèå íåêîòîðûõ îòðåçêîâ
∆1, ..., ∆k. Ïóñòü fis(i) îçíà÷àåò ÷èñëî âñåõ âîçìîæíûõ ∆j. Åñëè fis(i) =
0, ïåðåõîäèì ê Øàãó 3. Â ïðîòèâíîì ñëó÷àå, ïîëîæèì i = i + 1. Åñëè
i = K, ïåðåõîäèì ê Øàãó 4, à èíà÷å îáîçíà÷èì ÷åðåç Vi îáúåäèíåíèå
âñåõ âîçìîæíûõ ∆j è ïåðåõîäèì ê Øàãó 2.
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Øàã 3. Àëãîðèòì îñòàíàâëèâàåòñÿ ñ çàêëþ÷åíèåì: óðàâíåíèå (4) íå
èìååò íè îäíîãî ðåøåíèÿ.

Øàã 4. Ïîëó÷åííûå âîçìîæíûå ∆j àïïðîêñèìàòèâíî îïðåäåëÿþò
"âîçìîæíûå"ðåøåíèÿ óðàâíåíèÿ (4) çà ÷èñëî øàãîâ K1.

Îñíîâíûå õàðàêòåðèñòèêè ýòîãî àëãîðèòìà ñëåäóþùèå:
Îáîçíà÷èì ÷åðåç S ìíîæåñòâî âñåõ ðåøåíèé x ∈ D óðàâíåíèÿ (4). Òîãäà:
10. Äëÿ âñÿêîãî i = 1, 2, ... èìååì S ⊆ Vi.
20. Åñëè a 6∈ S è a ∈ D, òîãäà íà íåêîòîðîì øàãå � äëÿ äîñòàòî÷íî
áîëüøîãî K � îòðåçîê ∆j 3 a ñòàíåò íåâîçìîæíûì.
30. Åñëè K ñòðåìèòñÿ ê áåñêîíå÷íîñòè, òî èìååì ðàâåíñòâî

S =
∞⋂
i=1

Vi. (5)

Çàìåòèì, ÷òî ïîõîæèå ðåçóëüòàòû è àëãîðèòìû èìåþòñÿ äëÿ ñèñòåì
óðàâíåíèé (ñì. [1, 2, Ãëàâà 2. System of equations, system of inequalities]).

Äàëåå ìû ïðèâåäåì íåêîòîðûå ïðèìåðû, â êîòîðûõ, ãðóáî ãîâîðÿ,
èñïîëüçóåòñÿ Àëãîðèòì 1 (èëè î÷åíü ïîõîæèé), è íà êàæäîì øàãå
êàæäûé ∆j ðàçáèâàåòñÿ ïîïîëàì.
Ïðèìåð 1. Íàéòè ðåøåíèÿ óðàâíåíèÿ sin x = 1/x, ãäå x ∈ [1, 20].

Ïóñòü [a, b] ⊆ [1, 20] � ïðîèçâîëüíûé îòðåçîê. Òîãäà, èñïîëüçóÿ (3),
âèäèì, ÷òî äëÿ ôóíêöèè f(x) = sin x − 1/x îäíà m-M ïàðà îïðåäåëåíà
ñëåäóþùèì îáðàçîì

m(f)[a, b] = a + sin a− b− 1/a, M(f)[a, b] = b + sin b− a− 1/b.

Èìååì ñëåäóþùèå ðåçóëüòàòû:
fis(i) - ÷èñëî âñåõ âîçìîæíûõ ∆j íà i−òîì øàãå, ãäå i = 1, 2, ..., 25
èçìåíÿåòñÿ ñëåäóþùèì îáðàçîì

fis(1) = 1, fis(2) = 2, fis(3) = 4, fis(4) = 8, fis(5),
fis(6), fis(7), fis(8), fis(9), fis(10),
fis(11), fis(12), fis(13), fis(14), fis(15),
fis(16), fis(17), fis(18), fis(19), fis(20),
fis(21), fis(22), fis(23), fis(24), fis(25).

