3ajgada TMOUCKa T0 KJIYY C
orpegesieHneM MO3UITNN

H. C. Kyuepenko

B pabore n3y4aiorcs aBa crocoba (popMaTH3AIIH 33, AN TTOC-
Ka 110 K09y — 33/Ja49a MONCKa WAeHTHIHBIX 00bekToB (3IIMO) u
pacimpennast 3[TNO. [TokazaHo, 9T0 CIOKHOCTD MOUCKA, JJIST ITHX
crocoboB opmanu3anuu oauaakoBa. Onucan aaropur™ npeodpa-
30BaHus, KOTOPBIH asroputm moucka s 3IIMO mpeobpasyer B
asropur™ moucka s pacimupennoit 3TN0 6e3 uamenenust CaoxK-
HOCTHU TOUCKA.

KuroueBbie cjioBa: 6a3bl JAHHBIX, IOUCK IO KJIOTY, AITOPHTM
MTOWCKA..

BBenenune

Teopust XpaHeHUsT U TIOUCKA, WHAOPMAIUH SIB/ISIETCS BaXKHBIM pa3e-
JIOM TEOPUH UHTE/IEKTYAJbHBIX cucTeM. OJHUM U3 KJIFOUEBBIX 00HEKTOB
9T0it Teopuu siBagercss waopmarmonusiii rpad (UI') — yopassionias
CUCTEMA, KOTOPasi MO3BOJISIET PACCMATPUBATHL MMEOIINECST MOIEIN JaH-
HBIX U 33JIa9M, CBSI3aHHBIE C HUMH, ¢ Oosiee obmux mo3ummii [3].

B pabore paccmarpusaercst 3ajada moncka 1o kiaody [4]. Ipexnona-
raeTcs, 9TO KaXKIAOMY 00beKTy 6a3bl JTaHHBIX COMOCTABJIEH YHUKAIBHBII
ko4, Ha MHOXKecTBe BCeX BO3MOXKHBIX KJIIOUell BBEIEH JIMHEHHBII II0-
PSIIOK, U K049 00beKTOB 0a3bl JaHHBIX yrmopsimouenbl. K 6ase maHHbBIX
MTPUXOANAT 3AITPOC B BUE 3HAUEHNS KJII0Ya I MCKOMOro obbekTa. Llean
IIOMCKA — BBIACHUTHL €CTh JIM B 0a3e MaHHBIX OOBLEKT, KU KOTOPOTO
paBeH 3ampocy.

N3yuatorcsa gBa crocoba dopMaan3aliny 33a491 MOUCKA M0 KJIIOTY.
[lepsolit BapranT (GOpMaIU3AIMUT — 9TO 33734 MONCKA HIACHTHIHBIX
o6wekro (BIIMO) st warepsasa (0,1). Asropur™ nowucka Jisi perre-
HIS 3TOM 33Ja4l P OTCYTCTBUM OOBEKTA, KIIOU KOTOPOIO PABEH 3a-
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IIpoCy, OTBeYaeT, YTO 00beKTa B Oa3e maHHBIX HeT. Bropoii cmocob dhop-
MAJTA3AIAN — 3TO PACITHPEHHAs 33/1a49a TONCKA MIEHTUIHBIX OOHEKTOB
(PBIINO) ayst mareppasa (0,1). IIpu srom cnocobe dopmanuzanmu B
CIy4ae OTCYTCTBUSI O0BEKTa B 6a3e JAHHBIX AJTOPUTM IOWCKA BBITAET
MIPOMEKYTOK MEXKTy KJIIOUAMU, B KOTOPBIH MOTA 3a1poc.

Hezasmncnmo ot crocoba bopMaim3amni 3a0a49n aATOPUTMBI TTOUCKA,
MIPEICTABIAIOTCSI C MOMOIBLI0 MHMOpMaImoHHbIX rpados. [Ipemsmorara-
eTCs, YTO TPU MMOUCKE MOYKHO HCIIOJIH30BATH TOJIHKO OMEPAIUU CPaABHE-
Hust. Ci10XKHOCTH MHPOPMAIMOHHOTO rpada BBOAUTCA KaK CpeHee KO-
JITYECTBO OIEpaIiii CpaBHEHNS BBIYMCIEHHBIX MpH 0OpabOTKe 3ampoca.
[Mockonwky mist pemenust P3IINO Tpebyercst BISICHUTE 60JIbITIE WHOOP-
Marun o 6a3e JAHHBIX, BOZHHKAET BOIIPOC, HA CKOJLKO YBEJINIHBACTCS
CJIO’KHOCTH ONTUMAIBLHOIO [0 BBIYUCINTEILHBIM BO3MOXKHOCTAIM UI masa
P3IIMNO 1o cpasrenuto ¢ «6bosee mpocroity 3ITUO.

Panee B pabore [1] aBTopoM OBLIO MOKA3AHO, YTO ONTHUMAJILHBIN HH-
dopmaImoHHBIH rpad s 331a91 TTONCKA, WISHTHIHBIX 00beKTOB I Tpu-
Ha/IeKUT MHOXKecTBY D — wmuOXKecTBy npeoBuanbix I ¢ xecTko
OrPAaHUYEHHON CTPYKTYPOIi.

B mammoit pabore mocTpoeH aaropuTM MpeodpPa3OBAHUS IPEBOBUIHOTO
UT" u3 muO)KecTBa D B NpeBoBUIHBI HHMOPMAIIUMOHHBII rpad, KOTOPHIit
PEeIlIaeT pacIiMpeHHyo 3324y MOUCKA WIEHTUIHBIX 00beKTOB. [Ipu sTom
CJIO’KHOCTH WHMOPMAIMOHHOTO rpada npu npeodpa30BaHNM HE U3MEHs-
eTcs.

Takke aBTOPOM TOKA3aHO, UTO CJIOKHOCTU ONTHUMAJILHBIX HHMOPMA-
IUOHHBIX TpadOB I 33Ia9W MMONCKA UIEHTUIHBIX O0BHEKTOB W PACIIN-
PEHHOIT 337]a4N TTOUCKA UJICHTUIHBIX 00bEKTOB paBHbBI. U3 3TOTO Ciemy-
et, uTo npu uzydenun ciaokuoctu P3ITNO moxkHO mepexoants K «bostee
npocroity 3ITNO. s 3a1a49m MOMCKA, UAEHTUYHBIX 00bEKTOB I N3BECTHBI
AJITOPUTMBI TIOCTpoeHust onTuMaabaoro VI u3 muoxkectBa Dy u undop-
MarmoHHOro rpada bunapuoro nouncka n3 muoxkectsa Dy. [Tocoe mpume-
HEHWS B KOHIIE TUX AJTOPUTMOB MMOCTPOEHUsT AJITOPUTMa Mpeodpa3oBa-
HUS TOJYYAI0TCS aJrOpUTMbl mocTpoerus ontumanabaoro U u madOp-
MaImoOHHOr0 rpada OUHAPHOTO MOUCKA /I PACIINPEHHON 33/1a9H TONCKA,
UJIEHTUIHBIX 00BEKTOB.

