O pacno3HaBaHUM BHUPYCOB B PeryjaspHBIX
TEKCTaX

M. B. Boaonkun

Uccnenyrorcs cBoiicTBa PEryispHBIX BBIPAXKEHUN U MX TOXKJIe-
CTBEHHBIX IPEOOPA30OBAHMIA I PACTIO3HABAHUS TOJUMOP(HBIX BU-
pycos. Omnpenenena Mo/Iebh 3apaXKEHHOCTH, CUILHOM U caboit 3a-
ParKEeHHOCTH MPOrPAMMBI BUPYCOM, UCCIIEJOBAHBI HEKOTOPHIE KJIAC-
chl BbIpakeHuit. /lokazaHbl KPUTEPUN 3aPaKEHHOCTU MTPOTDAMMBI
BAPYCOM KakK JIJIsT MHOKECTBA MPOTpaMM, He COIEpIKaIlnX Onepa-
top Kannan, Tak u mogMHOKECTBa IPOrpamMM, COIEPKAIIUX ero, HO
DIyOMHBI BIIOXKEHHOCTH He bostee 1.

KirtoueBbie ciioBa: pacrno3HABAHUE, BUPYCHI, PETYISIPHOE BbI-
paxkenue, moaPOPMYIIbL.

BBenenune

KommbroTepHbIit BUpYC — Pa3HOBUHOCTH KOMIIBIOTEPHBIX ITPOTPAMM,
OT/IMINTETHEHON 0CODEHHOCTHIO KOTOPOil SAB/ISIETCST CITOCODHOCTH K PA3MHO-
JKeHUIo (caMoperiukanus). B 1omoiHenne K 9ToMy BUPYChI MOTYT TOBpPe-
JIUTH WM MOJTHOCTHIO YHUUTOXKUTH BCe (AilIbl U JAHHBIE, TOIKOHTPOIhb-
HBIE TTOJIF30BATE0, OT WMEHW KOTOPOro OblLIa 3aIlyIleHa 3apaskeHHas
mporpaMMa, a TaKKe OMEpAIMOHHYI0 CHCTEMY CO BceMu baiiylaMu B Iie-
jioM. VI3BECTHBI JECSITKU THICAY KOMIIBIOTEPHBIX BUPYCOB, KOTOPBIE PaC-
npocTpaHstoTca depe3 HTepHET 1O BCeMy MUPY, OPraHW3ysl BUPYCHBIE
stugemun. OCHOBHBIMU KaHAJAME PACIPOCTPAHEHUS] BUPYCOB SIBJISIIOT-
cs (bIII-HAKONUTETH, CeTh VIHTepHeT u JIOKAJIbHBIE CeTH, JeKTPOHHAS
MOYTa, CUCTEMBI 0OMEHa, MTHOBEHHBIMI COOOIIEHWSIMI, BeO-CTpaHUIHI. B
CBSI3M CO BCE BO3PACTAIOIIEH MOMyIAPHOCTHIO U T/IODAIBHON nHMOPMATH-
zarueii mpobieMa BUPYCOB CTAHOBUTCS OCOOEHHO aKTya/bHA. JKOHOMUKA
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PA3BUTHIX CTPAH UCIBITHIBAET OI'POMHBIN YPOH OT PACIPOCTPAHEHUS BU-
pycos. B 2007 romy MupoBbie SKOHOMUYECKHE MOTEPU OT KOMITBIOTEPHBIX
BPEIOHOCHBIX TTPOTPAMM TPEBLICHIN 13 MUIINAPIOB AO/LIAPOB.

B macrosiee BpeMms CyIIECTBYeT NIHPOKUN BBHIOOP AHTUBUPYCHBIX
mporpaMM, CIIOCOOHBIX PACIO3HATH W YIAAINTH U3BeCTHBIE BUPYChL. Oc-
HOBHBIE METO[IbI, IPUMEHIEMbIe B 3TUX MPOrpaMMax Jjisd OOHAPYKEHUsT
3apaykeHHBIX MMPOTPAMM — OOHAPYKEHHe, OCHOBAHHOE Ha CUTHATYPaX, 00~
HapPYXKEHUEe aHOMAJINN, METO IMYJSIIINH, METO/T SBPUCTUIECKOTO AHAJIN-
3a. [Ipuw 3TOM, CAMBIM PACIIPOCTPAHEHHBIM SIBJISIETCST METOJ, CHTHATY], 3a-
KJTIOUAOIIUICS B CPABHEHUN KOJ@ MPOTpaMM ¢ o6pa3iamMu u3 6a3bl CUTHA-
Typ BupycoB. Iloj curHatypoii B JAHHOM CJIydae TOHUMAIOTCA XapaKTep-
HbIE TTPU3HAKN BUPYCa, Yallle BCErO B3AThIE HEMOCPEJICTBEHHO u3 daiiia
BUpYyCa, u oO6paboTaHHbIe /s YA00CTBA XpPaHEHUs COOTBECTBYOMIUM 00-
pa3oM (HampuMep, BBIJIEJIeHNEeM PEeryJIsipHOTO Bbipaykerust). [Ipu o6Hapy-
JKEHUW BXOXKJIEHWS CUTHATYPhI B KAKOW-IM00 yIaCTOK KOMA MTPOTPAMMEBI,
OHA, CUMTAETCS 3aPAXKEHHOU ¥ TMOABEPTaeTCs YAAJTEHUIO UM BOCCTAHOBIIE-
Huo («iedernoy ). OJHAKO ¢ BOJIONKEN KOMITBIOTEPHBIX BPEIOHOCHBIX
MpOTpaMM, MOSIBUJINCH BUPYCHI, CIIOCOOHBIE BAIUINATHCS OT OOHApPYKe-
HUsI. DTa pa3HOBUIHOCTh BUPYCOB U3MEHSIET KO/ CBOEH KOIIUH B IIPOTIECCE
pertukaiuu. [Ipu 5TOM M3BECTHBI TPU XapaKTEPHBIX MPUEMA, UCIOTH3Y-
eMbie B TIOJIMMOP(MHBIX BUPyCcax: MudPOBAHNE CBOErO KOa, 00dycKamms
7 COOCTBEHHO MOTUMOP(MU3M, 3aKTIOYAIONINNCA B SIKBUBAJEHTHOM TPEO0-
pa3oBaHUm Koma. V3MeHeHwme KoJa TaKWX BUPYCOB 3aTPYIHSET WX OOHA-
py’KeHre TpU MOMOIIN CUTHATYPHOrO MOuCKa. LIpobiemy mpeacTaBisier
U aHaJU3 MPOTPAMM, KOTOPbIE MOTYT OBITH WH(MDUIIMPOBAHBI BUPYCOM, TO
eCTh KOTJIa KOJI BUPYCA BHEJIPEH BHYTPH KOIa APYTOii, 6e300UIHOl Mpo-
TPaMMBI.

