Onenka 4mc/a MpaBMIbLHBIX ceMeliCcTB
byHKIMii k-3HAYHON JIOTUKN

A. B. Tasarenko!

IIpaBunbublie cemeicTBa (PYHKINN SIBIASIOTCA YIOOHBIM CPEJICTBOM
JIJIsI 3aJIaHUsT OOJIBINNX IIapaMEeTPUIECKUX KJIACCOB KBA3UTPYIII U d-
kBasurpym. K. JI. IlaperopoiessiM ObLIO YCTAHOBJIEHO, YTO B OyJI€BOM
cilydae IpaBUJIbHBIE CeMeiCTBa HAXOMATCI B €CTECTBEHHOM B3aWMHO-
OJTHO3HAYHOM COOTBETCTBHU C OJIHOCTOKOBBIMU OPUEHTAIUSIMU OyJIeBa
Ky6a. Hucmo Takux opueHtarmit 6outo orenerno M. Maroymekom. B
pabore mpejicTaB/IeHO 00600IIeHNe HUKHENH OoIleHKN MaTtoyrineka Ha CIy-
qaii JIOTMKU TPON3BOJIBHON 3HAYHOCTH, HEKOTOPBIE CJIEJICTBUS U3 ITOrO
0000IITeH s, & TaAKYKe ITOKA3aHO, YTO CBOMCTBO MPABUJIBHOCTHU SBJISIET-
Csd PEIIKAM — JI0JII IIPABUJILHBIX CEMENCTB pa3mMepa n B KJACCe BCEX
CEMENCTB U3 N N-apHbIX (MYHKIUM, )i KOTOPHIX OJHOUMEHHAS IIepe-
MeHHast (PUKTUBHA, cTpemMuTcs K 0 mpu n — 0o.

Kuaro4deBrbie ciioBa: mpaBuabHBIE ceMeiicTBa (DyHKIH, DyHKINN
k-3HAYHOI JJOTUKH, THIEPrpad, mIapocodeTaHne

1. BBenenne

[TpapunbabIe cemeiicTBa OysieBbiX dyHKIWM ObLTH BBeseHbl B. A. HocoBbim
B pabore [1]. B pabore [2| 6bLI0 HOKA3aHO, YTO € HOMOINILIO IPABUILHBIX
cemeficTB OyJIeBbIX (DYHKIUI pazMepa 1 MOXKHO 3aJ[aBaTh IMapaMeTPUIECKue
KJIACChl KBasurpym nopsiika 2. B padore [3] B.A. Hocos u A.E. ITan-
KpaTheB 0O0ODINMIN TOHATHE TPABUJIBHOTO CeMeicTBa Ha, cirydail hyHKIUi
k-sHaunoit joruku upu k > 3. WM. A. Iliiakcuna mokasaJia, 9TO ¢ IIOMOIIBIO
PaBU/IbHBIX CEMENCTB MOXKHO 3a/I[aBaTh HE TOJILKO KBa3UI'DPYUIIbI, HO U d-
kBasurpyunsl upu d > 3 [4]. B pa6ore [5] koncrpykius Iliakcunoit 6bu1a
JONOHUTEIHHO yeusaeHa. O030p pe3yJsIbTaTOB 110 MPABUJILHBIM ceMeficTBaM
IpUBEJIEH B craTbe [6].

