O BBIPA3WMOCTH KYyCOYHO-TIOCTOSTHHBIX
dbyHKINiIT B IIPOCTPaHCTBE
KYCOYHO-apaJIJIeJIbHbIX

A. JI. Orpomienxo!

J1J1st KOHEYHOM CHCTEMbI KyCOYHO-ITAPAJLIEIbHBIX (DYHKIIAN, PeaJir-
3yEeMBIX CX€MaMU U3 JIMHEHHBIX 9JIeMeHTOB U (DYHKIMT XdBucaiima, 10-
[TOJTHEHHON BCEMU OHOMECTHBIMU JIMHEHHBIMA (DYHKIUSMHI ITOJIY9€H
KpHUTEpU BHIPA3UMOCTH KyCOUHO-TIOCTOSHHBIX (yHKIMit. Takum obpa-
30M IIOJIyY€eH KPUTEPHUil BBIPA3UMOCTH OMHAPHOTO KJyiaccuduKaTopa, pe-
aJM30BaHHOTO HelpoHHoi cxemoit MakKaJstioka-ITurTca.

KuaroueBbie caoBa: Kycouno-niocrosinnast QyHKIHUs, KyCOIHO-

mapaJjiesabHas (PyHKIHUsS, MpodaeMa MOJHOTHI, MpobieMa BhIPA3UMO-
ctu, Heiipounbie-cxembl MaxkKastnoka-IIurrca.

1. Ompenenenne KycovHO-TIapaJIeIbHOMN
dbyukIIn

B coorsercrBuu ¢ [2], Mbl paccmarpuBaem kiace PP KycodHO-TIapasiiesibHbIX
GYHKIU, KOTOPBIE CTPOSITCA U3 JTUHEHHBIX DyHKITII
121 + ... + apry +ag : R* — R,a; € R,i = 0,1,...,n,n € N u dbyuknuu

XsBucaiiga
1,2>0 .
0(x) = 0 0 C MCIOJIL30BAHUEM OIlepanmii cyneprosunun. Kak moka-
, T <

3aHO B [2|, dyukius f uz PP MoxeT ObITh [IPEJCTABICHA B CJICYIONIEM BH-
ne: f = fr+ fpc, vae fr -munetinas dyukims, a fpc - KyCOTHO-TIOCTOSTHHAST
(byIiKHHH. Byzaem obosnavars @ = (ai,asz,...,an),

(a, l_)) = (a, bl, bQ, ey bn),

(@, b) =3 aibi,

e =1(0,...,0,1,...,0), & = (1,1,1,...,1,1)

0A rpannia MHOXKecTBa A

B coorBercrBum ¢ [1], Kycouno-napaJuiesibaasi (hyHKIHsT UMEET BH/T

k

F(&) = (@0, &) +>_ dib(> _ x(sgn((d;, &) + ¢;) = 045) — k). (1)
i=1

Jj=1
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1, yciioBue A BBIIIOJTHEHO
Tae oyj € {71707 1}1 X(A) = ’
0, yciioBue A He BBITIOJTHEHO

B nasbneiiienm, BMecto Y i, diO(Z?Zl X(sgn((@j, ©)+c;j) = 0i;) —k) Mb1 Oy-
nem mucarh N Ly (). lyers | = max|d;|. Urorna, Mer Gyiem nucarsb NL?(f).
Huxanit mHIEKC MBI TaKKe THOTIA OYJeM OIycKaTh, 0DO3HAYAS TAKUM 00-
DPa30M MPOM3BOIBHYIO KYCOTHO-TIOCTOSHHYIO (DYHKIUIO, MAKCUMYM MOJLYJIsT
koTopoii He 6ospire . Takzke Oynem Tenepnb obosnadars fo(T) = ef(2).
Bynem na3piBaTh MHOXKECTBO 3HAUCHUN apryMEHTa COOTBETCTBYIOIIYIO OIIpe-
JieJieHHOMY d; B JaJIbHEHIeM HOCHUTEJIEM CUTHATYPBI i, a caMm d; - CIBUTOM.
Hocurenb curnatypbl, HEOrpaHUIEHHBIH XOTs ObI ¢ OHON CTOPOHBI IO KaXK-
JIOfl u3 KoopuHat, OyJeM Ha3bIBaTh HOrpaHumdeHHBbIM. llmockocTu passens-
IOIFe HOCUTEJIM CUTHATYDPHI OyleM Ha3bBaThb paspe3amu. Mbl Oyrnem pac-
CMATPUBATDH JIAJIbIIE KYyCOUHO-TIapaJlyiesibHble (DYHKIIUA C KOHEYHBIM YHCJIOM
CJIBUTOB.

O0603HaIMM MHOXKECTBO (DYHKIIUI C JIMHEHHOW YacThio, 3aBUCAIIEH OT He
6osee gem onHoit nepemenuoit NLL;. B coorsercrBum ¢ (3], 910 3aMKHy-
TBIM TPenoHbIi Kitace yHKImi. C-puHUTHO-TMHEHBIE (DYHKIIUH B CO-
orsercrun ¢ B. C. IlosoBuukosbiM |1, Gymem obosnatars kak FL. Ha-
nomunM:  Kycouno-napasiensaaas Gyskius f(x1, T2, ..., Ty,), Takas, 9To
Va;, b;3C, A, B, rakue, aro npu |t| > C' : f(a1t + by, ast + ba, ..., apnt +by) =
At + B nazwbiBaercs C-unnrao-muaeitHoil. Kiace C-UHUTHO-JIMHETHBIX
dyuKIN 3aMKHYT 1 npeanogon. CaMo yTBep:KIeHre, KOTopoe OyIeT JoKa-
3aHO, 3BYUHT CJICAYIONIM 00Pa3oM:

Teopema 1. Ilyemo U = L1 U Uyqq, 20e Ly - 6ce aunetinvie odHomecmmvie
dynruuu, a Uygq - KOHEUHOE MHOHCECTNBO KYCOUHO-NAPAAACAOHDIT. 3AMbL-
xanue U codepotcum 6ce KycouHno-nocmosmmnvie Gyrnkyuu moada, U mosvbko
moeda, xoeda U € NLLy, FL

2. ZLOKaBaTe.TIbCTBO AJO0CTaTOIYHOCTHA

2.1. ITpunagnexxkHoCTh PYHKIINU X3BUCANIA U CyMMBbI X3BHU-
caiiloB 3aMbIKAHUIO CUCTEMBI

B crenyromem mokazarenbcTBe, Mbl (paKTHIECKH IMOBTOPUM YaCTh JI0Ka3a-
TeJIbCTBA TIOJIHOTHI U3 2], IpaBa, Jist 9TOro HaM Hy»KHO Oy/eT ero HEMHOI'O
HOAIIPABUTD.