Êàê ìû âèäèì, ñ 5-ãî øàãà ÷èñëî fis(i) ðàâíî îêîëî 16.
Ñëåäîâàòåëüíî, íà êàæäîì øàãå ìû äîëæíû ðàññìàòðèâàòü íå áîëüøå

1Êîíå÷íî, òàêèì îáðàçîì ïîëó÷åííûå "âîçìîæíûå"ðåøåíèÿ òîëüêî ïðèáëèæåííî
ñîîòâåòñòâóþò íåêîòîðîìó äåéñòâèòåëüíîìó ðåøåíèþ. Â ñàìîì äåëå, ñ ïîìîùüþ
äàííîãî àëãîðèòìà íåëüçÿ íàéòè òî÷íûå äåéñòâèòåëüíûå ðåøåíèÿ.
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÷åì 16·2 (òî åñòü 32) ïîäîòðåçêîâ. Íà 25-îì øàãå ìû ïîëó÷èì ñëåäóþùèå
ðåçóëüòàòû:

Äàííîå óðàâíåíèå èìååò 7 ðåøåíèé, îïèñûâàåìûõ òàê:

1.11415595 ≤ x1 ≤ 1.11415821; 2.77260345 ≤ x2 ≤ 2.77260572;
6.4391157 ≤ x3 ≤ 6.4391191; 9.31724286 ≤ x4 ≤ 9.31724399;

12.6455307 ≤ x5 ≤ 12.6455341; 15.6439972 ≤ x6 ≤ 15.6439983;
18.9024819 ≤ x7 ≤ 18.9024853.

Ïðèìåð 2. Êîìïëåêñíîå óðàâíåíèå îòíîñèòåëüíî z = x + iy

z8 + (A7 + iB7) z7 + ... + (A0 + iB0) = 0, (∗3)

ãäå A7, B7, ..., A0, B0 � äàííûå äåéñòâèòåëüíûå ÷èñëà.
Âñå ðåøåíèÿ íàõîäÿòñÿ â îáëàñòè [−r, r]× [−r, r], ãäå

r = 1 + max
0≤i≤n−1

(|ai|/|an|) .

Íåñêîëüêî óðàâíåíèé âèäà (∗3) ðåøåíî äî 25 øàãà2. ×èñëî fis(i) áûëî
îêîëî 15. Íàïðèìåð, â ñëó÷àå

A7 = −0.628871968 B7 = −0.90620273
A6 = 0.655487601 B6 = 0.109498452
A5 = 0.794467662 B5 = 0.145832495
A4 = 0.677786328 B4 = 0.862459254
A3 = −0.623235982 B3 = 0.945879881
A2 = 0.552867495 B2 = −0.164039785
A1 = 0.658555102 B1 = 0.618662189
A0 = 0.934256145 B0 = 0.147878684

ïîëó÷åíû ñëåäóþùèå ðåøåíèÿ xj + iyj (j = 1, ..., 8):

−0.34072429≤ x1 ≤−0.34072414, −0.79305351≤ y1 ≤−0.79305336;
−0.89744046≤ x3 ≤−0.89744031, −0.30877218≤ y2 ≤−0.30877203;

0.38592756≤ x3 ≤ 0.38592771, −0.95440849≤ y3 ≤−0.95440819;
1.11732647≤ x4 ≤ 1.11732662, −0.46066165≤ y4 ≤−0.46066150;

−0.31065032≤ x5 ≤−0.31065017, 0.52192032≤ y5 ≤ 0.52192062;
−0.70770741≤ x6 ≤−0.70770711, 0.78685761≤ y6 ≤ 0.78685775;

0.64331293≤ x7 ≤ 0.64331308, 0.49212873≤ y7 ≤ 0.49212888;
0.73882684≤ x8 ≤ 0.73882699, 1.62219122≤ y8 ≤ 1.62219137.

