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1. BBenenue

B nacrosieit pabote HaligeHa pereTka 1-cjaeq0B 3aMKHYTHIX KJIACCOB KYCOU-
Ho-sinHeiHbIX dynknuii. Panee, B pabore [1]| 6bumm paccMOTpeHBI KyCOTHO
rnmapaJiiesbable (DYHKIMKM 1 ObLI HaiijleH €IUHCTBEHHBIN IIPEIIIOIHbBIN KJIacc
C—dunnrHo-mHeHbIX QyKHIII. Kimacc KycodHo-mapaaaeabHbX dyHKITIIT
SABJISETCS TTOJIK/IACCOM KYCOUHO-TUHEHHBIX (DYHKITUI, KOTOPbIE U PaCCMaTPHU-
BAlOTCsT B JAHHOM pabore. JIaHHBIN KJIAaCC CBI3aH C HEHPOHHBIMU CETSIMUI [6]
st Kiacca KyCOYHO-JIUHERHBIX (DYHKINA OBbLIN HailIeHbl BCE IIPEIIIOIHbIE
kJsaccel [3]. OfHUM U3 TaKUX KJIACCOB CTaJl KJIacC COrVIAaCOBAHHBIX (DyHKIINIL,
B KOTOPOM OBLI HaiijleH 2-IpeIoIHbIil KJace U JI0Ka3aHO e€ro eIMHCTBEH-
HoCTh [5]. Takxke GbLI HCCIEIOBAH KJIACC HENPEPBIBHBIX KYCOUYHO-THHEHHBIX
GyHKIHIH, 17151 KOTOPOro TaK»Ke ObLI HAWIeH eIUHCTBEHHDBIN 2-TIPeJITOIHbIN
kJace [4].
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2. OcHoBHbBIE IOHATHUS U olrpeeJieHnA

Paccmorpum caenyromme dyHKIuU AefiCTBUTEIBHBIX apryMEHTOB:
1) Oyuxuus O(x) (Xosucaiina):

o) = {O, ecim x < 0 (1)

1, wnade

2) Oyukuus O (x):

1, wunadge

/ {0, ecim z <0

3) ®yukuust F(x,y):

Fla,y) = {0, ecm y <0 (3)

T, wWHaIe

BBenem HekoTOpbie 0003HaYEHUS:

1) 3anmch Buga f(a-t+b) pasusercs zamucu f(ay -t +by, ..., an -t +by),
e @ = (ay,...,an) 1 b= (by,....by).

2) Ilox omeparmeit ” - 7, IpUMeHEHHOH K BEKTOpaM, I10JPa3yMeBaeTCsl
orepalus CKaJIIPHOIO IIPOU3BEJIEHUsT BEKTOPOB.

3) Ilycre M C PL, torma M (1) 5710 MHOXKECTBO cocTOSsIIEE, 3 BCEX
OIHOMECTHBIX (pYHKIMI MHOXKecTBa, M.

4) Mycrs M C PL, torma M 2) 310 MHOMKECTBO cocrodiiue, U3 BCeX
JIBYyXMECTHBIX (DYHKIIUN MHOXKecTBa, M.

5) B manHOil cTaThe paccMaTpuBaeTCs 3aMbIKAHUE 110 OHEPAIUAM CyTep
MTO3UIMH. 3aMblKaHue MHOXKecTBa M C PL 1o omneparusiM CylneprIo3uIinig,
6yaem obosnavaTs depes [M]. [1]

BBenem cienyroinue onpejiesieHus :

Onpenenenune 1. Oynuxyus f: R® = R naszwisaemces aunetinot, ecau nat-
dymesa a € R™ u ¢ € R, maxue wmo f(T) = T -a + c¢. Mnootcecmeo ecex
AUHETHBT PYyHKUul 0603Ha UM “epes L.

IIycrs [; - TunepIiockocTh, 3a1aBaeMasi ypaBHeHUEM T - a; + ¢; = 0, a; €
R™\{0},¢; € Ryi =1, ..., k. s xaxoit Toukn T € R™ paccMoTpum BEKTOD



o(z) = (01,...,0%) ¢ KOMHoHeHTaMu u3 MHOXkecrBa {—1,0,1},0; = sgn(T -
a; + ¢i), Tae
-1, ecmb< 0
sgn(b) =<0, ecmmb=0 (4)
1, ecin b > 0.

Omnpenenenne 2. Jlse mouku T,y € R sx6usaseHmHb, 0MHOCUMENLHO 2U-
nepnaockocmedi Uy, ..., l, moeda u moavko mozda, koeda o(T) = o(y), 0bo3na-
YUM MO HEePe3 T ~ .

Jlerko mpoBepuUTh, UTO OTHOIIEHNE ~ ~ 7 SIBJSIETCS OTHOIIEHNEM SKBU-

BaJieHTHOCTH. TakmMm obpasom, mpocrpaHcTBo R™ pas3bupBaeTcs Ha KJIACCHI
3KBUBaJeHTHOCTH Ry, ..., Rs.

Ounpegnesienne 3. Cuznamypol kaacca R nasweaemcesa eexmop o(R) =
0(T), ede T moura xaracca R.

IIycts Ry, ..., Rs - Bce KJIacChl SKBUBAJEHTHOCTU HA KOTOPBIE TUIIEPILIOC-
KoctH Iy, ..., 1, pazbusaror R™.

Onpenenenune 4. Oynkyusa f : R™ = R nasweaemea xkycowno-aunetinod,
ecau Vj € {1,..., s} natdymes E € R" ud; € R, wmo das ecex T € R; 6ol
noansemes f(T) = T-bj+d;. Junetinyio dynxyuro T-bj+d;, pearusyemyro na
mmodtcecmee Rj, obosnavum fr;(T). Mrnosicecmeo ecex kycoumo-aunetinbr
Ppyrxuul obosnavwum vepes PL.

Onpenenenune 5. Oynxyusa f: R = R naswvisaemces odnomecmnoti nenpe-
poiehot Punumno-asunetinot, ecau f € CPLY w3a,b,N € R, wmo f(z) =
a-x+bV|x| > N. Kaacc 6cex maxuz dynkyuis 0603navum wepes CFSW.

Onpenenenune 6. Oynuxyus f : R = R naswvsaemcs odnomecmmot nenpe-
PueHol GUHUMHO-NAPAsIENbHOT, ecat [ € PLW 43N, a, by, by € R marue,
wmo Vo < —N, f(z) =a-x+ by uVx > N, f(z) = a-x+ by. Kaacc scex
makuz dynryuti obosnavum wepes CFPD)

Onpenenenue 7. Qynuxyusa f : R = R naswsaemcsa aunelinotd ¢ 6vi-
KOAOMBIMY TOYwKaMU, ecau [ € PLMW y Fa; b € Ryi = 1,...s, wmo
f(z) =a-z+ bV € R/{ai,..,as} u f(a;) = bi,i = 1,..,s. Kaacc ecex
maxur Pynryut 0603HAMUM “Hepe3 L',



Onpenenenue 8. Pynuxuyusa f : R = R wnaswsaemcsa odnomecmmoti na-
PAANENBHOT PuHUMHO-AUHETHOT, ecau [ € PP 4 3N,a,b € R, wmo
f(x) = a-x+b, npu || > N. Kaacc ecex marxuxr dynrkyui 0603HawuUM

wepes PFSW.