Teopema 2. ITycmo U & NLLq, FL. To2da 6(x) € [U]

Jloxasamenvcmso. Ilycrs f € U/NLL.
Buaunt, 5 f(%) = (do, &) + Lizy dif(X5—; X(sgn((d@;, &) + ¢;) = 055) — k)
JINHEHAs YacTh 3aBUCUT OT HE MEHee 4eM JIBYX IePEeMEHHBIX, II03TOMY V ag



€CTb JIBe HEeHyJIEBbIe KOMIIOHEHTHI. I1yCTh 3T KOMIIOHEHTHI 110 IIEPBOI B BTO-
poii epemenHoii. jis IpoCTOTHI, IIOJACTABUM BO BCe OCTaJIbHbIE IlepeMeHHbIe
HOJIb, B 1 = x/ap1, T2 = y/apz 1 nonyaum fo1(x,y). Urak

k

5 a; a9
folzy) =z +y+ ) _ dibd(> X(Sgn(ﬁx + aiozy +¢j) = 0ij) — k) =
=1 =1

s k
=z+y+ d;6( X(sgn(Aja:+Bjy+cj):Uij)—k:):x—f—y—l—NLF.
f

i=1 j=1

[Iycrs g € U/FL. Mycrs g = (g1, ) + NL?(Z])

Paccmorpum

h(@) = fore(9(), 95(=¥)) =

—

~ o y 9y
=<gz,m+NL§(y)+<gl,—z3>+6NL§(—5)+eNL?((6, —) =

~—
e
52
—~
|
&

= NLG(5) + NL“TF ()

Tak xak g ¢ FL, to 3d,¢, R,Cy # C_, uro npu t > R, g(dt + ¢) =
(gr,ad)t+Cy,amput < —R, g(at +¢) = (g, ayt+ C_, re. NL?(d’t) =Cy
mput > R, u NLg(c_it) = C_ mpu t < —R. Torma, mogbepem § > 0,e > 0
TaK, ITOOBI

IOy — C_| > 2(6G + ¢F),

mOIOUIyT dg = %, € = |C+5_FC*|, TaKIM 00pa3oM,

Co=C|, |Ci—C|, 4
2 F)y=2 F)=- —C_ —C_|.
(00G + €0 F") = 2( =G G+ T ) 5|C+ C_|<|Cy—C_]

Teneps 3amernm, aro h(at + ¢) = NLE(EL’I? + &) + NLoG+eoF (gt 4 ). Tlycrn
upn t > Ro, h(d@t + &) = C,, a upu t < —Ryo, h(a@t + & = C"_, Torna cunras
t1 > max(R, Ry), a ta < —max(R, Ry) pacuuiiem

IC, — C"| = |h(ity + &) — h(aty + &) =
= |NLY (Git1 +8)+ NLO“ T Gty +&)— NLE (Gto+2)— NLOCToF Gty +0)| =
=|Cy — O_ + NLOGHoF (gt 4 &) — NLoG+oF (gt, 4 @) >



> |Cy — C_| — [NLOoG+oF Gty 4 @) — NLOGHoF Gy 4 ¢)| >
> |Cy = C-| = INLOCH Gty + &) — [NLOHOT Gty + &)] >

1
> |C+ —C,| —2(60G+€OF) = 5|C+ —C,| >0

O6ozuaunm p(t) = h(at + ¢). Takum obpasom, nosyqamin, aro p € [U],p €
PC,p ¢ FL.

[Iycts p(t) = p—, upu t < —R, p(t) = p4, upu t > R. p4 # p_ 1O J0OKa-
3aHHOMY BBIIIE. tpy - KaKasg-aub0 TOYKA B KOTOPOH (DYHKIUS NPUHUMAET
MUHUMAJIBHOE 3HAYECHUE Ppjn,. tmag - KAKast-mb0o TOYKA B KOTOPOH (DyHKIMS
[IPUHUMAET MAKCUMAJILHOE 3HAYCHUE Piag- Pmaz 7 Pmin TAK, KaK

Pmaz = max(py,p—) > min(p4,p-) = Pmin-

Orcroma ke Caeayer, 9T0 tmar F tmin. 1€lI€Pb PACCMOTPUM CJIEIYIOILYTO

GYHKITHIO. ®
’ _ P — pP-
() = B0

Samerum, uaro upu t < —R, To

tmax - tmin) + tmin)

(1) = p(P =P

p t) = D D tmam - tmz'n) + tmin) -
+ - —
b— —D-—
= (p D (tma:r; - tmin) + tmin) = p(tmin) = Pmin,
+ - —
anput > R,
/ p(t) — p—
b (t) = p(}g_}g(tmax - 7fmin) + tmin) =
b+ —D-—
- (h(tmaw - tmin) + tmin) = p(tma:c — tmin + tmin) = Pmaz-
J’_ - —
Tenepn pacemorpum p’ (t) = (D) ~Pmin_ Scno, aro

Pmaxz —Pmin

1,t >ty
p'(t)=1<0,t<t_ ,
[0,1],t4 >t >1t_

Takzke 3ameTuM, 4To y p’(t) €cTh KOHEYHOE YHMCJIO HEYCTPAHMMBIX TOYEK
paspbiBa. PaceMoTpuM caMyio npaByio(MakCHMATIbHYIO 10 X) M3 HOX - f.
Bamerum, uro p”(tg+€') =1, rue € > 0 BbIGpaHa JJOCTATOYHO MAJIOl, YTOOBI
p” 6buIa nocrosinHoOl B unTepBasax (tg — €', tg) u (tg, to+ €'). Dro BepHO, T.K.
MBI PACCMATPHBAEM CAMYyIO [PABYI0 HEyCTPAHUMYIO TOUKY paspbiBa. I1lycThb



P (to) = pi, ap’(to—€') = p”. p” < 1, r.k. paccmarpuBacmas TOUKa pa3pbiBa
- HeycTpaHuMa, a 1 - MakcumaJsbHOe 3HaueHue p'.
Paccyorpun v(z,y) = forr(2,y) = x +y+ NL™F (2, y), noka ne onpeneenss
7. Teneps onpenenum a > 0,b, G > 0 Tax, 9T00bBI

Gt Gt
q(t) = v(a(p"(t +t0) +b),~7) = a(@"(t +to) +b) + — + NLT(#)
pu t > 0 OBLIO MOJIOXKUTENBHO, a Tpu t < 0 OTpUIaATEHHO.

[Monoxkum toka b > —1. Ilpu € >t > 0

Gt Gt
q(t) = a(p”(t+to)+b)+7+NLTF(t) = a(1+b)+7+NLTF(t) > a(1+b)—TF

TF

Teneps nasokum orpanuvenue, 4ro a > {i3.

q(t) >a(l4+b) —7F =q4 > 0.

Torma mpu ¢ > t > 0

Ilput > ¢

Gt
q(t) = a(p”(t +to) + b) + — + NLTF(t) >a(p’(t+ty) +b)+G—1F

Teneps Has0KuM orpanudenue, 4o G > 7F —a(mingso p” (t+1t9)+b). Torna
upu t > € q(t) > a(p”(t+to) +b)+ G —7F = Q4 > 0.

