O rpadoBom pacmmpeHnn MeTo/ia
pe3oJtonun JIjid 0yJjieBbIX POPMY.JI
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B pabote onuceiBaeTcst HOBOE paCIIUpPEHNe METOJIA PE3OJIIOIIH, HC-
MOJIb3yIoITee TpadoBOe PEICTaBICHIE OPOBEPKEHUN Oy/1eBbIX hop-
MYJI B KOHbIOHKTUBHOI HOpMaJIbHOI (popMme. JloKa3bIiBAETCsI, YTO HEBBI-
[TOJTHUMOCTH OyJ1eBOi (DOPMYJIbI PABHOCH/IBHA CYIIIECTBOBAHUIO JIJIsT HEE
rpad0OBOr0 OIPOBEPIKEHUSI.

KuatoueBbie cioBa: Metonm pesomionun, rpadoBble OIMpPOBEpIKe-
HUsI, HEBBITIOJTHIUMOCTD, OyJIeBbI (DOPMYIIBL.

BBenenue

[Tpobsiema BBITIOIHUMOCTH OYIEBBIX (DOPMYJI ABJISIETCS KJIACCHICCKON KOMOU-
HATOPHOI 11pobsiemoii. OHa COCTOUT B TOM, 9TOOBI 110 JiF000iT 3a/JaHHO OyIIe-
BOIi (bOpMYyJIe OTBETUTH HA BOIPOC O €€ BBIIIOJHUMOCTH, T.€. CYIICCTBOBAHUN
TaKOro Habopa 3HAYEHUN €€ IepeMEeHHbBIX, HA KOTOPOM (OpMyJia IPUHUMAET
UCTUHHOE 3HadeHue. BaXKHOCTL 3TOH MpobeMbl 00yCIaBINBACTCS TEM, UTO
pelteHe MHOTMX KOMOMHATOPHBIX ITPOOJIEM Y/IAeTCs CBECTH K IIPODJIEME BbI-
HOJTHUMOCTH KOHKDPETHBIX OysieBbix dhopmyi [1].

EcTh HECKOIBKO YaCTHBIX CJIYYAEB ITPOOJIEMbI BBIIIOJHUMOCTHU JJIsi ODa-
HUYIEHHBIX KJIAacCOB OyJieBbIX (popmyst. OTHUM U3 BayKHEHINX HA CETOJHSIII-
HUN JIeHb OIPAHUYEHUN SBJISIETCS MPOOJIEMa BBITOJTHUMOCTH OYIeBbIX (hop-
MyJI B KOHBIOHKTUBHOH HOpMasibHOi dopme (KH®D), B koTopoii dopmyiibl
3a/1a10TCs KaK KOH'BIOHKITUU JU3BIOHKTOB, JU3BIOHKTHI — KaK JIM3bHIOHKIINN
JIUTEPAJIOB, JIUTEPAJIbl — Kak mnepeMenHble n ux orpuranus. Kyk [2| u nesa-
sucumo Jlesun [3]| mokazanu, uro 00yI0 3a1ady, pa3penuMyIo Ha HejeTrep-
MUHUPOBAHHON MarnHe ThIOpPUHTa 38 MOJUHOMUAJIBHOE BPEMSsI, MOXKHO (-
dexTuBHO cBeTH K mpobJieme BHITOJTHUMOCTH OyseBbix dopmyt B KHO.

Kazxnprit mabop 3naveHuii nmepeMeHHbIX OyaeBoit GopMysIbl, HA KOTOPBIX
OHa, IPUHUMAET UCTUHHOE 3HAYEHUE, SBJISETCS IPOCTHIM CEPTUMUKATOM, YII0-
CTOBEPSIONINM €€ BBIIOJHUMOCTb. [IpobjiemMa BBITOJTHUMOCTH B 3TOM CMBIC-



JIe CBOIUTCS K TIOUCKY TpOCTOro ceprudukara. Kak ObITh, eciau mjs Oysie-
Boil OPMYJIBI HE CyNIECTBYeT cepTuduKaTa, YIOCTOBEPSIONIEr0 €€ BBIIOJI-
aumocTh! Koneuno, dpopmysia B 3ToM citydae Oyier HeBbimogHUMa. Ho, Mo-
JKeM JI MBI 3T0 9 @PEKTUBHO MPOBEPUTH, T.€. MOMXKEM JIH MBI 10 (opMmyie
[TOJIYYIUThb TIPOCTON CepTUMUKAT, YIOCTOBEPSIONHii €€ HeBbIoTHUMOCTE? He
CMOTPSI Ha TO, ITO OTBETA HA 9TOT BOIIPOC J0 CUX IIOP HET, OH ITOPOIUJI IEJI0e
HaIpaBJICHUE B TEOPUU CJIOKHOCTH, CBI3AHHOE C CUCTEMaMU JIOKA3aTebCTB
6yseBbix opmyir [4].