ABTop BBIpaXKaer 6JArOTAPHOCTH CBOEMY HAYYHOMY PYKOBOIUTEJTIO
npodeccopy .. ['acaHOBY 3a MOCTAHOBKY 3a/aui U BHUMaHWE K paboTe
n akaieMuky B.B. KyapsBreBy 3a 11eHHBIE COBETBI M 3aMEUYAHUSI.
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1. OcHoBHBIE TOHATUA U pe3yJbTaThbl

B mannoii paboTe aaropuT™Mbl MOUCKA, UCIOIB3YIOIINE TOJBKO Olepa-
[NV CPABHEHUSI, UCCIEIYIOTCA C TO3UIINY NH(MOPMAITMOHHO-TPadOBON MO-
nemn ganueix [3]. B urdopMalmonno-rpadoBoii Moge I CTpyKTypa JTaH-
HBIX 3a/[aeTCd OPUEHTUPOBAHHBIM IpadoM, pedpa M BEpIITHHBI KOTOPOTO
HaTrPYzKEHbI IJIEMEHTAMU JTaHHbIX W (byHKH;I/IHMI/I AﬂFOpI/ITM IIOUCKa —
9TO «BOJIHOBOIi» Mporecc Ha rpade, KOTOpbIil YIpaBasercsd Harpy3od-
ubiMn yakimsgymu. Harpysounbsie dyHKIMM pa3zesensl Ha JiBa Kjacca:
IpeanKaThl U mepekaodaressn. [[ockobKy /i oneparuii CpaBHEHUS Bbi-
OpaHo IpeJCcTaBIeHne B BUJE MepekodaTeneil, B paboTe NCIOIb3yeTcs
nHMOPMAIMOHHBIH Tpad, MHOYKECTBO HATrPY309YHBIX (PYHKIUH KOTOPOTO
COCTOMT TOJIBKO M3 KJjacca mHepekodaresei. Mudopmannonusiii rpad
TAKOTO BUJIA HA3LIBAETCS UHPOPMAUUOHHBM 2PAPOM C NEPEKAIOUAMEND-
not nazpyskot (UT'TTH).

JIyist 3a/1a49u MOMCKa 110 KJTIOYY TIPUBOIUTCS JBa Crocoba ee hopMa-
JM3ANUKY — 3a/la9a TTONCKa MIEHTHIHBIX 00bekToB Ha uHTepBase (0,1) u
pacImperHas 3a/[a9a MONCKa WIeHTHIHBIX 06 bekToB Ha nHTeprasie (0, 1).

Ba/1aua MoMcKa NAEHTHIHBIX 00bekToB Ha uHTepBase (0, 1) dopmasn-
syercst [3] kak wersepka ((0,1), V, p—, f(z)), tae (0,1) — mHOX)ecTBO 3a-
npocos. Koneunsrtii Habop V' touek unrepsana (0,1), V = (y1,y2,.--,Yn),
9JIEMEHTBI KOTOPOTO YIOPSAOYEHbl 10 BO3PACTAHWIO W HE PABHBI MEXK-
Iy coboit, Ha3bIBaeTCst OUOIMOTEKOM, a F/IeMEHTh ONOINOTEKN — 3AITUCSI-
mu. OTHOIIEHNE TTOUCKA p— — ITO OTHOIIEHWE PABEHCTBA HA MHOXKECTBE
(0,1) x (0, 1). Ipeamonaraercst, uro 3ampoc = € (0,1) — cayvaiinas Beu-
YKHa, IPUHUMAOIIast 3Hadenns 3 narepsaia (0, 1), ¢ dbyHkmedi niorHo-
cru f(x). OrHomenune p— 3a1aeT HyHKIUIO 0TBeTOB J (), OpeIeIeHHy 0
Ha MHOXKecTBe 3anpocos (0, 1), caexyiommmM obpazom

J(z) = { {yi}, ecmmJie[ln]:y =z,

g, nHaYe.

Pacmmpennas 3agaqa noucka uaentuaabix 00bekTos (P3IINO) na
unrepsane (0,1) — 3ro 3amaua momcka I’ KOTOpasi TpEACTABISET CO-
6oit wersepky ((0,1), V', pe, f(x)), rae (0,1) — MHOXKECTBO 3ampoCoB.
O6o3naunm gepe3 Y MHOXKECTBO, COCTOAINEE W3 BCeX MOJUHTEPBATIOB W
trouek unrepsaia (0,1). Koneunwiit mnabop V' cocrour 3 takux smeMen-
TOB MHOXXECTBa Y, UTO OHW MPEACTABJISIOT cOD0I pas3breHne WHTEpPBAJIa,
(0,1) cienyrormero Buma
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V= ((O’yl)’ {yl}’ (yl,y2)’ {yQ}’ ce {yn}’ (yna 1)) s Y1 <y2 < <Yn

Ha6op V mazwiBaercs 6ubIMOTEKOM, a 9/1€MEHThI ODUOTHOTEKN — 3aTTUCsI-
mu. OTHoIeHne nonucka pe — 910 oTHOIenne Ha MHOXKectse (0,1) X Y.
Banpoc z, € (0,1), HAXOAUTCS B OTHOIIEHUH Pc C JEMEHTOM Y MHO-
JKecTBa Y TOTIHA W TOJBKO TOrda, Korma x € y. [Ipeamosaraercs, 9To
sanpoc & € (0,1) — caydvaiinas BejmYnHA, NPUHUMAIONIAS 3HAYEHUE W3
uarepsasa (0,1), ¢ dyakmmeit wroraoctn f(x). OTHOMEHNE pe 3aTa€T
dbyuximio orseros J' (), onpenenennyio Ha MHOXKecTBe 3ampocos (0, 1),
CJIETYIONNM 0O6pa3oM

J/(x) _ {y’l}7 ecau i € [177,] Y =,
(yj’yj-i-l)a ecm Elj € [On] (Y <@ < Yji,

re Yo = 0, yn41 = 1.
Pacwupenuem 3ITHO I=((0,1),V, p—, f(x)), vae V=(y1,Y2, -, Yn),
mazosem P3IINO I’ ((0,1), V', pe, f(x)), rae

V= ((O’yl)’ {yl}’ (yl,y2)’ {yQ}’ ce {yn}’ (yna 1)) s Y1 <y2 < <Yn

Hnsg peanmuzanuu (GYHKIUA OTBETOB 33JadH MTOUCKA HCIOJB3YIOTCS
orepaly CpaBHEHUsT BEIeCTBEHHBIX unces1 u3 narepsaa (0, 1), koropbie

3aj1anbl B Buje pyHKumu p(y, x)

1, ecmmzx <y,
Vy,x € (0’ 1) p(ya :C) = 2, ecmzx =y,
3, ecamzx > .

Oyukimst p(z) = p(a,z), a € (0,1), HABBIBALTCA MEPEKTIOTATETEM.
Onpezesnm 6azoBoe MHOXKecTBO mnepeksovareneii G = {p,(x) | a €
(0,1)}. Hax 6azoBbiM MuHO)KecTBOM G crpounTcst nHMOPMAIMOHHBI rpad
C TEPEeKJIIYATETFHOM HATPY3KOil, KOTOPBI XPAHUT B cebe CXeMy BBI30Ba
nepekouareseit n3 G.