Hanee p” < 1, a smaunr unrepsan (—1,—p”) memycr. Ilycrs b €
(—=1,=p"). TIlpu —€’ <t <0

a(t) = alp (¢ +t0) + D) + 5 + NL (1) =

Gt
=a(p” +b) + = NL™E(t) < a(p” +b) +7F

Tenepnb yurst, aro p” + b < 0 HAJIOXKUM OrpaHUYEHHUE, ITO G > ﬁ.

Torpa npu € > ¢t > 0 umeem, uro ¢(t) < a(p” +b) —7F =q_ < 0.

ITpu t < —¢
1/ Gt TF
q(t) =a(p (t+t0)+b)+?—|—NL (t) =

Gt
= a(p(t+to) +b) + — + NLTF(t) < a(p(t + to) +b) — G+ 7F

)
Teneps HasiOKUM orpanndetnne, 4ro G > 7F + max;<o a(p” (t + to) + b).
Torga npu t < —e umeeM, uto ¢(t) < maxicoa(p”(t +to) +b) — G+ 7F =
Q- <0.
Iycrs ¢(0) = o



—1-p” ¢

Bribepem, b = —5—, 7 = 57,
3areM a > maz(f—fb, (p’zl-:s—b)) +1= Hﬁ” + 1, 3aTeMm
G > max(TF — a(mingso p" (t + to) + b), 7F + maxe<o a(p” (t + to) + b)).
IIycTb
by —t by —t_ by —t_ tp—t_ ti—t_
M = max(] | | | | )-

- Q- Q+

Torna

o) — {7/ = 1/2+ M(g(t) + 1/M)), 00 > 0
1—p/(t- —1/2+ M(q(t) +1/M)),q0 < 0

O

Teopema 3. Ilycmov U € NLLy, FL. Toeda ¥Vn,d; : 1 < i < n dynxyus

Ody da,....dn (Z) = D1 difl () € [U]

Jlokasamenvemeo. Tlo reopeme 2 mbl nmeem, uro §(z) € [U]. 3adukrcupyem
n u d;. llycte f € U/NLLj, 10 ecTh uMeeT JIMHEIHYIO YaCTh, 3aBUCIILYIO
X0Tst OBl OT JIBYX BX010B. [lofcTaBUM KOHCTAHTBI BO BCE BXOJbI, TAK ITODOBI
dyuKIIMs 3aBUCETA TOJBKO OT JBYX IIEPEMEHHBIX OT KOTOPBIX ObI U 3aBUCEJIA

muneitnas dactob, T.e. f'(z,y) =z +y+ NL(z,y). Tenepn

f(f) = f/(m17 f/($2; f(.i()g, SRR f/<mn—27 f/(xn—la mn)) e ))) = Z T; + NL(.Z?)
i=1

Ioacrasum z; = ed;0(y;) + C; u pacemorpum h(y) = f((ed;0(y;) + C;)), noka

ne oupenensis € u C;. Torma

n

h(f) =Y (edif(yi) + Ci)+

=0
s k
+ > dif(> x(sgn((d, (edib(ys) + Ci)iy) + ¢j) = 0i3) — k) =
=1 j=1
=€ i d;0(y;) + i Ci+
=0 =0
s k n
+ Y dif(d x(sgn()_ aji(edib(ys) + Ci) + ¢;) = 0i5) — k) =
i1 =1 i=0

=€ Z d;0(y;) + Z Ci+
=0 =0



k

+dib(Y_ x(sgn(e Y audif(y:) + ) a;iCi+ ¢j) = 07j) — k)
i=1

j=1 i=0 i=0

! ., n Wal
Bamernm, 9T0 MbI MOKeM BbIOpaTh C; Tak, 9Tobbl Vj : ) " a;;Cl # 0. Ilycrs
max ||c; [|+1
) ming [| 327 azi
Torna V) numeem:

Torma M = 2

1
. u BeIOepeM ; = MC!, ae= )
o] POM 4 v 2max; > 1 [[ajidi]

- max [¢j|| +1 «—
1~ ajiCi+ ¢l = 12— / > aiCi+ ¢ >
= ming || 327 a;iCill <=7

max ||¢j|| + 1 -

> ||2minj 157 | ;aﬂC{H = llesll > HQmJ&LXHCjH + 1 = [leill =
= 2max|lej|| = [lej|f +2 = 2
C OJHOI CTOPOHBI, U
1

2max; Y 1 llazidi|

le > ajidib(y:)] = | S asdi(yi)] > 1/2.
=0 i=0

Orcrona ciepyer, uro Vj : sgn(ey i ajidif0(yi) + > i a;iCi + ¢j) =
= sgn(> ;5 a;jiC; + ¢j) 1 He 3aBUCHT OT ¥, a 3HAUUT

s k n n
Z die(z x(sgn(e Z ajidif(y:) + Z aj;iCi +¢j) = 0i5) —k) =S
i=1 J=1 i=0 i=0
u He 3apucuT or §. Torma
. 1 . n n
Ody dy,....dn (J) = g(h(y) =Y Ci—8) =) _dif(y,).
i=0 i=0

3. Pa3iamunble BcnoMorarTeJbHbIe YTBep2XKaeHnuA

Jlemma 1. [ycmo Ly U {Og, .4, () |VE € N,d € RF} C U. Toeda [U]
codepotcum 6ce 0OHOMECTIHBIE KYCOUHO-NOCTNOANHYIE PYHKUUL.

Joxasamesvemeo. Tak kak x(sgn(ax+c) =1) = 1—0(—ax—c), x(sgn(ax+
c)=-1)=1-0(ax +¢), x(sgn(ax+¢c) =0) =1—0(ax + ¢) — 0(—azx — ¢),
TO OMeBMHO, UTO Y1 X(sgn(a;z + ¢;) = 045) = O;(x) BHIpazkaerca Tepes



O u OJHOMECTHBIC JmHeiHple. 3aMeTnM Tenepb, 9TO

s k
> dibd(> x(sgnlajatc) = 0ij)~k) = O, y.....a, (0 (), O%(2), ..., O()).
=1

j=1
O

Teopema 4. IIycmo U € NLLy, FL. Tozda x + 0(x) € [U]

Jloxasamenvcmeo. Kax GbLIO OKA3aHO [IPH JIOKA3ATEJIBCTBE IIPOILIBIX TE€O-
peM, fr(z,y) =z +y+ NL:(x,y) € [U].
Hycrs g¢ = f(z,CO(x)) — C/2, upu s1om €, 7, C onpemesnum nosmee. Pac-
cmorpum teneps h(z) = fr (9% (), NL,(z) — M), omHOMECTHYIO KYCOTHO-
nocrosgunyto gpynkmmo N LE () MBI OIIPEJIE/INM TAKIKe T03/1Hee, TaK KaK HAM
310 Oyner ymobuo. Pacmuriem noapobree:

h(z) =z + CO(x) + NL(z) — C/2+ NL/ (x) — M + NL"(x),

e
NLMz) = 2 die(i x(sgn(a;(z + CO(z) — C/2 + NL.(x))+
o1 =
+bj(NL (x) = M) + ¢;) = 045) — k) =
= i;die(zk:l X(sgn(a;(@+CO(x)—C/2)+N Leq, 1y, (&) —b; M+c;) = 0i5)—k)
o1 =