OtHOM W3 TIEepBOil cUCTeM JI0KA3aTENILCTB JIJIsl IOCTPOEHUSI OIIPOBEPKEHU I
BBIIOJTHUMOCTH OysieBbIx (opmysi ObLT Meron pesosonnu. Merom, Oymydn
IIPUMEHEHHBIM K CHCTeME JIN3bIOHKTOB HEBBIITOJIHUMON OYJIeBOl (OPMYJIBI B
KH®, no3Bosisier 3a KOHEYHOE YUCJIO IIIATOB BBIBECTH IIYCTOM Mu3bIOHKT. CTO-
AT OTMETUTH, UTO UUCJIO IIAroB HA OTIAEJIBHBIX CeMeicTBaxX (DOPMYJ MOXKET
JIOCTUTATh SKCIIOHEHIHAIBHOrO pa3dmepa [5]. CylecTByeT HECKOJIBKO PACIIIH-
peHmit MeTo/a pesosonuu [6], B ToM uncie Te [7], 11t KOTOPBIX JI0 CHX HOD
HUYero He U3BECTHO O CJI0KHOCTH MX JI0KA3aTe/bCTB. B mannoit pabore Oyaer
[IPEJIJIOZKEHO HOBOE PACIIMPEHUE METOJIa PE30JIIOIII, OCHOBaAaHHOE Ha Tpado-
BOM IIpeJCTaBIeHNN OIpoBepkeHuit OyaeBoix dopmyn B KHO.

OcHoBHBIE onpejiejieHnd 1 0003HaAYEHMSsI

Byaesv, opmysve ONPEIENISIFOTCST ¢ TIOMOIIBIO JIOTHIECKUX CBsi30K {—, A,V },
MIEPEMEHHBIX U CKODOK CTaHIapPTHBIM 00Pa30M:

ABu=z|A|(AAB)|(AVB).

s obo3HaveHUs IEPEMEHHBIX MBI OYJIEM UCIIOIb30BATH OYKBBI &, ¥, Z U T.JI.
SariaBabiMu OykBamu A, B, F' u 1.71. Oyiaem o6o3Hadarh (popmysbl. Takxke
MBI OyJeM OIlyCKaTb CKOOKHU, €CJIM UX BOCCTAHOBJIEHHE OIPEIEsIseTCs KOH-
TEKCTOM W CTAHJAPTHBIM IIPUOPUTETOM CBsI30K: —, A, V. Obo3Ha1nM depes
Fm(n) mua0)kecTBO 6y/1eBBIX (DOPMYJI € 1 TIEPEMEHHBIMU.

Bynesa dopmyna F(z1,...,z,) € Fm(n) nax nepeMeHHbIME X1, . .., Ty
BUINOAHUMA, €CITA CYIIECTBYIOT TaKue a, . .., a, € {0, 1} 3HaueHns nepemes-
HBIX X1, . ..,%n, Ha KOTOPBIX (hOPMy/Ia MPUHUMAET 3HAaUYeHHe 1, T.e.

F(ay,...,ap) =1,

B CJIeAyromeM CMBbBICJIE:



r ylrzANy xVy
T |z 0 O 0 0
01 0 1 0 1
110 1 0 0 1

1 1 1 1

J]umepa/LOM Ha3bIBa€TCsdA BCsAKasd IIEpEMEHHad T NJIN eé OTpulaHnue T u

obo3Hauaercst depes ¢, rae ' = z u 2°

= Z. MHOXecTBO BCcexX JuTepa-
JioB obozHaunm depe3 Lt. lussionkmom Ha3bIBAETCA BCAKasS AU bIOHKIIASA

JINTEPAJIOB

ai a
T V...V,

rae x; # xj and seex 1 <4 < j < n. Mbl 6yseM OTOXKIECTBIATD U3 BIOHKTHI
C MHO>KECTBOM HX JINTEPAJIOB, T.€. TU3bIOHKTHI

LV...Vil, n lg(l)\/...\/lg(n)

COBIAIAIOT JJisi JF000# mepectanoBku 0. O603HAUUM depe3 | mycToil qu3b-
FOHKT.

