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Introduction

In recent years knowledge representation formalisms based on various non-
classical logics instead of classical logic have attracted increasing attention.
In description logic, for example, various approaches to modeling para-
consistent, inconsistency-tolerant reasoning have been developed. In the
paper [4, p. 301] from 2003 it was remarked that

[t]here is some work on description logics using non-monotonic,
many-valued, or fuzzy-logic, see [4, Chapter 6], however, the
underlying logic of almost all systems of description logic is
classical.

Here [4] is The Description Logic Handbook, edited by F. Baader et al.,
Cambridge University Press, 2003. When the second part of [4] appeared
in 2008 [5], the situation had already changed considerably. In 2005, e.g.,
the edited volume [2]| on inconsistency tolerance was published, observing
“a need to develop tolerance to inconsistency in application technologies
such as databases, knowledgebases, and software systems,” and nowadays
inconsistency handling in description logic based ontologies is an established
area within knowledge representation.

A prominent example of a paraconsistent logic that has found quite a
few applications in knowledge representation and Al is first-degree entailment
logic, FDE, for a survey see [6]. The system FED lacks a genuine implication,
however, and the paraconsistent logic N4 due to A. Almukdad and D. Nelson
[1] expands FDE by a constructive conditional. There is a sequent calculus
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for N4 that makes use of two sequent arrows standing for different
derivability relations, one that represents the preservation of support of truth,
whereas the other represents the preservation of support of falsity, cf. [3]. The
present paper is about an expansion of N4 by operators for meaningfulness
and nonsensicality. This logic contains three congruentiality-breaking unary
connectives, which gives rise to a tetralateral sequent calculus with four
different sequent arrows.

1. What is proof-theoretic bi- and tetralateralism?

Proof-theoretic tetralateralism is a generalization of proof-theoretic bilateral-
ism. The full paper [10] contains a comparison of various approaches to proof-
theoretic bilateralism and proposes a definition of proof-theoretic multi-
lateralism. For reasons of space, in this abstract, we briefly mention only
one understanding of proof-theoretic bilateralism and and highlight some
differences with the present approach to proof-theoretic tetralateralism.

According to D. Riply, [7], bilateralism “is the view that which inferences
are valid is . . . to be explained in terms of conditions on assertion and denial.”
In [8] he explains that “bilateralism, holds that we must consider conditions
governing the speech acts of assertion and denial. For a bilateralism to
genuinely be bi, then, it must hold that denial conditions cannot themselves
be understood as deriving only from assertion conditions,” and in [9], Ripley
characterizes bilateralism as “the view that meanings in general are to be
given via conditions on assertion and denial.”

Most definitions of bilateralism have in common a reference to the speech
acts of assertion and denial, or attitudes of acceptance and rejection, and
emphasize that those two notions are on a par and equally important.
Another point often mentioned is that in bilateralism rejection or denial are
seen as conceptually prior to negation, i.e., the denial of A is not interpreted
in terms of, or as the assertion of the negation of A but the other way around

The notion of bilateralism advocated in [10] does not consider speech acts
or propositional attitudes as the primary notions to act upon in the context of
a proof-theoretic theory of meaning (or semantics in general). Rather proof-
refutation, provability—refutability, verification—falsification, demonstrability
of meaningfulness—demonstrability of nonsensicality are central pairs of
proof-theoretically relevant semantical concepts. This is reflected in the
presence of two or more separate derivability relations.



2. A case-study in proof-theoretic tetralateralism

We will expand the language of propositional N4 by two unary connectives,
[m] and [n]. A formula [m]A is to be read as “it is meaningful that A”
and [n]A is to be understood as “it is nonsensical that A”. The logic of the
expanded language will be referred to as N4mn.

3. Kripke semantics and completeness

The propositional language £ of N4mn is defined in Backus-Naur form as
follows:

variables ®: p € ®
formulas: A € Formg(®)
A= p|(ANA) | (AVA)| (A= A)|~A]|[m]A| [n]A.

We use A <> B as an abbreviation of (A — B) A (B — A). The language
L' of positive intuitionistic propositional logic, IPL™, is obtained from £ by
dropping the unary connectives, i.e., ~, [m], and [n], and the language £"”
of the propositional logic N4 is obtained from £ by dropping [m] and [n].