Nudopmarmonnsiit rpad € MepekaiydaTebHON HArpy3Koil — 3TO
CBS3HBIN OPHEHTHPOBAHHBIN KOHEUYHBIN rpad 06e3 KpaTHBIX pedbep n me-
TeJb, BEPITUHBI W pedpa KOTOPOTO Pa3MeYeHbl CAEIYIOMUM 00pa3oM.
Buimenens gBa mommHOXKecTBa BepmnH P u L, tak uto PN L = @.
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Bepruabr MHOMKeCTBa P HA3BIBAIOTCS NEPEKA0OUAMEALHILMU, & BEPIITITHBI
MHOXKeCTBa L — aucmoamu. Pebpa, NCXOIAIIe U3 MepeKII0vaTeTHHBIX
BEPITIMH, HA3BIBAIOTCS TaKkKe Nepexaovamesvivmu. Cpean meperIoda-
TEJLHBIX BEPITUH BBIIETEHA OHA BEPIIUHA Vg, KOTOPash HAZLIBAETCSA KOp-
negoti. TlepekTiovYaTeTbHBIM BepIITHHAM COTTOCTABIEHBI TTEPEKTIOUaTEe N
u3 G. Tlepeksouaresb p, (), CONOCTABIEHHBIN TEPEKJIIOYATENLHON Bep-
IIHEe v, HA3BIBAETCS ee HArpy3Koil m obosHavaercs [v|p = pq(z). Jln-
CTBSIM COTIOCTABJISIOTCS 3alMCH OUOINOTEKH. DTO COMOCTaBJIEHHE 000-
sHavaercs [v|p = y, y € V, v € L; y Ha3wpiBaeTcs Harpy3koil Jimn-
cra v. IlepekTiodaTeTbHBIM pebpaM COMOCTABIAIOTCS SJIEMEHTHI MHOMKe-
crBa {A,1,2,3}, npu 5TOM M3 NEPEKIIIOYATEILHOI BEPIIUHBI HE BBIXOUT
IBYX pebep ¢ OMuHAKOBBIMU HOMepaMu. Eciu pebpy (vj, , v, ) COMOCTABIEH
HoMep 7 € {1,2,3}, To HOMEp i HA3BIBAETCS HArPY3KOil pebpa (vi,,v;,) U
oboznauaercs [(vj,,vi,)] = 1.

Onpenenum pynryuonuposanue naHMOPMAIMOHHOTO Tpada ¢ mepe-
KJIIOUaTeIbHOM Harpy3koii. [lepekiiouarensHoe pebpo (vg, V4, ), KOTOPO-
My MPHUIACAH HOMED i, nposodum sanpoc x € (0, 1), ecm mepekIoIaTeb,
MIPUITUCAHHBIN HAYAIY 9TOT0 pebpa, IPUHNMAET 3HAYEeHNe | Ha 3ampoce &,
[(Viy,viy)] = [viy]p(x). Ecom [(vi, , viy)] # [vi,]p(2), TO nepekovarenbuoe
pebpo (v, vi,), He nposodum sanpoc x € X. [lomaraem, 4ro mepeko-
JarepHOEe pebpo, KOTOPOMY OBLI COMOCTaBIeH CUMBOJ A, He MpoOBOAUT
zampockl. TakKe He MPOBOJAT 3aMPOCHI BCE OCTAJBHBIE pebpa, OTINIHBIE
OT TepeKTIovaTeTbHbIX. OPUEHTUPOBAHHBIN MAPIIPYT MTPOBOIUT 3AMPOC
x € X, ecam kaxoe ero pebpo nposoaut 3ampoc x. 3amnpoc z € (0,1)
nPoOTodum 6 GEPUWUHY V UAU JOCMUGEM BEPWUHY VU, €CTU CYIIEeCTBYeT
OPUEHTUPOBAHHBIN MapIIPYT W3 KOPHEBOI BEPIIUHBI B BEPIIUHY U, KOTO-
PBIil TPOBOJUT 3alpoC T. 3alluch ¥y, NPUIUCAHHAA JUCTY v, Ha3bIBALTCS
PE3YALMAMOM PYHKYUOHUPOSAHUS UHPOPMAUUOHHO20 2Ppada ¢ NEPEKAI0-
wameavnoti nazpysxoti na 3anpoce X, €CJIU 3ampoc T MPOXOJUT B JIUCT v .
Pesyavmam Gynkyuonuposanus unpopmayuorto2o 2pada ¢ nepexisoda-
meavrot nazpysrot U — 310 dbyukimsa Ry (x), KoTopas KaxkIoMy 3a-
POCY & COTTOCTABJSET MHOYKECTBO BCEX 3AITUCEH, KOTOPHIE ABIAIOTCS Pe-
gysabraToMm dyukimonuposanus UI'TTH wa 3ampoce x.

Nuadopmarmonustit rpad ¢ mepex/rogarebuoit Harpy3koit U pewaem
zajaqay moucka I, ecim pesynbrar dyuknuonuposanus UI'TTH U cosma-
maer ¢ QyHKIMEH OTBETOB 3aJaud TONCKA Ha JIIOOOM 3alpoce T W3 WH-
repsana (0,1). Muoxecrso UT'TIH, koropsie perator 3aa4dy noucka I,
obozHauuM uepe3 Sy.
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Ecnu B uadopmarimonrom rpade ¢ mepekIrovaTebHON HArpy3Koit U
VAATUTh «HE (PYHKIUOHAJBHBIEY DJIEMEHTHI, & UMEHHO, He MEePEeKII0Ya-
TeJibHBIE Pebpa u pebpa, KOTOPBIM COTIOCTaBIeH CUMBOJI A, a 3areMm ocra-
BUTBH TOJIBKO OJHY KOMIIOHEHTY CBSI3HOCTHU, KOTOPOI MPUHAIEKUT KOP-
HeBasl BEPINUHA, TO pe3yabTar (byHKIMOHUpOoBauus Ry (x) He m3MeHnTcs.
[Tostomy mastee paccmarpusatorcs UI'TIH ¢ TournocThio 10 9TMX Omepa-
Uil yIaIeHnsd.