O6o3znaunm 1gepe3 T (n) ducio MpaBUIIBHBIX CEMEHCTB pasmepa n B k-
sHauHoil storuke. Nssectno, uro Th(n) > n?", rme A — HexkoTOpas HOIOKH-
TeJIbHAS BEIECTBEHHAS KOHCTAHTA. DTOT PE3Y/ILTAT ObLI HOIYYeH CJIE/ Ly IOIINM
crocobom. K. JI. [laperopoies ycTaHOBIII, YTO MEXKJY HPABUIBHBIMUA CEMeli-
cTBaMu OYJIEeBBIX (DYHKIHIT pazMepa 1 U TaK Ha3BIBAEMBIMU OJHOCTOKOBBIMHI
OPHUEHTAIUSIME N-MEPHOTO OysieBa Kyba CyIIecTBYeT B3aUMHO OIIHOZHATHOE
coorsercrBue [7]. Takum o6pasom, B KauecTBe HUXKHElH OIEHKU Ha YUCJIO
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[IPABWILHBIX CEMENCTB OyJIeBhIX (DYHKIMI MOYXKHO UCIIOJIHL30BATH OIEHKY HAa
YHCJIO0 OJJHOCTOKOBBIX OpHeHTanuii, nosydenuyto V. Maroymekom [8]. Ilpuse-
JeHHOe HUXKe 00o0IeHne KoHcTpyKiuu Maroyieka Ha k-3HadqHBbIN co1ydaii
[03BOJISIET TOJIyYUTh HUXKHIOKW OneHKy Tj(n) Jyisi npousBosibHOrO kK > 3.
3areM MBI [IOKaXKeM, UTO CBOHCTBO NMPABUJIBHOCTH SIBJISETCS PEJIKUM — JOJIs
MIPABUIBHBIX CEMENCTB CPean BCeX ceMelcTB PYHKIM, (PUKTUBHO 3aBUCSIIIIIX
OT OJTHOMMEHHOM ITepeMeHHOoM, cTpeMuTcs K (.

JlanbHeiiniee U302KEHIE UMeEET CJIEAYIONYIo CTPYKTypy. B pasnerne 2
BBOJIATCS HEOOXOUMbIe olpejiesienusi. B pasesne 3 mpejicTaBieHbl OCHOBHBIE
pe3yabraThl paboTel. Pazjen 4 sBiseTcs 3aKJIF0UEHUEM.

2. OcHoOBHBIE oIIpeieIeHns 1 0003HAYEHUS

[Mycrs By ={0,1,...,k — 1}. MuO)kecTBO BCex n-MecTHBIX dyHKIHiT Ha EJ;
obosnauuM 4epes P’

Onpepenenne 1. [Tycmo k,n € N, k > 2. Cemeticmeo gynruut (f1,..., fn),
fi € P!, i=1,...,n, na3vl6aemca npasuisvhbim, ecau 0A8 M0bblT Habopos
a,B € EY, a=(al,...,an), B = (b1,...,by), a # B, natidemesa undexc i,
1 <i < mn, maxod wmo a; # b;, no fi(a) = fi(B).

Jlerko yBujierhb, uro eciau cemeiictBo (fi, ..., fn) SBJIsSIeTCS NPABUJIbHBIM,
TO mepeMentast x; dbukTuBHA st GyHKIWA fi(T1,...,2,), 1 =1,...,n.

IIpumep 1 ([3, upumep 2|). IHycmo cemeticmeo F = (f1,. .., frn) makoso, wmo
NEPEMEHHBLE Ty, . . ., Ty, Pukmuens, oas gynkyun fi(x1, ..., zy), 1 =1,...,n.
Tozda amo cemeticmeo Asaaemcs Npasusvhoim. Jlas dokazamenbemea npa-
BUALHOCTNU JOCMAMOYHO PACCMOMPEMD NEPEYIO0 NOZUUUIO, HA KOMOPOT HAbO-
poL o u 5 omaunaromes. Pacemompum npoudsosvnyio nepecmarosky o € Sy u
npumerum ee k cemeticmey F. Pesysvmam obosnawum wepes G = (g1,...,9n),
9i(T1, .- 70) = foi)(To1)s - To(n)- /leeko yeudemv, wmo cemeticmeo G
MaKHCE ABAAELMCA NPABUALHUM. Takue cemeticmea Ha3bBaMEA MPey2oab-
HOLMU.

IIpumep 2 ([6, 3ameuanue 1]). Hycmov cemeticmeo F = (fi,..., fn) ydo-
BAEMBOPAEM, CACOYIOUUM Ycaosuam. Bo-nepewz, nepemennan x; Gurmus-
na Odaa pynwkyuu fi(z1,...,x,), © = 1,...,n. Bo-emopwx, cywecmsyem
anemernm a € Ey, maxot wmo das mobozo nabopa o € EF u aobwx i, j,
1 <i < j < n, no kpaiinet mepe odno uz snavenuts fi(a), fi(a) pasmo a.
Tozda cemeticmeo F npasusvhoe. Ecau 60 6MOpom ycaosuu 6 Ka4ecmee
anemenma a 6uopams 0, NOAYHUMCA GHAA02 YCAOBUA OPMO20HAABHOCTIAL,
NOIMOMY CeMeTCmea maKozo 6uda Mol bydem HA3bI8GMb 0000WEHHO OPMO20-
HAAOHHLMU.