Definition 1. A Kripke frame is a structure (M, R), where M is a nonempty
set (of information states), and R is a reflexive and transitive binary relation
(of information state expansion) on M.

Definition 2. A valuation = on a Kripke frame (M, R) is a mapping from
the set ® of propositional variables to the power set 2M of M such that for
any p € ® and any z,y € M, if x € = (p) and xRy, theny € = (p). We
will write x |= p for x € = (p). This valuation |= is extended to a mapping
from the set of all L'-formulas to 2M by:

x = A—=B iff Vy € M [zRy and y = A imply y | B,
rE=ANANBIiff x =A and x = B,
xEAVBIiff tEAorzxEB.

If F = (M, R) is a Kripke frame, then (M, R, =) is a Kripke model for IPL*
based on F.

The following heredity condition holds for |=: for any £'-formula A and
any x,y € M, if z = A and xRy, then y E A.

Definition 3. An L'-formula A is true in a Kripke model (M, R, =) for
IPL" if 2 = A for any x € M, and is valid on a Kripke frame F = (M, R)
if it is true for every Kripke model for IPL™ based on F. An L'-formula A
is said to be IPLT-valid if A is valid on every Kripke frame. Let T U{A} be a



set of L'-formulas. Semantic consequence (entailment) is defined in terms of
truth preservation at each state: T' |= A if for every Kripke model (M, R, =)
for IPLY and for allx € M, x |= A if x = B for all B € T'. We define the
logic IPL™ model-theoretically as the pair (L', {T,A|T | A}).

We turn to the language £ and define four separate valuation functions
ET, E~, E™, and ". These mappings determine for a given propositional
variable p, the set of states that support the truth, the falsity, the meaning-
fulness, and the nonsensicality (meaninglessness) of p, respectively. Support
of truth, support of falsity, support of meaningfulness, and support of mean-
inglessness are seen as properties that are independent of each other. In
particular, it is not excluded that an information state supports both the
truth and the falsity of a given propositional variable or both its meaning-
fulness and its nonsensicality.

Definition 4. The valuation functions =1, ==, E™, and E" on a Kripke
frame (M, R) are mappings from the set ® to the power set 2M of M such
that for any x € {4+, —,m,n}, anyp € ® and any x,y € M, ifx € E* (p) and
xRy, then y € E=* (p). We will write x |=* p for x € =* (p). The functions
ET, B, E™, and E" are extended to mappings from the set of all formulas
to 2M by:

1) rETAANBIff x ET Aand z =T B,
rEYAVBIff tEY Aorax ET B,
rET A=Biff Vye M [zRy and y =T A imply y =T B,
rET~AGf x A,
v A o o A,
x ET [n]A iff zE" A,

2) xETAANBIff =" AorxzE" B,
r="AVBiff t == Aandz =" B,
rETA-Biff x ET Aandz =" B,
rET~AGf x ETA,
xE" [m]A.sz x E" A,

x =" [n]A iff x ™A,

3) xE" Ao B iff x E™ A and x ™ B, for o € {A\,V,—1},
x E™ oA iff x E™ A, for o € {~,[m],[n]},

4) xE"AoBiff x E" A orx E" B, foro € {AV,—},
x =" oA iff x " A, for o€ {~,[m],[n]}.

If F = (M, R) is a Kripke frame, then (M, R, =", =", ™, E") is a Kripke
model for Ndmn based on F.



The heredity condition holds for =T, ==, ™, and ", i.e., for any
L-formula A and any z,y € M, if z =* A and zRy, then y =* A, for
x € {+,—,m,n}.

As to a motivation of the semantical clauses for [m| and [n], we may
note that a compound formula is meaningful (nonsensical) iff all (some) of
its immediate proper subformulas are; meaninglessness is ‘infectious’. Thus,
in particular, x =™ [n]A iff x ™ A, and x =™ [n]A does not, in general,
imply x =1 [n]A. For the statement that A is nonsensical to be meaningful,
A must be meaningful, although [n]A may well be false.

Definition 5. An L-formula A is said to be true in a Kripke model for
Ndamn (M, R, =", =", E™ E") if v ET A for any x € M, and to be valid
on a Kripke frame F = (M, R) if it is true for every Kripke model for N4mn
based on F. An L-formula A is said to be Ndmn-valid if A is valid on every
Kripke frame. Let T' U {A} be a set of L-formulas. Entailment is defined in
terms of support-of-truth preservation at each state: T' =1 A if for all Kripke
models for Ndmn (M, R, =" =", E™ E") and for allx € M, x ET A if
x =T B for all B € T. We write A =" B for {A} =T B. We define the
logic NAmn model-theoretically as the pair (L, {T', A |T 1 A}) and N4 is
model-theoretically defined as (L",{T,A|T ET A}).