Omnpenenenne 9. Pyuxyua f : R = R nasweaemes odnomecmmod Kycoumo-

naparesvnot, ecau f € PLW y Jai,xt, a2 € R i =1,.,s, wmo f(x) =

ai + l(x),npu x € (xl,27), 20e I(x) € LW, Kaace ecex maxuz dynryut

o6osnanum wepes PP,

Onpenenenue 10. Oynxuusa f : R = R wnaswveaemca odnomecmmor
durummo-sunetinot, ecau f € PLW 4 3a,b,N € R maxue, wmo f(z) =
a-x+bV|z| > N. Kaacc scex makuzr $ynkuyuii 0603Haxum wepes FSO.

Onpenenenune 11. Qynxuusa f : R = R wuaszweaemca odnomecmmot
Ppurummo-napasresvrot, ecau f € PLW 4 3a,by,bo, N € R maxue, wmo
fx)=a-z+by,npux < —N, u f(x) =a-x+ by,npu x > N, Kaacc scex
makuz dynkyuti obosnavum wepes FPD).

3. IloapereTka 1-cjieJ0B 3aMKHYThIX KJIACCOB HeIIpe-
PBIBHBIX KYCOYHO-JIMHEMHBIX (DYHKITU

ycrs M C CFSW rtorna BepHa cienyromast eMma.
Jlemma 1. CFSW C [MUL] <= M ¢ L™,
Loxazameavcmeo. Ilycts f1 € C’FS(U\L(I).

ai-x+ by, ecn T < ¢

as - x + bo, ecnn ¢ < x < ¢9

Ap-1-T +bp_1, ecmmcpo2 < < cpg

ai-x+ by, €CU T > Cp—1



Tak Kak y HAC MMEIOTCS BCe JinHeitHble (yHKIUH, TO OTHAB oT f1(x)
dyukmmio a; - x + by, noxyunm bysKIHo f2(x).

.
0, ecyit T < ¢

/ ’
ay - T + by, ecim c; <z < ¢

/

I
Ap_q-T+b, 1, ecmcpo <z <cpot

0, €CIU T > Cp—1

Jlajee, Tak Kak y HAC UMEIOTCS BCe JIMHEHHbIe (DYHKIUNA, MBI HE OyeM
TOPOOHO OIUCHIBATEL TAKUe JUHEHHbIE ITpeobpa3oBaHust Hal PYHKINEH KaK
oTpakeHne, CABUT Ha KOHCTAHTY, CoKATHe U PACTsI>KEHMe.

Jannas GyHKIMS OrpaHnyeHa, a CAeJ0BATEIbHO CYIECTBYET MaKCUMYM.
IIycTb

maziefr = {x |fo(x) = mazx(f2) u V' <z, folz') < maz(fa)}  (7)

[TocTpoum pyHKINIO, KOTOpast OyIeT UMeTh e IMHCTBEHHBINT MaKCUMYM B TOU-
K€ HOJIb.

f3(x) = fo(x + maziep) + fo(—x + maxiess) (8)

OTHuMEM KOHCTAHTY OT HOJIYUUBIIEHCS (DYHKIUU TaK, ITOOBI (DyHKITHS
OblLiIa BCIOJY MEHbIIe HyJIsl KpoMe HeDOJIBIION OKPECTHOCTH B TOYKE HOJIb.

fa(z) = f3(z) — maz(fs) +c 9)

I'paduk dyHKIMT fi cXeMATHIHO MOXKET ObITH U300parkeH KaK MOKA3aHO
na Puc. 1.

WNsmenum pyHKIUIO fo Tak, 9T00bI MEepBbI U3rHO (DYHKIIMH HATHHAJICS
B TOUYKE HOJIb U OBLT HAIIPABJIEH HABEPX.



Fol@) = folx + e1) (10)

/
Qyuxrus f, BBIVISIUT KaK IIOKa3aHo Ha Puc. 2.

Puc. 2

’
Haiee, nogcrasum dyukmmuio fi B dyskmuio f,. Iomyunm dynkmmo
«CHUMMeTpUYHAas TopKay. Ee rpaduk MoxkHO yBujerh Ha Puc. 3.

Puc. 3

Tak Kak Mbl UMeeM Bce JIMHeHHbIe (DYHKIUH TO MBI MOXKEM IOJIY9IUTh
[IPOU3BOJILHYIO (DYHKIMIO BUJIA «CUMMETPUIHASA TOPKA».

W3 nonyuusmmxcs (byHKIMHA U JTUHEHHBIX (DYHKIUI TOCTPOUM [TPOU3-
BOJIBHYIO (DYHKIINIO BHIA «TOPKay. 10 €cTh (DYHKIINIO KOTOPAsi MOYKET HMEET
pasJIMIHbIe yIJIbl P TpaBoM u JjieBoM usrube. Ilycrs g(x) npomsBosibHast
dbyukIms Buga «ropkay. Pacemorpum sise dyukiun g;(x) u gr(z), KoTOpble
[IPUHAJIEXKAT CEMEHCTBY «CHUMMETPUYHAs TOPKa» W MMEIOT YIrOoJl HAKJIOHA
n3ruba Kax JieBblil u3ru6 u npasbiii u3rub g(x) coorsercrento. Ilycrs g ()
IMeeT TOPKY, KOTOpasi 3aKAHIMBAETCsI B TOYKE HOJIb, & ¢r(Z) MMeeT ropKy,
HAYMHAIOILYIOCA B TOUYKE HOJIb. TOraa C/I0XKKUB JiBe 3TU (DYHKIMN MbI IIOJTY THM

dbyuknuio g1(z) (Puc. 4)

gi gr

Puc. 4



Oyukiys g1 (x) umeer B cebe UCKOMYIO «TOPKY». PaccMoTpuM (hyHKIUO
p(z) KoTOpasi MMeeT BUJ Kak IOKa3aHo Ha Puc.5.

SN

—Tm 0 Tm

Puc. 5

@yukuuio p(x) JErko moayduTh CJIOXKHUB JBE COOTBETCTBYOIINE (DYHK-
MU U3 KJjlacca «CUMMeTpudHasi ropkay. Hasee cioxum dyakumo g1 () ¢
dbyukuumeit p(x) u noxyunM QyHKIUO go(), KOTOpas CXeMaTHIHO MOYKHO
n300pa3uTh Kak Mnokazano Ha Puc. 6.