Hecmorps wa odeBuaHy0 aKTyaJabHOCTH WCCIEIOBAHUN B obJacTu
KOMTBIOTEPHON BUPYCOJIOTUN, TEOPETHIECKIE MOJIETN KOMITBIOTEPHBIX BU-
PYCOB M 3alWThl OT HUX MajopasBuThl. B pabore Kosma [3| mpusese-
HO JI0Ka3aTeJIbCTBO TOrO, YTO B ODIIEM BHE, BOIPOC O TOM, SBJISIETCS
JIU 33JjaHHad TporpaMMa BUPYCOM, HepaspemmM. [Ipyrume wmcciemoBaTe-
JIM JIOKA3aJId, 9TO CYIIECTBYIOT TAKWUE TUIIBI BUPYCOB (BUPYCHI, COEpKa-
MIMe KOTHMIO MPOTPAMMBI JIETEKTUPYIONIE BUPYCHI), KOTOPBIE HE MOTYT
ObITH 6€30mMO0THO ONpeIe/IeHbl HA OJHUM AJIrOpuTMoM. B ciaydae cur-
HATYPHOrO PACIO3HABAHUA IMOJUMOP(MHBIX BHPYCOB, OUEBUIHO, UTO 3a-
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Jada oOHApYKEeHWs MPOrPaMMBI-BUPYCA PABHOCUIbHA 33/a4e 00 SKBUBA-
JIEHTHOCTU A3bIKOB, 3a/aBaeMbIX I'DAMMATUKAMMH. I/ISBGCTHO, 9TO y2Ke JJId
KOHTEKCTHO-CBODO/IHBIX SI3BIKOB B OOIMEM CIyYae 9Ta 33/a4a AJTOPUTMU-
YecKW HepaspermMa [4].

B nammoit pabore npejgjaraercss MOIe/b BUPYCOB B TEPMHUHAX Pe-
TYJISIDHBIX BbIpakenuii. [Ipobyiema oOHApYyKeHUsT TPOTPAMMBI-BUPYCA B
JTAHHOM CJIydae CBOAWTCA K 3ajlade TTPOBEPKU PABEHCTBA IBYX PETYJIAp-
HBIX MHOXKECTB. XOPOIIO M3BECTHO, UTO JTa, 33/1a9a AITOPUTMUIECKH PA3-
permmma |9, 10]. Bosbmmii nHTEpec mpecTaBIgeT 3a1a4a PACIO3HABAHUS
3apaKeHHOCTH, KOT/J[a KOJ BUPYCa BKJIIOUEH B KO mporpammbl. B pabore
BBOJUTCA ONPEACTCHUEC TMOHATUA 3aPa2KEHHOCTU JIJId A3bIKa PEryJJadpPHBIX
BBIDAXKEHUM, & TaK Ke MOHATUs Caaboit u cuibHOU 3apaxkenHoctu. Oc-
HOBHBIM DPe3yJIbTATOM PADOTHI SIBJISIETCS JTOKA3ATEIbCTBO AJTOPUTMUYE-
CKOI pa3permmMocTy TPoOIeMbl PACITO3HABAHNA 3aPaKeHHOCTH ITPOrPaM-
MBI BUPYCOM JIJTsT HEKOTOPBIX KJIACCOB ITPOTPAMM.

1. Onpenenenns u 0603HAYUECHUS

[Iycrs ¥ = {a1,a,...,a,} — KOHEUHOE HEIYCTOE MHOYKECTBO, Ha-
spiBaemMoe (BxogubiM) andasurom. Ilycrs X% — cBoGogHas mosryrpynna,
TTOPOKIEHHAST MHOYKECTBOM Y., B KOTOPOIl Omeparus 3amuChblBAETCI MYJIb-
TUILINKATABHO U 0003HAYAETCS 3aIIUCHIO IMOAPAL,. DJIEMEHTHI U3 X * Ha30-
BEM CJIOBaMU B aJipaBuTe .

[Tousitne peryasgpHOrO MHOYXKECTBA B ai(aBUTE Y. ONPEIE/IAETCA Pe-
KYPCHUBHO cjieyiomum obpasom |6, 9]:

1) @ (mycroe MHOXKECTBO) — pEry/sgpHOe MHOXKECTBO B ajibaBure X;
2)
3) {a} — perynsiproe mHOXKecTBO B asdapure ¥ s KaxKiIoro a € 3;
4)

{A\} — perynsproe MHOXKeCTBO B ayiaBute X;

Ecmu A, B — peryngpHble MHOYXKECTBa B aj(aBuUTe X, TO TAKOBBI
JKe U MHOXKEeCTBa

(a) AU B,

(b) AB={ab|a€ A,be B},

(c) Ax={ajag...ar|a; € A, 1 <i<k, k>1}

5) Huuro apyroe He sBIASETCS PEryIsIPHBIM MHOXKECTBOM B ajbaBu-
Te X.
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Perynsprblie Bblpakenus: HaJ| aabaBUTOM Y W PEryssipHble MHOXKe-
CTBa, KOTOPBIE OHI 0003HAYAOT, ONPEIEISIIOTCS PEKYPCUBHO CJIE/LYIOIIAM
obpazom [6]:

1) ¢ — perynasipHoe BbIparkeHue, 0003HAUAIOIIEE PETYJISPHOE MHOKE-
CTBO J;

2) A\ — peryagpHOe BhIpakeHue, 0003HAYAIONIEe PEryIsIPHOE MHOKE-
creo {A};

3) Ecmu a € ¥, T0o a — peryagpHoe BbIpaXkeHne, 0603HATAIOINIEe Pery-
JISIPHOE MHOXKecTBO {a};

4) Ecnu o, f — peryngpHble BbIpazKeHust, 0003HATAIOIINE PEry IsIPHBIE
MHOXKeCTBa, A, B COOTBECTBEHHO, TO
(a) (a+ ) — perymsiproe BbIpazkenue, oboszuadatoriee A U B,
(b) (o) — perynsipuoe BbIpaxkenue, obozuavaroiee AB,
(¢) (a)* — perynagpHoe BeIpazkenue, obo3HaUaONIEe Ax*;

5) Huuro apyroe He SABISETCS PEryIsPHBIM BBIPAKEHUEM.

Perynsproe Beipazkenue ()" 0603HaTaET MHOKECTBO {a1a2 . . . apla; € A}.

Bynem ucnons3oparsk obozHavdeHne o = [ 11t TpadUIeCcKn COBITaIa-
IOIIUX PEryJISIPHBIX BHIPAYKEHUIA (v U [3, TO €CTh BBIPAYKEHHUIA, COIEPIKAIINX
OJIMHAKOBbIE CHMBOJIBI B OJJHHAKOBOM TIOPsIIKe. MbI TOBOPHM, UTO JBA Pe-
I'YJISIDHBIX BBIDAsKeHUst paBHbl (v = ), ecyin paBHbI MHOYKECTBA, KOTOPHIE
OHU 0DO3HAYAIOT.

Cornacuo [10] BBesem cucremy akcnom (A1-A7) m npaBuio BbIBOJA
(R1) B MHOXKECTBE BCEX PETYJIAPHBIX BHIPAYKEHMUI.

[Iycts «, 8,7, — TMPOU3BOJIbHBIE PETY/ISPHBIE BHIPAYKEHMUS.

Al: aVv(BVy)=(aVB)Vy;
A2:  a(By) = (af)y;

A3: aVvp=pVa

Ad: a(fVy)=aBVay;

A5:  (aVB)y=ayVpy;

A6: aVa=aqo;

A7:  ax =aax Va.
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IIpaBuio R1 (3amena). lomyctum, uro ' eCTh pe3yibTaT 3aMeHbl
BxOXKJIeHUsT « Ha, B B 7. Torma m3 paBeHCTB o« = [ u 7 = J MOXKHO
BLIBECTH paBeHcTBa 7' = d u v = 7.

[Tycth o — perynsipaoe Bhipazkenue. ONpesenuM CIeAyIONLyo Ipore-
JIyPY MCKJIIOYEHWs! JTUITHUX (HE3HAYAIINX) CKOOOK.