Tax kak, NL"(z) = NL,(g¢ (z), NL,(x) — M), To acro, uro | NL"(z)|| < 7.
Honoxkum M = max;.q;—o ||Z—j|| + 1, € < min(ming, 2o ||ﬁ\|, 1/4),

llea [I+[1b; ||+ 1165 M| +l;
lla;l

. Torma

g < min(ming, o H%ﬁ_”,l/Q}, C = 2maxg; -0
HOJIyduM, 9T0 1pu aj = 0,

sgn(aj(x + CO(x) — C/2) + N Leq; 4 b, () — bjM + ¢j) =
= sgn(N Leapub; (x) = bjM + ¢;) =
s
= 5gn(N Lea; b, (¥) — bj max |22 +1+¢;) =1
J:a;=0 bj

U He 3aBUCUT OT N Lff , a1pu aj # 0, 10 BEIOOPY KOHCTaHT
IN Lea sy, () = ;M + ¢ < la;C/2]|. Torza

sgn(a;(x+C0(x)—C/2)+N Lea; b, (2)—bj M +cj) = sgn(a;(z+C0(x)—C/2))



U CHOBa He 3aBUCUT OT BBIOOpa NLE(:L’). Teneps
h(z) =2+ CO(x) + NLeyr () — C/2+ NL} (x) — M

1 TIOJIOXKUE 1 = min(ming; o Hﬁj”,l/él,minbj#o H%H), € =T = u/3, no-
JIyYHM, YTO MOXKHO B3$ITb NLE(:J;) = —NLey,(z), m Torma T.x. C > 0
H(z) = h(Cx)/C+ M =z +6(x). O

[Iyctes U € NLLy, FL. Torna [U] comep:Kut Bce OIHOMECTHBIE KYCOYHO-
MIOCTOAHHBIC (DYHKIIUMN.

oxazameavcmeo. Jlerko ciuenyer uz 3 u 1. O

Jlemma 2. Iycmv Ly U {Og, 4.4, (§)|VE € N,d € RF} C U. Tozda ec-
auw 0370 ;) € [U], mo u ece n-mecmivie KYCowHO-nOCmMoAHHbE HYHKUUL
npunadaesicam [U].

Horasameavemeso. 3amernm, aro pas 0(d 1, z;) € [U], To u 0(>_1 ; a;zi +
ci) € [U],Vai, c. Takxe no poxazammomy Boime O f{y) = > i, dif (y;) € [U]
Tenepb 0CTAETCS 3aMETHTD, YTO MPOU3BOJIbHAS KYCOYHO-TIOCTOAHHAS (DYHK-
s MMeeT BHI y iy di9(2§:1 x(sgn((a@;, @) + cj) = 045) — k). O

Iycrs U ¢ NLLy, FL. Torna ecou 0(> " x;) € [U], 1o 1 Bce n-mecTHbIE
KYCOYHO-TIOCTOstHHBIE byHKIMN npuHagexkar [U].

oxazameavcmeo. Jlerko ciaenyer uz 3 u 1. O

JIemma 3. I[Tycmo L1U{0(x)+60(y)} C U, G; C RP,1 < i <k - mnoosicecmsa
anavenutll n-meprozo napamempa, maxue, wmo X (T € G;) € [U]. Toeda x (¥ €
UE,Gi) € [U], x(F € N, Gy) € [U], X(F € R"/Gy) € [U].

Jloxazamenvcmeo. OdeBuIHO:
1) x(Z € R"/G;) =1 —x(Z € Gy)

3))((.%" eGin GQ) = Q(H(X(f € Gl) — 0.5) + H(X(f S GQ) — 0.5) — 2).
(T e GLUGy) =0(0(x(¥ € G1) —0.5) +0(x(¥ € Gg) —0.5) —0.5). O
Bostee Toro, Ml MozkeM 3ameruts, uTo O(f(Z)) = x(Z : f(Z) > 0),

f(x)g(y) € [UINPC.

Takzke 3aMeTUM, 4TO:

0(6(a—0.5)+6(b—0.5)—2) =aAb,
8(6(a—0.5) +8(b— 0.5) — 0.5) = a V' b,

1 —0(a—0.5) = =a aas a,b € {0,1}. Hazosem muokecrso G C R* Bripa-
3uMbIM B 1, eciin

Af - f e [T], f(7) = x(7 € G).



Jlemma 4. ITyemv Ly U{0(x) +0(y)} C U,a 1 < i < k,G; - supasumvie
MHONHCECTNBG, 3Haverul n-meprozo napamempa. Toz2da ecau F € [A\ B, AU
B, AN BJ], mo x(Z € F(G1,Ga,...,Gy)) € [U]

Loxazameavcmeo. OUeBUIHO CJIeIyeT U3 JIEMMBI 3. O

Ilycte U € NLL1, FL, G;,1 < i < k - BbIpa3uMble MHOXKECTBA 3HAUEHU I
n-meproro napamerpa. Torma ecsin F' € [A\ B,
AUB,AQB], TO X(fe F(Gl,GQ,...,Gk)) S [U]

JlemMma 5. I[lycmov dynruyus [ npurumaem 6eckoneuHoe KOAUMECTNBO 3HA-
wenuti, a pynrwyus g - vonewnoe Cr,Ca,Cs, ..., Cp. Tozda

O(f +9) =D _0(f +Ci)(g — C:)O(C; — g)
i=1

Zloxasameavcmeo. OdeBUIHO, ITO

D 0(f +Ci)b(g — C)O(Ci — g) = Y 0(f + Ci)x(g = Ci) = 0(f +g)
=1

i=1
O

Jlemma 6. Qynwkyusa (@, Z)+ Y ;_; d; H(ZJ L X(sgn((@;, T) + ¢;) = 0i5) — k)
mootcem Ovims 3anucana 6 maxot gopme, wmo ai; € {0,1}.

Jloxasameavcmeo. PaCCMOTpHM caenyiomee mpeobpasosanne: Vj : Bj > 0
nosoxmm Vi, ¢+ A = Ayj/Bj, ;= c¢j/BjB; =1, uVj: By <0:0}; = —0y,
VB >0: 0 = 0yj, B ci1ydae ke Bj = 0 nosoxum Vi,t : Agj = Atj,B} =
0,c j =cj,0 J
nomensgercd. Mrak, 6yjem caurarh, 9T0o Bee Bj > 0.