Proposition 1. Each of the unary connectives o € {~,[m],[n]} is congru-
entiality-breaking in the sense that there are L-formulas A and B such that

AEY B and B =T A but not: oA =1 oB and oB =1 0A.

Definition 6. Given the set ® of propositional variables, we define three
more sets of propositional variables, namely ®~ = {p~ | p € @}, O™ =
{p™ | p € @}, and ®" := {p" | p € ®}. We inductively define a mapping
[ from Formg(®) to the set of formulas of the language L' of IPL™ defined
over ® U &~ U ™ U P" as follows:

1) for anyp € @, f(p) :=p, f(~p) :=p~, f(Im]p) :=p™, f([nlp) :=p",

2) f(AoB):= f(A)o f(B) foroe{= AV},

3) f(~(ANB)) = f(~A)V f(~B),

4) f(~(AV B)) := f(~A) A f(~B),

9) f(~(A=B)) = f(A) A f(~B),

6) f(~~A) = f(A),

7) f(~[m]A) == f([n]A),

8) f(~[n]A) := f([m]A),

9) f([ml(Ao B)) := f([m]A) A f([m]B), for o € {=,A,V},
(
(

o A) := f([m]A), for o € {~,[m],[n]},
nj(Ao B)) := f([n]A) V f([n]B), for o € {—=, AV},



12) f([n] o A) = [([n]4), for o € {~,[m], [n]}.

We write f(T') to denote the result of replacing every occurrence of a formula
A in T by an occurrence of f(A); thus, f(2) = @.

Lemma 1. Let f be the function defined in Definition 6. For any Kripke
model for Ndmn (M, R, =", =", E™, E"), we can define a Kripke model
for Int* (M, R, =) such that for any A € Formg(®) and any x € M,

1) = =T Adff z = f(A),
(2) v =" Auff o= f(~A),
() z =™ Adff x = f([m]A),
(4) z =" Aiff x = f([n]A).
Lemma 2. Let [ be the function defined in Definition 6. For any Kripke

model (M, R, =) for IPLY, we can construct a Kripke model (M, R, =1, =",
=", ") for Ndmn such that for any L-formula A and any x € M,

1) ok fA) i @ =t A,
2) x|= f(~A) iff vl A,
3) @ f(Im]A) if @ =™ A,
4) @ = F(nlA) iff = = A
Theorem 1 (Semantical embedding). Let f be the mapping from Definition

6. For any set of L-formulas TU A, T' T A in Ndmn iff f(T) E f(A) in
IPL™.

3.1. A tetralateral sequent calculus for N4mn

We define a tetralateral sequent calculus SN4mn for N4dmn that makes use
of four different sequent arrows by generalizing a combination of the sequent
calculi Sn4 and Dn4 from [3|. A sequent is an expression of the form,

F1:F2:F3:F4:>*A

where 'y, ..., Ty are finite, possibly empty multisets of L-formulas, A is an
L-formula, and * € {+,—,m,n}. For a singleton multiset {A} we usually
write just A, and A, T as well as I'; A (A, T" as well as I, A) designates the
union of the multisets I" and {A} (A and T').

Definition 7. Let x € {+,—,m,n}, o € {~,[m],[n]}, and § € {A,V,—}.
The sequent calculus SNAmn is given by the following sequents and sequent
rules. The axiomatic sequents of SN4mn are of the form:

p:D:T T="p Gip:B:T=Tp
g:D:p:F="p g:3:T:p=>"p



for any p € ®, where @ is the empty multiset.
The structural rules of SN4mn are of the form:

I:I'y:I's:T'y="A AT, :TL: T : Ty =*C

cut—
[, Do T : 3,14 Dy, I =+ C (cut=)
['1:T9:T3:Ty=1A AT, T, : Ty =*C (cutt)
[y, T : T, T : T3, 15 : Ty, T =* C
' :Tg:T3:Ty="A F’I:I”Q:A,Fg:Fﬁli*C(Cutm)
ERVER TR VR VR VS VB VE=SkE,
I':Ty:T'3:Ty="A I :T,:T5: ATy =*C
(cutn)