/\ x

0

Puc. 6

MBI IOYTH HOJIYYUIH UCKOMYIO (PYyHKIIUIO, OCTAJIOCH TOJBKO H30aBUTHCS
OT HEeHYXKHBIX u3rubos. Jlanuyio mporerypy Mol jgenaan padee. [Ipocro moj-
craBuM OYHKIMIO go(x) B dyHKIMIO d(2) U3 Kiacca CUMMeTPUYIHAs MOPKA.

0, ecmz <=0

d(x) = .‘%', ecmn 0 < x <= maz(g2(x)) (11)

Oyukrus d(gz(x)) n 6ymer nckomoit dyHKImE]H.

CirenoBaTe/IbHO MBI MOXKEM ITOJIY YU Th IPOU3BOIBHY IO (DYHKIIUIO U3 KJIAC-
ca «ropkay. C MOMOIIBIO JAHHBIX (DYHKIUH TOMBITAEMCST TIOCTPOUTH TTPOU3-
Bo/IbHYI0 yHKumo u3 Kiacca CFSM),

[Tycrs mMbl x0oTuM TOMyunTh dyskimo g(z) € CF S koropast nme-
eT n m3rubos, n > 3. Ecau dyuknus umeer 3 msrunba To 310 DYHKINSA U3
KJIACCA «TOPKay, a Takue (PYHKIUU MBI TOJIyIaTh yMeeM. IlycTh Kos-Bo n3ru-
60B 6OJIbIIIE TPEX TOTJA MMOKAYXKEM, 9TO UX MOYKHO yMEHBIIUTh Ha OJuH. be3



OrpaHUYeHNs OOIMIHOCTH MOXKHO CYUTATh 4TO (DYHKIHMsI g(T) UMeeT BUJ KAk
IMOKa3aHO Ha pucC.T.

f + + + /
1 C2 OW
Puc. 7

[TpubasuMm K Heil QYHKIMIO gq1 () KOTOpask IPUHAJJIEIKUT KIIACCY «IOp-
ka». OyHKIws g.1() UMeer B Kak MOKa3aHo Ha Puc. 8.

x

C\ C2 (7¢C3

Puc. 8

To ectb, DyHKIUSA g¢, () MMeET U3ruOLI B TEX Ke TOYKAX YTO U (DYHK-
s g(z) umeer nepsble Tpu usruba. Jluneiinast pyHKIUs peasmsyeMasi Ha
uaTepBase (c1,cy) y GYHKIWMN ¢¢, () paBHA COOTBETCTBYIONIEH QYHKIMN pe-
anm3yeMoii Ha ToM ke uHTepsase y dbyukiun —g(x). Cnoxus dyuakuuu g(r)
U ge, (T) MOy IHM, 9TO pe3yIbTUpyIONast bYHKIMSA paBHa HYJIIO HA HHTEPBa-
ae (c1,c2), a cienoBaTe/bHO He uMeeT u3ruba B Touke c1. IIpojesas Takyro
OTIEPAITAIO0 HECKOJIBKO Pa3 MBI MOJYyIHM (DYHKIHIO BUIA «TOPKay, KOTOPYIO
MBI TIOJTy9aTh yMeeM. 10 €CTh, MbI JOKA3AJU YTO C TMOMOIIbI0 (DYHKINN U3
KJIacca «IOPKa» MBI MOXKEM ITOJIYIUTH IMPOU3BOJIBHYIO (PYHKIIMIO U3 KJIaCca
CFSW. Jlemma nokasana. O

Caencreue 1. Kaacc LW aeanemes eduncmeenmvim Makcumasbivm coo-
emeennvim 1-caedom 6 kaacce CFSM)

IIycte M C CF P TOTJIa BepHA CJIeyIONIas JIeMMa.
Jemma 2. CFPY) C [MUL] <= M ¢ CFSW

Jokazamenvcmeo. Iycrs f(z) € CFPUO\CFSWM). Bes orpammyenus ob1r-
HOCTH MOYKHO cuuTarb, 4to 1pu © < N, rime N € R, f(z) = 0. D70 Beerga
MOXKHO C/esIaTh J00aBUB K MMeEIOMelicss (DYHKIINY HEKYIO JUHEHHYIO (PyHK-
o, CHavaIA IOKAzKeM 9TO y HAC nMeIoTcst Bee (yukimn u3 kiaacca CFSM).



U3 pamsoit (byHKIII JIErko HOIyInTh Hekyto byHkmmo u3 kiacca CFSM,
KOTOpas MpH 3TO He OyeT auneiinoit. Hampumep, MOXKHO CI0XKUTEH PYHKITAIO
f(z) ¢ dyuxmeit —f(z + ¢), tae ¢ € R. VI3 npepiayiieit TeopeMsl cie/yer
YTO U3 TOJIyIUBIIeiicsT (DYHKIIMU MBI MOYKEM IIOJIYIUTH BCe (DYHKIINH U3 KJIac-
ca CFS. Hanee nokaxkem uro CFP C [{f(z)} UCFS]. Ilyrs dbyukuus f(x)
nMeeT BHJ[ Kak Nokasano Ha Puc. 9. Pacemorpum dbyukuuio g(x) € CFS @
(Puc. 10), xoTopast mourn cosnajgaer ¢ dbynkuueir f(x).

f

X

0 Tn—1Tn

Puc. 9

}\‘ x

0 Tn—1Tn

Puc. 10

Januble QYHKIUM OTIMYAIOTCS TOJLKO HA UHTEpBasiax (Tp—1,Tn) U
(Zpn,00). Eciu orasite or dyukmuu f(z) dynkmmo g(x), T0 Mbl I0JIydIUM
dyuknmio s(z) = f(x) — g(x), KoTopast nMeer BUJ Kak nokasano xa Puc. 11.

a

0 Tn—1Tn

Puc. 11

C mnoMmoImpio JIMHEHHBIX (QYHKIUANA MOXKHO IIOJyYUTH I[TPOU3BOJIBHYIO
dyukuuio rakoro Bumpa. Ilycrs dynkmus f(z) € CF PW) npoussonbias

dbyHKIMs KoTOpyO MBI XoTHUM HOstyunTh. Torgma f(z) = g(z) + s(z), tae
g(x) € CFSW 510 mourn copmagaiomas bynxims, a Gyskmus s(z) =
f(x) — g(x) koTopble MBI MOMyUaTh yMeeM. Jlemma jgoKazaHa. O

Caencreue 2. Kaace CF S aeanemea eQURCTNGEHNBIM MAKCUMANDHIM
cobemeermoim 1-caedom 6 xaacce CFPM).



Bazaua 2-nosiHOoTH Kiaacca C'PL 6buta paccmorpena B padore [4]. Bouto
nokazano, uro kiacc C'F pP®?) € IMHCTBEHHBIHN 2-TIPEIIIOIHbIN KJIacC B CPL®,
N3 nokazaresibcTBa BBITEKAET CJIELYIONINE YTBEPXKICHUE.