BHaunTeIbHOE YUC/IO JIPYIUX IPUMEPOB MOXKHO HaiiTu B pabore [6].
B zaBepimenne pasmgesa npuBeseM psisi OIpeeenniit n3 006/IacTu TeOPUn
rpadoB, KOTOpbIe TOTPEOYIOTCS JIJIs JOKA3ATEIbCTBA YTBEPK ICHUT.

Onpepenenne 2. [unepepagom nazwsaemes napa (V, E), 2de V. — koneunoe
MHO0HCECB0 8epuwun, I — Kkoneunoe muoocecmeo euneppebep, snemenmamu
KOMOP020 ABAAIOMCA NOOMHOICECTNEA sepuun. Ecau wucio eepwun 60 6cex
2uneppebpaxr pasro 00noti u Mot JHce KOHCMAHME T, 2unepepad Ha3v8aemcs
7-00HOPOOHBLM UM MPOCTNO 0OOHOPOOHIM.

Oupenenenne 3. [Tyemv H = (V, E) — nexomopwiti 2unepepag, v € V. —
sepwuna amozo zunepepaga. Cmenenvro sepuunvs d(vV) HA3BLEAEMCA YUCAO
eunepppebep, codeporcawux v. Ecau 0as ecex sepuwun cmenersd paska 00Hot U
mot orce Koncmarme d, 2unepepad Haszveaemcesa d-pe2yiapHoim UAU TPOCTNO
DELYAADHBIM.

Onpenenenne 4. I[apocouemanuem 6 unepzpage H = (V, E) nazweaemcs
NOOMHOIHCECTNBO NONAPHO Henepecekarowurcs auneppebep M C E.

[Iycrs H = (V, E) — runeprpad, u,v € V, u # v. Yepes d(u,v) 0603Ha~
UM YHUCJIO TUIeppebep, colepsKalux BepIIuHbL U 1 V.

3. OCHOBHbIe pPe3yJabTaThbl
Teopema 1. Cywecmeyem xoncmarnma A € R, A > 0, maxasa wmo
Tr(n) > nAk".

oxazameavcmeo. CriepBa MOCTPOUM B3aUMHO OJIHO3HAYHOE COOTBETCTBHUE
MexJy cemeiicrBamu byuknuit F,, = (f1,..., fn), tae fi € P}, upudem
mepeMeHHast r; GUKTUBHA s fi, ¢ = 1,...,n, 1 KJIACCOM HATDYKEHHBIX
rutieprpadoB CIEIYIONEro Buja. B KauecTBe MHOXKECTBa BEPIIUH BhIOEpEM
muozkecTso E. ConmeprkaTe/lbHO KaxK/asl BepIINHA COOTBETCTBYET HabOpy
3HAYEHWH TIepeMeHHbIX. Kaskoe MoIMHOYKECTBO BEPIINH BUIA

{(al,...,ai,l,c,aiJrl,...,an) |CEEk} (1)

obpazyem rurieppebpo. Cozep:KaTe/ibHO TUIeppedpaMu COeUHSIIOTCA BCe
HabOPbI, OTJINYAIONINECS POBHO B OJHOW 3a/annoii nosuiuu. JlonosnuresbHo
KaxKJ0e rureppebpo cHabyKaeTcs MOMETKO 3 MHOXKecTBa Ej. B 6yneBom
cJIydae poJib MIOMETOK WUTrpaJjia OpueHTarus pedep.