1)

3)

Ecau B a0 Berpeuaercs nogcrpoka a(be) (3a ckobkoit He ciemyer
onieparop *) win (ab)c, rae a,b, ¢ — cumBosbl andasuTa, 3aMeHsieM
ee Ha abc. Ecn B e Berpewaercs mozcrpoka a V (bV ¢) (3a ckobKoit
He ciegyer omeparop *) win (a V b) V ¢, tae a,b,¢c — CHMBOJIBI
aadapuTa, 3aMensieM ee Ha a V bV c.

Ecau B « Berpeuaercs nogcrpoka () (3a ckobkoit He ciemyer
omeparop *) uin (37)d, Tae B BeipaxkeHusax 3,7y, d HCKIIOYEHBI JIHIII-
HIe CKOOKM, 3aMensieM ee Ha (v0. Ecin B @ BcTpedaeTcs moacTpoka
BV (v V) (3a ckobkoii He cieayer oneparop *) wim (B V ) V4,
rJie B BBIPAXKEHUAX (3,7, UCKIIOYEHBI JUIIHUE CKOOKH, 3aMeHIeM
eerma BVyV4.

Bremnmane ckobku muCKIrogaeM.

[TosryueHHOe ¢ TOMOIIBIO ITOM TIPOIEYPhI PETYISIPHOE BhIpasKeHue Oy1em
0003HaYATH Yepe3 Q.

Onpegennm muOKecTBO SF () BCEBO3MOKHBIX 110,1(hOPMYJI peryisip-
HOT'O BBIPAsKECHUS (.

1
2)

3)

ae SF(a)

Ecmu o MoXkHO TmpencTraBuTh B Buje [y uau [k, vae 3,77 — HEKO-
TOpBIE peryJsipHble BhIpazKenus, 1o 3, BxoauT B SF(«), a Takxke

SF(B),SF(v) sxomsar B SF(a).

Ecimn o MmoxkHO mipencraBuTh B Buge [V 4y, vae 5,77 — HEKOTOPHIE
peryssipable BbIpaxkenus, 10 3,7 Bxogat B SF(«a), SF(B),SF(y)
BxomaT B SF(a) m kpome Toro vV [ takxke Bxoaut B SF(a).

Bynem roBopuThb, 9TO peryaspHOe BhIpazKkeHnue 3 MOXKeT BXOJUTH Kak
noadopMyia B BeIpaxkenue a u 0603HavaTh 310 3 > v ecam B € SF(@).
Byaem cumrarh, 9TO MHOXKECTBO PErYJISIPHBIX BBIPAYKEHUI HaJ aJi-
daBuTom Y saBasgeTcs GOPMATBHBIM sI3BIKOM, 3JIEMEHTBI KOTOPOTO Oymem
HAa3bIBATh BbIpaxKeHusmu uiu nporpamvamu. [lycts B u C' — #HekoTopbie
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takue mporpaMmmbl. O6basasem C Bupycom. Beemem ocHOBHBIE s HAC
OTIPEIe/TEHUSI.

Onpepnenenne 1. Bygem ropoputsh, uro nporpamma B 3apakeHa Bu-
pycomMm C ecyu cyImiecTByeT BbIpaykerue F = B u CyIecTByeT BhIpaskKeHue
E' = C Takme, uro E' > E. JIpyruMu CI0BaMH, CyIIECTBYET PETYISIPHOE
BBIDAXKEHWE, PABHOE MCXOAHOM mporpamMme B, B KOTOPOe MOXKET BXOIUTH
nondopmysia, paBaas supycy C.

Onpenenenne 2. Bynem roBoputh, 9To mporpamva B 3aparkeHa BU-
pycoMm C' ciiabo, ecyiu cytiectByer FF = B Takoe, 9TO BBITIOTHSIETCS OTHO
n3 JIBYX YCJIOBUIi:

2.1 Ina nekoroporo Beipaxkenus B’ = C' E’ MoxKeT BXOIUTH B KauecTBe
noadopmynsl B E, HO He cymecTByeT Takux Bhipaxkenmit B = C,
gro E” > B.

2.2 JIa nekoToporo Beipaxkenna E' = C' E’ M0xKeT BXOIUTH B KAUECTBE
noadgopmysl B B, HO He cymecTByeT Takux Bhipaykennii £ = C,
aro E” > E.

Onpegenenne 2'. [Iporpamva B 3apaxkena supycom C ciabo, ecian
cymectByoT Takne Fy u Fo, paBabie B, 9TO [y HEKOTOPOI'O BbIPAXKe-
mug Ef = C E] moxer BXOAuTh B Kadectse noiadopmyssl B F u He
cymectsyer takoro By = C, aro Eb 1> Fs.

OTMernM paBHOCHILHOCTH onpejenennit 2 u 2. JleficTBUTEILHO, ec-
7 BeInosiHsiercs: yeosue (2.1), 6epem E1 = E u Ey = B. Ecin xe
BoIoTHSAETCs (2.2), TO BBIGUpaem Ey = B u FEy = E. Ilycts Temepb
BhINOJIHSAETCS yeosue onpeaenenns 2. Torga ecau 8 B pxoauT noadgop-
mysia, pasHast C, Beibupaem F = FEs, unaue Beibupaem E = FE;. Torma
OyIeT BBIMOIHATLC OTHO W3 ycsoBmii (2.1) mam (2.2).

Onpenesnenune 3. [Iporpamma B cunbHO 3apakeHa supycom C' ecin
g Beex F = B cymectByer Takoe Bhipaskenne E' = C, urto E' > FE.

[Tox cremenbio 3apaskeHHOCTH MPOTPAMMBI OyIeM MOHUMATH «CJIa-
6YI0 3aparkeHHOCThY WU «CUJIBHYIO 3aparKeHHOCTh». OUeBUIHO, UTO ec-
JIM TIPOTPaMMa 3aparkeHa BUPYCOM, HO He 3aparXeHa WM CHJILHO, TO OHA
3apakeHa uM cjabo.
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2. JlemMma 00 MHBApMAHTHOCTH
Jlokarkem BCIIOMOTATEIHHOE YTBEPIKICHUE.

Jlemma 1 (06 unBapuantHoctu). Ecau B, By,C,Cy — npozpammos u
By = B u C; = C, mo npu 3apasicennocmu B supycom C, npoepamma
By sapasicena supycom Cq ¢ moti s1ice cmenenvio 3aparicenHocma.

HokazareasctBo. [lycre B 3apaxeno supycom C. Torma cyImecrByior
poipackeans F = B u E' = C rtakue, uro E' > E. Ho B cuty paBeHcTB
B =BuC; =Cumeem E = By u E' = (1. Takum o6pazom, cyIe-
crByIoT Bhipaxkenus E = By u E' = C takue, uro E' > F, To ectb B
zapaxena supycom C'.

Ecmu B zapaxeno ciabo supycom C. Torma cyimmecTByioT Takue
Ey = B u Ey = B Takue, 4T0 s HEKOTOPOro Bbipaxkenus E] = C,
E{ > Fj n me cymecrryer seipaskenust By = C takoro, uro F) (4 F5. Ho
B cuity paBerncte By = B u C] = C uMmeeM, 9TO CYIIECTBYIOT TPOTPAMMBI
Ey = By u Ey = By, Takue, 4T0 Jjig HEKOTOPOro Bhipaxkenus Fj = Cf,
E{ moxer Bxomurh Kak mogdopmyna B Ey n am gia kaknx B, = C
E!, ne Bxongar kak noadopmynsl B Eg, T0 ects nporpamva B 3apakena
Bupycom C ciabo.

[Iycts B cunbao 3apaxkeno supycom C. Torma mjs gr0ObIX TporpamMm
E = B ectb nporpamma E' = C takas, aro E' > E. Ho Torga n qyia Beex
nporpamm E = Bj cymectsyer nporpamma E' = Cy takas, uro E' > E
B CHJIy PaBEHCTB M3 YCJIOBUS JIEMMBI. A CIeIOBATENLHO, MporpaMma B
CHJIBHO 3apaxkeHa Bupycom Ci. Jlemma gokazaHa.