Paccmorpum mrdopmanmonnsiit rpad ¢ MepexkIoIaTeIbHON HArPYy3-
KOit M3 MHOXKecTBa Sy, rae I Hekoropas 3ajada noucka. Caodcrhocmvio
HUT'IIH U na 3anpoce x HA3BIBAETCI UUCJIO TEPEKTIOYATETHHBIX BEPINNH,
KOTOPBIE JTOCTUTAIOTCS 3ampocoM x mpu (yrkimonuposaann U. Cirox-
HOCTH MOKHO IPEJICTABUTH B BU/IE

T(U,:C) = Z Sov(x)’

UEPU

rje Py — MHOXKECTBO MepeKTI0UaTeIbHBIX BEPIIHH, & (0, () — MpeJInKar,
MPUHUMATOIIIH 3HAYEHUE eINHNTIA, €CJIU & TIPOXOIUT B BEPIIUHY v, U HY/Th
B IpoTHBHOM ciiyuae. IIpeaukar ¢, (z) HazbiBaercs gynkyued Guaivmpa
sepwuns, v. Benmunua T'(U, x) kak GYHKIWS OT & ABAFETCS CITyJIaiiHON
sesmannoit [3|. Caoorcnocmovio UT'TTH U u3s mmooicecmea Sy Ha3bIBAETCS
maremaTudeckoe oxuganne sesmansbl 1T'(U, x), KOTopoe MOXKHO 3a1ncarh
B BHJE

Ty () = M(T(U, 2)) = /0 T(U,2)f(x) dr,

rie f(x) — dYyHKIUS WIOTHOCTH pacIpe/e/IeHns 3apoCcoB B 3aa4e mo-
ncka I.
CJI02KHOCTBIO 3a0a4l MOUCKa | Ha3bIBACTCA BEJIUUNHA,

T(I)= inf T7(U).
UeSy

Nudopmarmonnsiii rpad ¢ mepexk/I0IaTeIbHON HATPY3KOil, Ha KOTOPOM
JIOCTUTAETCST UH(MUMYM, HA3BIBACTCS ONIMUMAALHOLM UHPHOPMAIUUOHHBLM
2paghom ¢ neperawamesvbrot na2py3kolt s 3adavu noucka I.

Nudopmarmonnsiit rpad € MepekaivaTebHON HArPy3KOoil — 3TO
0CODBIM 00pa30M pa3MeUYeHHbI OPHEeHTHPOBAHHBIN KOHEYHBIN rpad 6e3
KpaTHbIX pedep u merensb. Muadopmanmonusiit rpad 6€3 pasmMerkn HA30-
BEM 0cHOSaHUeM THOHOPMAIMOHHOrO rpada.
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Qyndamernmom OPUEHTUPOBAHHOTO rpada HAZBIBAETCS HEOPUEHTUPO-
BaHHBIN rpad, MOTyIaeMbIil 13 OPUEHTUPOBAHHOTO TIOC/IE VIAJEHUS OPU-
eHTanuK Ha Beex pebpax [5]. OpuenTuposanHbiil rpad, y KOTOPOro Bbije-
JIEHA KOPHEBAsT BEPIIINHA, HA30BEM 0EPEGOM, OPUEHTNUPOBIHHHLM O KOP-
H.A, €CJTA BBITIOJHEHBI CJAEIYIONINEe YCIOBUL.

1) ®yngamMenToM OPUEHTUPOBAHHOTO rpada ABIAETCS IEPERO.
2) B KOpHEBYIO BEpIINHY HE BXOJUT HHU OJHO PEOPO.

3) B mob6yto Bepmuny rpada n3 KOPHEBOI BEPITMHBI BEJET OPUEHTH-
POBAHHBIIT MapUIPYT.

Nudopmarimonnsiii rpad ¢ mepexk/ovaTe bHON HATPY3KOi HA30BEM
dpesosudHvLM, €CIN €ro OCHOBAHUE SIBJISIETCST JIEPEBOM, OPUEHTUPOBAH-
HBIM OT KOPHEBOI BEPIMHBI WH(MOPMAITHOHHOTO Tpada.

Toukamu pazbuenus IO I=((0,1),V,p=, f), V=(y1,Y2,--,Yn),
Ha30BeM HabOp TOUYEK 1% KOTOPBIil paBen OubnoTEKe, V = V. Towxamu
paszbuenus P3TINO ((0,1), V', pe, f(x)), rae

V= (0,91),{v1} (W, v2) {we b {ynds (U, 1)) s 1 <2 < < Y,

Ha30BeM HAbOP V' = (Y1, Y2, - -+, Yn). 3aMeTHM, 9TO HABOPHI TOUEK Pa3-
buenust 3IIO u ee pacuiupenus paBHBI.

s 3amgagqm moucka I cO MHOXKECTBOM TOUEK pazdMeHust V= (y1,
Y2y -+ -y Yn) BBegieM MHOXKecTBO Dy. MHbopmanmonHbii rpad ¢ nepexio-
JaTebHON HArpy3Koit U mpuHAMIEKUT MHOXKECTBY D TOrja u TOJIBKO
TOT/Ia, KOT/IA BBITIOJTHEHBI CJIETYIOIIHE YCIOBUSI.

1) UT'TIH U gBnsiercst IpEBOBUIHBIM U PEIIAET 3aady MOucKa I.

2) UTTIH U comepKuT n BHYTPEHHUX BEPIIUH, KOTOPHIE SABJISIOTCS
MEePEK/TI0YATETLHBIMI 1 KOTOPBIM B3aWMHO OJHO3HATHO COTIOCTAB-
JIEHBI N IIepeKJIrovYareiei

{pyl’pr””’pyn}’

3) U3 xaxmoit mepersodarenbroii Bepmmasl UTTIH U ucxoxut tpu
pebpa, KOTOPHIM B3aWMHO OJHO3HAYHO COIOCTABJIEHBI YHC/A W3
muoxkecTBa {1,2,3}.
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s uadopmarmorroro rpada ¢ mepekIIovaTe/bHON Harpy3Koi u3
MHOXKeCcTBa D] BBEJEM MOHATHE HOMEPA OPUEHMUPOSAHH020 MAPULPYMA.
Howmep opuenTupoBaHHoro mapmpyra — 910 Habop (a1, ag,. .., as), Ue
$§ — KOJMYeCcTBO pebep B OPUEHTHPOBAHHOM MAapIpyTe, d; — HArpy3Ka
i-TO MEPEeKJTIIATETHLHOT0 pebpa (HyMeparus pebep HAUMHACTCS OT KOPHe-
Boit Bepmmnb). [Tockonbky 1o onpegenennio B UTTIH u3 muoxkectsa Dy
BCe pebpa SBJIAIOTCS TMEePeKII0YATeTLHBIMA ¢ HATPY3KO# U3 MHOXKECTBa
{1, 2, 3}, To omnpexesnenne Homepa KoppekTHo. Ha MHOXKecTBe HOMEPOB
BBeJleM OTHoIIeHue Tnopsizka. s cpaBHeHusi iByX HOMepoB a = (aq,
ag,..., as), s > 0wm b = (b, ba,..., by), t > 0, B KOHeI[ 6oJlee KOPOT-
KOr'O HOMEDpa. J0MUIIIEeM HYJINW Tak, LITO6EI JJIMHBI HOMEPOB CPaBHAINUCH.
Ob6o3HaYNM TTPEOOPA3OBAHHYIO TAPy HOMEPOB

SV / IR Y /
a = (a1,a9, s Apacsr) O = (01,0 bsn)-

Howmepa a u b paBHBI, ecii OHE DaBHBI Kak HAbOPBI, TO €CTh § = t U
PaBHbI COOTBETCTBYIOIINE 3/IEMEHTHI

a1=b1,a2=b2,...,a52bt.