Iiist onpesiesieHnst 0TOOpParKEeHUsT M3 MHOYXKECTBa ceMelcTB (DYHKIUN B
MHOXKECTBO rutieprpadoB JIOCTaTOYHO 33/1aTh IPABUIIO, 3a/aioliee 3Hade-
Hue MeTok rureppebep. Cuenaem 1o ciemyronuM obpaszom. Ilycrs F, —



Hekoropoe cemeiicrso. Torma runeppebpo (1) crabkaercss METKOl, paBHOI
filar,...,a;—1,0,ai41,...,a,). 3amern™, 9TO B CHIIy (DUKTUBHOI 3aBHCAMO-
ctu f; oT mepeMeHHON x; KoHCTaHTa () MOXKeT OBITH 3aMeHeHa Ha JII0OYIo
JIPYTYIO, DU 9TOM 3HAYEHNEe METKHM He U3MEHUTCsI. JIerko yBHIETh, 9TO I10-
CTPOEHHOE COOTBETCTBUE $SABJIsieTCsl OMeKImeil, Tak Kak pas3Hble ceMeiicTBa
IIepexoJdaT B pa3Hbie runeprpadol u odas KOMOUHAINS METOK PEaIN3yeTCs
KakK o0pa3 HEKOTOPOro cemeiicTsa.

PaccmorpumM mpaBuiibHOE CeMECTBO, TaKoe YTO Bce (DYHKIIUU TOXK/Ie-
CTBEHHO paBHBI KoHcTante k — 1, u runeprpad H,, coorBeTCTByIONHil 3TOMY
cemeiictBy. MeTku Bcex runeppebep H,, pasubl k — 1. PaccMoTpum mpon3BoJib-
Hoe mapocoueranune M B H,,. IIpon3BosbHBEIM 00pa30M ITOMEHsIEM 3HATEHUST
MeTOK st rutieppebep u3 M, BbIOpaB Jjisd KaxK0ro runeppebpa HOBoe 3Ha-
genne n3 Muoxkecrsa Ey \ {k — 1}. O6o3naunm nosyuunsimuiicst rutieprpad
gyepe3 H/ . a mpoobpas sroro runeprpada OTHOCUTENLHO BBEJIEHHOIO COOT-
sercreust depe3 F) = (fi,..., f]). Ilokaxem, 4ro OH siBJIsieTCst 06pa3OM
MPABUJIBHOI'O ceMeiicTBa GyHKIN. BO3MOXKHBI ciie/yonue cirydan.

1. n = 1. Torma H, umeeT pOBHO OJHO ruUIEeppebpo ¢ moMeTKoii ¢ € Ey n
COOTBETCTBYET CEMENCTBY, COCTOSAIIEMY U3 OJIHON (PYHKITMHU, TOXKIECTBEHHO
PAaBHOII ¢, TO €CTb SIBJISIETCSI ITPABUIBHBIM.

2. n = 2. Torga runeprpad H] umeer dbopmy KBajpara, a Bce TUleppe-
6pa u3 MHOKecTBa M MJIYT B OJIHOM HampasjeHun (Jro0ble jiBa runeppet-
pa, WYX PA3HBIX HAIIPABJIEHUX, TO €CTh OJHO FOPU30HTAJIHHOE U OJHO
BEPTHUKAJIbHOE, IepeceKatoTcst). Paccmorpum mojiciyyaii, korya pebpa B M
BEPTUKAJbHBIE, UTO COOTBETCTBYET Bapualliil BTOPOW KOMIIOHEHTHI Habopa.
Torga cemeiicrBo F), umeer sug ((k— 1), f(x1)), TO ecThb siBisieTCsSt TPEYTOJIb-
HBIM U, KaK CJIEJICTBUE, IIPABUIbHBIM. BTOPOI moJIC/Iydaii paccMaTpUBAeTCsT
[IOJTHOCTBIO aHAJIOTHIHO.