Bynesoit dopmystoit B konstonkmuenot nopmarvhot gopme (KHD) Gy-
JIeM Ha3bIBATh BCSIKYIO KOHBIOHKIINIO JU3BIOHKTOB. Hampumep, Bce cieayto-
mue pOPMYyIbl ABIAIOTCS OysieBbiMu popmyaamu B KHO:

xVy, Ay, (TVY) ANZ, (VY A@TVyVz)A(TVZ).

Mpsr oroxkiectBiisiem 0yseBbl popmysibl B KHD ¢ MHOXKECTBOM UX I3 BHIOHK-
ToB. Uepes CNF(n) 6yaem ob03HAUATH MHOYKECTBO BCEX OYJIEBBIX (DOPMYJI
u3 Fm(n) 8 KHO.

HamoMHuM, 9TO 0pUeHMUpoOSaHHIM AUUKAUMECKUM 2PAPOM HA3LIBAET
napa (V,E), rne V — koneunoe mHOzkecTBO Bepint rpadan E C VXV —
MHOKeCTBO ero pebep. Pebpo (u,v) € E HasbBaeTcs ucrodaujum Jjisi Bep-
NIMHBI U U 6LO0AUWUM JIJIST BEPIIUHBI v. Bepmmy, He NMEONLyo BXOISIIX
(ucxomgmux) pebep, Ha30BEM Kkophesol (mepmunaavrol). Ilyrem B rpade
U3 BEPIIMHBI U B BEPIIUHY U HABBIBAETCSA BCSKAsl MOCJIEIOBATETHHOCTD

u =1, (v1,v2),02, ..., (Vp—1,Vp),Up =V
rakast, 910 (v;,vi+1) € E s Becex 1 < i < n. Bepmuna u domunupyem

BEPUINHY ¥, €CJIU BCAKUI IIyThb U3 KOPHEBOI BEPIIMHBI B U IIPOXOJUT Yepe3
u. Ilpu sTOoM Beprmay © Oy/eM HA3BIBATH JOMUHUPYIOWET TSI BEPIIUHBL V.



I'padoBoe pacuimpenmne MmeTojia pe30J0Iun

[Iycte F' — Oynesa dopmyna B KH®. Onposeporceruem dopmynst F unn
npocro F'-onposepoicenuem 6yneM Ha3bIBATH OPUEHTHPOBAHHLIN allMK/IdYe-
ckuii pébepro-pasmedennsit rpad G = (V,E, A\, r) ¢ dynkuuneii pasmerku

M E—Lt

U €IMHCTBEHHOW KOPHEBOU BepIuHO# 7 € V Takoil, 9YTO BBIIOJHEHDI CJIEITY-
IOIIAE YCJIOBUA:

1) Kaxkiasi HeTepMUHAJbHAs BEpIIMHA U C WUCXOAAMUME pebpamu
€1, .. .,€En OIUPEIE/IAeT NU3BLIOHKT F'

o) =Ae1) V...V A(ey) € F,

2) eciu e, eg — BXOJsIIIUE pebpa OHOMN U TOli YKe BepIIuHbI v, TO A(e1) =
A(e2). B aTom ciryaae mosaraem A(v) = A(eq) = A(e2);

3) mubo L € F, qubo myist 1r000i TEpMUHAIBHOI BEPIIUHBL W CYIIECTBYIO
TakKasi JOMUHUDYIOIasi BepimHa u, 910 A(w) = \(u).

Qopmyny F, nist koropoit cymiectByeT F-orposeprkenue, OyneM Ha3bIBaTh
onposepotcumoti. ITaBHBIM Pe3yJIbTaTOM PAOOTHI SBJISIETCS CJIEIYIOIIAsT T€O-
peMa.

Teopema 1. Ecau F' € CNF(n), mo F nesvnosnuma < F onposeporcuma.

Jlokazameavcmeo. Pacemorpum 6ynesy dopmyny F € CNF(n) u npemmo-
JiokuM, 910 F' HeBbimoianMa. [loctpoum F-ompoBeprkeHne UHIAYKIHEH o 7.
Eciu n = 0, to F = L u rorma moboii rpad suma ({r},0,\,r) asisercs
F-onposepzkenueM.

[Tpeamomnozkum, aTo j1ist ar0060it HeBbImoHIMOM hopmyisl G € CNF (n—
1) cymecrByer G-onposepzxkenne. Torma st kaxzgoro a € {0,1} pacemor-
puMm dopmyny Fy, moaydennyio w3 F ymajmenneM BceX JU3IBIOHKTOB, COIEP-
JKAIEX JIATEpas T.~ %, a TakKe y/IaleHneM BeeX BXOXKJIeHuit murepana rd us
OCTABIINXCST TUIBIOHKTOB. 110 TIpe/Imoioskennto nHAYKInn s Fy, cymecTBy-
er onposepxkenne G, = (Vq, Eq, A, 7). Hycrs vf, ..., vy, — Bce Bepummbl
B Gq, st KoTOopbIxX p(vl) € F, \ F. Torma p(vl) U{al} € F ona 1 <i < m,
uac {0,1}.