Howmep a Gosbine b, ecau cymiecrsyer takoe j, 1 < j < max(s,t), 9ro

ay =by,... a5 =b;_q,a; > b
Onurmem aszopumm npeobpasosanus nHGOPMAITMOHHOTO Tpada C re-
pexouaTeTbHol Harpy3koit U w3 muoxkectBa Dy, roe I — 3amada monc-
ka uiaentnanblii oowekros I = ((0,1), V, p—, f), V.= (y1, y2,..-, Yn), B
urdopmarmonnslii rpad U’ u3 muoxkecrsa Dy, rne I’ — pacmmpennas
3aaua noncka wiaeaTnaabix oobexros ((0,1), V') pe, f(2)),

V= ((Oa yl)a {yl}7 (y1, 92)7 {yQ}a s {yn}a (yna 1)) .

1) Paccmorpum Bee Bucsame sepmmuabl UTTTH U, koropbie ne siBis-
forcst aucToBbiMu. OB03HAUMM 3TO MHOXKECTBO depe3d R.

2) Kaxmoit Bepmunae (v m3 MHOXKECTBa R CONMOCTaBUM HOMED OPHEH-
TUPOBAHHOTO MAapIIPyTa, KOTOPBI BEJET U3 KOPHEBOW BEPIIUHBI B
paccMaTpPUBAEMYIO BEPIIUHY (.

3) YmopsiounM BEPIIHHBI MHOYXKECTBa R B COOTBETCTBUE C UX HOME-
pamvu. Oboswasamm ux (ap, a1, ..., Q|g|), T/Ie ( — BEPIIIHA C Hau-
MEHBIITAM HOMEPOM.
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4) Beegem obosnauenus yo = 0, y, = 1. ComocraBumM BepIimHAM MHO-
JKecTBa R MHTEPBAJIBI CAEAYIONIAM 00pa3oM

Vi<n o= (y),Yj+1)-

5) O6Go3HAYMM BEPITUHBI MHOYKECTBA R, KOTOPBIM COMOCTABJIEHBI WH-
TepBaJIbl, TUCTOBBIMU.

6) O6ozmaunm nmonyvennsiit ITTIH uepes U'.

7) AJropuT™ 3aKOHYEH.

ABropoM moKa3aHO, UTO aJTOPUTM Mpeobpa3oBaHust pabOTaeT Impa-
BWJIBHO M HE MeHSeT CI0KHOCTh MH(MOPMAIMOHHOTO Tpada ¢ mepeKsio-
JaTelbHON Harpy3Koil.

Teopema 1. /[as a0boti 3adayuu noucka udenmuunvir 06sexmos I u das
2106020 UHPBOPMAYUOHHO20 2pada ¢ nepexstouamenvhott nazpyskot U us
Mmroocecmea Dy, 6epro, wmo nocae NPUMEHEHUA aA20PpUMMA NPEObPa-
sosanus x UTITH U noaywaemca UTITH U', xomopwii npunadaescum
mmooicecmey Dy, 2de P3ITHO I' — pacwupenue sadauu noucka uden-
muunnr obsexmos I. Ilpu smom caootcnocmo UT'ITH U pasra caoocHo-
cmu noaywuewezoca UTTTH U’

T1(U) = Tp(U").

B crarse [1] aBropom 6bL10 mokazano, 4ro Jjyist soboit 3IIMO I Bo
MHOXKecTBe D COMep:KNUTCs ONTUMAIbHBIN NHGOPMAIMOHHBIN Ipad ¢ me-
peKJIIoYaTeIbHOM HArPY3Koit Jis 3a4a4u [. Vcrosib3ys 5ToT pesyabrar n
Teopemy 1 B paboTe T0KA3AHO, 9TO 33424 MONCKA UACHTUIHBIX 00HEKTOB
U ee pacCHIUpeHre UMel0T OJUHAKOBYIO CJIOKHOCTb.

Teopema 2. Caootcrocmsd 410601 3a0a4U NOUCKG udeHMUYHLT 005eKMO8
I u ee pacwupenus I' pasnw

T(I) = T(I').

B cuiy aroit Teopembl npu mcciaegoanun ciaoxnocrn P3O [' =

((07 1)7 Vlv Pe, f(.%‘)), rae

V= (0,y1), {w1}, Wi, v2) {w2}, - Awnts (Wn, 1)), 1 <y <+ < Yn,
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MOYKHO IIepexofnuTh K mccaenoBanmio caoxuoctn 31O I = ((0,1), V,
p=, f), tme V.= (y1, y2,..., Yn). Ilpu 9TOM, eciu OmmcaH ajropuT™m
noctpoennst ontumaabaoro UT'TTH u3 muoxectsa Dy, To mocie mobas-
JIEHVWSI B €ro KOHEI[ aJITOPUTMa, TTPeodPa30BAHUS MOMYIALTCS AJTOPUTM
nocrpoerns ontuManabnoro UITIH gna P3IINO I’ u3 muoxectsa Dip.
AHaJIOFI/IqHI)IM 06pa30M MOZKET 6I)IT]) MOJIy9Y€H aJITOPUTM ITOCTPOCHUA NH-
dopmannonHoro rpada OMHAPHOrO MOWCKA M3 MHOXKecTBa Di/.

2. Jloka3aTeJabCTBO TeopeMbl 1

st mokazaTeanCTBa TEOPEMbI TTOHATOOWTCST TIOHSITHE TPOBOAUMOCTH
OPUEHTHPOBAHHOI'O MapIIPyTa, MPOBOINMOCTH BEPIUHBI U KO3 BepIIn-
ubl. [lockobKy mpu ornpeeneHnn nHGHOPMAITMOHHOTO rpada ¢ IepeKJIro-
JaTeIbHOM HAPY3KO# MBI JJOTOBOPUJINCH HE PACCMATPUBATH HE(YHKITNO-
HAJIbHBIE 3JIEMEHTHI (pebpa, KOTOpbIe He SIBJISIOTCS MePeKTI0IaTe TEHBIMI,
u pebpa KOTOPBIM COMOCTABJIEH CHMBOJI A), TO Bce pebpa J060ro opueH-
TUPOBAHHOT'O MAPIIIPYTa, SIBJISIIOTCS TEPEKII0OIATEIbHBIMY C HATPY3KOil 13
muoxecTBa {1,2,3}.

Jaunoti OpreHTUPOBAHHOTO MAapIIPyTa HA30BEM YHUCIO ero pebdep.
IIposodumocmuvio opuenmuposartozo mapuspyma M HA30BEM MHOKECTBO
Bcex 3ampocoB x, € (0,1), KOTOpBIe OPUEHTUPOBAHHBIN MapuipyT M
nposoguT. [IpoBoanmocTs opueHTHpOBaHHOTO Mapiipyta M obozHadanM
gepe3 X (M). st mpoBOAMMOCTH OPHUEHTHPOBAHHOIO MapIIpyTa BepHa
CAeAyIONas JIEMMA..