3.n > 3. B aToMm cityuae 3aBepIiimM J10Ka3aTebCTBO HHIyKIuei o n. Pac-
CMOTPHM Mapy BXOJIHBIX HAOOPOB o = (a1, ...,an), B = (b1,...,by), o # B.
FEcnu maitnerca rakoit nnzgekc ¢, 1 < ¢ < n, 4ro a; = b;, TO paccMOTpUM
cemeiicTso F, momydennoe n3 F! MOACTaHOBKOM 3HAMEHMs a; BMECTO Tiepe-
MeHHOH x; u BhruepkusanueM dynximun fi. Cemeiictsy F), cooTBeTcTBYeT
runeprpad H!, spsommiica moarpadom HY, | TOPOXKIEHHBIM MHOMKECTBOM
BEPIIUH, Jjisi KOTOPBIX KOMIIOHEHTA HOMED ¢ paBHA a;; ITOT MOATrpad MOXKET
OBITH TIOJIyYeH U3 Hy,_1 U IapocoveTaHns, B KOTOPOE BXOJST T€ M TOJbKO Te
rutieppebpa u3 M, jutss KOTOPBIX KOOPAMHATA HOMED ¢ (DUKCUPOBAHA U PaB-
Ha ;. [1o MHyKTHBHOMY TIPE/TIOJIOKEHHTO ceMeficTBO F! paBuIbHOe, 3HAMNT,
HalleTcsl MHJIEKC j, TaKoil 410 a; # bj, HO fj’(a) = fj’ (8). lycrs Tenepn Bee
KOMIIOHEHTBI HADOPOB « U 3 pas3judHbl. Tak KaK BepIITUHBI, COOTBETCTBYIO-
e HabopaM « 3, IpuHaIeXKaT He bojee ueM oaHoMy rureppebpy ns M,
an > 3, HalijleTcs TaKo MHIEKC i, ITO runeppebpa, comepxKaiime o u 5 u
HOJIyYeHHbIe BapHualieii KOMIIOHEHTBI HOMeD 4, He siexkar B M, To ectb B H),



oba sTux pebpa coxpansitor nomerky k — 1. 3uaunr, f;(a) = f;(8) =k — 1.
Takum 06pazoM, cemeiicTBo F), IpaBUIBHOE TIO ONPEJIEIEHHIO.

JIerko yBuIeTh, 4TO CEMEICTBA, SBJILAIONINECS TPOOOpa3aMu TUIIEPIPa-
GbOB I pa3/IMIHBIX MMAapocovYeTannil, pa3jandabl. Takum obpa3om, UuUCIo
napocoderanuii B rpacde H,, gBjsieTcss HUXKHEH OIEHKON YMCJIa ITPABUIbHBIX
ceMeicTB pa3zMepa 1.

iist 3aBepiiiennst J0Ka3aTeIbCTBA BOCIIOJIB3YEMCs OIEHKON U3 pabOThI
A.C. Acparsna u H. H. Kystoopuna [9]. Ilycrs r dbukcupoBatHast KOHCTaHTA,
H™ = (V™ E™) — , r-oquoponusiii u d(n)-perynsipusiii rumneprpad, Takoii 9o
JUTsL KazK 1ol napsl u, v € V', u # v, Bbinosreso d(u,v) = o(n), n — oo. Torua
qrcao napocodetanuii N (H"™) oneHHBaeTCs CHU3Y CJIEIYIONIM 00pa3oM:

N(H™) > d(n)"=o0)/Im - p - . (2)

Bamernm, uro B runeprpade H(n) creneHb KazKIoi BEPIIUHBI DaBHA 7, KaiK-
n0e pebpo cocTouT u3 k BEPIINH, a MMapa Pa3JIudHbIX BEPITUH MTPUHAIIEKUT
He 6ojiee yeM ojgHoMy rumeppedpy. Takum 06pa3oM, MOXKHO ITPUMEHUTH OIEH-
Ky (2) ¢ mapamerpamu r = k, d = n, n = n¥, u noayuurs ciemyomee

ACUMIITOTHYECKOe HEPaBEHCTBO:
1 k__ k
Ti(n) > nk(” o(n )), n — 00,
13 KOTOPOT'O BBITEKAECT CIPABEIJIMBOCTD TEOPEMBI. O

Sameuanue 1. Tax Kak HUHCHAA OUEHKQ NOCTIPOEHA C NOMOULLIO NAPOCOYE-
MaHuA, 0af 41006020 6L00H020 HAbOPA v HE boaee, wem 00Ha PYHKUUA HOB020
cemeticmaa npumem 3uavenue, omauvnoe om k — 1, omxyda caedyem, wmo
MO CeMETCMBO ABAAELMCA 0000ULLHHO OPMO2OHANDHDIM.