Crnemosaresnbro, ecau By 3apazkeno pupycom C7 (CHIBHO WK Cra-
60), To B 3apaxeno supycom C (COOTBECTBEHHO cuabHO uym caabo). To
€CTh CBONCTBO 3apayKeHHOCTH BUPYCOM WHBAPUAHTHO OTHOCHTETHLHO TOXK-
JIECTBEHHBIX TPeoOpa30BaHmii BHIpAYKEHNST WU BUPyca. Takmm obpazoM,
IpU aHAJIN3€ 3aPa’KeHHOCTU MOYKHO IIPUBECTU BUPYC W NPOTrPAMMY K JIFO-
60My yIOOHOMY BHIY C IMOMOIIBIO TOXKIECTBEHHBIX IPEOOpPA30BaHM Ha
ocuoBe akcmom A1-A7 m mpaswmna BoiBoga R1. Tlosromy B mambHeiinem
6y,£[eM CIUTATh, YTO B 3a/[aHHOM BUPYyCE U ITPOTPaMMaX OTCYCTBYIOT IO/~
dbopmysbl Buga (A V A). Byzem naspiBaTh peryisipHoe BhIpakeHue 06€3
mopOpMyNT YKA3aHHOTO BH/Ia HOPMAaJIbHOM (DOPMOii BHIPAKEHNS.
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3. Perynsapuble BbIpakeHus 0e3 urepamnumn

Bynem paccmarpusath BeIpaxkenns 6€3 oneparopa urepanuu ().

Bynem HasbBaTh MpOCTOil KOHKaTeHalnell BbIpaykeHwe Buga A =
iy iy - - - G, €€ JITAHOH OyjieM HasblBaTh KOIMIECTBO CHMBOJIOB M 000-
suadarhb |A|. [Ipeobpasyem nporpavmy B K Buiy

k
B=\/ B, (1)
Jj=1

rae B; — npocTble KoHKaTeHanu#. Takad 3ammuch — 3TO HepednCIeHue
BCEX CJIOB, BXOOLAIINX B PETY/JIAPHOE MHOXKECTBO, OIMNCHIBAEMOE MaHHBIM
PEeryaapHBIM BbIpaxkeHueM. B cmy 3TOro, Takoe mpejcTaBjieHue OyaeT
OJIMHAKOBO TakKe Jjis Bcex FF = B. HazoBem Takyto popmy 3ammicu Ka-
HOHUYECKOI (popMOil peryisapHOro Bbipakenws. [IlpwBectu perysp-
HOe BBhIpasKeHre K KAHOHIMIECKON (popMe MOXKHO C TIOMOIIIBIO TPUMEHEHUS
akcrom guctpubytunsaocTH (A4-Ab).

Cayuaii mpocToro Bupyca

[IycTs Bupyc mpencrasiser coboit mpocTyio KoukareHanutoo: C =
A Ajy -+« - Qg+

OueBunno, uro ecim Bupyc C' COCTOUT W3 €IUHCTBEHHOTO CHMBOJIA
C = a;,, TO cUIbHAS 3aPaKEHHOCTb STUM BUPYCOM SKBUBAJIEHTHA BXOXK-
JIEHWIO BhIpaykeHud a;, B nmporpammy B. IlosTomy Oyaem paccmaTpuBaTh
BUPYCHI JINHBL 1 > 2.

Teopema 1. IIpoepamma B szapascena supycom C = a;, a;, . . . a;, mozda

u moavko moeda, xozda C erodum 6 kauecmee noddhopmyavs 6 KaHOHU-
weckyro 3anucy ‘B.

HoxkazarenabcTBo. Heobxodumocms. Ilycts B 3apaxkena Bupycom C.
Torma cymecrsyer E = B, takoe uto B E Bx0oauT momdopmysia, paBHas
C. Ecim E = ‘B, 1o yrBepXKIaeHne teopeMbl o4eBuaHo. Ilycts F — me
KAHOHWYECKasi 3aluCh MPOrpaMMbl 3.

IMycrs E' > E u E' = C. Tlocae npeobpazosanusi £’ ¢ 1OMOIIBIO
akcuom juctpubyTuBHOCTH A4-A5 npusomuMm ero K Bugy € = \/j”‘:1 C,
roe k > 1.
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Hemaa sameny E’' na ¢, momyuaem Beipazkenme Fp. ITo akcmome A6
u R1 mmeem E] = FE. Takum obpazowm, cymectsyer B = B, B koTopoe
BxoauT noadopmyia, Toxaecreerras C. B akcnomax quctpuby THBHOCTH
A4 u A5 B 1eBoit YacTH MpPOCTast KOHKATEHAIWST MOYKET BXOJUTH B Kade-
cTBe MOA(MOPMYJIbI TOJBKO B BBIpAXKEHUs «, 3,7y, TIO9TOMY €CJIU [TPOCTast
KOHKATEHAINS BXOJUT B OJHO W3 MOJABBLIPAYKEHUN JIEBOI YaCTH, TO OHA
OyIeT BXOIUTH W B MPaBYIO 4acTh. Tak Kak mpu mepexoje or K1 K KaHo-
HUIECKO# (pOpMe MCIOIB3YIOTCA TOJBKO 9TH AKCUOMBI, B KAHOHUIECKYTO
dopmy 6yayT BxoauTh momdopmyna C.

—\/k

Jlocmamounocmy. Tlycrs B kanormaeckyto dhopmy B = \/ j=1Bj Bx0-
mut B KavectBe nogdopmyast C. Ho torma cymecrsyer F = B = B
TAKOE, UTO B HErO BXOAUT MOMDOPMY/Ia, paBHas (B JAHHOM CIIydae TOXK-
necrsenno pasuasi) Bupycy C. Cnemosarensuo B 3apaskeno supycom C.
VTBepKIeHne T0Ka3aHO.

Teopema 2. Ecau B u C — npoepammur, C = a;,a4,...0;,, B =
\/;n:1 B; — xanonuuecxan sanuco npozpammo. B u evinoanaomes ymeep-
orclenus

1) JTas nexomopozo k : B = C;
2) Bce Bj(j # k) ne umerom obuuz cyddurcos u npegpurcos ¢ C,

mo npoepamma B sapascena supycom C cunrvho.

JokazareqabcTBo. Tak kak By = C, T0 B cuay IpeabIayINero yTBep-
xaenust B 3apaxeno supycom C. Jlokaxkem, 9T0 B 3apaskeHO CHUIBLHO.

[Tpu 1106BIX TOKTECTBEHHBIX TTPeobpazoBaHusX moadopmyasl By, oHa
ocrameTcs paBHoit Bupycy C.

JIroboe £ = B MOXKHO MOJYUIUTDH C MOMOIIBIO TOXKIECTBEHHBIX TPEO0-
pasoBanmii Ha ocHoBe akcroMm A1-A6 u mpaswmita BeiBOTA R1.

A1-A3, A6 Hukak He BJIUSIOT HA BXOXKJIeHUE TOoAMOopMyIsl By B Ka-
HOHUYECKYIO 3aMNCh.