= 0j;. 3aMeTHM, 4YTO IOCJIe TAaKOTo peobpasoBanus, h(Z,y) He

O
Jlemma 7. Ilyemo n u k mecmuwvie f(Z), g(§) umeerom eexmopu, nopmaset
K pasiesfaouum naockocmam cuenamyp d;j,b; coomeemcmeenno, u

k

f(&) = (do, & +Zd 00> x(sgn({d@;, %) + ¢;) = 03;) — k),
7=1

9(#) = (bo, ¥ +sz szgn (b, ) + ) = o) — k),

Tozda Yy h(xly x2,... = f(xlv Z2, ... 7'1'71,7179(1‘717 Tn41y--- ,l’n+k_1)) MHO-
HCECNBO BEKIMOPOB HOp.Ma,/Le?i ® paS@@JLﬂTOUJ;UM NAOCKOCTMAM CUHAMYDP -
{(a1j,a2j, ..., am-1)j, anjbo)¥j # 0} U {(0,0,...,0,b;),¥i # 0} u aunetinot

wacmoto (@10, 0205 - - - 5 A(n—1)05 @nobo)



Zoxazameavcmeo. Pacrmiem h:

h(z1,z2,...= f(x1,22, .., Tpn—1, 9(Tn, Tnt1, -« oy Tnpp—1)) =
n—1 k
= E ai0T; + ano g bioTiyn—1+
i=1 i=1

s’ K k
S RS X agn (S byt + ) = ) — )
=1 j=1 =1

k

S
+Zdi0(zx (sgn( Zalﬂ:z + nj szowl+n 1+
i=1 j=1 = =1

+c; + sz’e ZX Sgn Zbl]$l+n 1 +C ) = Uz]) K’ )) - Uij) - k)

C yuerom 5 nmeem:

s k n—1
NLy(z1,m9,. .., Tnig—1) = ZdiG(ZX (sgn Z ay; T + G Zbloxurn 1+
= j=1 =1 =1

+c; + sz"g ZX sgn Zbl]lern 1 +C ) = Uz]) K )) = Jij) - k) =

i'=1

= Zd 0( ZZX sgn Zal]xl + anj Zbloan 1+ ¢+

Jj=1l¢=1

+pir) = O-’Lj ZX sgn Zbljl'l-&-n 1 +C )= o'”) K ) — k),

OTCIO,ZLa cjaenyer, 4To HeJINHEeTHas 9aCTh gB HeJINHETHON 9acTh f HE co31aeT
ILJIOCKOCTEM CUrtaTyp C HOpMaJIdMN KaKUMH-1100 CIllie HOpMaJisIMAU K HUM.

O]

Jlemma 8. Iyemo U € NLL1. Tozda Yn > 2

Afi(x1, e, ... xn), falT1, 22, .oy Tpn), - . fno1(T1, T2, ..., Ty), makue, wmo
uz aunetnvie wacmu L(T) = (€y, T), a eexmopo, nopmanets ne codeporcauiue
HYACEHLT KOMNOHENN, K PA30CAAIOULUM NAOCKOCTIAM CUZHAMYD [; umerom 6uo

7 n—i

(1,1,1,...,1, by, b, b, - . ., bp)

das nexomopozo nabopa by # 0(603M00tcHO NYCMO020).



Jloxasamesvcmeo. Urak, tak kak U € NLLy, To o 6 3h € [U] :

h(z,y) = w+y+30L, G355, x(sgn(aja+Bjy+c;) = 0ij)—k), a; € {0, 1},
JlokazkeM MHJIYKIHel 110 KOJIMYeCTBY BXOJ0B n. BosbmeM nabopoM by, = Bj
aj #0,b; #0

[Tpu n = 2 yrBepxaenne gokazano (fi(z1,z2) = h(z1,22)).

[Tycts yrBepkIenue nokasano npu n = k. Torna giaga n = k+1, paccMoTpuMm

gi(a_:’, xk+1) = fi(l’l,:rg, ey L1, h(l’k, xk-Jrl)),i =1...n—1
9k(T v 41) = fo—1(h(21,22), 23, . .., Tp—1, Tk, Tp1)
Jluneitabie wactu srux dbyuknuii o 7 6yayr umers Buy L(T) = (€, T), a

BEKTOPBHI HOpMaJiell He cojiepKallifie HYJIEBBIX KOMIIOHEHT K Pa3iesIsioniuM
IUIOCKOCTSIM CUTHATYP 110 7 OYJAyT uMeTb BUI juisd ¢;,0 = 1...n — 1:

7 n—i
(171717---7lubkabkabka- . '7bk7bk)7
a JJId gk
k
—
(1,1,1,...,1,bp). O

4. SaBeleeHI/Ie AJA0Ka3aTeJIbCTBa JOCTATOYHOCTN
Teopema 5. ITycmo U ¢ NLLy, FL. Tozda PC C [U]

Zloxasamesvcmeso. Bymem BecTn 10Ka3aTEIHCTBO TEOPEMBI 110 UHIYKIIUH 10
KosmaecTBy BxogoB. [lycrs U ¢ NLLq, FL.

st n=1 mokazano B 1.

Huist n=2 yrBepxkjenue cieayer u3 teopeM 4 u 5 mybsukanuu [3] (ee pe-
3yJILTAT OYEBUIHLIM 00pPa30M MOXKHO IMOBTOPHUTDL IOJIb3YSICh (DYHKIUSIMU

S dib(x) mx+6(x)) n 2.

[Tycrb mocrpoeno st Beex k < n. fcuo, uro H(y,Z) =y — Z?:_f x; +

+ 35 dif (5 x(sgn(— X205 Ay + Bjy + ¢) = 03) — k) € [U].

B coorsercrBuu ¢ 6 canraem, 1ro B; € {0,1}. 3aduxcupyem €y > 0.
Baduxcupyem Iy eIMHUYHON JyMHBI, Takoil uro Vj : B;j # 0 BbIIOIHEHO
|{(Zo, €0) — <fo,gj>| > €, ecan ffj # €y. Tak MbI 3a(pUKCUPOBATIE KOMIIAKT
K,. 9TOT KOMIIaKT - HOBEPXHOCTE Chephl, C BHIPE3aHHBIMA II0JIOCAMH BJIOJIb
KOHEUHOro Habopa junuit na cdepe. Bynem paccmarpusars ¥ = t(Zo + 5) ,
||fo + 5”12 =1, H6||ll <T, Hfuh > Xo.

Bammurem yemrenue yenosus & = H(Zg +0) , || + 0|, = 1, [|6];, < 7 Tax,
9T00BI MOYKHO OBLJIO BBIOPATh HOBYIO T YCHJIMBAIOILYIO Hallle ycuyenue. Pac-
cMoTpuM Habop u3 2n — 2 BEKTOPOB Veo, = (To + Y€1, o + V€2, - - -,