Oupenennm rpad G = (V,E, A\, rg), mis koroporo V. = VU Vi U {w},
e w ¢ VoU 'V,

E=EqUE U{(WY,r)|1<i<mo}U{(v},w)|1<i<m},



Aa(€), e€Eq, ac{0,1};
Ae) =< T, e=(v),r), 1 <i<my;
x, e=(vi,w), 1<i<my.

[To mocTpoenuto G siBjisiercst F-OnpoBep2KEHUEM.

B obparnyio cropony. Ilycrs G = (V,E, \,r) — F-onposep:xkenue. /lo-
KaxkeM, 4To F' HeBbIMogHUMa uHAyKnueil mo n. Ecmm n = 0, o L € F u,
CJIETIOBATENILHO, F' HEBBIIO/THIMA.

IIycts n > 0 u npenosoKenne UHIYKIUU BEPHO i Bcex dopmyit G €
CNF(n — 1). Paccmorpum npoussosbroe a € {0,1} u omnpenesnum rpad
G., oyvuennblit u3 rpada G B pe3ysabTare MOC/IeI0BATETLHOIO BBIITOTHEHNS
CTIEIYIONINX MTPe0OPa30BAHUI]:

1) ymamnenne Bcex pebep e € E taknx, aro A(e) = x;

2) Jyuis KazK1o#t BepumHbl v € V Takoit, uto x5 "% € p(v), yranenue Beex
1—
n

UCXOATINX U3 HeE pebep e Takux, 910 A(e) # x, %

3) ymasenue Bcex BepiinH u pebep rpada G, HeJIOCTUKUMBIX U3 KOPHEBOI
BEPIIUHGI 7.

ITo mocrpoenuto G, siBisiercst F,-ONpOBEpKEHUEM U, CJIeJ0BATebHO, Fy
HEBBITIOJTHIMA TI0 TTPEITIOIOKEHUIO WHIYKIUH. V3 MpOoM3BOILHOCTH ¢ 3aKTIO-
qaeM, 9To F HeBBIIOJIHIMA. O

3akJIro4yeHmne

CrouT OTMETUTH, YTO UCIIOJIb30BaHne IrpadOBOro MOJAX0MA JJIsS IPeICTaBIe-
HUS JIOKA3aTeIbCTB He siBjisiercst HoBbIM. Hanpumep, B [8] ¢ momorsio rpado-
BOTO MPEJICTABIECHUS JOKA3ATEIbCTE B MUHUMAJIBHOW UMILTHKATHBHON JIOTH-
Ke YJIAJIOCh n30eKaTh SKCIIOHEHITUAJBHOIO POCTa MIPU MIEPEX0Jie K HOPMAJIb-
HOIT bopMe.

[IpejicTaBisieTcss HHTEPECHBIM ITPOJOJIKUAT UCCJIEIOBAHIE MIPE/IJIOZKEHHO-
ro rpad0BOro IPeICTaBJIEHNAs] ONPOBEPKEHNI OYJIeBBIX (POPMYJT B CJIEIYIO-
IeM HalpaBjieHnHu. Bo-11epBBIX, MIPOBEPUTH, KAK C TOYKU 3PEHUS IOJIMHO-
MUAJIBHON CBOIUMOCTH COOTHOCSITCSI MEXKJLYy CODOU MEeTOJ, PE30JIIOIHH, I'pa-
doBoOe pacimpenne MeTo/Ia PE30JIIONNN U METO| PACITHPEHHON PE30JTIOTNH.
Bo-BTopnix, nu3yunrth Bompoc 06 orenke dpyukiuu [lernona pazmepa rpado-
BOTO OTIPOBEPZKEHMS HEBBLITIOJTHUMON OyIeBOit (DOPMYJIBI OT 7 TIEPEMEHHBIX B
XYJUIEM CJIydae.
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Graph based extended resolution for Boolean formulas
Bokov G.V.

In this article we consider a graph based extended resolution for
representing refutations of Boolean formulas in conjunction normal
form. We prove that a Boolean formula is unsatisfiable iff there is its
graph based refutation.

Keywords: Resolution, graph based refutation, unsatisfiability,
Boolean formulas.
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