Ncnosnp3yem MOTyIeHHYIO OIEHKY LIS JTI0Ka3aTeIbCTBa TOTO, ITO ceMeii-
CTBa M3 IPUMEPOB 1 COCTABIISAIOT OECKOHEYHO MAaJIyIO JOJI0 B MHOYKECTBE BCEX
IIPABUJIBHBIX CEMENCTB.

Teopema 2. IIycmo k € N, k > 3. Tozda doas mpeyzosvhHux cemeticme
DABMEDPA T, 8 MHOIHCECTNEE BCET NPABUALHBIT CEMETICTNE PA3MeEpPa 1 CTPEMUTNCA
x 0 npu n — oco.

Hoxaszameavcmso. Crieppa OIEHUM CBEPXY MOITHOCTh MHOYXKECTBA TPEYTOJIb-
HBIX ceMeicTB (f1, ..., fn), TAKHX 9TO MEPEMEHHBIE Tj, . . . , Ty, (DUKTHBHBI JJIsT
bynxuun fi(z1,...,2,), 1 = 1,...,n. I3 npeanonoxenns na Buf GyHkmun f;
cJIeJIyeT, 9YTO OHa MOYKET OBITh BBIOpaHa k¥ criocoban. Suagur, obiee
YUCJI0 TPEYTOJIbHBIX CEMEHCTB TAKOI'O BHJIA OIEHUBAETCSI CBEPXY CJIEILYIOIIAM
00pasoM:

"1

KRR R 2 g SR = e <




B pesynbrare corsiacoBaHHON TIepeHyMepaIii MOITHOCTEL BBIPACTET He GoJiee,
geM B n! pas. CieqoBaTeibHO, JI0JIsT TPEYTOJbHBIX CEMENCTB B MHOXKECTBE
BCEX MPABUJIBHBIX CEMENCTB OIEHUBAETCS CBEPXY BETUIUHON

n! - kk"
AR (3)

Jlorapudm 1o ocHoBanuio k orHoineHus (3) B CBOIO OYepe/ib OIEHUBACTCS
BEJIMINHOMN

logy, (n!) + k" — AK"™ -login < n-log,n + k™ — AK™ - logy n,

KOTOpasi CTPEMUTCS K —00 IPUA N — 00. SHAYUT, MICKOMOE OTHOIIEHUE CTPE-
mures K 0. O

CaenctBue 1. Ommuowenue wucaa mpeyzosvHur cemelicmas pazmepa n x
YUCAY 0000UEHHO OPMOLOHAALHHT CeEMETUCME pazmepa n. cmpemumca x 0
npu n — oo.

Sameuanmne 2. Ananoe meopemv, 2 0is 6yae6a CAYUGA ObLA YCMAHOBAEH
K. JI. Ilapezopoduesvim (cm. [10, Teopema 6]). Caedecmeue 1 6 byaesom cayuae
MaKIHCce uMeem Mecmo.

Tereps moKazkeM, ITO CBONCTBO MPABUJIHBHOCTU SIBJISIETCS PEIKUM: JTOJIsT
IPaBWJIBHBIX CEMENCTB pa3Mepa 1 CPeJIN BceX ceMeiicTB pa3Mepa 1, B KOTOPhIX
byHKINN GUKTUBHO 3aBUCAT OT OJHOUMEHHO repeMeHHoi, crpemutcs K (.

Teopema 3. IIycmv k € N, k > 3. Tozda

- Ti(n)
lim Y, 4
n00 Njo(n) )
2de Ni(n) — wucao cemeticms (fi,...,fn), fi € P, maxux wmo nepemen-
naA T; Purmuena das Pynrkuun fi(x1, ..., Ty).