Zo+ V€n—1,To — Y€1, Ty — V€2, ..., Ty — Y€n—1) U "HaTsHEM"HA HUX IUPAMU-
1y 6e3 ocHOBaHus. 3aMETUM, YTO yCIOBHE IIPUHAJJIEIKHOCTH ITOH IUpaMuie
yepes Xap-OYHKIUA MOXKET OBITH 3aIllICAHO C IOMOIIBLIO OIpelesnTeIeil, Kak

n—1 z fo
x2,@ = [ xtsan om0 h=sgn( ot D) e ],
0 u=1 ‘/COTMU-FI chon,u—i—l
chon,u%»nf?) chon,u+nf3

canTast, 9To eciu g > 2n — 2, 10 Veong = Veong mod (2n—1)+1-
st yenosust ||Z]|;, > Xo 3ammuce ero ycuiieHus: B BIJie XapaKTepPUCTHIECKON
dbysKImN puMeT Buj

n—1
X|XU|(f) = H x(x;:x; < —Xo Va; > Xo) € [U]
=1
Banumem H(y, ¥) B caepytomeit dpopme:

s k
H(y,&) =y —t(Ro+ (5,e0)) + Y _ i [ [ xis(Bjy — t(R; + (4;,)) + ¢j),
i=1 j=1

raie Ro = (w0, €0), Ry = (xo, A}), a xi;(f) = x(sgn(f) = 0i;).
Hns j: Bj = 0 noyoxum

n—1

X; &) = x(= D Aymi + ¢; < 0) € [U],
t=1

n—1
XJ(E) = x(= Y Ayai+¢; =0) € [U],
t=1

n—1

1/ =
Xj (&) = x(= Y Ayjzi +¢; > 0) € [U].
t=1
3aMeTUM, YTO €CJIH JIjIsI MHOYKECTBA T BBIIOJIHEHO, YTO X; (Z) =1, 1o nHa

=

ueM Xij(Bjy — t(R; + (/_fj, 9)) + ¢;) = Vij, T.e. KOHCTaHTeE.

Ilycrs Bj; # 0.
Hnsg j 32 Ayj = 0 momoxkum

n—1

X H@) =x(— Y Aymite; <0) € (U],
t=1,t4i



n—1

Xj(@) =x(= > Ayzi+c;>0)€[U].
t=1,t4i

3amernm, YTO ecim JYIs MHOXKECTBa & BBIIOJIHeHO, 4To X;(F) = 1, To Ha
HeM
Xij(Bjy — t(R; + (ffj, 5)) + ¢;j) = Vij, T.e. KOHCTaHTe.
HyCTB Bj 75 O,Aij 75 0.
ITo orpanmuenuio na Ty R; # Ry. Torna:
1)Ecim R; > Rg, ro 31 > 0 : Rj — <E],g> > Ry + (8,&), a 3t;j, aro npn
t > t;, u3 Toro, uro y — t(R; + (8,@)) < D, 6yzer cienoBars,
Vi:y —t(Ro + (0,é)) + d; < D. Buaunr, upu t > tj, xorma x;i(y — t(R; +
(4], g>)+cj) MemnsieT ¢Boé snavenne, X (H (y,t(Zo+0)) > D) cBoero 3nadenust
He MeHsieT. 3ua4uT 3V, uro npu t > t;

X(H (y, (%o + 8)) > D) = x(y — t(Ro + (5, &)+

s k
+> diVi [ xa(Biy —t(Ri+ (A1,8)) + 1))
i1 1=1,1]

—

2)Ecmn R; < Ry, ro 3t > 0 : R; — <A}-,5> < (g + 0,6), a suaunT
upu t > t;. u3 Toro, 4ro y — t(¥y + I, ffj> > D, 6yuzer cienosarb, Vi :
y—t(Zo+0,€) +di > D, , asnaunr x(H(y,t(Zo +J)) > D) mpu t > t;,Vi
He 3aBUCHT OT X;j. 3Haunt, upu ¢ > t;, Korma Xij(y — t(R; + (4;,0)) + ¢;)
MmensieT cBoé 3uadenue, X (H (y,t(Zo + d)) > D) cBoero 3HaueHUs HE MEHSET.
Buaunt IVj;, uro npu t > t;

X(H (y, (%o + 8)) > D) = x(y — t(Ro + (5, &)+

s k
+> diVi [ xa(Biy —t(R + (A1,5)) + 1))
i=1 vy

3) OTesIbHO PacCMOTPUM CJIydaii, Koria ffj = €p. [losmoxkuM B 3TOM CiIydae

D > —min; ¢; + max; d; + 1. Torna us H(y,Z) > D, Gyzner cie/1oBaTh, 9T0
n—1 — .

y— > i+ NLg,(y,©) > —minj ¢; + max; d; + 1, a 3Ha"quT

y—t(R; + (A;,0)) +¢; > (¢; —minj ¢;) + (max; d; — NLg,(y, ) + 1 e

y — t(R; + (4;,0)) +¢; > 0.

Torma xi;(Bjy — t(Rj + (A;,0)) + ¢;) = Vij, T.e. KOHCTaHTe.



TOI‘,ZLa 110 BbIIIIECKa3aHHOMY, IIPU HaJIO2KEHHBIX HaMHN OI'DaAHUYCHUAX

s k
> di [T xii(Bijy — (R + (4;,6)) +¢j) =
i=1  j=1

s k
=Y di 11 Xij (Bjy — t(R; + (A;,0)) + ¢;)*
=1 (BjZOVSt:AthO)jZI
k
* H Xij (Bjy — t(Rj + (A;,6)) +¢j) =

(Bj;éO/\Vt:Atj#O),jZI

k

:idi H V;j*

i=1  (B;=0v3t:A;;=0),j=1

k
» 11 Xij(Bjy — t(R; + (4;,6)) + ¢;) =
(Bj?éO/\Vt:Atj#D),j::[
s k
=Y dl 11 Xij (Bjy — t(R; + (4;,6)) + ¢;) =

=1 (BJ;éO/\VtAt]#O),‘]Zl

s k

= d; 11 Xij (Bjy — (R + (4;,8)) + ¢;)=

i=1  (Bj#0AVt:Ay;#0),R;<Ro,j=1

k
% H Xij(Bj —t(Rj+<Aj76>)+Cj) =
(Bj#0AVE:Ayj7£0),R;>Ro,j=1
k
* H Xij(Bjy_t(Rj+< g >)+cj):

(B;j#0,4;=8),j=1
s k k
= d; I1 Vij 11 Vij*
i=1  (Bj#AOAVE:A1;#0),Rj<Ro,j=1  (Bj#0AVt:Ay;7#0),R;>Ro,j=1
k
* H Vij = Const
(Bj#0,4;=),j=1

JlobaBuM HaYaIbHBIE OIPAHUYCHAA HA MAJIOCTh, U 0003HAYIM
- s R ~
G;B’SZ’ ok = {x’Xsect($)X|Xo|(x) Hu:l ng (:L‘) = 1}'

;3,52,...,5;6 (y,f) — X(y _ <£i"0,€0> + d;ySz,---,Sk > D)*



*Xxo X|X0| H Xq 7

a 3Ha4duT

oo (W, @) = X(Z € {ZT(s1, 82, sp) 1 fr57™ " (y + dgy™> %, &) = 1}) =

= x(y — (Zo,€0) > D)x(Z € U31,52,‘,,,skG;B’82""’sk) _
= X( P €0> > D)Xmo( )X|X0|(f) c [U]