Fl,l“’l : FQ,F% : Fg,ré : F4,Fﬁl =*C
A,A,F1:F2:F3:F4:>*C FliA,A,F2:F3:F4:>*C

A,Fl Iy :T3: 1y =*C (CO_) Iy :A,FQ 31y =*C (CO+)
F1:F2:A,A,F3:F4=>*C( ) F1:F2:F3:A,A,F4=>*C( )
T, Te: AT T,=C " 1Ty I3:4T1T,=C "
I'n:T'y: Fg Iy =*C (We—) I'in:I'sy: Fg Iy =*C (we—l—)

A,F1:F2:F3:F4:>*C FliA,FQ:F3:F4:>*C
I':Ty:T3:Ty=*C ( I':Ty:I'g:Ty=*C
wem,) (wen).

F12F22A,F31F4:>*C F1!F21F31A,F4:>*C

The introduction rules for unary connectives in succedent position of sequents
are of the form:

I':I'y:I's:Ty=" A F12F22F32F4:>+A

il Ty iTyotod ) T, o ~a )
. . . m . . . n
I :Ie:I3: Ty = [m]A I':Ie:I'3: Ty = [m]A
Fl.FQ.Fg.F4:> [n]A Fl.Fg.Fg.F4:> [n]A
F12F22F32F4:>m14 F11F21F31F4:>n14
(orm) (orn).

F11F21F31F4:>mOA F1:F22F3:F4:>nOA

The introduction rules for wunary connectives in antecedent position of
sequents are of the form:

AT :Ty:T3:Ty=*C (~14) I'M:ATy:Tg:Ty=*C (~1)
FltNA,F22F32F4:>*C NA,F1:F2:F3:F4:>*C

I'i:Ty: A,Fg Iy =*C ([m]l—l—) I'i: Ty :T3: A,F4 =*C ([m]1_>
Iy :[m]A,F2:F3:F4 =*C [m]A,F1:F2:F3:F4 =*C




F1:F2:F3:A,F4:>*C F1:F2:A,F3:F4:>*C
1.[n]A,F2.F3.F4:> C [H]A,Fl.rg.rg.r4:> C
F1:F2:A,F3:F4:>*C F1:F2:F3:A,F4:>*C
F1:F2:0A,F3:F4:>*C F1:F21F3ZOA,F4:>*C

(olm) (oln).

The positive inference rules for the binary connectives of SNAmn are of the
form:

I :T9:T3:Ty=TA I :BTL:T5:T) =*C
[T, A BTy, Th T3, : T4, Ty = C

(—14)

N :ATy:T3:Ty=""B
I':Iy:I'3:Ty="T4—-B
I':ABJIy:I's:I'y=*C
I'M:AANBIy:I'3:T'y=*C
I :Ty:T3:Ty=TA T'1:I9:I'3:Iy="T18
I :Iy:I'3:Ty=T"AAB
I'h:ATl'y: I's: 'y =*C I'n:BTIy:T'3:Ty=*C
I'M:AvBTIy:I's:I'y=*C
I :Ty:T3:Ty=TA I:Iy:I'3:Ty="8
F1:F2:F3:F4:>+A\/B F1:F2:F3:F4:>+A\/B

(—14)

(Al4)

(Ar+)

(V1+)

(Vrl+) (Vr2+).
The negative inference rules for the binary connectives of SN4mn are of the

form:
B I'1:ATy:I's:Ty="C

AS BT, T, T T, ¢ )

P12P22P32P4:>+A F1:F22F32F4:>_B(_>r_)
I'n:I'y:I's: T'y="A—B
A,F1:F2tF3:F4:>*C B,F1:F2:F3:F4:>*O(/\l)
ANB,I1:T9:T3:Ty=*C
F1:F2:F3:F4f>714 (/\I‘l—) F1:F2:F3:F4:_>73 (/\1‘2—)
I':I'y:I's: 'y =" AAB I':I'y:I's: T'y="AAB
AT :T9:T3:Ty=*C B, T'1:Ty:I'3:Ty="C
L1 :Th T30 1y (VI1—) L1113 1y (Vi2—)