A4-A5 mO3BOJISAIOT «BBIHECTH 33 CKOOKY» 00IIuit cyddUKe uiam mpe-
dbukc aByx moadopmy. Tak kak y By, u By, (j # k) ner obmux cyddux-
COB ¥ TIPePUKCOB, MBI HE MOYKEM TMPUMEHUTH 9TH aKCHOMBI K By, TO eCThb
By, ocraercst HemsmenubiM. Crie0BaTE/bHO, TPU JTFOOOM TOXK JECTBEHHOM
npeobpaszosanui nmeem E = B V A, tne B; = By, A — Hexoropoe
peryssipuoe Bbipaxkenne A =\/ 2k Bi
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[Monyuaem, uro VE = B 3E' = C, E' > E (B nwamewm cayuae E' =
By,), 1o ecth B cunbrO 3apazkeno Bupycom C. YTBepKIeHWe JOKA3aHO.

Jlemma 2. Ecau A — npocmas xonkamenayus, npeidcmasumas 6 6ude
A = a1 Bas, 2de ay, B, — npocmule KoHKaMeRAUUY, a1t £ N, B I a1,
B as ul|B] > 2, mo cywecmeyem maxoe svpasicenue Ay = A, umo dan
a0bwx 1 = [ ewpasicenue B1 we moocem 8rodumbv kakx nodHopmyia

6A1.

HokazaresiberBo. [Iycts S = biby... b, (k > 2, b; € X). IIpeanomnara-
eM, 9TO He Bce b; OIMHAKOBHI.

B cuny yciaoust apas # A, XOTsT ObI OJHO W3 (v, (g HE SIBJISIETCS
mycTeiM cioBoM. omycrum aq # A. Ilponssegem zaMeny

A=oa1b1by... by = (Oélbl \/Oélbl)bg...bkag (2)

I cayuaii. 8> ai1by
Takoe BO3MOXKHO, ecim by = bg. B Takom ciaydae ai1by =
alibiby ... by na wekoroporo o). Ilpm srom (B ¥ o), nnade [ Bxo-
0 OBl B (1.
a) of # A\
Bamennm Bxoxjjenne 3roit mogdopmysel Ha ()b V ojby). B
5TOM CJIydae MMeeM

a1 = (O/lbl V O/lbl)bg .. hpao.

B srom Bepaxenun ( F ofby m S # (ajbi V o)bi)ba ... bj,
Vj < k (wnaue 8 Bx0amIo OB B (7).
b) o} =\
Oélbl = b1b2 N bk.

Torma BMecto (2) cremaem 3aMeny
Oélblbg N bkag = (Oélblbg V Oélblbg)bg N bkag.

Takoe BozMOxkHO B cmiy yciaoBus k > 2. Ilpu stom mmeem
a1b1bs = b1by ... bpby. Bamensiem 310 BXOXKIeHMe Ha OAQOP-
Mysy biby ... bg_o(bg—1bkbe V bg_1bkb2). B 310 BBIpaxkenue 3
BXOJMTH HE MOXKeT (10 TPEJIOI0KEeHN0, He BCe b; OMHAKO-
BBI).
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IT caywuaii. (Oélbl V albl)bz cee bj =g, i<k
B srom ciayuae gemaem 3amery bibjy1 = (bjbj11 V bibji1).

IIT cayuaii. B> bsy...bgao
Takoe BO3MOKHO ecim by = by = ... = by, o = b1aly.

a) ap # A

Jenaem 3ameny ag = (ag V ag).

a) ah =\

Toma A= (65} b1b1 e bl.
~—

k+1
Ecim ap # (b1)!, o cunraem, uro A = off B w cm. T cayuaii.
Iycts ay = (b1)! (I < k). B arom caygae A = (by)FHHL,
k+1+1 < 2k. Ilycrs k+1—1 = (k—1)p+r. Torma npegcraBum
A B Bujge

A= (b1by...b1Vbiby...b1)(biby...b1 Vbiby...b1)...
(b1br 1V 0101 1) (0101 1V 0101 1)

k-1 k-1 k-1 k-1
...(blbl...bl\/blbl...bl).

7 7

B 310 BhIpaXkenune He MOXKET BXOAUTH (3, TaK KakK JJIMHA, 000
IPOCTO KOHKATEHAIINX B HEM MeHbIe deMm mamHa (. Jlamma
JIFOOBIX JIBYX COCEHUX CKODOOK GoJibiie [3.

Homycrum tereps, uro o = A. Torma A = b1bs ... bpas. Torma genaem

3aMeHy

A=1Dbby... bk_l(bkag vV bkag).

Ecmm 8 > bpag, 10 brag = biby ... bpah. Dror caywait paccmarpusaercs
AHAJTOTUIHO CIYIAI0 (] 7 A.

Takum o6pazoM A Bcerma MOXKHO 9KBHBAJEHTHO Mpeobpa3oBaTh Tax,
aro [ B Hee BXOAWUTH He Oyzer. Jlemma mokaszaHa.

Teopema 3. Ecau B u C — npoepammu, |C| > 2 u B = \/j:1 B;j
KAHOHUYECKAA 3aNnUCch npozpammv. B, mo us cuasvrnoli sapascennocmu B
supycom C caedyem 6uinosHEHUE CACOYOUUT YCAOBUTL:

o /laa nexomopozo k : B =C;

e Bce Bj(j # k) ne umerom obuwux cypdurcos u npepurcos c C
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Joka3zareabcrBo. [lycts Vi B; # C. Ecim C He BXOAUT HU B OJHO U3
B;, To o Teopeme 1 B He 3apakeno supycom C.

IIycrs C > By. Torma B = A1C Ay, roe Ay, Ay — npocThie KOHKaTe-
wamuu, A1 As # A Tlo Jlemme 3, Boipaskerue By MOXHO Mpeodpa3oBaTh
TaK, 9TO B HETO He OyIeT BXoauTh nojadopmyaa C, To eCTh HAMTeTCS TaKOe
SKBUBAJIEHTHOE BBIPAYKEHNE, KOTOPOE He OYIET COAepKATh TOA(MOPMYJIbI,
PaBHOI BUPYCY, 4TO IIPOTUBOPEUYUT YCJIOBUIO CUIbHON 3aPa2KEHHOCTHU IIPO-
rpammbl Bupycom. Crremosarensro, A1 Ao = A u B = C.

[Iycts we BeImomHsIeTCsT BTOpoe ycaosue. To ects Il # k Takoe, 49T0,
B; w By, wmetor obmmit npedwuke aymanr > 1 (cayuait ais cyddukca
PACMATPUBAETCS AHAJIOTUIHO).

CEBk:ail...airaiTH...ai

n

Bl:ail...auajl...aj

-
Ho rorma nmo akcmome A4
By V B; = ay, ...air(airﬂ cee Qi Voag, ...ajm)

Ob6osmaamm A = aj, ...a;j,. Ecom C > A, To mbo A = C, mmbo
A = a1Caq, e ajas # A. Bo Bropom ciydae mo Jlemve 3 MOMXKHO
SKBUBAJIEHTHO MpeoOPa30BaTh BhIpaskenne A Tak, 9TOOBI B HETO He BXO-
nuta nogadopmysia, pagHas C. B mepBoM citydae MoyKeM BBIHECTH JIIOOOT
obmmit cydbduxe a1a a;, ., ... a;, 1 A. B uTore nomydennoe BhIparKeHne
He Oyzer cogepxkarh moadopmybl, pasuoit C. Cie0BaTe/IbHO CYIIEeCTBY-
eT BBIpAYKEHUE, PABHOE WMCXOIHOI mporpamme B, B KOTOPYIO HE BXOIUT
mofdgopmyna, paBaag Bupycy C. UTO MpOTHBOPEYHUT YCIOBUIO CHIBLHOMN
3apaykeHHOCTH MporpaMMbl B Bupycom C. YTBepXKIeHne JOKa3aHo.