CnencrBue 3. xaacc CFPWY saeasemea edunemeenmvim makcumaisbHom
cobemeentvim 1-caedom 6 xaacce CPLM)

4. Ilogpenierka 1-cjie 0B 3aMKHYTHIX KJIACCOB KyCOY-
HO-JIMHEHBIX (DYHKITUI JOIyCKAaIOMie Pa3pbIBbI

[Iycts M C L'D rorma BEPHA CJIEYIONMAas JeEMMA.
Jdemma 3. L' C [MUL] <= M ¢ L

Jokasamenvcmeo. yers f(z) € L'W\L'M. Bes orpanmuennus obuymocTi
MOXKHO CYMTaTh, 9T0 dbyHKIUs f(2) BCIOJY paBHA HYIIO 3a HCKJIOYEHUE 7
touek. [Tycrs dyuknus f(x) uMeeT eMHCTBEHHYIO TOUKY MAKCUMYM& Tz
(anasiormaHo Teopeme 1noJaHOTHL B Kiacce C'FS), a B TOUKe Tgma, DyHKIUS
paBHsIeTCsl BTOPOMY 110 Besinanie 3nadenuto dbyukuuu f(x) . ycrs dynkuus
f(z) BBIDISIUT Kak noKasaHo Ha Puc. 12.

ymax
ysmax L
[ J
° ° T
1 X2 XTg Ty Tn
[ ]
Puc. 12

IIpocTbiMu TMHEHHBIME TPEOOPA3OBAHUAME TOJIYIUM (DYHKITHIO f/ (x) =
N - (f(z + %)) = Ymaz), vi€ N > el u PYHKITAIO

‘ymaz —Ysmazx |

f(z) = - f(z+z;). Honcrasum dynxmro f'(z) B dysxmmo f” (). Tak

Yma

KakK (pyHKIUs f’(az) paBHa HYJIO TOJBKO B TOYKE HOJIb, & BHE HYJIdA CTPOrO
MeHbIIle —|2; — x1|, To pesynprupyomas dbyHKus g(x) GyneT BCIOLy paBHA
HYJIIO, & B HyJIe paBHa eaununiie. VI3 rakoit GyHKINKE ¢ OIHON BBIKOJIOTOH TOU-
KOl JIETKO MMOCTPOUTD IIPOU3BOJILHYIO (DYHKITHIO g(:U) € r'o C N BBIKOJIOTBIMU
TOYKAMU.

g(m)=Zbi-p(x+ai)+(a-x+b) (12)



JlemMma mokaszaHa. ]

Caencreue 4. Kaace LY asasemes edunemeenmoim Makcumasmom cob-
’
cmeennvim 1-caedom 6 xaacce L'V,

IIycrs M C PFS M rorma BEpHA CJIEIYIONAst JIEMMA.
Jlemma 4. PFSW C [MUL) <= M ¢ L'

Jokasamenvcmeo. Hyrs f(z) € PFSMW\L'(D. Kak u panee Gymem canrars,
yro yHKinus f(r) Ha KOHIAX PABHA HYJIIO U MMEeT eJIMHCTBEHHBIH MaKCH-
myMm. Paccmorpum nBa corydas:

1) Makcumym dyuxipn f(x) sro Touka. Torja 110 aHAIOIUU C IPEbI-
aymeit Teopemoit u3 dbyuxiun f(x) MozKHO noxydnTh Bee dynkmun u3 L1,
K dyskmun f(z) npubaBum Takyio QyHKIHO U3 L'D | qrobmr Yy pe3yabTu-
pytomteit dyuxipn f () MakcumyMm 6bu1 unrepsas. Iyers dbynknus f ()
BBITVISIIAT KaK MoKazaHo Ha Puc. 13.

Ymaz
Ysmazx
T Ty xj Tn
Puc. 13

Paccmorpum ase dbynxip. Hepsas dyukmus g1(x) = N - (f (z + xj) —
Ymaz), Tie N > u pyHKIMIO g2 () = -
dyukuuio g1(x) B dynkuuio go(x). Tak kak dyHkms g1(x) paBHa HYJIIO B
HEKOIl OKPECTHOCTH TOYKM HOJIb, a BHE 3TOH OKPECTHOCTH CTPOTO MEHBIIE
Hy/Zs U 1pu 9ToM, bYHKIUsS go(2) paBHA HYyIIO HOpH & < —|xj; — 1], TO
pesysnbrupyiomas dyuknus [(x) Oymer paBHa ¢IMHAIE B HEKOH OKPECTHOCTH
TOYKHU HOJIb & BHE OKpecTHOCTH pasha mymo (Puc. 14).

|z1—;|

-f (z+x;). Homcrasmm

‘ymaz —Ysmaz |

—x. 0 Zc

Puc. 14



Iycrs g(z) mpoussonsuas yuxius uz PFSM) . Torna g(x) Moxuo npes-
CTABUTD B CJIEJLYIOIEM BUJIE:

m

g@)=> bi-llci-z+a)+ > bi-p+a)+(a-z+b)  (13)
=1 =1

2) Makcumym dyukmun f(z) s10 naTepBad. [locrponm dynknumio I(z)
Tak ke Kak U B nepBoii gactu. Jasee paccMorpuM (byHKIHIO:

/

p(x)=1Uz)—12 x—z:)—l(2 -2+ x) (14)

DyHKIHS P (z) paBHA eMHUIIE TOJBKO B TOYKE HOJIb, & B OCTATBHBIX CJIyYdasiX
dyHKIUA paBHA HYJ0. 1O €CTh MBI MOy YUIN (PYHKIUIO C OJHONW BBHIKOJIOTOM
TOYKOI, & CIIEJI0BATEIHHO MOKEM oIy unTh Bech kiaace L' (V. Kax u B nepsoii
YacTU JI0Ka3aTeIbeTBa Mbl Hostyauin Gyuknuu p(x) u l(x) a 3HAUUT MOKEM
TOJIyIUTh Bech Kjacc PFS. Jlemma mokaszana. O

I
CaencrBue 5. Kaace L D) asanemes eQUHCMBEHNBIM MAKCUMAADHDIM COO-
cmeenmvim 1-caedom 6 waacce PFSM.

IIycte M C PPW rorma BEpHA, CJIEJIYIOMAS JIEMMA.
Jemma 5. PP') C [MUL] <= M ¢ PFS®M

Jlokasameavemeo. lannast Teopema Oblia jjoka3ana B pabore [1]. O

CnenctBue 6. Kaace PFSW ssasemea eduncmeenivim maxcumaibmom
cobemeenivim 1-caedom 6 xaacce PPW.

Iycrs Gyuknus f(z) € FSW\PFSW| torma Bepua ciremymomas gemma.
Jlemma 6. FSU C [PFSM UL U{f(z)}].