Ïðèìåð 3. Êîìïëåêñíîå óðàâíåíèå îòíîñèòåëüíî z: ez = z.
2m-M ïàðà îïðåäåëåíà ïî ôîðìóëå (1.21) èç [1] (èëè [2]).
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Â îáëàñòè [−20, 20]× [−20, 20] ýòî óðàâíåíèå èìååò 6 ðåøåíèé xj + iyj

(j = 1, ..., 6) :

2.65319109 ≤ x1 ≤ 2.65319228, −13.94920826 ≤ y1 ≤ −13.94920731;
2.06227660 ≤ x2 ≤ 2.06227899, −7.58863215 ≤ y2 ≤ −7.58863020;
0.31813025 ≤ x3 ≤ 0.31813264, −1.33723736 ≤ y3 ≤ −1.33723497;

x4 + iy4 = x3 − iy3; x5 + iy5 = x2 − iy2; x6 + iy6 = x1 − iy1.

Âû÷èñëåíèÿ ïðîâåäåíû äî 25-ãî øàãà. Ñ 6-ãî øàãà fis(i) áûëî îêîëî
16.
Ïðèìåð 4. Ðàññìîòðèì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî (x, y, z) ∈
D ⊂ R3

ex + x + sin y + cos z = p
x3 + esin y − z − ez = q
sin(x− z) + (x + y)5 − x− y − z = r

(p, q, r � äàííûå äåéñòâèòåëüíûå ÷èñëà).
Ñëó÷àé 1: p = 2, q = 0, r = 0, D = [−1, 2] × [−2, 1] × [−3, 2]. Ñóùåñòâóåò
ðîâíî îäíî ðåøåíèå (x, y, z) = (0, 0, 0). Ñ 6-îãî øàãà ÷èñëî fis(r) áûëî
ìåæäó 40 è 50. Íà 24-îì øàãå èìååì ñëåäóþùèé ðåçóëüòàò

−0.0000152587891 ≤ x ≤ 0.0000247955322,
−0.0000247955322 ≤ y ≤ 0.0000324249268,
−0.00000762939453 ≤ z ≤ 0.0000114440918.

Ñëó÷àé 2: p = 2, q = 0, r = 0, D = [−5, 5] × [1, 5]. Øàã çà øàãîì ÷èñëî
fis(r) ðàâíî 1, 8, 21, 32, 24, 0. Èòàê, ìû çàêëþ÷àåì, ÷òî ñèñòåìà íå
èìååò ðåøåíèé.

Îòìåòèì, ÷òî â ÷àñòè 4 ãëàâû 2 "System of equations, system of inequal-
ities"â [1] îáñóæäàåòñÿ âîïðîñ î ÷èñëå fis(i), òî åñòü âîïðîñ êîíâåðãåíöèè.

Â ãëàâå 3 "n-Dimensional integrals, in�nite sums; their m-M pairs"â
[1] ðàññìàòðèâàåòñÿ ïðèìåíåíèå m-M èñ÷èñëåíèÿ äëÿ íàõîæäåíèÿ n-
ìåðíîãî èíòåãðàëà è ñóììèðîâàíèÿ ðÿäîâ.
Ïðèìåð 5. Íàéòè

∫ ∫
Cond(x,y)

xy dxdy, ãäå Cond(x, y) :

0 ≤ x ≤ 2, 0 ≤ y ≤ 2, 2 + e · (x + y + 2) ≥ ex+1 + ey+1.

Ðåøåíèå. Ïîëüçóÿñü íà êàæäîì øàãå ðàçáèåíèåì íà 4 (ðàâíûõ)
ïîäîòðåçêà, ïîëó÷èì ñëåäóþùèå ðåçóëüòàòû:

Øàã 1: 0.0000000000000000 ≤ I ≤ 0.5625000000000000,
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Øàã 2: 0.0278320312500000 ≤ I ≤ 0.2424316406250000,
Øàã 3: 0.0950307846069336 ≤ I ≤ 0.1581497192382812,
Øàã 4: 0.1179245151579380 ≤ I ≤ 0.1341890022158623,
Øàã 5: 0.1239582093403442 ≤ I ≤ 0.1281216432544170,
Øàã 6: 0.1255188694198068 ≤ I ≤ 0.1265613023800256,
Øàã 7: 0.1259090350460332 ≤ I ≤ 0.1261702301487544,
Øàã 8: 0.1259090350460332 ≤ I ≤ 0.1259090350460332,
Øàã 9: 0.1259090350460332 ≤ I ≤ 0.1259090350460332.