AVBTI1:T9:T'3:Ty=*C AVBTI:T9:T'3:Ty=*C
I':Iy:I'3: Ty =" A F1:F2:F3:F4:>_B(\/r_)
I'h:I'y:I's: T'y=="AVB ’

The m-related inference rules for the binary connectives of SN4mn are of the
form:

Flil—‘Q:A,B,F31F4:>*C(ﬁ1 )
T1:0y: AfB, T3 : Ty = C *"




I':T'y:T'3:Ty="A F1:F21F3:F4:>mB(ﬁrm)
F12F22F32F4:>mAﬁB ’

The n-related inference rules for the binary connectives of SN4Amn are of the
form:

F11F21F31A,F4:>*C F1:F22F3:B,F4:>*C(mn)
F1:F2:F3:AjjB,I‘4 =*C

P1:P2:P3:P4 =" A (jjrln) F1:F2:F3:F4 ="B (ﬁr2n)
FI:FQ:F3:F4:>nAﬁB F12F22F32F4:>nAﬁB ’

Proposition 2. In SN4dmn, for any L-formula A,

1. FA:@:@9:9="A, 2. FO:A:0:0="TA,
3. +tog:@:A:9="A, 4. +@:.:@:9:A=" A

3.2. Syntactical embedding, cut-elimination, decidability, and
completeness

We syntactically embed SN4mn into Gentzen’s sequent calculus LJT for
IPL™'. From this embedding we obtain the admissibility of SN4mn’s cut-
rules, the decidability of SN4mn, and its completeness with respect to the
class of all models for N4mn. A sequent of LJ" is an ordinary sequent, i.e.,
an expression of the form I' = A where I is a finite multiset of £'-formulas
and A is an £'-formula. We consider £’ defined over ® U ®~ U ®™ U ",

Theorem 2 (Syntactical embedding). Let f be the mapping from Definition
6. For any finite multiset of L-formulas T'1 UT9UT3UTy U{A} we have:

() (1) FTy:T9:T3:Ty =" A in SN4mn iff
(2) Iy :T9:T3: Ty =~ A in SN4mn iff
E f(~Th), f(T2), f([miTs), f([n]T4) = f(~A) in LI*;
(3) FI'y :T9:T3: Ty =™ A in SN4mn iff
F f(~T1), f(T2), f([mITs), f([n]T4) = f([m]A) in LI*;
(4) FTy:T9:T3:Ty =™ A in SN4mn iff
F f(~T), f(T2), f([miT's), f([n]Ta) = f([n]A) in LI
(b) (1) FTy:Ty:T3:Ty =1 A in SNdmn—{(cut+), (cut—), (cutm), (cutn)}
iff
= f(~T1), f(Ta), f([m]Ts), f([n]Ta) = f(A) in LIT — (cut);
(2) FT1:T9:T3: Ty == A in SNdmn—{(cut+), (cut—), (cutm), (cutn)}
iff
= f(~T1), f(Ta), f([m]Ts), f([n]Ta) = f(~A) dn LI — (cut);
(3) FTy :T9:T3: Ty =™ A in SNdmn—{(cut+), (cut—), (cutm), (cutn)}
iff
= F(~T1), £(Ta), £(mITs), £(]Ta) = F(m]A) in LI* — (eut);



(4 FTy:Ty:T3: Ty =" A in SNdmn—{(cut+), (cut—), (cutm), (cutn)}
iff
= f(~T), f(Ta), f([mITs), f([n]Ta) = f([n]A) in LJT — (cut).
Theorem 3 (Cut-admissibility). The rules (cut+), (cut—), (cutm), and
(cutn) are admissible in cut-free SN4mn.

As a corollary to cut-admissibility one obtains the subformula property
for SN4mn, i.e., if a sequent s is provable in SN4mn, then there is a proof 7 of
s such that all formulas appearing in 7 are subformulas of some formula in s.
Moreover, by the decidability of LJT, for each £-formula A, it is possible to
decide whether f(A) is provable in LJT. Then, by the syntactical embedding
theorems, SN4mn is decidable.

Theorem 4 (Completeness). Let I' = {A;,..., A} U {A} be a set of L-
formulas, let AT be the conjunction (...(A1 A A2) A...NAy,), and let \ @
be the formula p — p for some fized p € ®. Then T =T A in N4dmn iff
@:0:9:2="NA\I' = A is provable in SN4mn.
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