Joxasameavcmeo. Ilycrs umerores see dyuxiun u3 PFSW u jumeitnbre
byuxmmm, a takxke byaxmus f(x) € FSW\PFSM . Bes orpanndennst ofmi-
HocTH OyjeMm cumrarh, uro f(x) = 0, mpu |z|] > N,N € R. Tak kax
(z) ¢ PFSW | 1o cymecryer unrepsan (i, zi11), Tae byHKIHS He paBHA
koHcrantre. [lycrs dyuknus f(x) BbIrIguT Ka nokasaHo Ha Puc. 15.



I Z; Tit+1 In

Puc. 15

[Tocrpoum mBe dpyuxiun:

1) IpuGasum k dbyuxmun f(z) byskmuo [y () € PFSW, xotopas ysemmant
3HAUeHUe pe3y bTHpyome pyHKun f (x) Ha uHTEpBase (T, Tit1) TAK Y4TO-
6bl 3HadeHne GyHKIHH [ (z) Ha 9TOM HMHTEpBaJe OBLIO MHOTO OOJIbIIE YeM
BHE 9TOro MHTEepBaJsa. [IpoCThIMU JIMHEHHBIMEA TPE0OPA30BAHUAMI U3MEHUM
dynkmuo f /(m) TaK 9TO6bI y pesy/apTupyomeil dyHxmmn f () maHHbIT WH-
repBasi u3Menuics Ha unTepBasl (0,1), GyHKIMS peaynsyomascs Ha 9TOM
nHTEpBase OblIa IPOBOIHUKOM, a BHe nuTepsasa (0, 1) dyHkIimsa 6buta MHO-
Io MEeHbIIe HyJIsl.

2) Hpubasum k bysxmmn f(x) bynxmmo ly(z) € PFSY, koropas omy-
cTuT y pesyisrupyiomeii dynxkimun g () 3Hadenne GpyHKIUE Ha WHTEPBAJIE
(i, zi+1) K ocu Ox. IIpocrbiMu JiMHEHHBIME IPEOOPA3OBAHUSIMU U3MEHUM
byuxmmo g () Taxk 4To6bl y pesyabTHpyonel By K g (&) JaHHBI HH-
repBasl u3Menusicsa Ha uHTepBas (0,1), GyHKIMS peayn3yoomascs Ha 3TOM
HHTEpBaJIe 6bl1a IPOBOAHUKOM, 1 pu & < N, N € R, dbyukuus g () paBHs-
nace mymo. Hogcrasum dynxmmo f () B Gyukmmo g (&) mosyunm gyHk-
o h(z) (Puc. 16), kotopas na nnrepsase (0, 1) pasua dynkmun "mpoBos-
HUK a BHE MHTEpBaJa paBHa HyJIIO.

— o
0 1

Puc. 16

Iycrs g(z) npomssombras bynxmus uz FSM . Torma g(z) moxkuo mpes-
CTaBUTDH KaK:

gl@) = bi-hlei -z + a;) + r(x) (15)
i=1

e 7(z) € PFSM. Jlenma nokasana. O



ycrs dysknus f(z) € FSO\CFSM, Torma sepra ciepymomas eMma.
Jemma 7. FSU C [CFSMD UL U{f(z)}].

Joxazamesvemeo. Mycrs dyakmus f(z) € FSO\CFSM . Crenosarensno
CyIIeCTByeT TaKasl TOUYKa pas3pbiBa a, 4To dbyHkIms f(x) B 9T0i TOUKe pas-
HA ¢, a B MaJIoii OKPEeCTHOCTH cjieBa(CrpaBa) OT 9TOl TOYKHM paBHA HEKOM
JsmHeitHOM yuKIuu. JIuHelHbIMU TpeodPa30BAHUIMU ClIe/IaeM TaK YTOOBI
QYHKINS UMeIa TOUKY pa3pbiBa B HYJIe U paBHsSIACH €IMHNIE B 3TON TOUKE,
a B MaJIOfl OKPECTHOCTH CJIeBa PaBHsIACh KoHcTanTe HOoub (Puc. 17).

. “ee “ee x
10
Puc. 17

Pacemorpum dyukimio g(x) € CFS (1), KOTOpasi UMEET BUJI KaK IOKa3aHO
na Puc. 18.

x

Puc. 18

Dyuknust g(r) Ha KOHIAX POBHsieTcst KOHCTaHTe ¢, —1 < ¢ < 0. CuesroBa-
TeJIbHO, moJcTaBuB GyHKIWO ¢g(z) B dyHKImo f(x) Mbl ToryanM QyHKIUIO
h(z), Koropasi umeer BuJ KaK MoKa3aHo Ha Puc 19.

10 1

Puc. 19

U3 Jlemmsl 4 coeryer 4to ¢ momoribio dyakmun h(z) u auHeiHbIX dyHK-
il MBI MOZKEM IOJIy4nTh Bee (yukimu u3 muoxecrsa PEFS™M . Bospmem
npoussobayio dymkmmo w(z) € CFSM \ PFSW. U3 nemmer 6 crenyer,
aro FSW C [{w(z)} U PFSM U L]. Jlemma moxazana. O

IIycrs M C F'S @) TOT/1a BEpPHA CJIEIYIONIAsl JIEMMA.



Jemma 8. FSU C [MUL] <= M ¢ PFSY w M ¢ CFSW

Jokasameavcmeo. Iycrs fo(z) € FSO\CFSW . Uz nemmpr 7 cremyer |ro
MOYKHO TIOJTY9HTh (DYHKIWMIO f,(2), KOTOpasi B HyJle PABHSIETCS €UHUIE & B
MaJIOil OKPECTHOCTH CJIeBa OT HyJIsl paBHsieTcsi KoHcraHTe Hob (Puc. 17).
Hauee pacemorpum dbyuknuio g(x) € M, g(x) ¢ L). Be3 orpanmaennst obmi-
HOCTH MOXKHO cuutarh 4to g(x) = 0, upu |z| > N, N € R. CienoBarejibHO
dbyuxiws g(r) nMeer TOUKY MaKCUMyMa UJIM TOUKY Tjie (DYHKIs CTPEMUTCS
K MakcuMyMy. ByjeM cumrarh 4To Takasi TOUKa eJIMHCTBEeHHas. PaccMoTpum
coTydan:

1) Makcumym npuHEMaeTcs Ha MHTepBaJie(olyuHTepBaJie, orpeske) (x1, ra)
u byHKIWs g(2) paBHSIETCsI KOHCTAHTE ¢ HA 3TOM HHTepBaJie(IIoJynHTepBae,
orpeske). C MOMOIIBIO JIMHEHHBIX Peobpa3oBanuii ¢liesiaeM Tak ITo0bI MaK-
cumyM byHKIUN ¢g() PaBHSIICS HYJIIO ¥ IPUHUMAJICS HAa HHTepBaJie( 10Ty MH-
TepBajie, orpeske) (—1,1), a BHe 9TOro WHTEPBAJIA YIOBJIETBOPSJIA CJIEILYTO-
mumM orpanudenusiv 0 > g(z) > —1. Torga noxcraBus dyskimo g(z) B
byukmmo f,(x) momysam dbymxmmo h(x) (Puc. 19). Uz memmbr 7 ciemyer
qro ¢ nomomtpio hyuxnuit h(x) u fp(x) ¢ PFS n muneiinbx GyHKIni MOXK-
HO 1OJTy 4T Bee Muoxkecrso FS(U).