Â ãëàâå 3 â [1] òàêæå ðàññìàòðèâàþòñÿ ñëåäóþùèå çàäà÷è.
Ïðèìåð 6. ([1, 2, Ïðèìåð 3.2.]) Ôóíêöèÿ f(x) =

∞∑
i=0

1
x+2i .

Äëÿ óðàâíåíèÿ f(x) = c, ãäå a ≤ x ≤ b, a, b, c � íåêîòîðûå êîíñòàíòû,
èìååì ñëåäóþùèå ðåçóëüòàòû.
1) Ñëó÷àé c = 1.5, a = 0, b = 1 : Íà øàãå 20 ïîëó÷èì 0.54416 ≤ x ≤
0.54417. ×èñëà fis(r) (r = 1, 2, ..., 20) òàêèå:

1, 2, 3, 3, 2, 3, 2, 2, 3, 2, 3, 3, 2, 2, 2, 3, 2, 3, 2, 3.

2) Ñëó÷àé c = 1.5, a = 0.6, b = 1 :
Øàã 1: fis(1) = 1; Øàã 2: fis(2) = 1; Øàã 3: fis(3) = 0.
Çàêëþ÷åíèå: f(x) = c íå èìååò ðåøåíèé.
Ïðèìåð 7. ([1, 2, Ïðèìåð 3.3]) Ôóíêöèÿ f(x) =

x∫
0

et

1+t
dt.

Ðåøåíî íåñêîëüêî ïðèìåðîâ óðàâíåíèé âèäà f(x) = c, ãäå a ≤ x ≤ b
è a, b, c � êîíñòàíòû.

Äî ñèõ ïîð ìû èìåëè äåëî ñ ïîíÿòèåì m-M ïàðû òîëüêî äëÿ ôóíêöèé.
Íî êàê áûòü â ñëó÷àå òàêîé çàäà÷è:
Çàäà÷à 2. Íàéòè x ∈ D = [a, b], òàêîå ÷òî

(∀y ∈ D) f(x) ≤ f(y), (6)

ãäå f � äàííàÿ m-M ôóíêöèÿ.
Èíûìè ñëîâàìè, êàê íàéòè òî÷êè x, â êîòîðûõ f äîñòèãàåò ìèíèìóìà.

Ïóñòü ∆ = [α, β] ⊆ D � ïðîèçâîëüíûé îòðåçîê. Îñíîâíàÿ èäåÿ
ðàññóæäåíèÿ ñëåäóþùàÿ: â êàêîì ñëó÷àå â òàêîì ∆ íå íàõîäèòñÿ íè
îäíîãî èñêîìîãî çíà÷åíèÿ x? Îáîçíà÷èì (6) ÷åðåç ϕ(x). Ýòî ϕ � íå
ôóíêöèÿ, à ôîðìóëà, óñëîâèå. Ïîýòîìó ìû áóäåì îïðåäåëÿòü ïîíÿòèå
m-M ïàðû m(ϕ), M(ϕ) òàê, ÷òîáû èìïëèêàöèÿ

M(ϕ)(∆) =⇒ ϕ(x) =⇒ m(ϕ)(∆) äëÿ x ∈ ∆ (7)

áûëà âåðíà. Òîãäà, åñòåñòâåííî, ∆ áóäåò âîçìîæíûì â ñëó÷àå, êîãäà
óñëîâèå m(ϕ)(∆) óäîâëåòâîðåíî.
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Ïóñòü îòðåçîê D ðàçáèò íà íåêîòîðîå îáúåäèíåíèå ∆1∪...∪∆k. Ââåäåì
ñëåäóþùèå îáîçíà÷åíèÿ.

m(ϕ)(∆i) := (∀Y ∈ {∆1, ..., ∆k} m(f)(∆i) ≤ M(f)(Y )),
M(ϕ)(∆i) := (∀Y ∈ {∆1, ..., ∆k} M(f)(∆i) ≤ m(f)(Y ),

(8)

ãäå i = 1, ..., k. Òîãäà íå òàê ñëîæíî ïðîâåðèòü, ÷òî óñëîâèå (7)
âûïîëíåíî.