ITpousBobLHBIE peryadgpHbIe BbIpakeHud 0e3 mreparmii

k
Teopema 4. Ecau B,C — npoepammo,, & = \/j=1 C; — xanonuueckas
popma eupyca, mo B sapasicena supycom C 6 mom u moavko 6 mom
CAYUaAE, eCAU CYULLCBYIOMm npocmuie Konkamenayuy Ay, As maxue, 4mo
k
\/j:1 A1Cj Ay sxodum kax noddopmyaa 6 B (Karnornuueckyro dopmy npo-
epammo B).
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HoxkazareabcTBo. Heobxodumocms. Ilycts B 3apaxkeno Bupycom C.
Torna cymectsyer E = B, takoe uro 3E' = C, E' > E. Tlpeobpasyem
E’ ToxmecTBeHHO, TOTyTIaeM

Bynem npeobpaszosbiBars E kK Kanonundeckoii popme, cuntas E” 3a oqun
cumBoJt. [lomyanm
n
¢=\/E
i=1

IJIe B OJTHO WM HECKOJILKO F; Oyner sxoguts E”. Ilycrs, manpumep, By =
A1E" Ay (1 < k < n). llpumennM akcuombl TucCTpubyTUBHOCTH it Ey:

k k
Br = A1(\/ Cj)Ay =\ AiC;4,
j=1 j=1

AHaJIOrMYHO MTOCTyNaeM ¢ ocraabHbiMi F;, B kKoTopbie Bxoaut E”. Takum
k
06pa3oM, B KAHOHHIECKYIO (DOPMY BXOJUT BhIpazKkeHue \/ =1 A1Cj A,
Hocmamounocmo. Ilycts B xanoHmdeckyio ¢Gopmy mporpammbl B
/ k
sxoaut noadopmyna E' = \/;_; A1CjAs (cymecTsyior rakne mpocrbie
KoHKaTeHarmn Ap, As).
Brimecem 3a ckobky Ay m Ag, mosyunm:

k
E” = Al(\/ Cj)AQ
7=1

To ectsb cymecrByer kaIpa,)KeHI/Ie, paBHOe mporpaMmMe B, KoTopoe cozep-
xut nogdopmyty \/ =1 C;, pasnyio Bupycy C, caeoBaTeIbHO IPOrpaM-
Ma B 3apakena Bupycom C. YTBepXKJIeHUE TOKA3AHO.

Teopema 5. Ecau B — npozpamma, C — eupyc, B = /[, B;,€ =
k
\/j:1 C; — wanonuveckue Hopmvt NPoOZPAMMYL U 6UPYCE COOMBEECMEEHHO,

mo 0as mozo ¥mobovr npoepamma B 6viaa cuavro 3apasicena supycom C
HEOOTOOUMO U AOCTATNOYHO BVIMOAHEHUA CACOYOULUL YCAOBUTE:

1) € > B;
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2) CjuB; (1<j<k,1<i<m) aubo cosnadatom aubo ne umerom
obuwur cydpdurcos u npedhukcos.

JokazareabcTBo. Jlocmamoynocms. Ilycrs € > B. Torma moxem
npencTaBuTh B B BUE
B=CVB,V..VDB; .
JIiobB1e TOXK MecTBeHHbIe n3MeHeHns € ocTapisioT ero pasubiM C. Hu om-
wo n3 C ne pasno B;, (1 <1< n—k).
%:Cl\/CQ\/...\/Ck\/Bil \/"'\/Bimfk'
Jioboe B’ = B MoxKHO noayduTh U3 B ¢ momompio akcuom Al-A6 u
npasmia BeiBoga R1. A1-A3 He BIMSIOT Ha BO3MOXKHOCTEL BXOxKIeHUST C'
Kak mogpopmyabl. A4 u A5 He MOKeM TPUMEHUTh, TaK KaK HeT OOIIIX
cybpurcor u npedUKCOB COOTBECTBEHHO. AG TPUMEHUTH HEBO3MOXKHO,
TaK KaK KaHOHWUIECKast popMa yike m3bapyena ot moadopmyt suga AV A.

Takum 0b6pazom, IpUMeHss SKBUBAJEHTHBIE TPEOOPA3OBAHUS, MTOJIY-
yaeM BbIpaxkenue B’, B KOTOpoe MOKeT BXOJUTEH KakK MOa(pOpMyIa BUPYC
C wnu paBHBIE eMy Bbipaxkenusi. JIpyrumu cjaoBamu, nporpammva, B cuib-
HO 3apazkena Bupycom C.

Heobzxodumocmo. Tlycts B cuibro 3apaskero supycom C. Torma, mo
onpenenenmo, 3C" = C, C' 1> B.

[Monpdopmynavu B MoryT ObITH JUOO MPOCTHIE, KOHKATEHAIUN JIUOO
BeIpazKeHus sujia B, V...V B; . Ecim C'" — npocrasg KOHKATEHAIIUS, TO
u3 Teopewmbl 3 ciienyer JoKa3bIBaeMoOe yTBepkKeHue. Bo BTOPOM CIydae
C' npepcrapager coboil 00LEIMHEANE MPOCTHIX KOHKATEHAINI, & 3HAUAT
COBIIQTAET C KAHOHMYIECKOi (popMoil Bupyca.

Takum obpazom,

sBZQ:\/BZ'l\/...\/B ZCl\/CQ\/...\/Ck\/Bil\/...\/B

Tm—k tm—k*

Honyctum, Cy mmeer obmuit mpeduke ¢ B;,, 0603HaYnM 3TOT npeduKc
Cs|. Torga npeobpaszyem oipazkenne 3amenoii CsV B, va Cs | (|Cs V| B;,),
rie |Cs, | B;, — Jactu coB 6e3 mpedukca.

Tax kak VI, j B;, # C}, o C} y»Xe He BXOJUT B TIOJIyYeHHOE BRIParKe-
ure. Kpowme Toro Vi Cs|(|Cs V | Bi,) # Ci.
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Hu oxua u3 moadopmyst mosyueHHoro Bhipaxkenus #e pasaa C'. JIpy-
TUMU CJIOBAMU, MBI TOJIYIUIN BBIPAXKEHUE, PaBHOE B, & C/Ie10BaATEILHO
PABHOE MUCXOIHOI MporpaMMe, B KOTOPYIO He MOXKET BXOIUTDH MOI(pOopMy-
na, paaas Bupycy C. IIporpamma B He 3apakena cuibuo Bupycom C.
[Moyuennoe mporuBopeune goKas3biBaer yreepxkaeaue. Ciydail ¢ obImm
cybpUKCcOM TOKA3BIBAETCS AHAJIOTHIHO.

4. PerynsapHble BbIpakeHUd 3Be3AHON TI1yOu-
HbBI 1

Bynem paccmarpuBarh perysasgpHbe BBIPAXKEHUs, COIAEPIKAIIIE OIe-
parop urepanuu (*). HajgoxkuM orpannveHue Ha BJIOKEHHOCTh — Oymem
CUNTATh, 9YTO HET BJIOKEHHBIX MTEPAINHii, TO €CTh 3Be3IHAs TIyOHMHA paB-
Ha 1.

N3 akcrombl A7 ¢ 04E€BHIHOCTHIO BBITEKAET

Teopema 6. Ecau B,C — npozpamma u supyc coomeecmseenno, B co-
depotcum noddopmysy Brx u By sapasicero (cuavro 3apasiceno) supycom
C, mo B max orce 3apadiceno (cuavro sapasiceno) supycom C.