2) MakcumyM IPUHUMAETCS(CTPEMUTCST K MAKCUMYMY ) Ha MHTepBaJie(110J1y nH-
TepBasie, orpeske) (x1,x2) u dyHKIWs g(x) paBHsercs JuHEHHOH YHK-
unn [(xz) € LU ma srom maTepsase(momynmrepsase, orpeske). PaceMor-
puv byskmmo ¢ (x) = g(z) + g(—x + x1 + o). Jannas byHkmms 8-
asiercss cyMMoit dbyakiuu g(x) u 3Tol ke (DYHKIMH OTPasKeHHOH OTHO-
CUTEJIbHO TeHTPa MHTepBaJia(loynHTepBaia, orpeska) (r1, Xq). Cienoa-
renpHo yHKIus ¢ () Ha HHTEpBae(IOTyHHTEPBATE, OTPE3KE) ByIeT paB-
HATbCS HEKON KoHcrante ¢. Cpemu k ciayuaio 1. 3) Makcumym npusu-
MaeTcst(CTPEMUTCs K MaKCUMyMy) Ha HHTepBaJe([oIynHTepBase, OTpe3Ke)
(z1,72) u dyuxius g(z) pasusercs muneinoil dynxmuu [i(z) € LU na
unTepBaste(norynnrepsaie) (z1, (€1 + x2)/2) u paBHsercs JIuHEHAHONR QYHK-
mnn lp(z) € LY wa marepsase(momyunrep-sane) ((z1 + x2)/2,2s), npu-
aem [1(z) = lp(—x + x1 + ). Pacemorpum dbysxmmo ¢ (z) = g(z) +
g(—z + 1 + (z1 + x2)/2). Jannas yHKuus umeer MAKCUMyM HA HHTED-
Baste(nostynnTepBad, orpeske) (x1, (1 +x2)/2) u paBHa HEKOl KOHCTaHTE HA
sToM uHTepBase(nosynnaTepsas, orpeske). Ceesn K ciyqaio 1.
4)Makcumym byHKImu g(x) 9T0 BBIKOJIOTasl TOUKA. AHAJIOIMYHO Teopeme 3,
pacemorpuM e dyukimm. [lepsas GyHKIus ¢ () IMEeT MAKCHMYM B TOU-
Ke HOJIb U 3HAYeHNEe MaKCHUMyMa PaBHO HYJIIO, IPU 9TOM BHE HyJsd (DYHKIISA
BCIOjly MeHbIite Hekoro 3uadenust N € R. Bropas dyuknus g"(az) paBHAETCS
eJIMHUIIE B TOYKE HOJb, & upu |x| > N pasusiercs Hyio. [loncraBus dyHK-



o ¢ (x) B dyskmmio ¢ () Ml noyunM GyHKIMIO ¢ OHOH BBEIKOIOTOI
TOYKOMU, TOTJIa U3 JIEMMBI 3 CJIEJYET YTO Mbl MOXKEM IIOJyIUTH BCe PYHKIUU
u3 muoxkecrsa L' (D, [Tpubasum K dbyHKIUE ¢(X) HYKHYIO DYHKIUIO I'el’®
MBI U30ABUMCST OT BCEX BBIKOJIOTBIX TOUeK. CBENN K TIEPBBIM TPEM CJIYUIASIM.
JlemMa mokaszaHa. O

Cunencreue 7. Kaace PFSW u xaace CFSWY seanemen marcumanvmvmu
cobemeeromu 1-caedamu kaacca PP w dpyeur marux kaaccos ne cywe-
cmeyem.

Hycrs dynxmus f(z) € FPW\FSW | torma sepua ciemyromas semma.
Jemma 9. FPY C [FSOULU{f(z)}].

Jlokasamenvemeo. Ilycrs dyukius g(z) € F P(l)\FS’(l). Bes orpannuenus
obIHOCTH MOXKHO cuuTarh 9ro dhyukmus g(x) =0, npu z < —N u g(x) = ¢,
upux > N, rae N € R. Pacemorpu dyskiuio g, (), Takyto aro gs(x) = g(x),
upu z < N U gs(x) =0, upu & > N. OueBngno, dynkuus gs(x) npunaiie-
xur muoxecrsy FSW . Tlocrponm dynximo w(z) = g(z) — go(z). Jannas
dyHKIU OyIeT paBHATHCS HYJIIO, Ipu & < N 1 PaBHATHCS KOHCTAHTE C, IPU
x > N. Crenosarensno dyukmus w(z) npuaaiexnt maoxecrsy PP on-
HOMECTHBIX KYyCOYHO MapaslIebHBIX (PYHKIWMHA HO HE NPUHAIJIEKUT KJIACCY
PFSM . U3 nemmsr 5 crepyer uro u3 dbynKmun w(x) U IMHEARBIX byHKIHH
MOYKHO TOJIYYUTH BCE MHOYKECTBO ppO), [Tycrs dyukims f(z) npoussosib-
Hasi (YHKIHMSA W3 MHOXKECTBa FPW. Bes OrpaHrIeHUs] OOIIHOCTH MOYKHO
cunrarb yro Gynkuus f(z) =0, upu x < —N u f(x) = ¢, upu x > N, tae
N € R. Ilpeacrasum dynkmnumio f(x) Kak cymMmy AByX (byHKITHIL:

f(@) = fo(z) + fp(x) (16)
rae
) f(z), ecmmx <N
fsl@) = {O, ecsim © > N (7
0, ectmx < N
Jrl@) = {c, ecimz > N (18)

Tak kak dyuknus fq(x) npuHaiexkur MHOKecTBY F'S M a Ppyuxmus
[p(z) npunanexxur muoxkectsy PP (1) 70 MBI MOZKEM HOJIYYHTD POU3BOJIb-
uyto yuxmus f(z) uz maokecrsa PF1). Jlemma noxasana. O]



ycrs dyuknus f(x) € FPUO\PPW | rorna Bepua ciemymomas geMma.
Jlemma 10. FPY C [PPM UL U {f(x)}].