Â ñâÿçè ñ ýòèì ââåäåì ñëåäóþùåå îïðåäåëåíèå.
Îïðåäåëåíèå 2. Â ñëó÷àå çàäà÷è 2 îòðåçîê ∆ ⊆ D íàçûâàåòñÿ
âîçìîæíûì, åñëè âûïîëíåíî óñëîâèå

m(ϕ)(∆). (9)

×òîáû ðåøèòü çàäà÷ó 2 ìû ìîæåì âîñïîëüçîâàòüñÿ àëãîðèòìîì,
ïîäîáíûì Àëãîðèòìó 1. Òåïåðü ∆1, ..., ∆k îáðàçóþò ðàçáèåíèå ìíîæåñòâà
Vi, è êâàíòîð (∀Y ) îòíîñèòñÿ ê íèì. Î÷åíü âàæíî, ÷òî â ýòîì ñëó÷àå
òàêæå ñïðàâåäëèâî ðàâåíñòâî âèäà (5).

Çàìåòèì, ÷òî â [1, 2] ê çàäà÷àì îïòèìèçàöèè (óñëîâíîé è áåçóñëîâíîé)
îòíîñÿòñÿ Çàäà÷à 5.1, Çàäà÷à 5.2, Çàäà÷à 5.3. Ïîä÷åðêíåì òàêæå, ÷òî
â [2, Çàìå÷àíèå 5.1] îïèñàíà ëèíåéíàÿ ïðîöåäóðà, ñ ïîìîùüþ êîòîðîé
ìîæíî íàéòè òî÷êó ëîêàëüíîãî ìèíèìóìà èëè ñåäëà â ñëó÷àå çàäà÷è
áåçóñëîâíîé îïòèìèçàöèè.

Ïóñòü òåïåðü âûðàæ1, âûðàæ2 îáîçíà÷àþò íåêîòîðûå âûðàæåíèÿ,
ïîñòðîåííûå èç ñèìâîëîâ äåéñòâèòåëüíûõ ÷èñåë, ïåðåìåííûõ è ñèìâîëîâ
íåêîòîðûõ m-M ôóíêöèé. Äàëåå, îáîçíà÷èì ÷åðåç

For(<,≤,∨,∧,¬,∀, ∃) (10)

ìíîæåñòâî âñåõ ôîðìóë ϕ, ïîñòðîåííûõ èç ôîðìóë âèäà
âûðàæ1 < âûðàæ2, âûðàæ1 ≤ âûðàæ2,

ëîãè÷åñêèõ ñâÿçîê ∨, ∧, ¬ è ëîãè÷åñêèõ êâàíòîðîâ ∀, ∃,
ïðèñóòñòâóþùèõ â âèäå (∀x ∈ [a, b]), (∃x ∈ [c, d]). Ôîðìóëà

(∀x ∈ [0, 4])(∃y ∈ [3, 5]) y2 − x2 = z

� îäèí èç ïðèìåðîâ òàêèõ ôîðìóë. Åñëè ôîðìóëà ϕ âèäà (10) íå ñîäåðæèò
ñèìâîëîâ <, ¬, òîãäà áóäåì ãîâîðèòü, ÷òî ýòî ïîçèòèâíàÿ ≤ - ôîðìóëà.