JlokazareabcTBo. B akcrnome A7 BhIparkeHue ¢ OMEPATOPOM HTEPATTHN
BXOJUT KaK B MPaBY0, TaK U B JieByt0 dacTu. [losTomy mpu JIFOOBIX K-
BUBAJIEHTHBIX ITpeobpa3oBanmsax mporpammvbr B, moadopmyta By bymzer
BxouTh B Hee. Ilycts By 3apakena BHPYCOM, TOTJa CYIIECTBYET PABHOE
nondopMysie By BhIpaykeHue, CoepKaliee B Ka4ecTBe MoA(pOpMYJIbl Bbl-
paxkenmne, pasHoe Bupycy. Ho B Takom ciydae juisi B Takke Oyzer cyie-
CTBOBaTH PABHOE €My BBIPAXKEHUE, COJEepKAIlee B KauecTBe MoA(pOpMYy/Ibl
BBIpaKeHue, papHoe Bupycy. OTCioa caeayeT 3aparXKeHHOCTh TPOTPAMMBbI
B Bupycom C. Anasoruano, eciv By 3apakeHa BUPYCOM CHIBHO, TO U
nporpamma B Oymer 3apaxena supycom C' cuibHO. Teopema mToka3aHa.

[Iyctes B comepxut momdopmyay ¢ omeparopom Kimuau Bpx. Torma
k-passepuyToit dpopmoit popmysnsr B mo mogdopmyne Bix HazoBeMm pe-
BYJABTAT k-KpaTHOTO TPUMEHEHHs K 3TOH moadopMyne akcuombl A7

a*x = aox Vo

u 3amenbl moadopmynbl Byx Ha HOBBIE cumBoa by ¢ Y. Torma B pac-
mupenrom andasure Y = X U {b1 } nomydennoe seipazkenne Oyaer BbI-
pakeruem 6e3 omeparopa ureparun. bymrem 0603HauaTh k-pa3BepHYTYIO
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dopmy BeIpaxKenns B 1mo BceM moadOpMyIaM, COAEPKAIINM UTEPAIAIO,
C TIOMOII[HIO BK).

Cayuaii mpocToro Bupyca

IMycrs BUpyc mpencrasiasier coboit mpocryio kouKareHanmioo: C =
A1 Ajy -+« - Qg
Jlemma 3. ITyemo o, § — npocmuie xouxamenayuu. Cywecmeyem wuc-
A0 Ng makoe, umo ecau B ¥ a0, mo B ¥ o™ Yn > ng.

Hoka3zareabcTBo. Bozbmem ng = HEBH +1. IIycts B ¥ ™. Byaem mpo-
BepsiTh BXOXKIeHue momdopmynsl S B ", n = ng + 1. Tak xkax mpoctbie
KOHKATEeHAI[M! — 9TO TOCIe0BaATEIHHOCTh CUMBOJIOB, TO OyjieM paccMar-
pUBaTh UX KaK CTPOKU CUMBOJIOB. Bxoxjenne [ He MOXKET HAUMHATHCS

C CHMBOJIOB 1071 HOMepaMu ¢ 1 10 |ajng — |5 + 1 (mo ycmosmio). Oxnako
lalno = 18] + 1 = laf - [{}] + lal = 18] + 1 > |al, mostomy crpora 3

[e%
MOKET BXOIUTH B CTpOK}l ‘a” HauMHAsl C HOMEepa, KOTOPhIl HEe MEHBIIe
|a] + 1. Ho mociemoBaTeIbHOCTH CHMBOJIOB ¢ HOMepam# OT |af + 1 10
|a™+1| copmamaer co cTpokoit a. A B Hee [ He BXOAUT. AHAJOTHYIHO,
opn 'Z[aJIBHeI‘/’H_HeM YBEJIUYECHUU 7 HEBO3MOZKHO TTOJIYYUTH BXO2KJECHUE 6 B
o],
ITokazkeM, 9ITO HENb3sT YMEHBIINTH BeIOpanHOE ng. domycrum, ng =

H%ﬂ Bosbmem, nanpumep, o = abe, 8 = cabcabca B andasure X =

{a,b,c}. B sToM cayuae, |a| = 3, |3] = 8, ng = 3, B ¥ a3, HO mpH STOM
B at. Jlemma nokazama.

k
Jlemma 4. Ecau 3 — npocmas sonkamenayus, o = \/;_4 oy, 20e a; —
NPOCMBIE KOHKAMEHAUUL, MO CYULLCTNEYEM YUCAO Ny MAKOE, UMO eCAl
B ¥ a™ mo B ¥a”Vn > ng.

JokazareabcTBo. [lo jemme 4 CymmecTByOT Takue 9uCIa N; I KazxK-
JIOTO (vj, 9TO

B ol — B a Vn>n,.
Bribepem

max |oy| max |ay|

1<i<m 5] 1<i<m

np = max n; + | — = : :

1<i<m min |a| min |y min |y
1<i<m 1<i<m 1<i<m
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[Ipeamonoxum, ato 5 ¥ 0.
IMocne packpuitust @ (n = ng + 1) ckobok 1o akcmomam A4—A5,
BBIDAJKEHUE MIPUMET CJIEJIYIOIINii BUJI:

ot = \/ Gy Qg 2 O, (3)

1<i1,12.0p <M

B mog06HOM pa3IoXKeHuu COMEPIKATCA BCEBO3MOXKHBIE PA3MEIIECHHI C IO~
BTOPEHUSIMHU JIJIUHBI N 13 MHOXKeCTBa KoukareHanuit {a;, 1 < i < k}.

ITo Jlemme 4 3 me OymeT BXOAWUTEL B (v, COAEpKAIIUEcd B 00beH-
wernnn (3). [To mpemmosiokennio, 5 Tak YKe HE BXOJUT B KOHKATEHAIHH
iy Qi -+ Qi (1 <iy,p...0p, < m), BXOAAMUE B pazmoxkenne o, . Pac-
CMOTPHUM HEKOTOPYIO KOHKATEHAINIO (Vjy (O - - - ¢, (1 < i, 02 .. .0 < M)
u3 pazyioxkenns (3), obo3uaunm ee . Bygem paccmarpuBarh v u [ Kak
crpokn. Ilpm sTom (3 He MOXKET BXOJAWTH B 7y HAYWHALA C CHUMBOJIOB IOJ,
romepavn ¢ 1 10 |ag, @y ..o, | — |B] + 1 (nmave 8 Bxommma Gbr B
Qi) Qi - - - A, ). BaMETHM, 4TO

lovi, iy - ~~O‘in0’ — 18l +1= 1r<r%i<nm]ai\ ‘ng— |Bl+1=
max o]
= min jol - |—2—| + min Jai|- | =2 g1
1<i<m min |y 1<i<m min |y
1<i<m 1<i<m
> max |o;|+12> || +1, Vi=1,m
1<i<m

Takum o6pazom, BxoXKeHUe [ B KOHKATEHAIINIO 7Y MOXKET HAIUHATHCS C
CHMBOJIa C HOMEPOM He MeHee |ay, |+ 1. A mocsie10BaTeIbHOCTE CHMBOJIOB
¢ Homepamu ¢ || + 1 1o |7y| ecTh KoHKaTeHANHA vy ... Q44
KOHKATEHAINS U3 1o TEMEHTOB, KOTOPAs BCTPEIALTCS B PATOKEHUN JJTsT
™. CnenoBarenbHo, B HE MOYXKET BXOIUTH B BHIOPAHYIO KOHKATEHAIIUIO
~. Tak kKak 7y ObL1a BbIOpaHA TPOU3BOJBHO, [ HE MOXKET BXOIUTH B
agst n=ng + 1.