Jlokazamesvemeo. Iycrs bynxmus g(z) € FPM\PPW. Bes orpanmyenus
obrmHocTH MOXKHO cauTarh 9ro dynknus g(z) =0, npu z < —N n g(x) = ¢,
npu © > N, tne N € R. U3 semmbr 9 cienyer uro dbyHKIumo g(x) MOKHO
IpeICTABATE Kak cyMMy aByX dbyukmmii g,(z) € FSW u gp(x) € PPM . Cie-
JIOBATEJILHO MOYKHO HOJLYIuTh GYHKIUIO gs(x) = g(z)—gp(x). Pyuxuus gs(x)
MPUHAJIEXKUT MHOXKeCTBY F.S (M) Ho He npuHAILIEKHT MHOXKecTBYy PFS @,
Tax xak PES() C PP(l), TO U3 JIeMMBI 6 CJIe/yeT, YTO nMesl BCe MHOYKECTBO
PFSW u GYHKIUIO HE TPUHAIJIEZKAIITYIO 9TOMY MHOYKECTBY MOYKHO IIOJIY-
autp Bee MuozkecTso F'SM). Mmest muoxkecrso PP u muoskecrso FSW us3
JIEMMBI 9 CJIEJLYET YTO MOMKHO HOJIYUUTh IPOU3BOJIbHYIO (dyrKimio u3 F P,
JlemMma moka3aHa. ]

ycrs dbyaxmus f(z) € FPMW\CFPW | rorma Bepra cieayromast emMma.
Jlemma 11. FPY C [CFPY UL U {f(x)}].

Jlokasamenvcmeo. ycrs bynknus g(z) € FPO\CFPW. Bes orpannde-
HUs OOIITHOCTH MOXKHO cunTaTh 9o dyukims g(z) = 0, npu x < 0 u g(x) = ¢,
npu & > N, rie N € R. Pacemorpum dbyukmmo g (z) = g(x)+ g(—z). Oynk-
st g () paBmsercss KomcTamTe ¢, npu |r| > N, CIeoBaTeIbHO JaHHAS
dyukus npunaexur Muoxecrsy FSU . Tax kak dynxmus ¢ (x) = g(x)
npu x > 0, To ona He npuHAIEXKUT MHOXKeCTBY C'F'S 1), 13 nemmer 7 cIemny-
er, uTo nmest Bee MuozkectBo C'F S 1 hyHKIMIO He IIPHHAIIEKALILYIO STOMY
MHOKECTBY MOKHO TOJIy4uTh Bee MuOxkectBo F.SM) . U3 memmbr 9 coemyer,
a0 nMest Bee MuozkecTBO 'S 1 (byHKIMIO He IIPHHAIIIEKAIILYIO STOMY MHO-
JKECTBY MOXKHO 1OJIyduTh Bee Muoxkecrso FP() . Jlemma sokasana. O

Hycrs M C FPY rorma BepHa cieiyiomast J1eMMa.
Jlemma 12. FPY C [MUL] <= M ¢ PPY, M ¢ CFPY w M ¢ FSM.

Hokasamenvemso. Ilycrs dbyrKIms gepp(r) € FPU\CFPW, Bes orpanu-
9geHHsl OOIIHOCTH MOXKHO cuntarTh uro (yHKiws g(z) = 0, upu z < 0 u
g(z) = c,upu x > N, tue N € R. AHajiorudHO yTBEPXKJICHUIO 5 TIOJIyIUM
dbyuxmIIo g;f (%), KOTOpAsT IPUHA/IEIKUT MHOXKECTBY FSM | 1o me upunaj-
nexkur muoxecrsy CEFSM) . Ilyers dyukius Gpp(T) & PPW. Bes orpannte-
HUs OOIITHOCTH MOXKHO canTaTh 9To dyukiwms g(z) = 0, npuxz < 0u g(x) = ¢,
upu > N, tne N € R. Pacemorpum OyHKIWHIO gpts(2) = gpp(x) + gpp(—2).



Dyukuus gpfs(x) paBHsercs KoHCTaHTe ¢, npu |r| > N, ciremoBaresb-
HO JaHHad (DYHKIWMS TPUHAJIEKAT MHOXKeCTBY F'S M), Tak kax byHKITHST
9pfs() = gpp(x) upm z > 0, T0 oHa He mpunaeKuT MHONKecTBY PFS().
3 Teopemsl 6 cieayer uto nmess GYHKIMIO Gprs(T) 1 GyHKIUMIO gers(T), a
TaKIKe Bee JMHeiiHble (PYHKINNT MOMKHO HOJIy4uTh Bee Muoxecrso F/SM. I3
yTBepxKIeHus 3 caenyer uro umest muoxkecrso FSM u dyukiumio ne mpu-
HaJJIeXKalllylo 3TOMY MHOXKECTBY, a TaK:Ke BCe JIMHEHHble (DYHKIUU MOXKHO
nosyunth Bee MuoxkecTBo FPW) Jlenma nokasana. O

Cuaencrsue 8. Kaace PPW | xaace FSW u xaace CEPY) asanemea max-
cumanvnomy cobemeennomu 1-caedamu kaacca FPY w dpyeur maxux
KAQCCO8 HE CYULLCTBYEM.

Hycrs dynxmus f(z) € PLO\FPW | torma sepa ciemyiomast emma.
Jemma 13. PLM C [FPO UL U{f(z)}].

Jokazameavcmeo. ycrs dynkmus g(z) € PLIW\FPW), Bes orpanuaenmus
OOIITHOCTH MOXKHO cuuTarh uro dyHkiws g(x) = ¢, upux < N u g(z) = a-x,
npu x > 0, tie N, a,c € R. Bossmenm dynkimio gp,(r) € FPW.

g(x), ecmx <0
x) = 19
gfp( ) {0’ ecmn z > 0 (19)

Oranmem yHKImo gr,(x) or bynxmuu g(x).

0, ecmu x < 0

d(x) = g(x) — gpp(x) = { (20)

a-x, ecmux >0

U3 pabotrsl |2] n3BectHO, uTO ¢ nomonpio GyHKIUKM d(x) ¥ BCEX JIMHEHHBIX
byHKIMHA MOXKHO IOy unTh Bee MuozkecTso C'PLM.

[Tycrs f(x) npousBosibHast PyHKIMS U3 MHOYKECTBA PLW . Bes orpannuenmus
OBIIHOCTH MOXKHO cunTarh 9ro dhyukuus f(r) = ¢, upux < N u g(z) = a-x,
upu x > 0, rae N, a,c € R. Ilpeacrasum dyuknuio f(x) B Buje CyMMbL IBYyX
byHKIHIIL.

f(@) = frp(@) + fop () (21)
Tne byuxmus fr,(r) € FPW.



Fro() = {f(x), ecn <0 (22)

0, ecan x > 0

Oynkuust fo(r) € CPLY.

o) = {0, ecn x < 0 (23)

a-x, ecmax >0
Jlemma jokazana. ]
ycrs dyakmus f(z) € PLONCPLMY, tormna sepra ciepymomas eMma.
Jlemma 14. PLY) C [CPLMW U LU {f(x)}].