Joxazamesvemeo. OyHKINIO OT N MEPEMEHHBIX, JJIsI KOTOPOI 3a/TaHHAasT TTe-
peMeHHasi (GUKTUBHA, OYEBUIHLIM 00Pa30M MOYKHO BBIOPAThH Kk CII0CO0OM,
OTKy/a caeayer paBeHCTBO Ni(n) = gkt

Ouennm ceepxy Besmunny Tk (n). Pasgenum dyHnkiun cemeiicTBa Ha aphbi:
(f1, f2), (f3, f1), ... Eciu n gerno, nocennsisi napa umeer Buf (frn—1, fn), B
[IPOTUBHOM CJIydae MoC/e/Hsis napa uMeer BUi (fn—2, fn—1), & HMOCIEHSS
dyuKIMS ocraercs 6e3 mapbl. OIEHIM YUCI0 BAPUAHTOB JjIsl BRIOOpA Haphbl
(fis fi+1). Crpynmnupyem BXojHbIe HAOOPBI TaK, YTO B OJHY TPYIIILY IOMAIAI0T
BCe HAOOPBI, OTJIMYAIONIUXCSA TOJIBKO B MO3UIUAX § WK j. B Kaxkio# rpyre
oxazxercs k"2 nabopa. Ha kazkoit rpyme napy (f;, f;) MozKHO paccmar-
pHBaTh KaK ceMeficTBO (QYHKIUiI OT JIByX IEPEMEHHbIX Z;, ;. Mcromb3ys



YTBEPZKJIEHUE O COXPAHEHUN MTPABUILHOCTH TIPU MOJICTAHOBKE KOHCTAHTBI BMe-
CTO IIEPEMEHHOI ¢ yjlajleHneM OJIHOUMeHHOi dbyHKimu (cM., Hanpumep, [11,
JemMma 1|) Jlerko mokasarb, UTO 9TO CeMEHCTBO IpaBuibHoe. V3BecTHO, 9TO
paBUJIbHBIE ceMeiicTBa pasmepa 2 sIBJISIFOTCS TPEyTOJIbHBIMU (CM., HAIIPH-
mep, |11, yreepxkaenue 1]). Snauyur, Ha paccMaTpUBaeMOii TPyIIe BXOIHBIX
Ha0OPOB HOO f; ABIAETCS KOHCTAHTOH, a fj ecTh (byHKIMA OT OIHOII Iepe-
MEHHOH z;, 60 HaobopoT. SHaunt, nMeercs ne Gosee 2 - k - k¥ croco6os
3a/1aTh 3HaYeHns napel GyHkuumit (f;, fj) Ha KaxK10ii rpyIe BXOI0B, a obIee
4ncIIo c11ocoboB BeIOOpa (fi, fj) OlleHUBaeTCs CBepXY BeJIMYHHOIL

(2 k. kk) k= < (kk+2) kn2 _ pkr2)Rn2

Eciu n deTHo, 4mucsio nap paBHO 71/2, HOITOMY YHCJIO [IPABUJILHBIX CEMENHCTB
pa3Mepa n OIEHWBAETCS CBEPXY BEJIMINHOM

(k(k+2)k"—2>n/2 )

)

€CJIM N HEeYETHO, 3aMedaeM, ITO OCTABINAasCA 0e3 mapbl PYHKIHUS f, UMeeT

PUKTUBHYIO IEPEMEHHYIO T, M IIO3TOMY MOXKET OBLITh BbIOpaHa He OoJiee,
n—1

yem kF CITOCOOOM, TIO9TOMY BEpPXHsIsT OIIeHKA IPUHUMAET B/

(k)2 ) T2
<kk+2)k 2)(” 2 et

[Monesnum nostydennsie onenku Ha Ni(n) u nposorapudMupyem o OCHOBa-
Huto k. B nepBoM ciiydae ¢ yueToM HepaBeHCTBa k > 3 BOZHUKAET CJIEJYIONIAs
IEI0IKa:

k
g~(k+2)-k”’2—n-k”’1: <”2—lm+n> k2 =
:(Z—k)g-k”*2—>—oo,n—>oo.

Bo BTOPOM CJiy4dae UMeeM

n—1
2

kn  k
(k42)- k"2 ok = <2" — g1tk nk) kn2 =

-1
= <(2k)n2 >k‘"_2%oo,n%oo.

O6e moAImoCIeIOBATETLHOCTH CXOIATCI K —00, OTKY/A CJAEIYET, ITO UCXOITHOE
oTHOIeHNe cTpeMuTcsd K 0 mpu n — 00. O

Bameuanme 3. Cnpasedausocms dopmysve (4) das cayuas k = 2 asaa-
emcsa ouesudnoim caedcmeuem ceprreti ouenwu Ta(n) < nP2" | noayuennoti
H. Mamoywexom 6 pabome [8]; 3decv B — nexomopas noaoscumenvias ee-
WECMBEHHAA KOHCTNAHMG.