—

Torma nycts go,(y — D, %) = g, (y + D, Z) =
= X(y — (o, €0) > 0)Xa (¥)X|x,|(F)-

Tenepb 3aMeTnM, 4TO IPH NPOEKIMU HA €AUHUIHYIO cepy ¢ HEeHTPOM
B HyJle MHOXKECTB {T : Xuo(T)X|x,|(Z) = 1} MBI MoXKem BBIOpATH BHYTpH
9THX IpOeKIuii Ha cdepe Masbie okpectHOCTH, Oy(Z(), I ITH OKPECTHOCTH
06pa3yioT OTKpbITOE MOKphITHE K. BRiGepeM KOHEUHOE TI0/[IIOKPBITHE STOr0
komnakTa (Og, (21), Og, (732), ..., 04, (7;)). O603nauum Xo(gs,) KOHCTAHTY,
KOTOPOIl OrpaHidIeH MOJLY/Ib apryMeHTa (DYHKIUH ¢z, . 1OrJa MOy duM, 9TO

Wy, 7) = x(¥ € {7] Uiz1 X(92, (T) = 1)})x (& > max Xo(gz,)) =
Zx 92, () = 1) = 0.5)x(7 > max Xo(ga,)) =

a

=003 x(y — (& @) > )X, (T)x)x,(Z) = 0.5)x (|1, > max Xo(gz,)) =

u=1

= x(y— ) > 0)0 ZXxu T)X| x4/ (£) =0.5)x([[Z]l1, > max Xo(gz,)) € [U],

HO TaK KaK ITPOEKINN OECKOHECUYHBIX KOHYCOB ITOKPbIJIA Kan TO

W (y, @) = x(y — (%, &) > 0)8 me 7) = 0.5)x(|#|s, > max Xo(ga,)) =
u=1

—

= X(y — (7, €0) > 0)Xmaxa Xo(gs, ) (T)*
sx (2 1 |(Zo, €0) — (To, Aj)| > €0, Aij # 0, A # &).
Urak, Mbl Hay YUIIMCH CTPOUTH st ipon3BosibHO H (y, ) dyukimo W (y, Z).

O6osnaunm Xy = max, Xo(gz, ). [Hoctponm takum obpaszom Wi, mis Kax-
noit f; n3 8.



Eciu npu sToM Habop coorsercrByomux b; mycr win {b;} = {1}, To Vi muo-
JKUTEJIb
X(& = [{(Zo, €0) — (X0, Aj)| > €0, Aij # 0,A; # €y) y coorsercrByiomeit W

PaBeH €INHHUIe (TaK KaK beHKI_LI/IH 3 KOTOPBIX OHa CTpOMJIaChb HE HMeeT

HOpMaJIeﬁ K CUrHaTypaM C HEHYJIEBBIMU KOMIIOHEHTaMH W IIPDU 3TOM TaKHX,
q9TO0 Aj 7é €Q.

Nuavte obbeauuum MHOXKeCTBa, Ha KOTOpbIx W; = 1, m J1OMHOXKUM Ha
Xmaxy, Xw, (Z)) To ecTb paccMoTpPUM

WT(ya f) = (\/?z_llwi(ya f)) A XmaXW,L- XW,L- (f)) =
= X(y - <f7 60> > D)Xmaxwi sz- (f))*

AV > €0, A # 0, AV £ &) =

* Vi X (&« [(o, €) — (o, A

)
= X(y — <f, €0> D)Xmaxwi Xw;, (f))*
")

>
—1 — - = AW, W W, —
#(1 = N2y x(@ : [(To, €0 — A7) < eo, Ayt # 0,457 # €))
ITo 8 u Tak Kak A}M # €p, TO A‘;/Vz y UMEIOT BHJT

i1 .
— n—i
(1,1,1,...,1, bk, bg, b, - .., bi), by, & {0, 1}.

—_———
HaiiteM & 17151 KOTOPBIX BBIIIOJIHEHO
-1,z 2 > AWi W; AWi >\

Ny X(Z 2 [(Zo, €0 — Aj )| < €0, Aj;" # 0,A;" # €9) = 1. lna sroro nepe-
HuIeM B Bujie Habopa HEPABEHCTB BUJIA:

b, — 1,b;, — 1,b;, —1,... b;, — 1
0,biy — 1,biy — 1,biy —1,... by — 1 e
0,0,bi; — 1,bsy — 1,..., by — 1 2
x3
E—1 I <e (2)
n i
0,0,0,...,0,b;, — 1,by, —1,b;, —1,...,b; — 1
0,0,0,...,0,b; , —1 Tn—1

BameTnM, 94TO MaTPUIA KBAJPATHASI, BEDXHETPEYTOJIbHAS 1 HEBBIPOXK ICHHAST
(b; # 1). Buaunt ||Zo|| < Jeo, anst mekoroporo J > 0. Bosbmem ¢y = %
Torna ||Zo|| < 1/2 . Ho [|Zp]| = 1. Buaunr HeT Z(, y/IOBIETBOPSIOMNX XOThH
Kakoii-ymbo n3 srux cucreM. OTcona CIeyer, 9To

NZIX(E < [(Fo, 80 — AL < €0, A)7 # 0, A0 5 &) = 0.

Termepb paccMOTPUM XapaKTEPUCTUIECKYIO (DYHKIMIO OT 00beIMHUHEHNST
MHOYXKeCTBa Jiyid Kotoporo W, - xapakTepucrudeckas (MYHKIUs, U ITOTO XKe



MHO2ECTBA, [IOJTY HEHHOIO CABUTOM BIOJE KaKOro-HUOY/Ib BEKTOPA, JIEXKAIIErO
BY—Y 1 x; = 0, HanpuMep BJIOJIb (N, €)). 3aMeTHM TOTJIa, UTO Jist JTF0O0r0
Z win x(||Z]);, > maxw, Xw,) = 1 wm x(||Z — Aégl|;, > maxw, Xw,) = 1,
rae A = maxyy, Xyw,. Torma

=Y i) = 0(Wi(y, &) + We(y + An, & — Aéy) — 0.5)

Hasee u3 2 ciejyer, 4To U BCe N-MECTHbIE KYCOYHO-IIOCTOSIHHBIE IPUHALJIE-
xkar [U].
O

5. /lokazaTeabCTBO HEOOXOAMMOCTHI

Ob6oznauum PC), - Bce KyCOYHO-TIOCTOSTHHBIE (DYHKIIUU 3aBUCSIIHIE OT N BXO-
JIOB.

Teopema 6. ITycmn U = Ly U PCly. Tozda (XN 41 ;) ¢ [U]

ﬂomsamenbcmeo. Bamerum, uro PCyx C  [L1 U Up{>. ;" dif(z;)} U
(0(N | 2)}]. Tipeamonosmm, uro O(S N1 z;) npunasiexur sambikammo.
Torna BosemeM dopmyiy nax Ly U {U, Y 7 0(x;), H(Zfil x;)}, 1 mpoBOKIS B
Heil peobpazoBaHusi 5 ¢ KayKJIbIM BbIpaxkeHueM Buua » . a;x; + » d;0(fi(Z)
HOJLY UM, YTO

N+1

9( Z Z )\113 xzj Jrcl Z )\sz xzm +02 Z >\sz xzj TLCp )7

=1 =1

T.K. KOJIMYECTBO HENPEPBLIHBIX CIATaeMbIX B CyMMATOPaX IIPU IIPUMEHCHUH
9TOr0 Ipeodpa30BaHUsl HE BBIPACTAET, a KOJIMYIECTBO CYMM BUJA Y G;T; +
> d;0(fi(T) mocne KaxKjIoro Takoro mpeobpasoBaHusi BHYTPH (HDOPMYJIbI
YMEHBIIAETCsI, & BCEr0 UX KOHETHO.