Â ãëàâå 4 â [1] "m-M pairs of the �rst order formulas; set-theoretical in-
terpretation"äëÿ ôîðìóëû ϕ èç ìíîæåñòâà (10) îïðåäåëåíû m(ϕ) è M(ϕ)
(ñì. Îïðåäåëåíèå 4.1), äàíî îáùåå îïðåäåëåíèå âîçìîæíûõ n-ìåðíûõ
ïðîìåæóòêîâ (Îïðåäåëåíèå 4.2), äîêàçàíà äâîéíàÿ èìïëèêàöèÿ âèäà (7)
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([1, 2, 4.4]). Äàëåå, â ñëó÷àå ïîçèòèâíûõ ôîðìóë äîêàçàíî ðàâåíñòâî âèäà
(5) (ñì. [1, 2, Òåîðåìà 4.3]). Ýòî ñàìàÿ ãëàâíàÿ òåîðåìà m-M èñ÷èñëåíèÿ.
Â [2, 7. Ïðèëîæåíèå] äàíî î÷åíü ïðîñòîå äîêàçàòåëüñòâî ýòîé òåîðåìû.

Ãðóáî ãîâîðÿ, áëàãîäàðÿ ýòîé òåîðåìå, ñ ïîìîùüþ àëãîðèòìà,
ïîõîæåãî íà Àëãîðèòì 1 (ñì. [1, 2, 5.1, 5.2]), ìîæíî ðåøèòü âñÿêóþ
ìàòåìàòè÷åñêóþ çàäà÷ó, âûðàæåííóþ íåêîòîðîé ïîçèòèâíîé ôîðìóëîé
ϕ. Ïîä÷åðêíåì, ÷òî ñ îäíîé ñòîðîíû ê òàêèì çàäà÷àì ïðèíàäëåæàò
áîëüøèíñòâî çàäà÷ âû÷èñëèòåëüíîé ìàòåìàòèêè, èíòåðâàëüíîé
ìàòåìàòèêè, è ò.ä., à ñ äðóãîé ñòîðîíû m-M èñ÷èñëåíèå äàåò
âîçìîæíîñòü ðåøèòü ìíîãèå íîâûå, äî ñèõ ïîð íåðåøåííûå çàäà÷è.

Òåïåðü, äëÿ èëëþñòðàöèè, ïðèâåäåì íåêîòîðûå ïðèìåðû èç [1] è [2].
Ïðèìåð 8. (ýòî Ïðèìåð 5.3) Íàéòè x ∈ [1, 2] òàêîå, ÷òî ñïðàâåäëèâî
ðàâåíñòâî x2 = c, ãäå c � êîíñòàíòà, ïðî êîòîðóþ èçâåñòíî òîëüêî,
÷òî c ∈ [1.69, 1.96].

Îñíîâíàÿ èäåÿ ðåøåíèÿ. Ýòà çàäà÷à ëîãè÷åñêè ýêâèâàëåíòíà
ñëåäóþùåé.

Íàéòè x ∈ [1, 2] òàêîå, ÷òî âûïîëíÿåòñÿ ñëåäóþùàÿ ôîðìóëà (∃c ∈
[1.69, 1.96] x2 = c
Çàìå÷àíèå 1. Ýòà çàäà÷à îòíîñèòñÿ ê èíòåðâàëüíîé ìàòåìàòèêå (ñì.
[1, 2, Çàäà÷à 5.5]). Íî îíà òàêæå äàåò èäåþ, ñ ïîìîùüþ êîòîðîé â ãëàâå
6 "Finding functions as solutions of a given m-M condition"ìåæäó ïðî÷èì,
îïèñàí ìåòîä äëÿ íàõîæäåíèÿ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
ïåðâîãî ïîðÿäêà.
Ïðèìåð 9. (ýòî [1, 2, Ïðèìåð 5.1]) Íàéòè

min
x1∈[a1,b1]

max
x2∈[a2,b2]

f(x1, x2),

ãäå f : [a1, b1]× [a2, b2] −→ R � äàííàÿ m-M ôóíêöèÿ.
Ïðèìåð 10. Íàéòè z ∈ [−7, 25] òàêîå, ÷òî âûïîëíÿåòñÿ óñëîâèå

(∀x ∈ [0, 4])(∃y ∈ [3, 5]) y2 − x2 = z.
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