4. 3akKJo4deHune

B GysieBom ciydae B pabore V. Maroyrieka [8] mostydeHbl OIEHKN MOIHOCTH
MHO2KECTBa OJTHOCTOKOBBIX OPHEHTAIIN n-MepHOro OysieBa Kyba. U3 pesyiib-
taro K. /I. Ilaperopo/iesa |7| BbITeKkaer, 4To 9TH OIEHKU OJHOBPEMEHHO
SIBJITFOTCS OIEHKAMU MOIIIHOCTU MHOYKECTBA MIPABUJIBHBIX CEMENCTB OYJIEBbIX
dbyuknuit pazmepa n. B Hareit paboTe M3ydaeTcss MOITHOCTH MHOXKECTBA
[IPaBWJILHBIX ceMeiicTB dyHKnuii k-3Ha4uHoit jioruku pu k > 3. B kadecTse
HI2KHEN OIEHKU IpejjiaraeTcs mpsmoe obodienue ornenku Martoyieka. H-
TEPEeCHO, YTO OHA JOCTUTAETCs Ha MHOXKECTBE 00OOIIEHHO OPTOrOHAJIBLHBIX
IPABUJIBHBIX CEMENCTB, TOJIa KaK J0JIsi TPEYroJIbHBIX CeMENCTB pasmMepa n B
KJIacce BCEX MPABUJIBHBIX CEMENCTB pasmepa n crpemutcs K 0 npu n — 0o;
6oJiee TOTO, OTHOIIEHNE MOIITHOCTH MHOYKECTBA TPEYTOJIbHBIX CEMEHCTB pas3-
Mepa N U MOIIHOCTH MHOXKeCTBa OOODIIEHHO OPTOrOHAJBHBIX TPABUIBLHBIX
cemeiicTB Takke crpemurcs K 0.

N3 omnpeiesiennst TpaBUJIBHOCTHU CJIEJIYET, UTO IS KarXKI0i (PYHKIUH Ce-
MelicTBa OJJHOUMEHHAas [lepeMeHHas JI0JKHa ObITh (pbukTuBHON. B KadecTBe
BEpXHENl OIEHKHU B paboTe MOKA3aHO, UTO JIOJIs IPABUIBHBIX CEMENCTB pa3Me-
pa n B Kjacce Beex ceMeiicTs (f1,..., fn), rae f; € P n x; duxkTusHa st
filx1,...,xn), i = 1,...,n, crpemurcs kK 0 upu n — 0o. Ilo Beeit BugmMO-
cTi, BepHO 1 Gosee cuiibnoe yreepxaenue: Ti(n) < nP*" nna mexoropoit
BeIeCTBEeHHOU KOHCTAHTHI B. JloKazaTebeTBO 9TOH rUIoTe3bl SABISETCS Ha-
IpaBJCHUEM JAaJbHEHIINX UCCICIOBAHUN.

Agrop 6naromapur K. II. Haperopouanesa u A. E. ITankparbesa 3a 1110/10-
TBOPHbLIE O0CYKICHUs U [IOJIE3HbIE 3aMEUAHMSL.
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Bounds on the number of proper families of k-valued functions
Galatenko A.V.

Proper families of functions are a convenient apparatus for memory-
efficient specification of large parametric families of quasigroups and
d-quasigroups. K. D. Tsaregorodtsev proved that there exists a natural
one-to-one correspondence between proper families of functions and
unique sink orientations of a Boolean cube. The cardinality of such
orientations was estimated by J. Matousek. In our paper we extend
Matousek’s lower bound to the case of k-valued logics for arbitrary
k > 2, present a number of corollaries and prove that properness is a
rare property, namely, the fraction of proper families of the size n in
the class of all families of n-ary functions (fi,..., f.) such that x; is
dummy for f;(z1,...,z,) tends to 0 as n — oc.

Keywords: proper families of functions, k-valued functions,
hypergraph, matching.
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