[Mycrs I (%) = H(Zi]\il )\kijk i, + cx). Tak Kak JTMHA KaXK/OM 110CTIe10Ba-
TeabHOCTH 45, paBHa N, To Vk3l € {1,2,...,N,N + 1} : i;, # l. Samernm,
torga uro torma I () = Ix(Z + Rey). Obosnaunm Gy = {Z|Gr(Z) = 1}.
Bameruwm, uro st Gy BepHo, uto eciu T € Gy, To u T + Réyy,) € 0Gy.
Bamernm, uro F npuHuMaeT Ha BXOJ, €IWHAILI U HYJIH, U €€ 3HAYCHUE €JIH-
HUIA WX HOJIb, U MBI €fi MOXKEM COINOCTABUTDL JIOTMYECKYIO (DYHKIHIO, TO

€eCThb
N+1

0()  xi) = F(x(T € G1),X(Z € Ga),...,X(T € Gp))

=1



Tenepnb 1mpeobpaszyem JIOrHIecKoe BhIpakKeHue B BhIpaxkeHne "mepecedeHuil u
obbequnenuii'B coorsercTeun C 4.

N+1
00 xi) = x(Z € Fy,n(G1,Ga, ..., Gp))

=1

Bamerum, aTo fyia modTH Beex Todexk OF) (G, G, ..., G)p), Kpome MHO-
JKECTBA TOYEK HYJIEBON MepbI(OTHOCUTENHLHO Mephl [ Ha N-MEpHbIX 00be-
Max, T.e. Mepbl Ha IPaHuIe), BRINOMHEHO, ¥To 3T € OF) |, £(G1, G, . .., Gp),
takoit, uro Je > 0,1 : &+ Re; € OF),(G1,Ga,...,Gp),VIR| < e
OTO CBOWCTBO BBINOJHEHO, JJjIs HadaJbHBIX (7;, KOTOpPbIE SBJISIOTCS Oec-
KOHEYHBLIMYM MHOIOTDAHHUKAMHU M IIPOJIOJIXKAET BBIIOJHATLCH, IIPU KOHEY-
HOM OOBEIUHEHNN, NEPECEICHUN W B3ATHN JOMOJHEHUS TUX MHOTOTPAH-
HUKOB, TaK KaK I'DAHM IOJIyYalOIINXCs IPU TaKOM IIPOLECCe MHOIOI'DAHHH-
KOB - KOHEUYHBbIE OObeIUHEHUsI U IepecedeHusl MoAMHOKecTB JG; ¢ IpaHu-
IaMH B BHJE JIOMAHBIX, ¥ KaxKJIad I'PAHb IIOJIYYaIOMIErocs MHOIOI'DAHHH-
Ka - KaKoe-TO IIOJAMHOYXKECTBO OJHON 3 rpaHeil (;, IIPU 3TOM, €CIU Mepa
w(0GL N OF; ,A(G1,Ga,...,Gp)) > 0, TO CBOHCTBO BBIMIE BHITOTHEHO JITIA
Bcex T € 0Gy, ﬂ@F/Mm(Gl, G, ...,G),) KpoMe TOUeK IPAHUIBI 9TOTO Iepece-
werns (B cmbicyte rpanunst Ha OF) | A(G1, G, . .., Gp)). Mepa Taknx Touek
OTHOCHUTEILHO [t - HyJeBasi. HO CBOWCTBO BbIIIE, OYEBUIHO, HE BBIIOJHEHO
s O N 2) = 1}, rak xak ecmu mis @2 SN ay = (&, 7) = 0, o
VR # Oal : <€0af+ R€l> = <€0af> + <€07R€l> = R<€075l> =R 7& 07 a 3HA9AT
VYR #0,1: &+ Ré, ¢ d{F|0(3 N1 2;) = 1}. TIporusopeune. O

O6osnaunm NLL; , = [L1 U {x + NL(z,%), NL(z,y) € PCy}].
Teopema 7. Ilycmv U = Ly UNLLy . Tozda H(Zf\fgl x;) & [U]

Hoxazamesvcmeo. S3ameruM, 910 (PYHKINS C JUHEHBIM BXOJIOM B (POPMYIIE,
JIOJIPKHA JIeXKaTh BHYTPH @ 1mocjie 4ero paboTaeT MpebIIyInee T0Ka3aTeb-
CTBO. O

5.1. OcHOBHOI1 pe3yJibTaT

Teopema 8. I[lycmo U codeporcum ece odnomecmmvie AuHelHble U euLé
KOHEUHOE HUCAO KYCOUHO-NAPAALEALHOIL . Samvkarnue U  codepocum ece
KYCOWHO-NOCMOARHbIE To2da, U mosvko mozda, xkoeda U € NLL1, FL

oxasameavemso. Hocrarounocts mokaszana B 5. C JIpyroil CTOpoHBI, ove-
BUJIHO, UTO €CTh KYCOYHO-TIOCTOSTHHBIE (DYHKIUU He Jexkarue B F L, Hampu-
mep O(x). Kpome roro, ecim U C NLLq, to 3k : U C NLL; j, T.K. Kosnde-
cTBO (DYHKITHI KOTOpBIE HE OiHOMeCTHbIe-TuHelnbe B U koneuno. Ho Torma
110 7 HE BCE KYCOUHO-TIOCTOSIHHBIE BBIPAYKAIOTCS. O



5.2. 3akJjiroueHue

Takum obpasoMm, B HacrosImeil pabore HaiijeH KpPUTEPUU BBIPA3UMOCTH
KYCOYHO-TIOCTOSIHHBIX (DYHKITNH 1Uepe3 OJHOMECTHbIE JIMHEHHbIE ¢ KOHETHOMN
cUCTEMO KyCOUHO-TIapaJjIeIbHbIX B BHje A00aBKH. ABTOpD BbIpaxkaeT Ojia-
rOJIAPHOCTH CBOEMY HaydHOMY pykopomutTento A.A. HacoBckux.
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On the expressibility of piecewise constant functions in the space
of piecewise parallel
Otroschenko A. D.

For a finite system of piecewise parallel functions implemented
by schemes of linear elements and Heaviside functions, the criterion
for the expressiveness of piecewise constant functions is obtained,
supplemented by all single linear functions. Thus, the criterion of
expressiveness of the binary classifier implemented by the McCulloch-
Pitts neural scheme is obtained.

Keyword: Piecewise constant function, piecewise parallel function,
completeness problem, expressibility problem, McCulloch-Pitts neural
circuits.
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