Jlemma 1. IIposodumocmvbio 4106020 0OPUEHMUPOBAHHO20 MAPULPYMA 6
A1060M UHPOPMAUUOHHOM 2pape ¢ nepexsouamesvbrotl Hazpyskot A6AA-
emca nodmmooicecmeo unmepsaaa (0, 1), komopoe mosrcem 6vimsd MOALKO
AUOO NYCMBIM MHOACECMBOM, AUOO MOUKOT, AUOO UHMEPBANOM.

JokazarenbcTBo. PaccMoTpuM mOpOW3BOJIBHBIN  WHMOPMAITMOHHBIH
rpad ¢ mepexJIIYaTeIbHON HArPY3KOil U MPOU3BOJILHBIN OPUEHTUPOBAH-
HBIH MapmipyT M B HEM

M = (/Uio) (vioavh) yVigyeevy (Uil,l)vil) )Uil) .

ITockosibky Bce pedpa ABIAIOTCA MEPEK/II0YATETHHBIMUA, TO BEPITHHBI

Vigy Vigs -+ - » Vj;_, ABISIOTCA TEPEKIIOIATETHLHBIMIA.
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[lo ompesenenmio mepekmoTaTebHOE PeOPO (Vi;, Vi, ), KOTOPOMY
IPHUINCAH HOMEpP My, mpoBoauT 3ampoc x € (0,1), ecan mepexmodaTesns
[vi,]p = Ppa;(x), MpuTMCanHBIT Hauamy 3TOro pebpa, NPUHUMAET 3HAYE-
HIIe 1 Ha 3aIpoce T, TO eCTh, Cl Py, (T) = m;. Yeaosue py, (v) = m;
3a/1a€T OHO U3 TPeX HepaBeHCTB

r <aj, ecmm;=1,
T =aj, ecmmm; =2,
x> aj, ecmmm; =3,

TIPH BBITIOTHEHAN KOTOPOTO 3ampocC TPOXOIUT 1O pebpy (vi;, vi;,, ). Opu-
eHTUPOBAHHBIN MapmpyT nposoaut 3anpoc x € (0,1), rorma u TOJBKO
TOr/ia, KOI/la Kak/oe ero pebpo mpoBojuT 3amnpoc x. VI3 sroro ciemy-
€T, 9TO 3aMpPOC MPOXOJUT [0 OPUEHTUPOBAHHOMY MapiipyTy M Torma u
TOJIBKO TOT/Ia, KOT/Ia OH y/IOBJIETBOPSET CUCTEME, COCTAB/IEHHOW U3 HEPa-
BEHCTB, 33JIAHHBIX KaXKJIbIM pebpom mapiipyta M. MHOXKeCTBO 3ampo-
cos u3 uarepsasa (0, 1), KOTOpbie yI0BIETBOPAIOT TaKOil CHUCTEME MOYKET
OBITH TYyCTBIM MHOYKECTBOM, JIMOO TOYKOM, OO MOAUHTEPBAIOM WHTEP-
Baza (0,1).
JlokazaTeanrCTBO JIeMMbI 1 3aKOHYEHO.

IIposodumocmvio sepwund, & HA30BEM MHOKECTBO [NV, KOTOPOe CO-
crouT u3 Beex 3ampocoB x, ¢ € (0,1), KOTOpBIE TPOXOISIT B BEPIIUHY (.
[TpoBoamMOCTh KOPHEBOIT BEpHIMHBI 1T0JI0KUM pasHOii uarepsady (0,1).
Bamernm, 9T0 ecau WHMOPMAIMOHHBIN rpad ¢ mepek/oJaTeIbHOi Ha-
IPY3KO# — APEBOBUIHLIN, TO IIPOBOAUMOCTS BEPIIUHLBI, OTJINYHON OT KOp-
HEBOIT, paBHa MPOBOANMOCTHA OPUEHTUPOBAHHOI'O MAapIIPYTa, BEAYIIEro n3
KOPHS B 3Ty BEepIINHY.

Howmep, KoTOpBIit cOmOCTaB/IeH OPUEHTUPOBAHHOMY MAapIIPYTY, BEIY-
[EMY W3 KOPHSI B BEPIIVHY (v, HA30BEM K0JOM BEPIIWHBI (.

Jlemma 2. B a1060M unBOPMAUUOHHOM 2pade ¢ NEPeKrsowamessbroti na-
epyskot U us mmuoocecmea Dy, I = ((0,1), V, p=, ), V = (y1, v2,-- -,
Yn), codeporcames 2n+1 sucanue sepwunst. [Ipu ynopadouenuy 6ucAvus
BEPUWUH, 8 COOMBEMCMBUY € 603PACMAHUEM UL KOO

a1,0090,03,04,...,02,,X2n41,

uxr npoeo@umocmu COOmMBEMCMBEHHO PABH DL

(Oa yl)’ {yl}’ (yla y2)’ {yQ}’ R {yn}’ (yn’ 1)'
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IIpu smom moavko sucawue gepuwuns, ¢ nposodumocmamy euda {y;} A6-
AAWMCA AUCTNOBDIMU, OCMAADHDIE BUCAYUE GEPUWUHDL He ABAAOMCA HU
AUCTNOBHIMU, HU NEPEKAIOUATNEADHMU.

JokazareabcTBo. Ilo ompenenennto MuOkecTBa D B MHMOPMAINOH-
HOM Tpade C mepeKIIYaTe/bHoM HArpy3koit U MCIOIB3YIOTCA TOJIBKO
IIEepEeKJ/II0IaTe/In BuIa

{pywpyw'“ ’pyn}‘

[TosTomy ycmoBue A1 MPOBOIUMOCTH JIFOOOT0 OPUEHTUPOBAHHOTO MAPIII-
pyTa dBJdeTcs CUCTeMO# M3 PaBEHCTB U HEPABEHCTB BHU/IA

T <Yi, T =Yi, T > Yi,

e y; € V. Pemenuem 310it cucremMbl MOXKeT OBITH TOJIBKO JIUDOO TyCcTOE
MHOKECTBO, JTHOO MHOXKECTBO BHIA {y;} wnut (Yj,Yj41), TAC Vi, Yj T Yjii
6o 3amucu 6ubanorexkwn, b0 Touru () mam 1.

s mroboit 3ammcu 6ubaunorexu y; 8 UT'ITH U momken cyiecTBoBaTh
JIECT ¢ HATPY3KOit {y; } u 3anucwio {y; }. D10 caeayer u3 Toro, 9ro 3ampoc,
PaBHBIN Y;, JIOJKEH JOCTUTATh JIMCTOBON BEPINWHBLI C 3amuchio {y;}, u
[pU 3TOM JIPYTHE 3aIMPOCHI 3TOTO JIUCTA JTOCTUTHYTH HE MOTYT, TO €CTh
POBOIMMOCTE TOTO JucTa {Y; }.

ITokaxkem, aro mpoBomuMmocThb y Bucadeit Bepmmasl UT'TITH U moxer
OBITH MO0 TOUKOI {Y;}, MO0 MHTEpBaIOM BHIA (Yj,Yj4+1), KOTOPBI He
COIIEPKUT 3AMMCEil OMOINOTEKN.