1AHa..)'[OFI/ILIHO7 opn ,Z[a.}'IBHeI‘/JH_HeM YBEJIUYEHUN T HEBO3MO2KHO TTOJIYYINTH
Bxoxerne 3 B |a”|. Jlemma mokaszana.

Teopema 7. Ecau B,C — npoepamma u supyc coomsecmeenno, C' —
npocmas Kowkamenayus, B codepocum noddopmyasve ¢ umepayusmu
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3630100 2aybuns, we boaee 1, mo cyuecmsyem makoe “ucao ng, 4mo
aapasicernocmsd npozpammovs B supycom C' pasHoCusvbHa 3aPAACEHHOCTIU
B™) gupycom C.

JokazareabcTBo. [lycts B comepxut nomdopmynst By, Box, ... Bp*.
Tak xak By, Bo,... By He comepykaT OTepaTopOB WTEPAIINii, MOXKEM TI0-
JIyIUTh UX KaHoHwdeckue ¢popMbl B, Bo, ..., Bi. B Takom ciaydae B n-
pa3BepHyTYyIO opMmy BeIpaxkenusi B mo momdopmysie B;k BMecTo 3TOi
roadopmyasl 6yzer BxoauTh mogdopmyna (B1b; V ’B?_l V... VB;), rue
b; € ¥/ — HOBBIIT CUMBOJI, Ha KOTOPBIii OBLITO 3aMEHEHO BhIpazKeHne Bijx*.
ITo nemme 5 gyt Kaxk0r0 *B; CyIMIECTBYET YUCJIO Mj, TAKOE 9TO

C i B — C ¥ B Vn > n,.

Bribepem ng = max n;. ITo Jlemwme 5, ecir C' B¢ B, TO 1711 BCex n > ng
<is<m

supyc C ue bOymer Bxoautb B B}. Tak xak b; ¢ ¥ (1 < i < k), HOBBIE
CUMBOJIBI HE OY/TIyT BJIUSITH HA BOBMOXKHOCTE BxoXkaeHus C' B B (n0) | Takom
o6pasom, ecam C>B0) | 10 OB Vn > ngy u naobopor, ecam C' ¥ B(M0)
1o C'> B™ Wn > ng. Kpome toro, ecom C> B 0 < m < ng, o C' 1>
B(m0) Takuwm 00pazoM, ec/id MPOrpaMMa 3apakeHa BUPYyCOM, TO UM OyIeT
3aparkeHa ng-pasBepHyTas opma 110 BceM 1o opMyJiaM, COIePKaIIM
3Be3/104Ky. Ecin 3apaskena no-pa3sepuyras opma, TO 3apakeHa u cama
mporpamma, Tak Kaxk B () = B s andasure Y. Teopema mokazana.

Teopema 7 maeT BO3MOYXKHOCTH pacCMATPUBATH HEe OECKOHEUYHOE MHO-
JKEeCTBO PABHBIX mporpammve B Bbiparkenwuii, a KOHEUHOE BbIparkenue 6e3
OLIEPATOPOB UTEPALUN U HPUMEHATHb K Hell pPe3ysbTaTrbl IPEeAblAyIIero
pazzmena.

5. O6 aaropuTMmU4eckoii pa3pernnMoOCTH

OCHOBHBIM Pe3yJIbTATOM PAbOTHI SIBJISIETCS

Teopema 8. ITycmv supycovt u npozpammv, npedcmasaarom coboti peay-
AAPHBIE 8bipadicerus b6e3 onepamopa umepayuu. Tozda cywecmseyem as-
eopumm, Komopwvili das 06020 eupyca C u das w060l npoepammo. B
onpedensem ee 3apadiCenHOCMb UM HE3ADANCEHHOCTID.
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HoxkazarensctBo. OcuoBbiBaercs Ha Teopeme 1 u Teopeme 4 u Jlemme
00 MHBAPWAHTHOCTH.

JIr00ObIe 3a/JaHHbIe TIPOTPAMMY U BUPYC MOXKHO MIPUBECTH K KAHOHWIYIE-
ckoit popme. [Ipu aTom, o Jlemme 1, CBOICTBO 3apaskeHHOCTHA COXPAHUT-
ca. [lomyuenne kKaHOHUYIECKON (DOPMBI PErYIIPHOTO BBIPAYKEHUST — AJITO-
PUTMUYECKN pa3permmMad 3a/1a9a, 3aKII0YAI0NIAICT B TIOCIEI0BATETHHOM
MpUMeHeHnn akcuoM auctpubytusaoctu A4—Ab K Boipaxkenunio. [Iposep-
K& BXOKJIEHUsT TTPOCTOM KOHKATEHAIN B (DOPMYJIy MPEICTABIAET CODOI
3327y TOUCKA MOJACTPOKU B CTPOKE, /I KOTOPOU M3BECTHBI AJITOPUTMBI
perienust [8]. Takmm 06pazom, 3a/1aua pACIO3HABAHNS 3aPaXKEeHHOCTH BHU-
PyCOM JjisT JAHHOTO KJIACCA PEryJIAPHBIX BBIPAYKEHUN aJIrOPUTMUIECKU
pas3permma.

Ananornuno, uz Teopembr 5 ciegyer

Teopema 9. I[Tycmo supycor u npozpammv, npedcmasisrom coboti peay-
AAPHBIE BBIPadicerus be3 onepamopa umepayuu. Tozda cywecmsyem as-
20pumm, Komopwuili daa 106020 eupyca C' u das mobotl npozpammo. B
onpedeasem cmenens 3apacicennocmu npoepammu, B supycom C.

6. 3akJrodyeHune

B pasznmene 6 mokazaHa aJropuTMUYecKas Pa3permMOCTb PO IeMbl
pacrio3HaBaHus 3apParKEHHOCTH TTPOrPAMMbl BUPYCOM Jijis KJIacca Pery-
JIIDHBIX BBIpakKeHuit 6e3 omeparopa ureparmu. Kpome Toro, moka3aH
KpUTepnii 3apaykeHHOCTU s OINpeNeIeHHOTO KJIACCA BBIPAYKEHWUIt, CO-
JIepKAIAX OmepaTop ureparuu. PaccMOTpeHbl KpuTepun CHIBHON 3apa-
JKEeHHOCTH JIJIsT HEKOTOPBIX KJIACCOB BhIpaskeHuit 6e3 ureparmii. [Ipu sTom
BCE KPUTEPHUU JIETKO MOTYT OBITH MPEOOPA30BAHBI B COOTBECTBYIOIIUE AJI-
TOPUTMBI PACIIO3HABAHNA.

[Tonydennbie pe3yabTaThl MOTYT OBITH UCIIO/IB30BAHBI B JAJbHEUIIIEM
U3YUEeHUN PACIO3HABAHUSA 3aPaKEHHOCTH, KOTOPOEe 3AKJII0YAETCId B Ha-
XOYKJIEHUW KPUTEPUEB CUJIHHOW U CJIa0ON 3apayKeHHOCTHU Jjisi BUPYCOB C
OIIEPATOPOM UTEPAIUH, B UCCAETOBAHUHU CBOMCTBA 3aPakKeHHOCTH s 00~
Jiee CJIOYKHBIX KJIACCOB MPOTPAMM — PETYIIPHBIX BBIPAXKEHUN 3Be3THOI
raybunsr Oosibiie 1. JIpyroe BO3MOXKHOE HAINIPAaB/IEHUE WCCJIEIOBAHUN —
yay4duieHmue aJIrTOPUTMOB PaCIIO3HABaHWA, TMOBBIMICHUE WX BbIYHUCJIUTE/IH-
HOIT 3¢ deKTHBHOCTH.
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