Joxazamesvemeo. Mycrs dynxmus g(z) € PLO\CPL®Y. Bes orpamu-
YeHust OOIIHOCTH MOYKHO CYUTATh 9TO (PYyHKIUS HMEET Pa3pblB B TOUYKE
HOJTb, 3HaYeHne (byHKIUN B TOUYKE Pa3pblBa PABHO €JIUHUIE, & Ha MHTEPBAJIEC

(—e,0), tae e € Ry, dyHnkIms paBHA KOHCTaHTe HOJIb. BosbMmeM (dyHKIMIO
Gepi(x) € cprPLO,

—e, ecmm T < —e
gpl(z) =<z, ecm —e<x <0 (24)

0, ecimz > 0

IoxcraBum byHKIMIO gep () B dbyrKImHIo g(2). [omyunm dbynkuio, Ko-
Topast paBHa HyJ0 1pu ¢ < 0 u paBHa exunuiie npu > 0, To ecTb QyHK-
o O(x). U3 paborst [1] uzectHO Y0 nmest byukimo O(x) u Bee nHeiHbIe
byHKIII MOXKHO o1y anTb Bee MuozkectBo PP, Tak kak dbynkims Gepl()
npunageskut muoxkecrsy FPW | wo e npumausesxur muoxecrsy PP 1o
U3 yTBEPKIeHNs 4 CIIeyeT 4To MOXKHO HOJIyunTh Bee Muoxecrso FP(M) . A
nmest muozkectso CPLM i muozkecrso FPM) MoxkHO 107y 9nTh Bee MHOMKe-
ctBo PL(WY (yreepxaenue 7). Jlemma nokasama. O

[Tycrs M C PLM TOT/Ia BEPHA, CJEYIONIAs JIEMMA.
Jlemma 15. PLY) C [MUL) <= M ¢ FPY v M ¢ CPLM

Jlokasamenvemeo. TIokazkeM 4TO MOXKHO TOJIy<UTH BCe MHOzkectBo FP(),
[Tycts OyHKIUSA gne(T) HE TPUHAIIEIKUT MHOXKECTBY CPLWY. Bes oI'paHu-
YeHus1 OOIHOCTH MOYKHO CUUTATH 4TO (DYHKIUSA gne(z) = 0, ipu > 0 u



gjw(x) =a-x+b mpu r < —N, e N,a,b € R. Paccmorpum yHnkimio
Ine(T) = Gne(x) = gne(x + N).

0, ecm x > 0

Gne(x), ecmm — N <z <0

Gne(x) = 1 - (25)

(const, ecmx < —-2-N

U3 ypasuenust ciaeayer 4ro (GyHKIUs g, (L) NPUHAIIEKAT MHOKECTBY
FPW g max kax na marepsane (—N,0), dyrxmms g;w(a:) paBHa (DYyHKIUN
Gne(T), OHA He COJIEPIKUTCS B MHOXKECTBE CFPW. Tanee paccmorpum dyHK-
o g, () KoTopas me conepxurca B muoxkecrse FPU). Bes orpamnmue-
HIsl OOIIHOCTH MOYKHO CUHTATh ITO (PYHKIWMS gnfp(z) = 0, mpu z > 0 n
Gnfp(x) = a-x 4+ b, mpu x < —N, rae N,a,b € R,a # 0. Paccmorpum
byEKIIO g0 (T) = gne(T) — gne(z + N +¢),e € R.

0, ecom x > 0

gnfp(x)7 ecm — N <x<0

(@) =4 26
Insp(?) a-z+b, ecm —(N+e)<zx<-—-N (26)

\const, ecn x < —2- N + e, const # 0

U3 ypaBHeHus cienyer 9To (pyHKIUS g;fp(aj) IIPUHA/IJIEIKAT MHOXKECTBY

FPW o rak kak Koncranta const # 0, ne npunayieskut Muoxkecrsy F S0,
/ o (¥}
Ha nurepsane (—(N +e), —N) dbynkuus g, (z) pasaa smneiinoit dyHkuun
OTJIMYHON OT KOHCTAHTBI, CJIEJIOBATE/ILHO TaHHast (DyHKIMA He TIPUHAIICKAT
/ /
muozxecrBy PP, U3 nemma 12 cremyer uro MuOMKecTBO (0,0, I pp Y L) no-
poxkaer muoxkectso P, U3 nemma 9 ciefryer 9ro mmMesi Bce MHOKECTBO

FPW y pyukumo g, m(x) € F PM | moxno nosydnrs Bee muozxecrso PLY.
JlemMa mokaszaHa. O

Caencrsue 9. Kaace F PW 4 xaace CPLY aeanemes maxcumarvrvmy
cobemeermvmu 1-caedamu kaacca PLW dpyeuT MaKuT KAGCCO8 HE CYULE-
cmeyem.



5. OcHoBHas TeopeMa penieTKn 1-cjieJIoB 3aMKHY ThIX
KJIACCOB KYCOYHO-JIMHEWHBIX PYHKITHIA

Paccemorpum rpad Gi:

Pemerka 1-caenos

rJe BeplinHaMu rpada SBIAI0TCS COOTBETCTBYIONINE 1-Cl1eIbl 3aMKHY ThIX
KJIACCOB, a HallpaBJieHHOe pebpo u3 BepimuHbl A B BepiumHy B o3HAJYaer,
4T0 B sIBIsSIeTCS MAKCUMAJBHLIM COOCTBEHHBIM IIOJMHOXKECTBOM 1-ciiema A.
Torna BepHa CiieIyoIIasi TeEOpeMa.

Teopema 1. I'pagp G onucwvisaem noanyio pewemxy 1-caedos 3aMEHYMOIT
KAGCCO8 KYCOUHO-AUNETHBL HYHKUUG.



Jloxazamenvcmeo. JlokazaTebCTBO JIAHHON T€OPEMBI BBITEKAET U3 JIeMM 1 —
15 u cnencrBuit 1 — 9. [l

6. 3akJrodyeHue.

B nmanHOI cTaThe OblLIa ONKMCAHA peIIeTKa 1-CJIeI0B 3aMKHYTBIX KJIac-
COB KyCOYHO-JIUHEHHBIX dyHKImi. JlaabHeiimmeil 3amadeil cTaHeT OIUCAHNE
peIeTKn 2-CJIeJIOB B 9TOM KJiacce. A Takke Jjisi KaXK/I0T0 MHOXKECTBA U3 pe-
IEeTKN 1-CJIeTOB HAfTH BCe 3aMKHYTBIE KJIACCHI ITPOEKITNS Ha OJHOMECTHBIE
QYHKIINT KOTOPBIX COBIAMAET C JAHHBIM MHOXKECTBOM.

ABTOp BhIpaxkaeT UCKPEHHIO pusHareabHocTh A. A. HacoBckux 3a 1o-
CTAHOBKY 3aJ1a1, 00CY2KJ/IEHUE PE3yJIbTaTOB, COBEThI U 3aMEUAHUS.
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The lattice of 1-traces of closed classes of piecewise linear
functions
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In the present paper, we find the lattice of 1-traces of closed
classes of piecewise linear functions.
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