JlomycTuM TPOTUBHOE, UTO CYIHIECTBYET BUCSUAs BEPIIMWHA, y KOTO-
poil IPOBOAUMOCTE UMeeT BuT (Yj,Y;+1), | > 0. Torma 3ampoc «/, paBmbrit
zanucu oubamorekn Yy, ¥j < Yp < Yj4i, MTPOXOJAMUT MO OPUEHTUPOBAH-
HOMY MapIIpyTy OT KOpHd B 3Ty Bepmuny. [lockonpky WI'TIH pemraer
3aja4y 1oucka I, To 3ampoc x’ J0JIKeH JOCTUraTh JMCTOBON BEPITHHBI
¢ Harpy3skoii {yx}. ITockoabky Bce pefpa OpHEHTHPOBAHHOIO MapIIPyTa
MEPEKTI0YIATETHLHBIE, TO JTUCTOBONW MOXKET ObITh TOJBKO BUCSUAS BEPIIN-
ma. Ho paccmarpuBaemas BuCsdasi BEPITUHA HE MOYKET OBITH JIUCTOBOIA,
TaK KaK B HEe MPOXOJIST 3aMPOChl, He paBHbIe 3anucam 6ubanorexkun. [lo-
9TOMY TPOBOAUMOCTH BHUCSUEil BEPIIUHBI HE MOYXKET OBbITh WHTEPBAJIOM,
COEPIKAIINM 3ATTNCH OMOJINOTEKN.

[IpeamosoXum, 9TO CYIECTBYET BUCSUAs BEPIIUHA, Y KOTOPOH Mpo-
BOJUMOCTH PaBHA MYCTOMY MHOXKECTBY. PaccMOTpuM OpHEHTHPOBAHHBIN
MapIIpyT, BEAyIUil B Hee m3 KOpHEBOU Bepriuubl. [IpoBoguMoctu Bep-
IITUH 9TOT0 OPUEHTUPOBAHHOTO MAPIIPYTa 00PA3YIOT MEMOYKY BIOKEHHBIX
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JPYT B Ipyra MHOKECTB. [I0CKOIBKY MPOBOAMMOCTH KOPHEBOI BEPIIUHLI
pasua unrepsaay (0,1), To B OpHEHTHPOBAHHOM MAapIIPYTE CYIIECTBYET
Takoe pebpo (o, ), aro Ny # &, Ng = &. Utobbl Takast CHTyalst mMesa
MECTO, EPEKJII0IATEND Gy, BEPIINHBI (¢ TOJIZKEH Y0BIETBOPATH YCIOBHIO

Yi §é Noz-

[To onpenenennio MHOXKecTBa [ HepeK/OvaTeIb gy, MOYKHO COTIOCTA-
BUTBH TOJHKO onuoil Bepiuue UI'TIH U. 3nauunT paBeHCTBO & = y; MOYXKET
OBITH TOJTBKO B CHUCTEME YCJIOBUil IS MPOBOUMOCTH OPUEHTUPOBAHHOTO
MapuIpyTa, KOTOPBI IMPOXOJANAT Yepe3 BEPIINHY (¢ W BBIXOJAWAT U3 Hee IO
pebpy ¢ marpyskoit 2. OHaKO cucTema JiFoO0ro TAKOTO OPUEHTHPOBAHHO-
0 MapIIpyTa He COBMECTHA, a 570 3uaduTt, uro B UI'TITH U et Bepruub
¢ nipoBoauMocThio {y;}. Do nporusopeunt Tomy, yro UT'TIH U pemraer
BIINO I, Tak KaK B 3TOM CIydae eCThb JIUCT 3alUChio {y; } u mpoBoanMO-
creio {y; }.

[Mokaskem, [rto amst so6oro maTepsana (Y;,yj+1), J = 0,1,...,n,
10 = 0,Yn4+1 = 1, cymecTByeT BHUCAYad BepIIMHA C TaKOU IPOBOIU-
MOCTBIO. PaccMoTpiM mpom3BOIbHbIH HHTEPBAT (Yj,Yj+1). Paccmorpim
OPMEHTHPOBAHHBI MAapIIPYT, II0 KOTOPOMY MPOXOIUT 3ampoC ' Takoii,
at0 ' € (Yj,Yj+1). DTOT OPHEHTUPOBAHHBIN MAPIIPYT HE MOMKET 3aKAH-
unBarhbcd Bo BHyTpenueit Bepriuue UI'TIH U, nmockonbKy KaxKjas BHYT-
PEHHsISI BEpIUHA SIBJISIETCS TTEPEKII0YUATEIHLHOM, U U3 Hee BBIXOJUT TPHU
pebpa ¢ Harpy3kamMu COOTBETCTBEHHO 1,2 u 3, MpwW 5TOM OJHO U3 ITUX Pe-
Gep obsizaTeIbHO TPOBOAUT 3ampoc . OpreHTHPOBaHHBII MapIIPYT, M0
KOTOPOMY HPOXOJUT 3aIpoC I, BeJET W3 KOPHEBOIl BEPIINHBEI B BUCIIYIO
BepIIMHY, 0603HAYUM ee 7. B NPOBOIMMOCTH BEPITUHBI 7y COAEPKUTCA T’
[TockobKy TPOBOJAMMOCTD BUCSUEH BEPIIUHBI JIUOO COCTOUT TOJBKO U3
OJTHOI TOYKM, PABHOI 3amucu OUOIMOTEKHU, JTUOO SIB/ISIETCS WHTEPBATIOM
BAZ& (ylalerl)a [=0,1,...,n, yo = 0, Yn+1 = 1, To Nv = (y]ay]+1)

Takum 06pazoM, MbI TIOKA3a/I, 9TO B WH(MOPMAIMOHHOM Tpade ¢ me-
pexsouarenbuoit Harpy3koit U ectsb 2n + 1 Bucaamx BEPINUH, TPOBOIN-
MOCTH KOTOPBIX 00pa3yioT MHOKECTBO

{O0,y1), {1 }s (W1, v2), {yets - - {yn}s (Yn, D}

MpI TOKa3aaM, 9YTO BUCIYINX BEPIIUH C IMPOBOIMMOCTBIO HE U3 3TOTO
MHOXKeCTBa ObITh HEe MOKeT. Tak Ke He MOXKeT ObITh IBYX BUCAIUX BEP-
IIIWH ¢ OAUHAKOBOI mpoBogmMocThio, Tak Kak VI'TIH U apeBoBummbril, n
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KaXK I 3aITPOC MOYKET TPOMTH TOTBKO B OHY BUCAUIYIO BepmmHy. Bucsa-
Jag BEpIINHa C IPOBOJAUMOCTBIO, COCTOAINEH U3 OJHONU TOYKU, ABIACTCI
JIUCTOBOM’, & BUCAYAA BEPIINHA C IPOBOJAUMOCTHIO, PABHOU MHTEPBaJLy, He
ABIAETCA HU JIMCTOBOH, HU MepeKJII0YaTe/JbHON.

g mokazaTeabCTBa JIEMMBI OCTAJIOCh TTOKA3aTh, UTO TS IBYX BUCS-
YUX BepIuH « U 3, Takux uTo Koj No, BepmuHbI o Menble Koja Nog
BepIuHbI 3, BEPHO

Va € Ny Vb € Ng: a <b.

PaccmoTpuMm opreHTHPOBaHHBIE MAPIIPYThI 13 KOPHEBOW BEPIINHBI B
BepiIuHbl o U 3. Y 3TUX OPUEHTUPOBAHHBIX MAPIIPYTOB 00IIee HATAJIO.
[TockosibKy KO I€PBOI BEPITWHBI MEHBIIIE BTOPOIi, 3HAYAT U3 MOC/IeTHet
BEpIIUHBI ODITEro HavaJa 3ampochkl MO MEPBOMY MapIIPYTYy BBIXOIAT TI0
pedpy C MEHBIUM HOMEPOM, UeM 3aMPOCHI, KOTOPBIE TPOXOIST M0 BTO-
POMY MapmpyTy. 3HAUUT J1t000# 3ampoc n3 N, MeHbITTe JTI060TO 3ampoca
u3 N, 8-

JlokazaTebCTBe JTIEMMBI 2 3aKOHYEHO.

[Tpu npuMeHEeHUH AITOPUTMA PA3METKHU K HHMOPMAIMOHHOMY Ipady
¢ mepekJiroUaTesibHol Harpyskoit U (n + 1) Bucsigme BepIInHbI, He siB-
JIAIOIMECd HU JIMCTOBBIMU, HU TTEPEKJ/III0OYATC/IbHBIMUA, rD;O6a.BHTC5{ BO MHO-
JKECTBO JIUCTOBBIX. DTUM BUCSIYMM BEpIIMHAM COIOCTABUTCS HArpys3Ka,
KOTOPasi COOTBETCTBYET WX MPOBOAUMOCTH. 10 eCTh, moyanTca uadop-
manmonsslii rpad U’ ¢ 2n + 1 aucThavu, TpOBOIUMOCTH KOTOPBIX PABHBI

(Oa yl)’ {yl}’ (yla y2)’ {yQ}’ R {yn}’ (yn’ 1)'

Harpyska Kak10if JTUCTOBOIT BEPIIMHBI PABHA €€ MPOBOJUMOCTH, ITO-
sTomy pesyiabrar dynkunonuposanusa UTTIH U’ cosnagaer ¢ dyHnkimeit
orBeroB J' pacCIIIpeHHOi 3a7aud MOUCKA MIEHTHYHBIX 00bLeKTo I =

(V/) Pe, f(x))a rme

V' = (0,91),{s1}, (i, y2), {va}s - s {un}, Wn, 1)), 11 <yo2 <+ < Yn,
{yl}) eCJIn EIZ € [1”] . yZ =z,

J(x) = .
() (Yj,Yj41), ecmm 3j € [0.n] 1 y; < x < Yj41,

Yo =0, ypy1 = 1.
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Taxkum obpaszom, U’ pemaer P3IINO I’ n mpuHAIIEKAT MHOKECTBY
Dy . llpn npuMeHeHNN aarOpUTMa KOJIMYIECTBO MEepPeKII0UaTeIbHBIX Bep-
MMIVH 1 UX Hal'Py3Ka HE N3MEHNJINCH, ITO3TOMY

T1(U) = Tp(U").

JlokazarebCTBO TeOpeMbl 1 3aKOHIEHO.

3. /loka3aTejabCTBO TeOpeMbl 2

Paccmorpum nipoussosbhyio 3[IMO I = ((0,1), V, p=, f), tne V =
(Y1, Y2, - -, Yn), 1 ee pactmpenne I' = ((0,1), V', pe, f(x)), rae

V' =(0,51),{w1}, i w2), {w2ds - Aun}s (Uns 1)), 1 <y <+ < yn.

Paccmorpum npoussosbablit UTTIH U’ uz muoxectsa Spr. TTockonbKy
UT'TIH U’ pemaet I, To B HEM cofepsKaTca KaK MEHUMYM 2n+ 1 THICTOBLIE
BEpIIUHBI, TPOBOJUMOCTYA U HATPY3KH KOTOPBIX COOTBETCTBEHHO DPABHBI

(0,91),{v1}, (y1,92), {2}, - {un}s (Yny 1)

W3 MHOXKECTBa JINCTOBBIX BEPINUH YIAJIUM BCE JUCThs, KOTOPBIM CO-
oCTaB/IeHA HArPY3Ka B Buae nuarepsasa. [loxyausmmuiica UTTIH U 6ymer
COAepzKaTh TOJIBKO JIMCTOBBIE BEPHINHBI C TIDOBOANUMOCTAMU U 3AMMUCAMHA,
nmetomumu Bug {y;}, y; € V. UI'TIH U pemaer 3amauy moucka I, mo-
CKOJIBKY BCE€ 3aIPOChI, PaBHBIE 3amucaMm Oubamoreku V, moCcTUraroT Co-
OTBETCTBYIOIIUX UM JIMCTHEB, a JAPyrue 3allpOChl B 3TU JINCThA HE IIPO-
xoxar. Cnoxuocrs UT'TIH U pasna ciaoxuoctn UT'TIH U/, mockonbky
MIePEK/TI0YATEeIbHBIE BEPIUHBI [IPHU IMEPECTPOIKe He 3aTparuBajinch. U3
9TOTO CJIEJIyeT, UTO

inf T (U’ > inf T .
pint Tr(U') > jnf Ti(U)

B crarne [1] 65110 mokazano, aro g ao6oit 3[IMO I Bo MHO)KECTBE
D; comep>kuTcs ONTUMAIBLHBIN WHAOPMAIMOHHKI Tpad ¢ mepexaoda-
TeJIBLHOI HArPYy3KOi st 3amadu I, IOTOMY BEPHO CJIEAYIOINee TOXKIe-
CTBO

inf T(U) = inf T(U).
UesSy UeDy
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B cuny Teopemsr 1 mo60it UT'TTH u3 muOX)KecTBa D m10C/Ie aaropurMa
npeobpazopanms cranmopurca MI'TIH m3 muoxecrsa Dy, mpu 3TOM €ro
CJI0YKHOCTH He m3mensiercs. [losTomy BepHO ciiejiyioliiee HEPABEHCTBO

inf T(U)> inf T(U).
UeD; UeD,,

[MockombKy MHOXKECTBO D/ SIBJISIETCSI TOAMHOXKECTBOM MHOYXKECTBaA, S/
BEPHO
inf T(U)> inf T(U).
veDp ueSp

[Tonywaem, gTo

inf T(U)= inf T(U).
UeSy UESII

13 sroro caenyer, uro T'(I) = T(I'), Tak xax

T(I) = inf T(U)= inf T(U)=T(I").
()5&() ﬁ@() (1)

JlokazaTeabCTBO TeOpPeMBbI 2 3aKOHTIEHO.
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